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B pabote uccnenyrorest 3pQEeKTh CHHXPOHH3AIUH U IECHHXPOHU3ALINH B aHCAMOIIIX (a30-
BBIX OCLHJIIATOPOB C I00ANBHOM CBs3bi0 THIIa Kypamoro—Cakarydu pu Bo3eiicTBUM Ha HUX
o0umM mymMoM. B ¢Bsi3H ¢ TeM, 4TO MeXaHW3MBl CHHXPOHHU3ALMH 32 CUET CBA3H U OOIIEro Iy-
Ma CyIIIECTBEHHO Pa3JIMyHbl, IPECTABISECT HHTEPEC BBISICHEHHE 0COOCHHOCTEN HX B3aUMOJICH-
CTBUA. B TepMoarHaMUUeCKOM Ipezielie OONBIIOro YHCla OCHMIUIATOPOB € MOMOLIBIO MOIX0/a
OtTa—AHTOHCEHA BBIBEICHBI CTOXAaCTHYECKUE YpaBHEHHs Ui ITapamMerpa Iopsaka U U3ydeHa
UX JMHAMHKa KaK B Cllydae HICHTHYHBIX OCLHJUIATOPOB, TaK M B Clydae Masloil pacCTpOUKH
COOCTBEHHBIX 4acTOT. JJIsi MICHTUYHBIX OCLHJUIATOPOB HCCJIEAOBaHA YCTOMYHMBOCTH COCTOS-
HHS TIOJTHOM CHHXPOHHU3ALMU U BBISBICHO, YTO JOCTATOYHBIH yPOBEHb OOILIETO IIyMa MOXET
CHHXPOHU3UPOBATH CUCTEMY JaKe IIPH OTPULATEIHFHON (OTTANKUBAIOIIEH) III00ANEHOM CBA3M.
YcraHOBIIEHO HapyIIeHHEe PaBHOIPABUS MEXIY COCTOSHHUSIMH MaKCHMaJIbHOW aCHHXPOHHOCTH
(HyJeBOro 3Ha4YCHHUS MapaMeTpa MOopsIKa) U COCTOSHHEM IOJHOM CHHXPOHU3ALUH: IIEPBOE MO-
JKET OBITh TOJBKO CJIa00 MPUTATHBAIOIINM, TOIZA KaK BTOPOE MOXKET CTaHOBHUTHCS aJCOPOH-
pyronmmM (Iepexol K CHHXPOHM3ALUM CTaHOBHUTCS HeoOpaTMMBIM). lcciemoBaHa AMHaAMHKa
Hepexosia B CHHXPOHHOE COCTOSHHE B 3aBHCHUMOCTH OT IapaMeTpoB. J[Jisi HEMJEHTHYHBIX OC-
LIUUIITOPOB TOJIHAs CHHXPOHM3AIMsI HEBO3MOXKHO ¥ aJICOPOMPYIOIIEe COCTOSHHE HCYE3aeT:
Ha ero MecTe ocraercs ciabo mputirusaroniee. OOHapYKEH U UCCIICOBAaH HETPUBHAIBHBIH
3¢ deKT pacXoKaeHNsT MHANBUIYAIbHBIX YaCTOT OCHMIUIITOPOB C OTIMYAIOIIMMUCS COOCTBEH-
HBIMU YaCTOTaMH MPH YMEPESHHOW OTTAJIKUBAIOUICH CBSI3H, IPUYEM MapaMeTp HOpsIKa B ATOM
cllyyae ocTaercs AocTatouHo OonpinM. B Ipunoxenun k paboTe gaercs BBEICHUE B TEOPUU
Orra—AHToHCeHa u Baranabe—Crporana.
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We study the effects of synchronization and desynchronization in ensembles of phase
oscillators with the global Kuramoto—Sakaguchi coupling under common noise driving. Since
the mechanisms of synchronization by coupling and by common noise are essentially different,
their interplay is of interest. In the thermodynamic limit of large number of oscillators,
employing the Ott—Antonsen approach, we derive stochastic equations for the order parameters
and consider their dynamics for two cases: (i) identical oscillators and (ii) small natural
frequency mismatch. For identical oscillators, the stability of the perfect synchrony state is
studied; a strong enough common noise is revealed to prevail over a moderate negative
(repelling) coupling and to synchronize the ensemble. An inequality between the states of
maximal asynchrony (zero-value of the order parameter) and perfect synchrony is found; the
former can be only weakly stable, while the latter can become adsorbing (the transition to
the synchrony becomes unidirectional). The dependence of the temporal dynamics of the
transition on the system parameters is investigated. For nonidentical oscillators the perfect
synchrony state becomes impossible and an absorbing state disappears; on its place, only a
weakly stable state of imperfect synchrony remains. A nontrivial effect of the divergence of
individual frequencies of oscillators with different natural frequencies is revealed and studied
for moderate repelling coupling; meanwhile, the order parameter remains non-small for this
case. In Appendix we provide an introduction to the theories of Ott—Antonsen and Watanabe—
Strogatz.
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BBenenune

