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Abstract. The purpose of the work is to study the influence of the dynamics of a chaotic system on a system
with multi-frequency quasi-periodicity and the Landau–Hopf scenario. The Kislov–Dmitriev chaotic system and
an ensemble of van der Pol oscillators with non-identical excitation parameters are chosen as the object of study.
Methods. The analysis was carried out using graphs of Lyapunov exponents and the criterion for identifying
types of quasiperiodic bifurcations based on them. Results. Scenarios of the changing of the regime’s types are
presented as the coupling parameter between the subsystems decreased. They may have certain features. Thus, the
transition from a three-frequency to a four-frequency regime occurs not through a quasiperiodic Hopf bifurcation,
but through a chaos window. The latter is characterized by three or four zero Lyapunov exponents. Inside this
chaotic window, a peculiar bifurcation is possible. It is corresponding to an increase in the number of zero
Lyapunov exponents according to the type of a saddle-node Hopf bifurcation. Chaos with a different number of
zero exponents is observed as the coupling parameter of van der Pol oscillators varied. In this case, a cascade of
points corresponding to a step-by-step increase in the number of zero exponents occurs according to a different
scenario. It is to a certain extent similar to a quasiperiodic Hopf bifurcation. When the control parameter When
the control parameter of the Kislov–Dmitriev system increases, hyperchaos with three zero Lyapunov exponents
may appear in the combined system. An inverted order of changing modes is also possible. In this case, for
example, a three-frequency regime turns into a four-frequency regime through a chaotic window. Conclusion. The
obtained results expand conception about high-dimensional chaos with several zero Lyapunov exponents and its
transformations with parameter changes.
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Introduction

The study of coupled oscillators is one of the important tasks of nonlinear oscillation theory in
general and its applications, for example, in radiophysics and electronics [1–4]. The development of
computer technology and the theory of dynamical systems and its applications in relation to multidimensional
systems [5–10] makes the problem of oscillations relevant not only in the classical case of two subsystems,
but also in a larger number of [11–14]. In this case, individual subsystems may exhibit any of the main
types of vibrations. These can be autonomous periodic, quasi-periodic, or chaotic modes. The issue of the
interaction of subsystems with different types of vibrations is poorly studied. In this regard, we will pay
attention to the case when multi-frequency quasi-periodic oscillations are possible in the first subsystem,
and chaos in the second.

It can be noted here that the relationship between quasi-periodic and chaotic dynamics has
attracted attention since the famous works of Landau and Hopf [15,16]. In the scenario that received their
name, the oscillations gradually become more complex due to the addition of new frequency components
to the spectrum as a result of a cascade of quasi-periodic Hopf bifurcations. Despite the criticism of Ruel
and Takens [17], reports on the possibility of stable multi-frequency oscillations (which invariant tori
of high dimension correspond to in phase space) periodically appear in the literature [18–28]. The same
applies to a certain extent to the Landau-Hopf scenario [29–37]. This raises the question of the interaction
of systems with invariant tori and chaos. In [38,39], the simplest version of this situation was considered. A
generator capable of demonstrating autonomous two-frequency quasi-periodic dynamics associated with
a chaotic Ressler system was studied. In [40], an ensemble of five van der Pol oscillators [34] was used
as the first subsystem in a similar formulation of the problem. This system is capable of demonstrating
quasi-periodic oscillations with a different number of incommensurable frequencies. As the coupling of
the oscillators decreases, a cascade of bifurcations is observed for it, corresponding to several steps of
the Landau-Hopf scenario. Here we will discuss the case of the connection of the [34] subsystem with the
chaotic Kislov-Dmitriev system. The latter can act as one of the basic chaotic systems [41–44]. We will
pursue a twofold goal. First, to find out to what extent the results of [40] are universal. Secondly, it is
necessary to demonstrate new points in relation to [40], which are related, in particular, to the possible
modification of the attractor in a chaotic subsystem with an increase in the nonlinearity parameter. We
also note that the formulated problem turns out to be related to the problem of chaos with additional
zero Lyapunov exponents, see the corresponding references further in the section 4.

