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Onruyeckue CHCTEMBI ¢ ABYMEPHOH 00paTHOH CBS3bI0 IEMOHCTPHPYIOT HIMPOKHE BO3MOX-
HOCTH MO HCCIIEIOBAHUIO TPOIECCOB 3apOXKACHUS U Pa3BUTHS AUCCUIIATUBHBIX CTPYKTYp. O6-
paTtHasi CBsI3b ITO3BOJISIET BO3JECHCTBOBATh HA JUHAMUKY ONTHYECKOH CHCTEMBI IOCPEICTBOM
YTIPaBIIIEMOTO MPeoOpa30BaHUs MIPOCTPAHCTBEHHBIX MEPEMEHHBIX, BHIIOMHAEMbIX MPU3MaMHY,
JIMH3aMH, TUHAMUYECKUMH TOJIOTpaMMaMH U APYTUMHU ycTpoiicTBamu. HenuHelHbIil uHTEp-
(hepomeTp ¢ 3epKaJbHBIM OTPaXKEHHEM IOJIS B JIByMEPHOW OOpAaTHOW CBSI3M SIBIISETCS] OJHOM
n3 HauboJsee MPOCTHIX ONTHYECKUX CHUCTEM, B KOTOPBIX PEann3yeTcsl HeOKAIbHBINH XapakTep
B3aUMOJIEICTBUS CBETOBBIX IIOJIEH.

MaremaTH4ecKoi MOZIENIBIO ONTHYECKUX CHCTEM C IByMEPHOH 00paTHOM CBS3BIO SBIISETCS
HeIMHEeHHoe MapaboandecKoe ypaBHEHHE C MpeoOpa3oBaHHEM IOBOPOTA IPOCTPAHCTBEHHOM
nepemeﬂﬂoﬁ 1 YCJIOBUAMHU NEPUOANYHOCTHU HA OKPYKXHOCTH.

Hcenenytoress Bonpocsl OUQypKalun poxXISHHS CTAllMOHAPHBIX CTPYKTYp THIa Oerymieit
BOJIHBI, 3BOIONNH UX (opM mpu ymeHbIIeHHH OH(ypKaIMOHHOTO Mapamerpa (BIEpBBIC B Ka-
yecTBe OudyprarroHHoro mapamerpa ObuT B3ST K0dbduimeHT 1uddy3un) U ANHAMUKA HX
YCTOHYMBOCTH TIPH OTXOJIE€ OT KPUTHUYECKOTO 3HA4YCHHS IapaMeTpa Oudypkauuu M JajbHeH-
IIeM €r0 yMEeHbIIEeHNH. B paboTe HCIonb3yroTCsS METOA EHTPAbHBIX MHOTOOOpa3Hii B METOX
I'anepkuna. Ha ocHOBe MeTona IEHTPaNbHBIX MHOTOOOpa3uil Joka3zaHa TeopeMa O CyIIeCTBO-
BaHWH, (OpMe M YCTOHYMBOCTH pEUICHHs THHA Oerymiedl BOJHBI B OKpecTHOCTH Oudypka-
OUOHHOTO 3HaueHus koddduimenta nuddysun. [lomyueHo nmpencrasieHne nepBoi Oerymeit
BOJIHBI, POXKJAIOIIeicst B pe3ynbrare oudypkauun Anaponosa—Xomnda mpu nepexone Oudyp-
Kal[MOHHOIO IapaMeTpa depe3 KpuTudyeckoe 3HaueHue. CoIIacHO TeopeMe O LIEHTPaJIbHOM
MHOT000pa3uu nepBas Oerymias BOIHA POKAACTCS OPOUTAIBHO YCTOHIMBOM.

[Tockonbky moka3aHHas TeopeMa HaeT BO3MOXKHOCTb HCCIIENOBAaTh POXKIACHHBIC PELICHU
TOJIBKO B OKPECTHOCTH KPUTHUYECKOTO 3HAUCHUsI OMQYypKAIMOHHOTO MapaMerpa, TO I H3y-
YeHHs TMHAMUKHU W3MEHEHHH PEeIIeHUs THIa Oerymieil BONHBI MIPU O0TX0[e OndypKaoOHHOTO
napaMmeTpa B 00JIacTh HaJKpPUTHYHOCTHU OBII UCIONB30BaH (popmanu3M Mmeroza ["anepkuna. B
COOTBETCTBHH C METOJOM LIEHTPAIBHBIX MHOTOOOpa3uii CoCTaBlIeHa TallepKUHCKAsl allllPOKCHU-
Manys TPHOMMKEHHBIX pPEIIeHHH MocTaBIeHHON 3agaun. IIpu ymeHbIIeHHn mapameTpa Ou-
(dypkauuu ¥ ero mepexoie 4epe3 KPUTHYECKOe 3HAuYCHHE, HYJICBOE PELICHHE 3aJaud TepseT
YCTOHUMBOCTh KoJieOaTelnbHBIM 00pa3oM. B pesyinbrare oT HyJIeBOTO pEIIeHHs OTBETBIISETCS
MEPUOANYECKOE pelIeHHe THIa Oerymiei BOJNHBI. DTa BOJHA POXKAACTCS OpOHMTAIBHO YCTOW-
yuBoil. [Ipu nanpHelleM yMEHBIIEHUM MapaMeTpa M €ro MPOXOKJIECHUU 4Yepe3 CIEAYHoIee
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KPUTHYECKOE 3HAUCHHE OT HYJCBOTO PEIICHHUS B pe3ynbTare oudypkamuu AHIpoHOBa—Xompa
pOKAaeTcsl BTOpoe pellieHne Tuia Geryias BojiHa. J[aHHas BOJHA POXKAASTCSl HEYCTOHYMBOH C
HHJIEKCOM HEYCTOHYMBOCTH JBA.