SIBeHNe CHHXPOHU3AIMHU B aHCAMOJSIX OCHMIUIATOPOB C Pa3HbIMM BHIAMM CBszel
XOPOIIIO M3YYEHO W OCBEMIeHO B sreparype [1,2]. Dddexr cuaxpoHn3anmu oka3sBacT
CYIIIECTBEHHOE BIIMSHHE HA MOBEIEHHE Pa3THMYHBIX (U3NIECKHX CHUCTEM, HAIpuMep, Ja-
3€pHBIX YCTAHOBOK HJIM CBEPXIPOBOISAIINX HKO3E(COHOBCKMX KOHTAKTOB. SIpKO¥ HILIO-
CTpalei JeficTBUS CHHXPOHHU3AINY B WH)KEHEPHBIX CHCTEMaX MOXKET CITY>KHUTh HHITUICHT
¢ MmoctoM MmutennyM B JIoHIOHE, KOTOPBIi OBUT 3aKPHIT Yepe3 ABa THS IOCIE OTKPHITHS,
TaK KaK IpU MPOXOXKIEHUH OOJBIIOTO KOJIUYECTBA JIFOJCH KOHCTPYKIUS HauyWHAla OIIy-
TUMO PacKauyuBaThCs U3 CTOPOHBI B cTOpoHY [3]. He MeHee BakHYIO pOJIb ONUCHIBaEMBIN
3¢ ¢exT urpaer ¥ B OMOIOTHYECKHX CHUCTEMaxX, B YAaCTHOCTH, NPH HEKOTOPHIX HeWpome-
TeHEepaTUBHBIX 3a00JIEBaHMIX HAOIIONACTCS MMaTOJIOTHYECKast CHHXPOHH3AINS aKTUBHOCTH
HelipoHoB [4]. Boiee Toro, CHHXpOHHU3AIMIO MOXKHO HAOIIOATh BO MHOTHX COLMABHBIX
cUcTeMax.

Eme omHMM BO3MOXHBIM MEXaHHM3MOM CHHXPOHHU3AIMH OCHWIUIATOPOB SBIISETCS
BO3IEHCTBHE Ha HUX oOmMM ImyMoM [5]. Takoit BHMA CHHXpOHH3AIIMU TaKXke HaOroma-
eTCsl B CaMbIX Pa3HBIX CHUCTEMaX: HEHPOHHBIX [6], omTudeckux [7], skomoruyeckux [8].
Hecmotpst Ha TO, 4TO B TMOCJIEqHHME TOABI MaTeMaTHUeCKas TEOpUs CHHXPOHH3ALUHU 00-
UM TIIYMOM TIONYYHJIa 3HAYUTENbHOE pa3BuTHE [9-19], du3udUeckuii MeXaHWU3M STOTO
a¢dekTa Bce elle OCTaeTcsl He CTONb OYEBUAHBIM, KaK MEXaHHM3M CHUHXPOHH3AIMHA TpU
HaJIU4ud CBs3U (CM., Hampumep, [13, 14,20]).