1. Quasi-periodic subsystem

Our chosen quasi-periodic subsystem [34] is an ensemble of five globally connected van der Pol
oscillators:

𝑥𝑛 − (λ𝑛 − 𝑥2
𝑛)𝑥𝑛 +

(︂
1 +

𝑛− 1

4
∆
)︂
𝑥𝑛 +

µ
4

5∑︁
𝑖=1

(𝑥𝑛 − 𝑥𝑖) = 0. (1)

Here λ𝑛 is the excitation parameter of the 𝑛th oscillator, 𝑛 varies from 1 to 5, ∆ determines the frequency
disorder of the oscillators, and the frequency of the first one is taken as one, µ is the dissipative coupling
parameter.

This system has the following features that enable multiple steps of the Landau-Hopf scenario. The
oscillators are not identical in terms of excitation parameters λ𝑛, which ensures a step-by-step output of
the corresponding modes beyond the excitation threshold with a decrease in the coupling value (analogous
to the Reynolds number). Due to the ∆ factor, all oscillators are upset in their natural frequency, and we
will choose a large disorder, which eliminates the effects of synchronization. The ensemble is organized
according to the principle of a network, where everyone is connected to everyone. In this case, the
excitation parameter of each individual oscillator λ𝑛 controls the corresponding quasi-periodic bifurcation
of the entire ensemble.

Here and further, following [34, 40], we set the excitation parameters λ1 = 0.1, λ2 = 0.2, λ3 = 0.3,
λ4 = 0.4, λ5 = 0.5. In this case, due to the non-identity of the parameters λ𝑛, the fifth oscillator is
characterized by the largest, and the first one by the smallest value of the excitation parameter. The
value of the frequency offset is set to ∆ = 3. Then, with a decrease of µ at µ ≈ λ𝑛, the Andronov-Hopf
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bifurcation of the limit cycle from equilibrium, the Neumark-Sacker bifurcation of the birth of a two-
frequency torus, and then three quasi-periodic bifurcations of the soft occurrence of three-, four- and
five-frequency tori.

2. Chaotic subsystem

As a chaotic subsystem, we use the Kislov-Dmitriev system [41–44]. Physically, it is a generator
in the form of a ring-enclosed chain of a nonlinear amplifier, an RLC filter, and an inertial element. Such a
system is described by the equations:

𝑥̈+
1

𝑄
𝑥̇+ ω2

0𝑥 = 𝑧,

𝑇 𝑧̇ + 𝑧 = 𝑀𝑥 exp(−𝑥2).
(2)

The convenience of the system (2) for further investigation is that the first equation is a traditional
oscillator relative to the variable 𝑥, excited by the variable 𝑧. In this context, 𝑄 is the attenuation
parameter (Q-factor), and ω0 is the natural frequency of this oscillator. Also in (2) 𝑀 — this is the main
parameter of nonlinearity responsible for the occurrence of chaos.

Note that in the equations (2), the natural frequency ω0 can be eliminated by renormalizing the
parameters 𝑄 → 𝑄/ω0, 𝑇 → 𝑇/ω0, 𝑀 → 𝑀ω2

0 and variables 𝑡 → 𝑡/ω0, 𝑧 → 𝑧ω2
0. Then the system

(2) is reduced to the canonical form [43] with ω0 = 1. However, since the frequency of the first van de
Pol oscillator is assumed to be one in the quasi-periodic subsystem (refeq1), we will use equations in the
form (refeq2) to ensure the frequency decoupling of all oscillators. Next, we set ω0 = 0.5, so that this
frequency does not coincide with any of the natural frequencies of the van der Pol oscillators (1).

The choice of the main control parameter 𝑀 also requires explanation. In Fig. 1 shows graphs of
Lyapunov exponents Λ𝑖 of an individual system (2) depending on the value of 𝑀 for 𝑇 = 10 and 𝑄 = 20.

It can be seen that a cascade of doubling bifurcations of periodic modes of 𝑃𝐷 occurs in the
system, the sign of which is the conversion to zero of the second indicator Λ2 at the bifurcation points.
As a result, a chaotic attractor appears according to the Feigenbaum scenario [43], the phase portrait of
which is shown in Fig. 2, a. For convenience of perception, the corresponding value of the parameter 𝑀
is marked with an arrow in Fig. 1. Next, there is a wide window of periodic modes, and then — chaos
again. The corresponding attractor is shown in Fig. 2, b. It can be seen that his device differs from Fig.

