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Annomavyus. Ileav HACTOSIIETO WCCIETOBAHNS — ONPEIEINTH, MOXKET JIM METOJ YaCTHON HAIPABIEHHON Kore-
PEHTHOCTH IIPABUJIBHO OIIPeeATh HAIIPpaBJIeHHOE B3aMMOIAEMCTBHE MeXKy HeJIMHEeMHBIMU CHCTeMaMU, IIPDX HeJln-
HEMHBIX CBA3AX MEXK/y CHCTEMaMM, & TAKKe B CIydae, KOIJa N3MePeHHbIe CUIHAJIBL IIOPOKIEHB OO bEKTAMU BBI-
Cokoii pasmepHocTH (aHCaMOssaMm). Takske ONpemenTh 3aBUCUMOCTD PE3YIbTATOB ONEHKH CBA3AHHOCTH METOIOM
YJaCTHOI HAIIPaBJIEHHOW KOT€PEHTHOCTU OT IIapaMeTpPOB: JJIMHBI PeajIM3alliy, JaCTOThl JUCKPeTH3aIliu, pa3Mep-
HOCTU MOJEJIA U OT apXUTEKTypbl cBa3eil B cucremax. Memodv,. B mannoil paGore ucciieyiorcs BO3MOXKHOCTU
W OrpaHMYEHUS JaCTOTHO PA3PENIEHHOTO IOAXOMA IS ONHCAHWUSA CBA3€d MeyKJy MHOTOMEPHBIMH BpPEMEHHBIMU
pslaMu — YaCTHON HAIIPaBIeHHOU KOTepeHTHOCTHU. [l ompe/iesileHnst 3HAYMMOCTH Pe3yIbTATOB UCIOIb30BAIUCH
CyppOraTHBIE BPEMEHHbIE Psi/Ibl, IOCTPOEHHBIE I[yTéM II€peCTaHOBKU peanm3anuii. Pesyavmamat. I[lokazano, aro B
AHCAMOJTISIX MAJIOMEPHBIX OCIUJIISTOPOB APXUTEKTYPA CBSA3M MOYKET ObITH MPABUILHO BHISBJICHA JJIsT TUHEHHBIX U
HEeJIMHENHBIX CUCTEM, CBI3aHHBIX KaK JIMHEHHOMN, TaK ¥ HEeJIMHEHHON CBA3bI0. I/ CJI0KHBIX COCTABHBIX CUTHAJIOB,
KOT/1a KAkl M3MePsAeMblil BDEMEHHOM PsiI IIPEICTABIIIET COO0I0 CYMMY CHTHAJIOB MHOTHUX OTIE/JIbHBIX OCIIHAJLIS-
TOpPOB, METOINKA OKA3bIBAETCH HEIOCTATOYHO CIENM(PUYIHA, BHISIBJISAS HECYNIECTBYIOIINE CBS3W, W HEIOCTATOUYHO
4yBCTBUTEJbHA, TPOITyCKas uMeronmecsd. 3axatovenue. ChopMymmpoBaHbl KPUTEPUU TPUMEHEHUs] METOJA JacT-
HOU HAIIPABJIEHHOW KOT€PEHTHOCTH K PAa3JIMYHbIM curHajgaM. [Ipu mocraroumoil miume psiga, 9acToTe BHIOOPDKH U
pa3MepHOCTN Mepa He MOKa3bIBaeT ONOCPEIOBAHHBIX CBA3€il B OTJIMYME OT IOMAPHBIX METOIOB MPUYMHHOCTH II0
T'peitamzxepy m SHTPOIINK TTEPEHOCA W XOPOIIO PAbOTAET TS 3AIMYMJIEHHBIX BPEMEHHBIX PsI0B. MeTos mo3BoJis-
eT M3yvYaTh CBA3AHHOCTH B aHCAMOJIe M3 IIPOM3BOJIBHOIO HHC/IA OCHUJLIATOPOB M MOXKHO OIIPEIE/INTH, HA KAKHAX
YacTOTaX MPOUCXOIUT B3amMozelicTBue. 110 cpaBHEHWIO ¢ METONOM TPUYUHHOCTU TIO ['peifHkepy, I KOTOPO-
T0 paboTOCIOCOOHOCTD MAeKaapupyercs yxke mpu 4-16 xapakTepHBIX MEPUOIAX, METOJ JYaCTHON HAITPABIECHHOMN
KOTE€PEHTHOCTH [a€T IIpUeMJeMble Pe3ysIbTaThl 1isd paaoB oT 80 kKosrebaHumii.
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Abstract. The purpose of this work is to determine the ability of the partial directed coherence method to identify
the directed interaction between nonlinear systems correctly in presence of nonlinear couplings between systems,
as well as in the case when the measured signals are generated by objects of high dimension. The another purpose
is to determine the dependence of the coupling estimation results on the parameters: series length, sampling rate,
model dimension and the coupling architecture. Methods. In this paper, the possibilities and limitations of the
frequency-resolved approach (partial directed coherence) to describe the couplings between high-dimensional time
series are investigated. Surrogate time series constructed by permutation of realizationwere are used to determine
the significance of the results. Results. Coupling architecture in ensembles of small-dimensional oscillators can be
correctly identified for linear and nonlinear systems connected in case of both linear and nonlinear coupling. For
complex composite signals, when each measured time series is the sum of the signals of many individual oscillators,
the technique is not specific enough, revealing non-existent connections, and it is not sensitive enough, missing
the existing ones. Conclusion. The criteria for applying the partial directed coherence method to different signals
are formulated. The measure does not show indirect couplings at sufficient series length, sampling rate and model
dimension in contrast to the pairwise methods of Granger causality and transfer entropy. The measure works
well for noisy time series. The method allows to study the connectivity in an ensemble of an arbitrary number
of oscillators. The method allows to determine at what frequencies the interaction occurs. The partial directed
coherence method gives acceptable results for series of lebgth 80 and more characteristic periods in comparison
with the Granger causality method, for which the efficiency is declared already at 4-16 characteristic periods.