YucieHHbIe pacueThl ¢ MOMOIIbI0 nakera Mathematica nokasaiu, 4To IpUMEHEHHE METO/IA
lanepkyHa NPUBOIXT K KaYECTBEHHO M KOJIMYECTBEHHO IPAaBIIIBHEIM pesynbraraM. [lomyden-
HBIE PE3yIIBTaThl XOPOIIO COTTACYIOTCS C PE3yNbTaTaMH, MOMYyIEHHBIMI APYTUMHU aBTOPAMH H
MOTYT OBITh HCIIOJIL30BaHBI JUI TIOCTaHOBKHU SKCHEPUMEHTOB 110 U3YUYCHUIO SIBJICHUW B OINTH-
YEeCKUX CHCTEMaxX ¢ 0OpaTHOH CBS3bIO.

Knioueswie cnosa: Tlapabonuueckas 3amaya, 6udypkanus, yCTOHIHBOCTD, OCTyIas BOJIHA, ME-
TOZ LEHTPAILHEIX MHOT00Opasui, Metox ["anepkuna.
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Optical systems with two-dimensional feedback demonstrate wide possibilities for
emergence of dissipative structures. Feedback allows to influence on dynamics of the optical
system by controlling the transformation of spatial variables performed by prisms, lenses,
dynamic holograms and other devices. Nonlinear interferometer with mirror reflection of a
field in two-dimensional feedback is one of the simplest optical systems in which the nonlocal
interaction of light fields is realized.

A mathematical model of optical systems with two-dimensional feedback is the nonlinear
parabolic equation with rotation transformation of a spatial variable and periodicity conditions
on a circle. Such problems are investigated: conditions of occurrence the traveling wave
solution, how the form of the solution changes as the diffusion coefficient decreases, dynamics
of the solution’s stability when the value of bifurcation parameter is decrease. As a bifurcation
parameter was taken diffusion coefficient.

The method of central manifolds and the Galerkin’s method are used in this paper. The
method of central manifolds allows to prove the theorem on the existence and form of the
traveling wave solution in the neighborhood of the critical bifurcation value. The first traveling
wave born as a result of the Andronov—Hopf bifurcation. According to the central manifold
theorem, the first traveling wave is born orbitally stable.

The theorem gives the opportunity to explore solutions near the critical values of the
bifurcation parameter. The Galerkin’s method was used by further research of traveling waves
when bifurcation parameter was decrease. If the bifurcation parameter decreases and transition
through the critical value, the zero solution of the problem loses stability. As a result, a periodic
solution of the traveling wave type branches off from the zero solution. This wave is born
orbitally stable. Further, the bifurcation parameter and its passage through the next critical
value from the zero solution, the second solution of the traveling wave type is arise as a result
of the Andronov-Hopf bifurcation. This wave is born unstable.
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Numerical calculations have shown that the application of the Galerkin’s method leads to
correct results. The results can be used by experiments on the study of phenomena in optical
systems with feedback.

Keywords: Parabolic problem, bifurcation, stability, traveling wave, method of central manifolds,
Galerkin’s method.
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BBenenue