Fig. 1. Graphs of the Lyapunov exponents of the Kislov–Dmitriev system (2) on the parameter 𝑀 . 𝑇 = 10,
𝑄 = 20, ω0 = 0.5. The arrows with the letters (𝑎) and (𝑏) indicate the points corresponding to Fig. 2 (color
online)
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Fig. 2. Phase portraits of the chaotic attractor of the Kislov–Dmitriev system (2) for 𝑀 = 2.75 (a), 𝑀 = 3.65
(b) and 𝑀 = 8.2 (c); 𝑇 = 10, 𝑄 = 20, ω0 = 0.5

2, a, although the senior Lyapunov exponents are close in both cases (respectively, Λ1 = 0.02842 and
Λ1 = 0.02354). We will continue to use both options, the first in order to consider the case corresponding
to the Feigenbaum scenario, and the second in order to study the effect of a change in the configuration
of the attractor.

We will also consider the case when the parameter 𝑀 = 8.2. The attractor in this case is shown in
Fig. 2, c and is somewhat visually close to the case of Fig. 2, b. However, it is answered by a noticeably
large value of the senior Lyapunov exponent — Λ1 = 0.06225. As we will see, this leads to new dynamic
features.

3. Related systems

Now we will organize the connection of the ensemble of van der Pol oscillators (1) with the chaotic
Kislov-Dmitriev system (2). For convenience, the equations for each oscillator are written explicitly:

𝑥1 − (λ1 − 𝑥2
1)𝑥1 + 𝑥1 +

µ
4
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∆
4

)︂
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µ
4
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5)𝑥5 + (1 + ∆)𝑥5 +

µ
4
(4𝑥5 − 𝑥1 − 𝑥2 − 𝑥3 − 𝑥4) + 𝑘(𝑥5 − 𝑥̇) = 0,

𝑥̈+
1

𝑄
𝑥̇+ ω2

0𝑥+ 𝑘(𝑥̇− 𝑥5) = 𝑧,

𝑇 𝑧̇ + 𝑧 = 𝑀𝑥 exp(−𝑥2).

(3)

Here, for certainty, communication is carried out through the fifth van der Pol oscillator and is controlled
by the 𝑘 parameter. As we noted, the first equation of the Kislov-Dmitriev system has the form of an
oscillator relative to the variable 𝑥. The connection in (3) is arranged taking this analogy into account
through the member ±𝑘(𝑥5 − 𝑥̇). The addition of variables through the rates of change, as in the case
of the simplest oscillators, provides the dissipative nature of the connection that is necessary for us
and the ability to compare with the results of [40]. Note that such a connection of the Kislov-Dmitriev
system with a single van der Pol oscillator was used in [45], which led to some interesting features of the
dynamics. We will not touch here on the circuit implementation of the system (3), it can be considered
as an independent dynamic system of high dimension.
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4. Transformations of attractors with additional zero Lyapunov exponents and bifurcation
of invariant tori

Consider the system (3). First, we select the values of the parameters µ = 0.25 and ∆ = 3, which,
according to [34], corresponds to the three-frequency mode in the quasi-periodic subsystem. In Fig. 3
graphs of the dependence of eight Lyapunov exponents are shown1 of the combined system (3) from the
connection parameter 𝑘. They can be used to identify the type of observed mode according to the Table.
The Table contains seven Lyapunov exponents, the rest are always negative.

In the right part of Fig. 3 you can see the three-frequency mode 3𝑇 (3-torus) with Λ1,2,3 = 0.
Thus, the interaction of chaotic and quasi-periodic subsystems led to the suppression of chaos. In this
case, the number of incommensurable frequencies corresponds to the oscillation mode in the quasi-periodic
subsystem.

With a decrease in communication, a transition to the four-frequency mode of 4𝑇 is observed. Thus,
the dimension of the quasi-periodic mode increases by one, with the additional frequency introduced by
the chaotic subsystem. The same effect is typical for the case of a chaotic subsystem in the form of a
Ressler system [40]. However, for her, this transition is happening

exclusively through one classical quasi-periodic Hopf bifurcation. In this case, the scenario is more
complicated. When the coupling decreases, we first enter the resonant window of the two-frequency
mode with Λ1,2 = 0. It is bounded on both sides by lines of saddle-node bifurcations of two-frequency
tori 𝑄𝑆𝑁1,2. The type of bifurcation is determined by the behavior of Lyapunov exponents in accordance
with the criterion [46]. The resonant window and bifurcations of this type correspond to the characteristic
«failure» of the third indicator Λ3 in the negative region.