[IpumedarensHO, 9TO BO3AEHCTBHE MaJbIM OOLIMM IIyMOM Ha aHCaMONb OCIMILIA-
TOPOB MOXXET WMETh TOJBKO CHHXPOHHU3UPYIOIIee BO3ICHCTBHE, TOTNA Kak oOIIas CBS3b
MOXKET KaK CUHXPOHU3UPOBATh, TaK U JECUHXPOHU3UPOBATH CUCTEMY (APYTUMU CIOBAMH,
OHa MOXKET OBITh KaK MPUTATMBAIOIIEH, TaK M OTTaJKMBarouieil). VzyueHnne B3aumozei-
CTBHSI BIHMSIHUN CBSI3M M OOIIETO ITyMa Ha CBOWCTBA CHHXPOHHU3AIMU CHCTEMBI 0COOSHHO
WHTEPECHO B CBS3H C TEM, UTO (PU3NIECKUE MEXaHU3MBI, JIeKAIIe B OCHOBE STHX SIBICHHM,
COBEPLIECHHO pa3jnyHbl. [leCHHXpOHU3aLusd OTTAJIKUBAIOUIEH CBSA3bIKO IIPOTUBOAEHCTBYET
CHHXPOHH3AIMH OOIINM IIyMOM HETPHBHAIHHBIM 00pa3oM: OHHM HE MOTYT KOMIIEHCHPO-
BaTh ApYr Apyra. [loHMMaHHe TOHKMX MEXaHHU3MOB 3TOTO B3aUMOIECHCTBUS MPAaKTUYECKU
BOCTPeOOBaHO B TeX CIIy4asx, KOTIa HEOOXOMUMO MPOTHBOIEHCTBOBATh CHHXPOHU3AIH,
K KOTOpPOW MPUBOAMT HaJU4YKE OOIIETO IIyMma, IyTeM BBEJCHHS B3aUMHOMN CBSI3H, YTO aK-
TyaJbHO U1 MHOTUX TEXHHYECKUX M OMOJOTHYECKHUX CHCTEM.

Hexoropoe Bpemst Hazax, B pabore [21], ObIH omMCcaHBI HETPUBHAILHBIC dPQeK-
ThI, BO3HUKAIOIIWE TIPY BO3ICHCTBUH Ha aHCAMOJIb UICHTUYHBIX OCIIHILIATOPOB KypamoTo
CHHXPOHHU3UPYIOIIUM OOIIUM IIIYMOM B MPUCYTCTBUU IECHHXPOHU3UPYIOIIEH TI100aIbHOM
CBSI3U; TIOy9eHHBIE Pe3yIbTaThl JOIONHAIOT Ooee panHue padotsr [22,23]. beuto moka-
3aHO, YTO MPHU HAJMYUH YMEPEHHOUW OTTAIKHUBAIOIICH CBSA3M CHHXPOHH3HPYIOUIHA 3 dekT
00I1IeTo HIyMa OKa3bIBaeTcs Mpeodia JaroiM, U CUCTEMAa IIPUXOAUT B CHHXPOHHOE COCTO-
ssare. OHAKO TPU HaJWYUHM PACCTPONKH COOCTBEHHBIX YacTOT OCHWJIISTOPOB, CpPEIHHE
YacTOTHl OTJENBHBIX OCIIIIATOPOB HE MPUTATHBAIOTCS, a, HA0OOPOT, PacTaIKHUBAIOTCS.
Oddekr pacrankuBaHHS YACTOT NPU CUHXPOHU3AIMH OCOOCHHO IMpHMEYaTesieH B KOH-
TeKcTe Toro, uto, Hanpumep, H. Bunep (N. Wiener) omnpesensi CUHXPOHHU3AIUIO, KaK
«phenomenon of the pulling together of frequencies» («sBIIeHNE B3aHMHOTO TPUTSIKEHUS
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gacToT») [24]. [Ipn HATMYIMKM CHHXPOHU3HPYIOIICH CBSA3H ITOJIHBIN 3aXBaT YacTOTHI HE MPO-
UCXOJIUT, XOTSI CPETHUE YaCTOThI OTACIBHBIX OCIHIUIATOPOB MPHUTATHBAKOTCS APYT K APYTY.
B nannoii pabore Oonee mompoOHO paccMaTpUBAIOTCS ATH AP (PEKThI, a TAKKE CTPOUTCS
00001IeHNe Pe3yabTaTOB, MOMYUYEHHBIX JJIS CITydas YHCTO IMCCHITATUBHBIX CBszeh [21],
Ha Oojiee oOmUi ciy4ail TobanpHOH cBs3u THna Kypamoro—Cakarydyu, KoTopas MOXET
UMETh KaK TUCCUIATUBHYIO, TaK U KOHCEPBATUBHYIO KOMIIOHCHTHI.