Keywords: partical directed coherence, coupling, nonlinearity, nonlinear systems, nonlinear coupling, high—
dimensional system.
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BBenenue

B mammoit pabore uCCIEAYIOTCA HOBBIE BO3MOXKHOCTH M OTPAHUYEHUST METO/1a IaCTHOM Ha-
NIPaBJIEHHOI KOTEPEHTHOCTH. DTO YACTOTHO PA3PENIEHHBIN MOJIX0J K OMUCAHUIO B3aUMOCBS3Ei
(nanpasierrst HHMOPMAITMOHHOTO MOTOKA) MEXK/Iy MHOTOMEPHBIMU BPEMEHHBIMU PSIIAMHU, OCHO-
BAaHHBII Ha JEKOMIIO3UIIMHA MHOTOMEPHBIX YACTHBIX KOME€PEHTHOCTEH, BBIYUC/IEHHBIX 110 MHOTOMEp-
HBIM aBTOPErpPecCMOHHBIM Mogtessiv. Meros 6611 BBeiés B 1999 roxy rpyunoii JIynca Bakkana [1]
CIeIUaJIbHO 11 paboThl ¢ HEAPOOUOIOTUIeCKUMY CUrHajiaMu. bouio o6bssieno, yro PDC' 1o-
Ka3bIBACT IIPAMOEC BJIMAHUE O,ZLHOfI IIOJACUCTEMBI Ha JPYI'YyI0, HE ITOKa3blBasd KOCBECHHBIX CBS3€EH.
JlaHHBIN MeTO/T OCHOBaH HA IIOCTPOEHUN JIMHEHHBIX IPOIHOCTUYECKUX MOJIejIell, HEN3BECTHLIE KO-
3¢ OUMUEHTH KOTOPBIX OIEHUBAITCSI METOIOM HAMMEHBITUX KBAJAPATOB. 3aTeM KO3(DDUITHeHTHI,
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3aBUCAIIIE OT BPEMEHU, TPeodpa3yorcd B KoM PuimeHTs!, 3aBucIme or 9acTorsl. [loaTomy ero
9 dEKTUBHOCTD /U1 HEJIMHEIHBIX CHCTEM HeodeBHIHA |2].

esib HACTOAIIEIO UCCIEJNOBAHUS — OLPEJEIUTH, OYAET U ITOT METOJL LIPABUJILHO OlIpe/ie-
JIATH HAITPABJICHHOE B3AMMOIEHCTBIE HETMHENHBIX TI0 TIPUPOIE CUCTEM, OTIPeIe/IATh HEJTHHEHHY 0
CBsI3b, a TaKzKe MPOBEPUTH 3aBUCUMOCTL PE3YJIbLTATOB OIEHKW CBA3AHHOCTU METOIOM YaCTHOMN
HAIPABJIEHHON KOTEPEHTHOCTH OT HaPAMETPOB: [JIMHBI PEAJU3ANNN, YACTOTHI JUCKPETU3AINN,
Pa3MEPHOCTH MOJIETH U OT apXUTEKTYPHI CBs3eil B cucremMax |[3].