B onTtnueckux cucremax ¢ oOpaTHOW CBS3bIO peajM3yIOTCs ABa THUIA B3aUMOIEH-
CTBUS TIOJIS: JIOKAIBHOE, CBsi3aHHOE ¢ Muddy3ueii gacTuI] HEMMHESHHON Cpeibl U C caMmo-
BO3/ICICTBUEM TIONA, U KPYITHOMACIITaOHOE, BBI3BAaHHOE MPeoOpa3oBaHUEM MOIMEPEYHBIX
MIPOCTPAHCTBEHHBIX apI'YMEHTOB I0JI1 BHYTPH PE30HATOPA, HAIPUMED, TOBOPOTOM Ha YIoJ
h, cxatueM WM OTpa)X€HHWEM MPOCTPAHCTBEHHOI MepeMeHHO B KOHTYpe 00paTHOil CBs-
3u [1-4]. Kak ciienyer U3 sKCepUMeHTa, OUCaHHOTO B padoTax [5,6], HaTu4ne KpyIHo-
MacIITaOHOTO B3aUMOJICHCTBHSI CYIIECTBEHHO 00OTallaeT MpoCTPaHCTBEHHO-BPEMEHHYIO
IUHAMUKY (a3oBoii Moayisiiuu. BapbupoBaHueM yria moBopoTa h apryMeHTOB B KOH-
Type 00paTHOW CBSI3M MOXKHO JOOWTHCSA BU3yaIM3alMU PA3IHMYHBIX THUIIOB BPAIAIOIINXCS
MIPOCTPAHCTBEHHO HEOTHOPOAHBIX CTPYKTYp, HAOMIONATh N3MEHEHHE UX KOJIMYECTBA U TIPH
OTIPEJICIICHHBIX YCIOBUAX — MEPeXo]] K onTuyeckomy xaocy. s uccnenosanus HaOmona-
EMBIX SIBICHUI MOTYT OBITh MCIIONB30BAHBI PA3IUYHbBIC TOAX0ARl. OTHUM U3 HUX SBISETCS
METO/I, OCHOBAaHHBII Ha aHaJH3e AUHAMHUKH CEMEWCTBA TPAaeKTOPHA, BEIXOAALINX U3 HEKO-
TOPOT0 OIPaHUYEHHOI'O B TOM WJIM MHOM HPOCTPAHCTBE MHOXKECTBA HAUaJbHBIX JAHHBIX.
OTMeTuM, YTO K II00AIEHOMY aTTPaKTOPy MPHUTATHBAIOTCS MHOKECTBA TPACKTOPHIA TUHA-
MUYECKOM CHCTeMBI IpU OONBIINX 3HaUYEHUsX BpeMeHu. OHaKo TI00aIbHBIN aTTpakTop
JUHAMAYECKUX CHCTEM IIMPEe MHOXECTBa (PH3NIECKH pean3yIOIINUXCs PpY OONBIINX Bpe-
MEHax TpeNelbHbIX pexXuMOB. [TloaToMy Hapsay ¢ ToOaIbHBIN aHAIN30M MOBEACHUS CH-
CTEMBI BaXKHO BBIJCIUThH XapaKTepPHbIC THUITHI HAOMIOMAEMbIX PELICHUH, a TAKXKe BBISICHUTh
MIPUYMHBI BO3HUKHOBEHUS TOTO WJIM WHOTO TUMNa perreHuii. OIuH M3 MOJXOA0B K perre-
HUI0 HaMEYEHHOH MPOOJIEMbI — JIOKAJTBHBIA aHaMH3 [7, 8], OCHOBaHHBIA Ha JTHMHEAPU3AIHH
3aJlaydl B OKPECTHOCTU KAaKOTO-JIMOO M3BECTHOTO PEIICHHS, HAIPUMEP MPOCTPAHCTBEHHO
OJTHOPOJIHOTO CTAI[HOHAPHOTO pemeHus. Takue aBTokoiIe0aHusI IPU ONPENEIeHHBIX yCIIo-
BHAX BO30YKIAJIUCHh W3 CTAIMOHAPHOTO COCTOSHUS MPH W3MEHEHHWHU IapaMeTpOB MOJEIIH,
YTO CBHJIETENBCTBYET O OM(YpKAIMOHHON MpHUpoJe WX BOSHUKHOBeHHA. J{Jis MccnemoBa-
HUs OU(ypKAIIMOHHBIX aBTOKOJICOAHUH MOXKET OBITh HCIIOJIh30BaHA METOMKA, OCHOBAHHAS
Ha MOCTPOEHUH HEePAPXHH YIPOIIEHHBIX MaTeMaTHYECKUX MOJIEIEH B OKPECTHOCTH TOYKU
oudypkarun. [locTpoerne pa3nokeHHH MEPUOTNIECKUX PEIICHNH B TAKOTO poja 3a7a4ax
OCHOBaHO Ha METONaX IEHTpalbHOro MHorooopasus [9, 10] u merone anepkuna [1-4].
st omucaHus pa3IUYHBIX aBTOBOJHOBBIX MPOIECCOB, MPOTEKAOIINX B HETUHEHHOM HH-
TepdepomeTpe (TO ecTh B HEMHHEHHOW ONTHICCKOM CHCTEME, COCTOSIICH 3 TOHKOTO CIIOS

© 10.A4. Xaszosa
U3B. By3oB «I[THI», T. 25, Ne 6, 2017 59



HEJIMHEHHO# cpeibl KEPPOBCKOTO THTIA U PA3IMYHBIM 00pa30M OPraHU30BaHHOTO KOHTYpa
00paTHOM CBsI3H), MOXKET OBITh MCIOJIB30BaHA OJJHOMEpHAs IO MPOCTPAHCTBY MOJCIb

v+ v =plAv+ K(1+vycosQu(e,t)), t>0, €))
v(@ +2m,t) = v(, 1) 2)

KpaeBas 3amaua (1)-(2) monmenupyer auHamuky ¢a3zoBoit Mmoxmymsiuuu v(e,t),
¢ € (0,2m), t > 0, CBETOBOI1 BOJIHBI, MPOLICAIICH TOHKUI CIIOW HEJTMHEHHON Cpebl Kep-
POBCKOTO THIIa C MPeoOpa3oBaHNEM IIOBOPOTA KOOPAMUHAT B KOHTYpe 0OpaTHOMN CBSI3U B OI-
HOMEPHOM NpHOIMKEeHUH. 31ech U — ko3 durmerT qudQy3nu HeMTUHEWHOW CPeJIbI; MOJI0-
KUTEJIBbHBIN K03 dunmeHT K nponopLuuoHaneH HHTEHCUBHOCTH BXOAHOTO MOJIS; Y — BUI-
HOCTh (KOHTPACcTHOCTH) HHTEPhEpeHIHOHHOM KapTuHbl, 0 < v < 1; Qu(p) = v(@ +h) —
oreparop MoOBOpOTa Ha yroi h.

OCo0eHHOCThIO JAHHOW 3a/1auu SABJSIETCA HAaJHYUe MPOCTPAHCTBEHHO OJHOPOTHOTO
peleHw s, ONMCHIBAIOIIETO HEBO3MYIIIEHHOE pactipeiesienne (hazoBoit Mmomyssud. [1pu n3-
MEHEHHH [TapaMeTPOB MOJEJIN, HallpUMEp, yMEHbIIeHUH Ko3ddunmenta nuddys3un Hemm-
HEWHOU cpelpl M, COOTBETCTBEHHO, U3MEHEHHH KOA(QQHUIMEHTa W, 3TO pPEeUIeHHE TepsieT
ycroitunBocTh. Hanmuue moBopoTa KOOpPAWHAT TO3BOJISIET MPOMOAEIHPOBATh CUTYAIHUIO,
KOTZIa Takas MOTeps YCTOHUMBOCTH IPOUCXOAUT KoiebarenbHbIM oOpaszoM. B pesynbra-
Te B030ykaaercsi Oeryiasi BOJHa, CKOPOCTb BpaILleHHsI KOTOPOI M ee IPOCTPaHCTBEHHBIH
MacmrTad MOTYT OBITH MpeAcKa3aHbl U MPOAaHATM3UPOBAHBI HA OCHOBE Teopuu Omdypka-
muii. [lpy ompeneneHHpIX yCIOBUAX Ha MapaMeTphl 3aJadl OyayT pacCMOTPEHBI BOIPOCH
CYIIECTBOBaHHUS, CIUHCTBEHHOCTH M YCTOHUYMBOCTH NMEPHUOIMYECKOTO MPOCTPAHCTBEHHO
HEOZAHOPOTHOIO PELIEHHUs, OTBETBIIAIOLIETOCS OT MPOCTPAHCTBEHHO OJHOPOIHOTO CTAIMO-
HApHOTO peIeHus B pe3ynbTare oudypkarnun AnnpoHoBa—Xomda. ITO MPOCTPAHCTBEHHO
OTHOPOAHOE pereHne v (@, t) = o ONpeneNseTcs U3 yPaBHEHUsI