B xauecTBe OCHOBHOW MaTeMaTHUECKOW MOJEIH paccMaTpHuBaeTcsl aHcamOnpb ¢a3o-
BBIX OCHHJUIITOPOB C TIOOANBHON CBs3bI0 THIa KypamoTo—Cakary4m, Ha KOTOPBIA JICH-
CTBYeT 00U IIyM

N
J:

3necy Qf — coOCTBeHHasi 4acToTa k-ro OCHHJUIATOPA, O — aMIUIMTYyAa OOILEero LIyma,
E(t) — HOpMHUpOBaHHBIN TaycCOB Oenblii Imym, W — Kodhduuuent cBsasu. [lapamerp 3
xapakTepusyeT (a30BBIi CIBUT B YCHE CBA3H WM, APYTUMH CJIOBAMH, BKIAIBl «aKTHB-
HOI» (IPOTIOPIIMOHAIIBHOH COS ) U «PEaKTHBHOM (TIPOMOPIIHOHAIBHOM Sin [3) KOMITOHEHT
cBs3u. BocipunmunBocTh asbl K IIyMOBOMY BO3AEHCTBHIO, TO €CTh (hOpMa ciaraeMoro
0&(t) sin g, COOTBETCTBYET CIydYar0 KBa3HTapMOHHYECKHX OCHHILISITOPOB, TOIBEPIKCH-
HBIX JEUCTBHIO OOIIEro JHMHEHHO IOJIIPU30BAHHOIO LIyMa, ¥ HEKOTOPHIM APYI'UM (GH3H-
YyeckuM cucteMam. [IpumMepom mepBOro MOTyT CIy>KUTh OCLMILIATOPHI BaH nep [loist mpu
ci1aboit HEeMMHENHOCTH U IIIlyM€e B OIHOM M3 IepEeMEHHBIX WM METPOHOMBI, CMOHTHPOBAH-
HBIe Ha 00mel miardopme, MOIBEPKEHHON CIydailHOMY CHJIOBOMY BO3/ICHCTBHIO, KaK B
JKCIIEPUMEHTAILHON padoTe [25]; mprMepoM BTOPOTO SIBIAIOTCS CBS3aHHBIC 3IEKTpHUE-
CKHE OCHUWIIATOPHI [26,27]. B Tepmonnnamuueckom npeaene N >> 1 ynoOHO mapameTpu-
30BaTh OCIWJUIATOPHI 3HAYEHHEM MX COOCTBEHHOH 4acTOTHI {2 M mepenucarbh ypaBHEHUS
TUHAMUKH OCIIIIISITOPOB B BHJIE

Po = Q + uRsin(® — @g — ) + o&(t) sin gg , (1)
I BBesieH mapameTp mopsaika R: Re'® = ('), dopma ypasnenus (1), MMerOIIero Bua
$o = Q + Im (H(t)e "), 2)
e
H(t) = nRe Pe® — oE(t)

MI03BOJISIET IIPOBECTH MMOJIHBINA aHAIN3 KOJUIGKTUBHOW IMHAMUKH CUCTEMBI C IIOMOIIIBIO TIOJI-
xonoB Baramabe—Crporarna nu Orra—AnToHCeHa [28-31] M mpemocTaBisieT BO3MOXHOCTD
Ooree ITyOOKOTo U3Y4EHHs TOHKUX aCTIEKTOB B3aMMOJICHCTBHS MEXKIY MEXaHH3MaMH CUH-
XPOHU3AIMN/ACCHHXPOHU3AIMH OONIHM IIIyMOM ¥ TIOOANBHON CBsA3bI0. B TepMonnHaMu-
YECKOM TIpejielie TIOTHOCTh PaCHpeICICHUs] BEPOSTHOCTH wg (@, ) OCHUILIATOPOB € COO-
CTBCHHBIMH 4acTOTaMHu {2 JIOMYCKAeT pPeliecHHE, TapaMeTPU30BaHHOE OHON KOMILIEKCHON
BEeITUYHHOHN ag (cM. [31] u Ilpumoxkenue),

wo (g, t) = % (1 + Z[(ag)jeijq’ + c.c.]) , 3)
j=1

©.C. I'onoobun, A.B. JJonmamosa, M. Pozenouom, A. Iuxosckuii
8 W3B. By30B «I[THI», T. 25, Ne 6, 2017



e ag NOAYUHACTCA YPaBHCHHUIO

. . H*(t Hi(t

ag = —1Qagq + A — Laé. 4)
2 2

Jl71st IIIOTHOCTH pactnpesienieHus (a3 MOXKET ObITh BBIYMCICH KOMIUIEKCHBIN MapameTp Imo-

psaaka (cpenHee mosne)

Re™® = /ng /dcp e""wg (g, 1) /ng

rae g(€2) — MWIOTHOCTh paclpeeieHUs: COOCTBEHHBIX YacTOT.