1. MeTtoaguka

1.1. ITapameTpbl MeTOa 1 APXUTEKTYPbI cBsA3eii. YT00ObI BOCIPON3BECTH OCHOBHBIE
BOBMOXKHBIC BapHUAHTBI CBA3aHHOCTU ITOACHUCTEM (OﬂHOHaHpaBJIeHHyIO CB4A3b, JABYHAIIDABJICHHYTO
CBSI3h, OTCYTCTBUE B3AMMOJIEHCTBUS, OTIOCPEIOBAHHOE BO3IEHCTBIE), /s KAXKIOTO THIIA CUCTEM
6pL10 caenano 1o 4 ociuaaaTopa. OCHUIIATOPEl CBI3bIBAIN HECKOJIBKUME CIOCO0aMU, KOTOPBIE
CXeMaTHYecK’ TTpeJICTaBIeHbl Ha puc. 1.

1. Ilepsrlit BO3AelicTBYeT Ha BTOPOi, MEPBHIt W TPeTHH B3aWMHO BIUIIOT IPYT HA JPyTa,
9eTBEPTHIN OCIUIATOP KoOJebmeTcst n3oamposanto (puc. 1, a). Tlpu Takoii apxuTexTy-
pe cBd3eil, KpoMe BbIFBJICHU OJHOHAIIPABJICHHOIO U JIBYHAIIPABJICHHOIO B3auMOAeCTBYI,
MOXKHO IIPOBEPUTH, KAK METOJ| Pearupyer Ha OIOCPEAOBAHHYIO CBA3b C TPEThEro Ha BTOPOH
OCLIUWJLJIATOP, & TaKXKe PeaKIUIo MeTo1a Ha U30JIMPOBAHHDLINA OCIIUJIJIATOD.

2. lBe mapnl JBYHAIIPAB/JIEHHO CBA3AHHBIX OCIMJ/LISTOPOB: IIEPBLIH CO BTOPLIM M TPETUH C
gerBéprhiM (puc. 1, b). [pm Takoit apxurekType CBsI3eil MPOBEPSAEM PEAKITUIO METOIA Ha
JBYHaIIpaBJICHHOE B3aWMMOAEUCTBUE, U KaK METOJ pearupyeT Ha OTCYTCTBYIOIIEE B3aMMO-
,Z[ef/'ICTBI/Ie MEXKAY TTapaMW CBA3AHHBIX OCIIUJIJIATOPOB.

3. Koabmo u3 Tpéx oCIuLIATOPOB: TMEePBLIN BO3eHCTBYET Ha BTOPOH, BTOpOit — Ha TpeTuil, a
Tperwmit — Ha MePBbIil, YeTBEPTHIN OCITU/LIATOD BHOBL M30JUPOBaHHBIA (puc. 1, ¢). B Takoii
crucTeMe KayKIBIH OCIUJLIATOD B KOJIBIIE BJIUSET HA KayKJbli (YaCTHYHO OMOCPEJIOBAHHO),
HO HETIOCPEACTBEHHBIX ABYHAIIPABJICHHBIX B3aI/IMO,ZLeI71CTBI/II7I HET.