o = K(1+ycosw). (3)

C poctoM K KOIMUYECTBO KOPHEW 3TOrO ypaBHEHHs HEOTPaHMUYEHHO PACTET, IPUYEM IpU
K — 00 uxX cOCTaB IIOCTOSHHO MEHSETCS: BO3HMKAIOT HOBBLIEC COCTOSHHS paBHOBECHUA U
ncuesatot crapbie. [loaToMy ¢ukcHpyeM IaaKyo BETBb pelIeHHH

o=0o(K,y), 1+ Kysinwo(K,y)#0 “4)

ypaBaenus (3). 3arem nuneapusyem (1)—(2) Ha BoiOpanHoM w(K,Y): v = u + w.
B pesyssTare MoaydaeM ypaBHEHHE C KPaeBbIMU yCIOBUAMH Ha OKPYXHOCTH S

A
ur = pAu — u — AQu + gng, (5)
u(@ + 27, ) = u(@, t), (6)
e A = A(K,y) = —Kysinw, Qu(p) = u(p + 27/3) — oneparop moBopoTa Ha yroi

h = 27/3. 3nech W — GudypKaMOHHBIN apameTp, /\ — OMHOMEpHBIH oreparop Jlamtaca
(Au = ugg).
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Jlemma. Co6cmeennvimu gynryusimu onepamopa L(p)u = wAu — u — AQu, paccmam-
pusaemozo 6 kavecmee numeiino2o onepamopa na npocmpancmee Lo(S') u obnacmvio
onpedenenus ¢ H*(SY) (nopma sadaemes popmynoii ||u|3 = ((—2)u, u) + (u, u)), sens-
romes gynxyuu €F°, k= 0,41, +2, ... ¢ coomeemcmayiouumy cOBCMEEHHBIMU YUCTAMUL
() = —1 — k2 — A5, k= 0,41, £2, .. .

WHTepec npencrasisieT ciaydaid, KOraa Ipy yMEHbIICHUH OM(ypKalMOHHOTO mapa-
MeTpa L 3HaK COOCTBEHHBIX YHCel A () MOXKET u3MeHUTHCs. [1o3ToMy buKcHpyeM ycio-
Bue: A > 1.

CymiecTByeT Takoe 3Ha4eHUE napameTpa W = W*, 9To Ipu | > W HyJIeBOe pelIeHHe
3agaun (5)—(6) SKCIOHEHIMATIbHO YCTOHUYMBO. [Ipy yMEHBIIEHHH U U €r0 MPOXOXKACHUH
yepe3 W* HyneBoe pemenue 3amadu (5)-(6) Tepsier ycrolumBocTh. Ilapa KOMIUIEKCHO-
COTIPSDKEHHBIX TOYEK CIIEKTpa MPOXOAUT 4Yepe3 MHHUMYIO OCh C HEHYJIEBOW CKOPOCTHIO.
B pesynsrare or HyneBoro pemeHus oudypuupyer ogHONapaMeTpHIecKOe CEMEHCTBO Iie-
PHOIMYECKUX PELICHUI THIa OEryIux BOJIH.

1. Hcnoab3oBaHue MeTOAA IEHTPAJIbHBIX MHOI000pa3uii

Bocmonb3yemcst it OCTPOSHUST OCTYIIMX BOJH M UX MPEICTABICHUA METOIO0M
IIEHTPaIbHBIX MHOTO0Opasuit [11,12]. [TocTtpoum pemrenne (5)—(6) B Buae

u(p,t) = 2" +Ze ¥ + o3(2e?, Ze ) + ..., (7)

e z = 2(t), Z = Z(t) yAOBIETBOPSIOT ypaBHECHUAM
= (M) +cslz* +..)z, (8)
z= (MW +csz+...)z 9)

(uepTa Hajl CUMBOJIOM 0003HAYAET KOMILIEKCHOE conpsikenue). Craraemoe o3 (ze'?, Ze =)
dopma 3-ii cTerneHn OTHOCUTENBHO z, Z. O603HauuM z(t,u) = z(u), z(t,n) = z(n). Moxn-
craBuM (7), (9) B (5) u 3aTeM B THONYYEHHOM DaBEHCTBE CHAENAEM 3aMeHy ze'¥ — z.
B pesynerare OTHOCHTENBHO O3 MPUXOIUM K YPaBHEHHIO

(c32 + 3%)| 2> + B(wos = Q(z + 2)°. (10)

3necy Q202 P = 292 Pei(e—P(ZN/3  Oneparop B(u) Ha mPOCTpaHCTBE MHOIOUWICHOB
OTHOCHTEIIEHO 7z, Z SABIAETCA IHATOHAIBHBIM OIEPaTOpOM