After exiting this window, a three-frequency torus with Λ1,2,3 = 0 is again observed to the left
of it in the narrow region of the parameter, provided Λ4 < 0. However, almost immediately there is
chaos 𝐶. At the corresponding point 𝑄1, the exponent Λ4 turns to zero, and the exponent Λ1 becomes
positive. The result is chaos, but with a special feature - the presence of not one, but three zero Lyapunov
exponents Λ2,3,4 = 0.

Reduce the connection parameter 𝑘. As we approach the point 𝑄2, the indicator Λ5 increases.
Immediately at this point, it turns to zero and then remains zero, so now Λ2,3,4,5 = 0. Thus, a kind of

1To calculate the Lyapunov exponents, the standard Runge-Kutta method of the 4th order was used
for numerical solution of differential equations, as well as the Gram-Schmidt orthogonalization method. The
integration step in numerical calculations was chosen to be 0.01; the initial conditions for all dynamic variables
are 0.1; the time of the transition process was on the order of 104 units of normalized time; the calculation time
of the indicators themselves was on the order of 105 units of normalized time, which makes it possible to calculate
Lyapunov exponents with an accuracy of ±10−5.

Fig. 3. Graphs of the eight Lyapunov exponents of the model (3) on the coupling parameter 𝑘; µ = 0.25, ∆ = 3.
Parameters of the Kislov–Dmitriev model are 𝑀 = 2.75, 𝑇 = 10, 𝑄 = 20, ω0 = 0.5 (color online)
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Table. Types of regimes and the spectrum of Lyapunov exponents

Обозначение Mode type The spectrum of senior
Lyapunov exponents

P periodic (limit cycle) Λ1 = 0, Λ2,3,4,5,6,7 < 0

2T two-frequency quasi-periodic (two-dimensional
torus)

Λ1,2 = 0, Λ3,4,5,6,7 < 0

3T three-frequency quasi-periodic (three-dimensional
torus)

Λ1,2,3 = 0, Λ4,5,6,7 < 0

4T four-frequency quasi-periodic
(four-dimensional torus)

Λ1,2,3,4 = 0, Λ5,6,7 < 0

5T five-frequency quasi-periodic
(a five-dimensional torus)

Λ1,2,3,4,5 = 0, Λ6,7 < 0

6T six-frequency quasi-periodic
(six-dimensional torus)

Λ1,2,3,4,5,6 = 0, Λ7 < 0

C chaos Λ1 > 0, Λ2,3,4,5,6,7 ⩽ 0

H hyperhaos Λ1,2 > 0, Λ3,4,5,6,7 ⩽ 0

bifurcation of the chaotic attractor occurs, consisting in an increase in the number of zero exponents from
three to four.

Finally, at the point 𝑄3, the chaos disappears again, and at the same time the indicator Λ5 goes
back into the negative area. The result is a four-frequency torus with Λ1,2,3,4 = 0. Thus, due to the
nontrivial bifurcation 𝑄2, a three-frequency torus is observed to the right of the chaotic window, and a
four-frequency torus is observed to the left.

With a further decrease in coupling, bifurcations of doubling of the four-frequency torus 𝐷4𝑇
occur. One of them is clearly visible in Fig. 3. And then, with very little connection, chaos is born again.
In this case, the behavior is similar to the case of [40].

As we noted, in addition to one «mandatory» in continuous-time systems, the zero value is Λ2 = 0
two or even three more are added. The concept of a chaotic attractor with an additional zero Lyapunov
exponent was presented in citeb47,b48,b49, where it was called the quasi-periodic Hainaut-like attractor.
To date, examples have been found for the Lorenz-84 climate model with periodic (seasonal) exposure
to [47,48], the [49] model display, the discrete version of the Lorenz-84 [50] system, coupled radiophysical
generators [51], and a system of phase oscillators with biharmonic coupling [52]. More recently, an example
of hyperchaosis (that is, a mode with two positive indicators) with an additional zero index [53] has
also been found. In this paper, a system of three interacting encapsulated gas bubbles in a liquid was
considered. The mechanisms of chaos and hyperchaosis with an additional zero Lyapunov exponent are
discussed. Current examples and their discussion for mappings can also be found in [54,55]. These results
relate to the case of one additional zero indicator. The case of two or more additional zero exponents was
also recently presented in [38–40]. Thus, the replenishment of «collection» systems with similar dynamics
is interesting and signals the typicality of this phenomenon. We also note that the topic related to the
doubling of tori continues to be relevant, for example, [56, 57].