I'maBHoIi 3a1aueii HacTosIIeH paboTHI ABNIsSETC 0000IICHNE PE3yIbTAaTOB, MOTYYCH-
HbIX B [21], tae Obi1 paccMoTpen city4aii B = 0. ByzneT moka3zaHo, 4TO OCHOBHBIMH YIIPaB-
JAIOIMME HapaMeTPaMy ABIAIOTCS G PeKTUBHAS CHla CBA3M g = W cos [3 1 dpdeKTHBHAS
gacToTa Qp = €2 — wsin3; 4acTh NOJTYYEHHBIX PE3YJILTATOB OyIET aHAIOTHYHA PE3YJlb-
TaraM, noiydeHHbIM Uit = 0, ¢ coOTBeTCTBYONMMHU 3(P(PEKTUBHBIMU TapaMETPaMH.
OnHako OUHAMHKA CpeTHEed YacTOThl OCIHMJUIATOPOB OKAasbIBAETCS CYNIECTBEHHO Oolee
CIIOXHOM: B YaCTHOCTH, B ciy4ae [3 # 0 OymeT HAOMIOMAThCS CABHUT CPETHEH YacTOTHI, B
TO Bpemst Kak Ui 3 = (0 oH ucuesaer.

Martepuan opraHu30BaH CIeAYIOMUM 00pa3oM. B pasmene 1 paccMoTpeHa quHAMu-
Ka aHcaMOJs abCONIOTHO OMWHAKOBBIX OCIHMJUIATOPOB, B 3TOM CIydae BO3MOXKHO COCTO-
SIHUE TOJMHOW CHHXpOHHU3auuu. i1 ONMHAKOBBIX OCHILISTOPOB PACCMOTPEHBI CBOMCTBA
YCTOMYMBOCTH CHHXPOHHOTO COCTOSIHHSL M OCPEJHEHHAs [0 BPEMEHH AWHAMHKa IapameT-
pa mopsiaka. bojee ToHKME XapaKTepPHCTUKH, TaKHWe KaK IUIOTHOCTh PacHpeiesieHus Bepo-
SITHOCTH UIsl TTapaMeTpa MOopsi/iKa, MOTYT ObITh aHaJTUTUYECKH HaiIeHbl TOJBKO B CIydae,
€CJIM OCHOBHAS YacTOTa OCHWLISTOPOB JOCTATOUYHO OOJIBIIIAS.

Paznen 2 mocesimeH paccCMOTPEHHIO 60Jiee PEaTHCTUYHBIX CUCTEM OCIIUISITOPOB,
4acTOTHI KOTOPBIX OTIMYAIOTCS APYT OT Apyra. B Takoi cucteme coCTOSHHE TIONHOW CHH-
XPOHHU3ALUU HEBO3MOXHO, HO MOXKHO OLEHUTh CPEAHIOI0 IO BPEMEHHU BEJIUYUHY Mapa-
MeTpa MOpsAKa A COCTOSHUS, OMU3KOr0 K CHHXPOHHOMY, U COCTOSIHUS, OJIM3KOTO K ab-
COJIIOTHO HECHHXPOHHOMY. boree Toro, I ciry4as BBICOKOUYAaCTOTHBIX OCHMJIIATOPOB OKa-
3bIBAETCS BO3MOXKHBIM MOJHOCTBIO OMUCATh TMHAMUKY MapaMeTpa MOpsSaKa, B TOM YHUCIIE
BBIYHCIIUTH IJIOTHOCTH paclpeAesICHUS] BEPOITHOCTH.

B pa3znene 3 HaiineHsl cpefHHE YaCTOTHl OCHUJUIATOPOB JJIS CHCTEMBI HEOAMHAKO-
BBIX ocimiuATOpoB. [lokasano, 9To B TakoM aHcaMOie He MPOUCXOIUT TOJHOTO 3axXBara
4acTOTHI, KaK B CIIy4ae OTCYTCTBHsI OOIIETro HIyma.