B2z = (ha+ 2P — hap)z*2 7P, (11)
A_s = A, s> 0. U3 ycnosus paspemumocts ypasaenus (10) ciemyer, 4to
= Dinn o A ienys, 12)
2 ’ 2
OueBunHo, uto Re c3 < 0, Re ¢3 < 0. YpaBHenue (10) paspemmmo ciaenyrommm odpa-
30M: , N , .
A i@ = —3ig
oy = = (z We ™, ZWe”. ) . (13)
6 \ 3hM — A3 3h — A3
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[TonmcTaBuM Teneps B (9) HaitneHHBIE, cormacHo (12), 3HAYCHUS ¢3 U OIIyCTUM 3aTeM
OCTaJIbHBIE cllaraeMble. Torna NepuoANYECKUM PEIIEHUEM, OTBETBIISIONIMMCS OT HYJIS IIPU
nepexozie Yepe3 Kputnueckoe oudypkarponnoe 3uagenne W*: Re A1 (uj) = 0, sBusercs

21 = pp (e W,

rae p1(u) > 0 — HempepbIBHASI BETBb PCLICHUI YpaBHEHHS

Re M (p) + Re c3pi(n) =0,
w1 (1) = Im A1 (w) + Im c3pi(p).

B pesynwsrare mpuOMMKEHHBIM TEPUOJUICCKUM PEIICHHEM HCXOTHOW 3aadu, OT-
BETBIIIIONINMCS OT HYJS TPH MPOXOKISHUN ITapaMeTpa (L aepe3 W*, sBiseTcs

u(e, t) = p1 (W)@t 4 o ()e~io1 W= |

A p?(“)egiwl(“)te‘(m A P?(M)e‘mwl(u)te—%w
+ o —

— — + ...
2 3>\1_>\3 2 37&1—7\.3

Takum 00pa3zoM cHopMyIHpyeM Teopemy.

Ilyems svinonneno yciosue A > 1. Tozoa cywecmseyem maxoe &y > 0, umo, eciu
0 < w* —u < 9, 20e Re M(uf) = 0, mo 3a0aua (5)—(6) umeem pewenue muna 6Ge-
2yueil 60NHbL 8UA:

u(p, t) = p1 () Wtei® 4o (e @1 W= 4

N ﬁ pi{)(u)GSiwl(u)tGSi(p é pif(u)e—:%imﬂﬁ)te—i%icp
2 3M — A3 2 3N — A3

+...,

p1(n) > 0 a61s€MCA NONONCUMENLHBIM KODHEM YPAGHEHUS
Re i () + Re c3pf(u) = 0,
a w1 (W) Haxooumes u3z ypasHenust
1 (1) = Im A () + Im c3pT(w).

Pewenus u(@,t) — 9KCnOHeHYuanbHo OpOUMATLHO YCMOUYUBHL.

2. AnmnpoxcuManus pelieHusi napadoJnyecKkoi 3ajaum ¢ npeodpazoBaHuemM
TMOBOPOTA MPOCTPAHCTBEHHOM NepeMeHHOoI

Ilockonbky TeopeMa [aeT BO3MOXKHOCTb MCCIIENOBAaTh DPOXKACHHBIE DPEIICHUS
TOJIBKO B OKPECTHOCTH KPUTHYECKOTO 3Ha4YeHUs OM(ypKalMOHHOTO Mapamerpa W, TO I
M3y4YeHHUs] TUHAMUKY U3MEHEHMH pelleHus Tuna Oeryieid BOJHBI Hpu oTxoxe oudypxa-
IIMOHHOTO MapaMeTpa B 001acTh HAIKPUTUYHOCTH, BOCIIOIB3yeMCs (POPMATTU3MOM METOJIa
T"anepxuna.
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B coorBercTBUH € MCTOAOM LECHTPAJIbHBIX MHOFOO6pa3PIfI 6yz[eM HCIIOJIB30BATh Ia-
JICPKHUHCKYIO aIlIIPOKCUMAIIUIO B TaAKOM BHUIC!:

I
M) =

(:ckeikq) + Eke*ikq}) . (14)

i

1

IToncrasum (14) B (5) 1 3aTeM B IOIy4EHHOM paBEHCTBE MpHpaBHIEM KO GHUIMEHTH IPU
etk | =1 N.
B pesynsrare momyunm cuctemy auddepeHnratbHbIX YpaBHEHUH

Tp = M2k + g (2,2),
.- _ (15)
T = MZg + 9i(2,2), k=1,N,
e z = (21,...,2n), 2= (Z1,---,2N)s Gk» G — POPMBI 3-if CTENEHN OTHOCHUTEIBHO
(Z,E), A = kk(“)

ITpn ymeHblIeHHU MapaMeTpa (L U €ro Mepexoje 4epe3 KPpUTHYECKOe 3HAUCHUE U]
takoe, 4to Re A (u]) = 0, HyneBoe pemenue (5)—(6) TepsieT yCTOHYUBOCT KoseOaTeb-
HBIM 00pa3zoM. B pesynbrare oT HyneBoro pemeHus (5)—(6) OTBETBISIETCS MEPUOAUIECCKOE
pemienne THa 6erymeii BoHbBL. i1 mocTpoeHus ykazaHHOTo pemieHus (5)—(6) Bocmomnb-
3yeMcs cuctemoii (15), B KoTopoll HyJeBOe peUIeHHe TepAeT YCTOWYMBOCTH MPH YMEHb-
IIEHHUH (L M €r0 MPOXOXKIEHUH Yepes W]. [locTpoum 310 perieHue B BUJE

T, = plei%’ T3 = pzei(3<P1+013)7 T = psei(5<P1+0t5) (16)

Pr = pr(t,n), @1 = @1(t,u)