g—@@«»@ O0=0
IONOM O ONIONOMNONO

Puc. 1. ApxurekTypa CBsi3eii: ¢ — MEPBBIH OCIUJUISTOD BO3IEHCTBYET Ha BTOPOWA, IEPBHIA M TPETUIl B3AUMHO BJIHSI-
10T APYT HA APyra, YeTBEPTHIN OCIIAITOD KOebIeTcs n30JIMPOBAHHO; b — qBe Iaphl ABYHAIIPABJIEHHO CBA3AHHBIX
OCHMJLIATOPOB: IIEPBBII CO BTOPHIM U TPETHUIl C YETBEPTHIM; € — KOJIbIIO U3 TPEX OCHUJUIATOPOB: LEPBBII BO3/€li-
CTByeT Ha BTOPOIi, BTOPOil — Ha TPETHil, a TpeTUil — Ha HEePBBIil, YeTBEPTHIA OCHUIIATOP BHOBb M30JIUPOBAHHBIIL;
d — omHOHAIIpABJEHHAS CBA3b MEXK/y IEePBBIM K BTOPBIM OCHU/IIATOPAMH, TPETUN M €TBEPTHIN OCIUIIATODHI
KOJIEOIIOTCH M30/IMPOBAHHO

Fig. 1. Coupling architectures: a — the first oscillator leads the second, the first oscillator and the third one
mutually affect one another, the fourth oscillator oscillates independently; b — two pairs of bidirectionally coupled
oscillators, the first oscillator is coupled with the second one and the third oscillator is coupled with the fourth
one; ¢ — the ring of three oscillators, the first oscillator drives the second one, the second oscillator drives the
third one, and the third oscillator drives the first one, the fourth oscillator is again isolated; d — unidirectional
coupling between the first and second oscillators, the third and the fourth oscillators are isolated
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4. OgHoHANPABJIEHHAST CBA3b MEXKJY EPBBIM U BTOPBIM OCIIULISITOPAME, TPETU U YeTBep-
TBI OCIUIISATOPBI KOJIEOTIOTCsT m30MpoBanHo (puc. 1, d). 3mech B mepByIo 04epe/Ib IpoBe-
psiercsi, KaKk METOJ, pearupyer Ha OJHOCTOPOHHEE BO3eiicTBre D€3 OIOCPEeI0BAHHON CBSI3M.
A Takyke MHTEPECHA PEAKIINS METOa Ha OTCYTCTBYIOIIEE B3aNMOIEHCTBIE MEXK Y TPETHIUM
W 9eTBEPTHIM OCITATIATOPAMI.

1.2. TenepaTop ¢ »kecTKuUM BO30y>KJ/ieHneM u noteHrmaaoMm Tonapl (HesmHelHAs
CHCTEMA C HEeJIMHEIHOM CBsi3b10). BBeném cucreMy, COCTOAIILY IO U3 HETMHEHHBIX OCIAJIIATO-
DOB, CBSI3aHHBIX HETMHEHHOH ¢Bsa3bi0 (1). [laHHbIE OCHMLIATOPBI MOXKHO HA3BATH OCIULIATOPAMI
¢ XKECTKNM BO30YXKJeHreM ¥ Torernnansom Tonel (nanee cokpaménio «xk /B — Toubrs ).

d2$i 2 4 dﬂjl 2 s
a ”+§ki’jw’xi g T (L) =6(0), &
JF

IJie i — HOMep TEeKYIIEro OCIHILISATOPA, j — HOMEP BO3eHCTBYIOIIEr0 OCIAIISITOPA, KOIMhUImenT
casu k; j = 0.65, 11 = —0.05, ro = —0.08, r3 = —0.06, 4 = —0.07, &(t) nHopmampHBIT Gesblit
niyM ¢ aucrepeneii w; = 0.25, mar pasen 0.01 [2].

CBHSaHHbIe TreHepaTOPhl HaXOAWJIUCH B PEXKUME CUJIBHO HeJIMHEeHAHBIX PeIaKCaIMOHHBIX KO-
JiebaHuil ¢ OCHOBHOIO 9acTOTO0 ~ 8 't 1 GOJIBIITUM YUCJOM BBICIINX FapMOHUK. Taxoil pexnm
paccMarpuBasICsi Kak [IpocTeiiiiast Mojesib abcaHcoB B [4].