Let us now illustrate the picture of modes depending on the «internal» coupling parameter of the
quasi-periodic subsystem µ for two values of 𝑘, Fig. 4. In the case of a small 𝑘 = 0.0025 in Fig. 4, a
with a large connection µ, classical chaos is observed when Λ1 > 0, Λ2 = 0, and the other indicators are
negative. At point 𝐿1, the type of chaotic regime changes — now there is an additional zero Lyapunov
exponent, so that Λ1 > 0, Λ2,3 = 0, and the remaining indicators are negative. Then at the points 𝐿2,
𝐿3, 𝐿4 and 𝐿5 chaos ensues with two, three, four, and five additional zero Lyapunov exponents. These
are some characteristic new points, we have designated them 𝐿 — from Lyapunov exponents.

Note that when approaching points of this type, the negative indicators match in pairs. So, when
approaching from the right to 𝐿1, the indicators Λ3 = Λ4, when approaching 𝐿2 — Λ4 = Λ5, etc. In this
respect, the behavior is similar to the case of the quasi-periodic Hopf bifurcation [46].

Thus, we note two types of points responsible for an increase in the number of zero Lyapunov
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Fig. 4. Graphs of the eight Lyapunov exponents of the model (3) on the van der Pol oscillator’s coupling parameter
µ for 𝑘 = 0.0025 (а), 𝑘 = 0.016 (b). Parameters of the Kislov–Dmitriev model are 𝑀 = 2.75, 𝑇 = 10, 𝑄 = 20,
ω0 = 0.5 (color online)

exponents in chaos. In the first case, the behavior of the indicators occurs according to the type of
saddle-node bifurcations of the tori (Fig. 3, point 𝑄2). In the second case, according to the type of
quasi-periodic Hopf bifurcations (Fig. 4, a, points 𝐿𝑛).

Now we increase the coupling parameter 𝑘 of the quasi-periodic and chaotic subsystems to the value
𝑘 = 0.016 (Fig. 4, b). In this case, the chaos is suppressed due to the dissipative nature of communication.
The Neumark-Sacker bifurcation 𝑁𝑆 of the birth of a two-frequency torus with Λ1,2 = 0 from the limit
cycle 𝑃 , for which Λ1 = 0, is now observed in the right part of the figure. The threshold of this bifurcation
is close to the value of µ ≈ λ5 = 0.5, which corresponds to the excitation parameter of the oscillator with
the highest value of λ𝑛. At the same time, for the remaining oscillators µ > λ4,3,2,1 and their fluctuations
are suppressed.

With decreasing µ, a sequential cascade of quasi-periodic Hopf bifurcations 𝑄𝐻1,2,3,4 occurs,
resulting in the soft birth of a 3-torus, 4-torus, 5-torus, and 6-torus. The criterion for this type of
bifurcation is the equality of the corresponding pairs of negative indices (marked in the figure) up to
its threshold [46]. This picture can be associated with several steps of the Landau-Hopf scenario. From
this we can conclude that the Landau-Hopf scenario observed in an ensemble of van der Pol oscillators
is stable and does not collapse when interacting with chaos, if such a relationship is relatively large.
Moreover, another Hopf bifurcation is added to produce a stable 6 torus. This is a significant difference
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from the Ruel-Takens scenario [17].
Note that the results of Fig. 4 turn out to be similar to the case when the chaotic subsystem

is the Ressler system [40]. Thus, their certain versatility is demonstrated. At the same time, in Fig. 3
new developments are being observed. Further, other new features related to a possible change in the
configuration of the chaotic attractor for the Kislov-Dmitriev system will be demonstrated.