U COOTBETCTBYIONINE UM KOMILUIEKCHBIC TIEPEMEHHBIC T , T3, T5. OCTaTbHBIC KOMIIOHEHTHI
B (15) monoxkxuMm HyneBRIMH. B monydenHOH mocie moactaHoBku (16) B (15) cucreme
HAaxXOUM cTaioHapueie pr > 0, k = 1,2,3, a3, a5 u ¢; = o1(n). CiaexosaresnbHo,
cucreMa (15) uMeer nepuogudeckoe perieHue

T = pl(u)eiwl(ﬂ)t’ T3 = pg(u)ei(?’wl(“)t*‘ali)? T5 = ps(u)ei(5w1(u)t+a5)7
(17)
T = pl(u)eﬂ'wl(u)t7 T3 = p3(u)67i(3w1(u)t+a3), Ts = p5<u)67i(5w1(u)t+a5)'

[Toncrasus (17) B (14) nonyunm npubnmkeHHoe nepruoanueckoe pemenne (14) tuna «6e-
rymasi BOJHa». OTO pelleHne poXkKIaeTcsi OpOUTaIbHO YCTOWYHBBIM MEPUOANIECKUM pe-
[ICHUCM.

Ilpy yMeHbIIEHMH [ M €ro NPOXOXKICHUH depe3 CIEAyIoIlee 3Ha4deHHe (U5
Re A2(u5) = 0 or HyneBoro pemmenus (5)—(6) B pesynsrare oudypkaiuu Tuna AHIPOHOBa—
Xomnda poxkmaeTcst BTOpOe pelieHne ThMa «Oerymias BoaHay. [ nocTpoeHus ykazaHHOTO
MIEPUOUYECKOTO PEIICHNsI BHOBD IepexoauM K (15) U cTpouM 3TH pelieHus B BHUIE

i(6¢2+P3)

292 g = pge . @10 = proe10P2 ) (18)

T2 = P2€

pr = pr(t,n), @2 = @a(t,n)
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¥ COOTBETCTBYIOIINE UM KOMIUIEKCHBIE IEPEMEHHBIE T2, T, Z10. OCTAIBHbIE KOMIIOHEHTHI
B (15) monararorcs HyseBbIMH. B monydeHHO# crcTeMe OTHOCHTEIBHO P2, Pg, P10 HAXO-
JIAM CcTaroHapHeie py = pr(w) > 0, k = 2,6, 10; B3, Ps 1 ¢2 = wo(u). CaegoBarensHo,
cuctema (15) umeer nepuoguyeckoe pelmeHue npu u < (5 Buaa

To = pQ(M)@Q‘”?(M)t? Tg = pG(M)ei(6w2(M)t+B3)7 T = plo(u)ei(lomQ(M)t+ﬁ5)7

T = po(n)e 202t T = pg(n)e 002MtHBs) - 710 = pyo(n)e H(100200)t+ps)
(19)
Pemenwne (19) cucrems! (15) poxkmaercs HEyCTOHYMBBIM ¢ HHICKCOM HEYCTOMYHMBOCTH 2.
OO0paruMcst K BOIIPOCY O JTUHAMHKE YCTOH4MBOCTH pemienus (19) mpu ymeHblie-
Huu (. JUId 5TOro mepenjeM K aHalu3y JIMHEApU30BAHHON B OKPECTHOCTH IIEpUOJUYE-
ckoro pemenus (19) cucreme (15). ns monydeHus 3Tol TUHEAPU30BAHHON CUCTEMBI JIH-
HeapusyeM HCXofHoe ypaBHeHHe (5)—(6) Ha HaliieHHOM mepuoandeckoMm perrenuu (19).
B pesynbrare nonyyum

A
U= pAu—u— AQu + §Qu§ - Qu, (20)

TIe ug — BTOpas OeryInas BOJHA.

OTMETHM, YTO KITFOYEBYIO POJIb B aHAIM3E TUHAMUKHA YCTOMYHWBOCTH MIPAIOT IIEpe-
MEHHBIE 1, L3, L5 U UM CONIPSDKEHHBIC T'1, T3, T5. [[pOBEICHHAS IMHEAPU3AIUS IPHUBOIUT
OTHOCHUTENBHO STUX NMEPEMEHHBIX K CUCTEME YPaBHEHHIMA

i1 =Mz1 + ((6p§ + 62 + 6p2) )1 + 3p2e 292 T3 4 Gpopge’ 22 B Ty 4
+6pgproe’ 202t tPs—Ps)z, 4 6p6ploei(72w2t765+[33)x5> &%,

ity = Nz + ((6p3 + 6p3 + 6p%)ws + 3p3™22'71 + Gpapge’ 22 +H0) g 4
6pgproeiPoztHBs—Bs) ) +6p2p106i(—4m2t—ﬁ5)m5> 632'23{

T5 = hsx5 + ((6p§ + 6p2 + 6p2y )5 + 3p3e22t ) + 6popge’ P02t g 4

+6p6p10€i(4(ﬂ2t+ﬁ5)y3> 65i% ,

IUTIOC COOTBETCTBYIOIUE BBIPAKEHHUS AJIsI CONMPSDKECHHON YacTH. AHANIN3 MaTpUibl KOdd-
(PUITMEHTOB MOMYYEHHOM CHUCTEMBI U i COIpPSKEHHOH TaeT BO3MOKHOCTh OTBETHUTH Ha
BOTIPOCHI 00 ycToitunBocTr pemeHus (19).

3. YucjeHHbIe pe3yjbTAThl AaHAIU32 NapPadoJIMUYecKoil 3a1a4u
J1 9rCTIeHHbBIX pacyeToB MCIIOMB30BaIach MO/IETbHAS 3a1a4a (ycmoBue cos w = ()

A
ut:uAu—u—AQu—i—gQuS, t>0,
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C YCJIOBHEM Ha OKPYKHOCTHU

u(g + 2m,t) = u(e,t),

me L = L(p) = —1 — ulA — AQ,
Qu(p) = u(ep + 271/3).