2. Pe3ynbTaTs!

CpaBHUB MOJIyYeHHBIE METOJIOM YAaCTHON HAIIPABJIEHHONH KOT€PEHTHOCTH CBSI3U PHUC. 2, b co
CXeMO¥i, TIpeCTABIEHHON Ha PUC. 2, @, MOXKHO 3aMeTUTh, ITO MeTO,T Tokazasa Bausuane RTN Ha
KOpY, KOTOPOE B MOJIe/Ib M3HAUYAJIBHO 3aJI02KEHO He ObLIO, Ipu 3ToM Biusinue ¢ RT'N wa VPM

N
G = &> o

Puc. 2. Apxurekrypa CBA3M Ul JUHAMUYECKONR ME30MacUITaDHON MOJE/U: @ — 110 [IOCTPOEHUIO, b — PEKOHCTDY-
UpoBaHHAA. U€pHBIE CTPEIKU IIOKA3BIBAIOT PEAJBHO CYIIECTBYIOIIHME CBA3U, Cepad CTPEJIKA IMOKA3bIBAeT JIOXKHO
BBISBJIEHHYIO CBA3b, MITPUXOBAs CTPEJIKA — IIPOIYIEHHYIO METO/IOM CBA3b

METOA B HY2KHOM 9aCTOTHOM JITMAITA30HE BbISABUTH HE CMOT.

Fig. 2. Coupling architecture for dynamical mesoscale model: a — as constructed, b — as reconstructed. The black
arrows show the actual couplings, the gray arrow shows the falsely identified coupling, and the bar arrow shows
the missing by method PDC coupling

3akJirouenmue

1. 3asucumocTtb OT ajinHbI peanusanuu. C yBeJndeHreM [JIMHBl aHAJU3UPYEMOTO Psiia
3HAYEHUS KOI'€PEHTHOCTU HA 9aCTOTAX, HA KOTOPBIX HET B3aMMOJIEHCTBU, & TAKXKe CYyppPo-
FaTHBIA YPOBEHD 113/1al0T, & 3HaAYEHUA KOT'ePEHTHOCTH Ha PeJleBaHTHBIX HYaCcTOTaX OCTal0TCd
MPaKTUYECKN HEM3MEHHBIMM.
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2. 3aBUCUMOCTh OT YaCTOTHI AUCKpeTu3anuu. [Ipn Tex 3HAUEHUSIX TaCTOTHI JUCKPETH-
3allil, KOTOPBIE MBI PACCMaTPUBAJIM, METO]T BE37l€ TTOKA3BIBAJ JOCTATOUHYIO TyBCTBUTE b~
HOCTb U CH(:‘]_[I/I(bI/IqHOCT]).

3. 3aBucuMOCTBH OT pazmMepHOcTU mMogesin. C ysequuenHne pa3MepHOCTH MOIEIn PaboTo-
CIOCOBHOCTH METO/Ia CHAYAJA YIIyUINaeTcs (MOBBIMAETCS TyBCTBUTEIBHOCTD), & TTOTOM —
magaeT, TO eCTb CHe].[I/ICbI/ILIHOCTb YTPAaIUBALTCA — MOABJIAIOTCA JIOX)KHBIE CBA3U Ha MIPOU3-
BOJIBHBIX, TI0 BCEMY CIIEKTPY, YaCTOTaX.

4. 3aBUCUMOCTB OT apXUTEKTYPbI cBaA3u. Heoxxumanno, 3hPpeKTUBHOCTD UCCAETYEMOTO
[IOAXO0/IA, OKa3a/IaCh CHJILHO 3aBUCHMA OT apXUTEKTYpPhI CBsa3eil. Jlydine Bcero meron pabo-
TAET MPU B3AUMOJEHCTBUAN B Mapax. XyzKe BCEro — B KOJIBIIE.

B pesynbrare Mox)HO cPOPMYINPOBATEH CAEAYIONINE TTPEUMYIIECTBA METO/IA:

® [IpU JIOCTATOYHOMN JJTMHE Psijie, YacTOTe BEIDOPKHU U PA3MEPHOCTU MEpa He MOKA3bIBAET OI0-
CPEe/IOBAHHBIX CBA3€H B OTJIMYWE OT MONAPHBIX METO/OB NpuamHHOCTH 110 ['peitnkepy u
SHTPOIINH IIEPEHOCA;

MOXKHO M3yYaTh CBA3AHHOCTH B aHcaMbJ/e U3 TPOU3BOJIBHOTO UHCJIA OCITHIISITOPOB;
® XOPOIo paboOTAET i BAITYMIEHHBIX BPEMEHHBIX DSIIOB;

® MOXKHO OIIPEJEJUTh, Ha KAKNX 9aCTOTaX NPONCXOAUT B3aUMOJIeCTBHE.
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