Fig. 5. Graphs of the eight Lyapunov exponents of the model (3) on the coupling parameter 𝑘 for different ranges
of its change; µ = 0.25, ∆ = 3. Parameters of the Kislov–Dmitriev model are 𝑀 = 3.65, 𝑇 = 10, 𝑄 = 20, ω0 = 0.5
(color online)
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5. The case of a modified chaotic attractor

Let us now illustrate the modes that are observed when the main control parameter 𝑀 of the chaotic
subsystem is increased. As we noted, the case 𝑀 = 3.65 corresponds to a change in the configuration
of the attractor, Fig. 2, b. In Fig. 5 for this case, graphs of eight Lyapunov exponents of the combined
system (3) are shown depending on the relationship of subsystems 𝑘 in different ranges of its variation.
The parameters of the quasi-periodic subsystem are chosen similar to Fig. 3, so that in offline mode, a
three-frequency mode is observed in this subsystem.

In the area of low coupling in Fig. 5, a along with chaos 𝐶, a new type of regime is also possible
- hyperhaos 𝐻 with two positive indicators Λ1,2 > 0. The figure clearly shows that in the vicinity of the
point 𝑘 = 0.012, the hyperchaotic regime has three zero indices Λ3,4,5 = 0. This is a hyperhaeos with two
additional zero indicators. Thus, we extend the Hyperchaos classification started in [53] with additional
Lyapunov exponents.

In Fig. 5, b the four-frequency mode 4𝑇 dominates with Λ1,2,3,4 = 0. In the center of the drawing,
inside this area, however, there is a window of chaos 𝐶 with Λ1 > 0. This chaos is characterized by four
zero exponents Λ2,3,4,5 = 0. Accordingly, at the boundaries of this chaotic window, the fifth exponent Λ5

turns to zero. Thus, the boundary points of this area are similar to the points of type 𝑄3 described in
Fig. 3.

In the area of high connectivity in Fig. 5, c there is a transition from the four-frequency 4𝑇 to the
three-frequency 3𝑇 mode. This transition also occurs through the chaotic mode window 𝐶. Inside this
window, on the left there is a mode with four zero indicators Λ2,3,4,5 = 0, and on the right there is a
mode with three such indicators Λ2,3,4 = 0. The transition point between these modes is clearly visible.
It is similar to the one described in the discussion of Fig. 3 point 𝑄2.

To summarize the discussion, Fig. 3, 4 and 5, we note that the choice of another chaotic subsystem in
relation to the case of the Ressler system [40] led to both the presence of universal patterns and significant
features. The latter is especially relevant in the case of a change in the configuration of a chaotic attractor.
Therefore, it appears that the marked for Fig. 4 universality occurs when a Feigenbaum type attractor
is implemented.

6. The case of chaos with a large value of the senior Lyapunov exponent

Let us now consider the case 𝑀 = 8.2, which, as we noted in section 2, corresponds to a noticeably
higher value of the Lyapunov exponent responsible for chaos in the second subsystem. Similar to Fig. 5, b
(average range of variation of the coupling parameter 𝑘) graphs of eight Lyapunov exponents are shown
in Fig. 6, a. You can see significant changes in the picture.

With a small connection in the left part of Fig. 6, a is dominated by hyperchaos 𝐻 with Λ1,2 > 0
and Λ3,4,5 = 0. Now the hyperchaus areas of 𝐻 are noticeably wider in terms of bond size than in Fig.
5, b.

Further, with the growth of 𝑘, there is chaos 𝐶 with three zero exponents Λ2,3,4 = 0. Areas of weak
hyperchausal 𝐻 are also possible inside it. Note that chaotic and hyperchaotic regions are now observed
in a noticeably larger range of values of the coupling parameter. At the same time, the value of the senior
indicator Λ1 is significantly higher. (Compare the ranges along the vertical axis in Fig. 5, b and fig. 6, a.)

With even greater 𝑘 coupling, chaos is suppressed, and three-frequency 3𝑇 and four-frequency 4𝑇
modes are observed. Let’s note an interesting feature. In this case, the birth of a 3-torus occurs when the
connection decreases, not increases, as before. This seems somewhat paradoxical, since it seems that the
dissipative coupling should suppress fluctuations.

In the figure, the regions 3𝑇 and 4𝑇 are separated by the chaos region 𝐶 with four zero exponents
Λ2,3,4,5 = 0. At the same time, no additional bifurcations occur inside it.