3adukcupyem clenyrolume mepe-
mMeHusle K = 8, v = 06, o =
= —0.675132, A = 3.

YucneHHsld aHaIW3 MoKasaj, dYTo
nepBas Oerymiasi BOJHA, POXKIAIOIIASCS
B pesyibrare Oudypkanud AHIPOHOBa—
Xomda, pu nepexone OHPYypPKAITHOHHOTO
napameTpa W gepe3 uy = 0.5, poxknaercs
opOHuTaANBHO ycTOWUYMBOM. JlaHHOE perre-
HHUE BO3HUKAET, KOTrJja COOCTBEHHOE 3HAYe-
HUE HYJEBOTO PEIICHUS MEePEeXOANUT depe3
HOJIb KojeOarenbHBIM oOpasom. Hcmomnb-
3yst popmanm3m mertona ['anepkuHa, ObI-
JIa TIpOaHaJN3UPOBaHa TUHAMUKA H3MEHe-
HUH pelIeHus Mpu YMEHbIICHUH TTapaMeT-
pa u. Tak, mpu oTxone OMQypKaIHOHHOTO
rmapaMeTpa OT KpUTHYECKOTO 3Ha4eHHS B
00JIACTh HAJKPUTUYHOCTH aMILIUTYIA pe-
IICHUST HEe3HAYMTEIBHO BO3PACTAaCT; TOY-
KH OTPHIATEIILHOTO CIEKTpa BO3PACTalOT
Y TIPUOIIDKAIOTCS K HYINIO, HO HE TIepexo-
JIAT Ha MOJIOKUTENbHYIO TTONyoch. Makcu-
MaJIbHOM TOUKOW CIIEKTpa Ha BCEM IIpOMe-
KyTke m3MeHeHus mapamerpa (0,u}) sB-
nsetcst 0. OTo B CBOIO O4epeh MO3BOMISET
c/erarh BBIBOJ, UTO TepBasi Oeryiias BoJ-
Ha COXpaHsET YCTOMYMBOCTD Ha BCEM IIPO-
MeKyTKe H3MeHeHus napamerpa (0, uy).

Btopast Oerymiast BoiHa, pOXKIaro-
miasicsi B pesyasrare oudypkanuu AHIpo-
HoBa—Xomda, mpu mnepexoxe OuPypka-
IIMOHHOTO IapaMeTpa W 4Yepe3 W; =
0.125. Pemenue poxgaeTcss HEyCTOWYH-
BBIM C HWHJIEKCOM HEYCTOWYHBOCTH JIBa,
TaKk Kak JIB€ KOMILIEKCHO-COTPSHKEHHBIE
TOYKH CIIEKTpa HMEIOT IOJOXHUTEIbHYIO
JEHCTBUTEIIBHYIO YaCTh.

©10.A4. Xazosa
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Puc. 1. IlepBas Oerymast BoaHa IpH (PUKCUPOBAHHOM
3HaueHun N = 6, poxzaaroniasics OpOUTaIBHO yCTOM-
4YuBOH B pe3ynsrare Oudypkauuy AHIpOHOBa—Xomda
mpu nepexone OudypranmoHHOTO mapamerpa [ depes
3Hadenue i = 0.5, 31ech (p — IPOCTPaHCTBEHHAS Hepe-
MEHHas1, ¢ — IIepeMeHHasi BpEMEHH, U — 3HaueHue QyHK-
i (¢, t)

Fig.1. The first traveling wave at a fixed value N = 6,
born orbitally stable as a result of the Andronov—Hopf
bifurcation in the transition of the bifurcation parameter
w through the value uy = 0.5, here ¢ — spatial variable,
t — time variable, u — function value u(¢, t)

Puc. 2. I'paduk pocta ammauTyapl HepBoil Oeryiuei
BOJIHBI IIpH (UKCHpoBaHHOM N = 6 B 3aBHCHMOCTH OT
YMEHBIIeHUsT OnudypkanyonHoro mapamerpa i = 0.3;
0.2; 0.1; 0.05, 3nech ¢ — NpocTpaHCTBEHHAs! NIEPEMEH-
Has, u — 3HaueHue QyHKUUH u (P, t)

Fig.2. Growth of the amplitude of the first traveling
wave with a fixed N = 6 depending on the decrease of
the bifurcation parameter p = 0.3; 0.2; 0.1; 0.05, here
@ - spatial variable, u — function value u(¢, t)
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I/ICCJ'IG,I[OBaHI/Ie JAWHAMUKHU CIICKTpa MPU YMCHBUICHNUHU ITapaMeTpa W IMOKa3bIBACT I10-

BEJICHUE MAKCUMAJIbHBIX TOYEK crekTpa. IIpy yMeHbIIeHHH |L U TIPOXOXKIEHUH Yepe3 U5

IMOJIOXKHUTEIIbHAA Iapa KOMIIICKCHO-CONPS)KEHHBIX TOYCK CIICKTpa IMEPEXOAUT Ha OTpUIla-

TENIFHYIO0 TIONYOCh M OCTAaeTCsl TaM NpH JAajbHEHIIEM yMEHbIIEHHH OH(ypKannuOHHOTO

napameTpa. IlpuBeneM B KadecTBe NpHMepa IOJyYEHHBbIE UHCIEHHBIE pPE3yNbTaThl NMPHU
¢ukcupoBanHbix N = 6, A = 3, a IMCHHO TPH MaKCHMaJbHbIC TOYKH CriekTpa (W)
(KOMIUIEKCHO-COTIPSKEHHAs! 4acTh HE MPUBOAUTCS ISl YIPOLICHUS ):

0(0.09) = (...,—4.2289+40.01771,—2.0319 + 2.10807,0.1431 — 2.10801),
0(0.07) = (...,—3.6864+ 0.0347I,—1.6943 + 1.81961,0.02593 — 1.81961),
0(0.066) = (...,—3.574+ 0.0370I,—1.6268 + 1.76061,0.00420 — 1.76061),

0(0.065) = (...,—3.5463 + 0.0375I, —1.6099 + 1.74581,—0.00113 — 1.74581),

6(0.04) = (...,—2.3686 — 1.52421, —1.1839 + 1.3570I, —0.1211 — 1.35701),

0(0.005) = (...,—1.1713 — 0.88221, —0.5256 + 0.59941, —0.2993 — 0.59941).

3necs I — MHAMAas eqMHUAILIA.

Puc. 3. Bropas Gerymas BoiHa npu (GUKCHPOBAHHOM
3HaueHUU N = 6, poXaaroIascs HeyCTOHunBOH ¢ UH-
JIGKCOM HEYCTOHYMBOCTH J[Ba B pe3yibTare Oudypka-
uun AHIpoHOoBa—Xorda npu nepexone OudypKaroH-
HOTO TapaMerpa [t uyepe3 3HaueHnue uy = 0.125, 3nech
(p — IPOCTPAHCTBEHHAsI TIEPEMEHHas, ¢ — MepeMeHHast
BpeMeHH, u — 3HadeHne GpyHKimu u(Q, t)

Fig.3. The second traveling wave at fixed value
N = 6, is born unstable with an instability index
of two as a result of the Andronov-Hopf bifurcation
in the transition of the bifurcation parameter p through
the value u3 = 0.125, here ¢ — spatial variable, ¢ —
time variable, u — function value u (¢, t)
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Puc. 4. I'paduk pocra amIuUTyasl BTOpOH Oeryrieit
BOJIHBI IIpH (puKCHpoBaHHOM [N = 6 B 3aBHCUMOCTH OT
ym™menbleHns 6udypxarprontoro mapamerpa W = 0.09;
0.06; 0.03, 3meck @ — NPOCTPaHCTBCHHAS IIEPEMECHHAs,
u — 3Ha4eHue GyHKmn u(Q,t)

Fig.4. Growth of the amplitude of the second traveling
wave with a fixed V = 6 depending on the decrease
of the bifurcation parameter w = 0.09; 0.06; 0.03, here
@ — spatial variable, u — function value u(p, t)
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Takoe noBeleHUE TOUEK CHEKTPa JAET BO3MOKHOCTD CIENIaTh BBIBOA, YTO B CUCTEME
peanu3yercs Onudypkanus pOXIACHHUS CEeMEHCTBa NBYyMapMETpPHUECKUX TOpPOB. JlampHei-
IV aHAJIU3 TOBEACHUS POXKICHHBIX TOPOB SIBIISIETCS OoJiee CIOKHON 3a/aueil 1 ocTaBie-
Ha aBTOPOM JIsl JaJbHEUILEro UCCIIEOBAaHUSA.

3akjaouenue

Jns mapabouuecKoro ypaBHEHHs C ITOBOPOTOM NPOCTPAHCTBEHHOW MEPEeMEHHOU
Ha OKPY>KHOCTH PacCMOTPEHBI BOIIPOCH O CYLIECTBOBAHUH, (JOPME U YyCTOHUUBOCTH pe-
meHnii Tuna Oerymux BoiH. Ha ocHOBE MeTonma HMEeHTpalbHBIX MHOTOOOpa3uid JOKa3aHa
TeopeMa O CYIIeCTBOBAaHMHU peIIeHus Tuma Oerymux BoiH. Mcmonssys ¢opmanusm me-
Tofa I'anepkuHa nccienoBaHa JUHaMUKAa U3MEHEHHUH POXXKIEHHBIX pelleHu, ux ¢opma u
ycToiumBOCTh. {1l aHanM3a ycTOMYMBOCTH peIIeHUs THUIa Oerymied BOJHBI HCIOIb30-
Bajach JIMHEApU3alus B OKPECTHOCTH MEPUOAUUYECKOTO pelllcHHs. YHCIECHHbIE pacdeThl ¢
nomouipto nakera Mathematica nokasanu, 4To IpuMeHeHHe MeToaa ['anepkuHa IpUBOIUT
K Kau€CTBEHHO U KOJIMYECTBEHHO IIPABWIBHBIM PE3yJbTaTaM.

Hccnedosanue gvinonneno npu noodepoicke Ilpocpammel pazeumus ghedepanrvho-
20 20CY0aPCMBEHHO020 A8MOHOMHO20 0OPA308AMENbHO20 YUPEHCOCeHUS 8blCULe20 00pa30-
sanus «Kpvimckuii gedepanvroliii ynusepcumem umenu B.U. Bepunaockozoy» na 2015-
2024 200v1 no npoexkmy Cemwb axademuueckou moburvbHocmu «Akademuyeckas MooOuib-
Hocmb Monoowix yuenvlx Poccuuy 6 2016 200y na baze ®I'BYH Hncmumym mamema-
muku um. C.JI. Cobonesa CO PAH, nabopamopus oughghepenyuanvhvix u pazHoCmubix
YpasHeHuil.
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Xazoea FOnus Anexcanoposna — pomunack B Ceacromoie (1989), oxoHumna
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nmenn B.M. Bepranckoro. OmyOnukoBaiga 5 Hay4yHBIX CTaTed MO HAMpaBICHHAM
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CTBEHHOH MEPEMEHHOM.
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