An enlarged fragment of graphs in the area of the existence of a three-frequency torus 3𝑇 is shown
in Fig. 6, b. It has the appearance of a quasi-periodic window in chaos. When exiting through the left
border of this window, successive doubling bifurcations of the three-frequency torus occur 𝐷3𝑇1 and
𝐷3𝑇2, followed by a transition to chaos with three zero exponents Λ2,3,4 = 0. When passing through the
right border of the window, numerous oscillations of the fourth indicator Λ4 are observed in the vicinity of
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Fig. 6. Зависимость восьми показателей Ляпунова системы (3) от параметра связи 𝑘; µ = 0.25, ∆ = 3. Общий
вид (а) и область квазипериодического окна (b). Параметры системы Кислова–Дмитриева 𝑀 = 8.2, 𝑇 = 10,
𝑄 = 20, ω0 = 0.5 (цвет онлайн)

Fig. 6. Graphs of the eight Lyapunov exponents of the model (3) on the coupling parameter 𝑘; µ = 0.25, ∆ = 3.
General view (a) and region of the quasi-periodic window (b). Parameters of the Kislov–Dmitriev generator are
𝑀 = 8.2, 𝑇 = 10, 𝑄 = 20, ω0 = 0.5 (color online)

the boundary point. Therefore, the details of the transition to chaos in this case are difficult to describe,
we only note the presence of narrow windows of resonant four-frequency tori. With a further increase
in the coupling of subsystems 𝑘, chaos with three zero indicators Λ2,3,4 = 0 turns into chaos with four
such indicators Λ2,3,4,5 = 0. The behavior of the indicators occurs according to the type of saddle-node
bifurcation, similar to the point described above 𝑄2. The only special feature is that the highest exponent
Λ1 has a «dip» at the transition point, dropping to zero.

Conclusion

The interaction of a quasi-periodic subsystem of five non-identical van der Pol oscillators connected
in a dissipative manner with a chaotic Kislov-Dmitriev system is considered. The analysis is carried
out from the point of view of the possibility of realization and bifurcation of invariant tori of different
dimensions, as well as the possibilities of chaos transformation with additional zero Lyapunov exponents.

In the case of three-frequency dynamics in a quasi-periodic subsystem in a combined system, with
a decrease in the magnitude of the coupling, a rather complex scenario of transition from three- to four-
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frequency dynamics is observed. First, a window of a two-frequency resonant mode is observed, bounded
by the lines of saddle-node bifurcations of the tori. Then the three-frequency mode is first restored, but
then goes to chaos with three zero Lyapunov exponents. A peculiar bifurcation occurs inside this chaotic
region, corresponding to an increase in the number of zero Lyapunov exponents by one. In this case, the
behavior of the indicators is partly similar to the saddle-node bifurcation of the tori. Then there is an
exit from the chaotic window again, but into the four-frequency region. Further, the scenario is quite
universal - the transition to chaos through the doubling of the torus.

When the coupling parameter of the van der Pol oscillators is varied, a cascade of attractor
transformations occurs, corresponding to a gradual increase in the number of zero Lyapunov exponents
in a chaotic mode. When approaching points of this type, the negative exponents coincide in pairs, which
is also typical for quasi-periodic Hopf bifurcations. This pattern is universal in relation to the case of a
chaotic Ressler system.

The stability of the Landau-Hopf scenario with respect to interaction with a chaotic subsystem in a
certain range of subsystem coupling is shown. It is even possible to increase the dimension of the observed
multi-frequency regime and additional Hopf bifurcation with respect to the quasi-periodic subsystem.

With an increase in the nonlinearity parameter in the Kislov-Dmitriev system and a corresponding
change in the configuration of the chaotic attractor in the combined system, hyperchaos with three zero
Lyapunov exponents may appear.

With an even higher value of this parameter, hyperhaos and chaos with additional zero indicators
dominate in a wide range of coupling values. With a decrease in coupling, an inverted order of torus
evolution is also observed - the three-frequency turns into a four-frequency one. The device of a quasi-
periodic three-frequency window in chaos is also described.

Note that the possibility of new varieties of chaos and hyperchaos may be of interest from the point
of view of possible applications, for example, in communication tasks.
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