1. AHcamM0Jb MIEHTHYHBIX OCUMJJIATOPOB

B ciyuae HaeHTHYHBIX OCHMILIATOPOB Q) = Q ¢ ydeToM cooTHoIueHs a* =R exp(i®)
ypaBHeHUE (4) MOXKET OBITH TIEPEMTUCAHO B BHUJIC
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R= %cos B(1— R*)R — 0&2(75)(1 — R?)cos @, (5)
hoo_ Mg 2y 950 (1 i
®=Q 2smﬁ(1—|—R)+ 5 (R+R>smcb. (6)

Jlns ymoGetea BBeleM HOBBIM mapamerp nopsaka J = R%/(1 — R?), 10 ectb R =
= +/J/(1+ J). B HOBBIX IIepEMEHHBIX ypaBHEHHs, B cMbIciie CTPaTOHOBHYA, IPUHAMAIOT
CIEAYIOIINMI BUI:

J=ucosPJ —oE(t)\/J(1+J)cos®, (7)

M o&(t) LM sin®. (8)

® =Q — usi
L )

B tepmunax J cocrosHUIO momHON cuHXpoHU3auu (K — 1) cooTBeTCcTBYET J—00,
a COCTOSIHMIO MakcuManbHO# acuHxpoHHocTH (R = 0) cootBercTByeT J = 0. [lonyuennas
cUCTEeMa ypaBHEHHH MOXKET ObITh MCCIeloBaHa aHANUTHYeCKH 11 J > 1 (mpubnmxenue
K TIOJTHOW CHHXpOoHM3anumn) 1 J < 1 (mpuOnmxeHne K MaKCHMaIbHOW aCHHXPOHHOCTH).

1.1. VYcToiiuuBOCTHL CMHXPOHHOTO cocTosiHus: J>>1. Mg J > 1 B Bemymem
TopsIIKe cucTeMa ypaBHeHHH (7)—(8) nMeeT BHI

J = ugJ — o&(t)J cos @, 9)
D =Q, + o&(t)sin P, (10)

e g = pcosP u € = Q — usinf. Ypasuenue (9) MoxkeT ObITH NEPENUCAHO B BUJIE

d
aan— ug — 0&(t) cos @,

OTKy/Ia CIIEYET, UTO MoKasarens JIsnyHosa A = <% In J) oxasbiBaercs
A =ug — o(E(t) cos @) = g + o2 (sin® @) , (11)

e (-) O3Ha4aeT OCPEIHEHHE 110 peain3anusM Inyma. [10J0KUTeNbHOe 3HaYeHne A 03Ha-
YaeT, YTO COCTOSHHE CHHXPOHH3AIHMH J = 0O SABIAETCS yCTOWYMBBIM. BuaHo, 9TO mIym
BHOCUT IOJIOKUTENIBHBIN BKJIAZ B A, TOTIIA KaK CBSI3b MOKET BHOCUTH KaK IOJIOKUTEIIBHBIH,
TaK U OTPHULATENbHBIN BKIaL.
Junramunka @ ynpasnsercs ypasaenueM (10) u ue 3aBucut ot J. Ha ocHoBaHMM 3T0-
r0 MOXHO Hamucarh ypaBHeHne ®okkepa-ILianka st ruioTHOCTH BepositHocTH W (D, ¢):
0 0

0 0
_ 27 1 P 1 —
5 W + 5% (QMW) o 3 (sm(I)a (smCD W)) 0. (12)

310 YpaBHCHHUE OOIYCKACT CTAIIMOHAPHOE JT-IICPUOJUIHOE PCIICHUE

T
C d®; 2 (ctgd—ctg )
W(D) = b (ctg @1 —ctg
(®) sin @ sin@le
®

Y
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rae koHcTanTa C' ompenensercs U3 yCIOBUS HOPMHPOBKH f02“ W (®)d® = 1. Torna

T 7
/dq) Sin(b/(me%(ctg%—ctg@
Sil’l‘bl
(sin® @) = . "~
/ d(I)l eg Ctgq)l—ctgc]:))
smCI) sin @4

3aBucumocts (sin? @) or Q./ o? nokasana Ha puc. 1. Buano, 4to BiusHHE 0OIIe-
ro IIyMa Ha YCTOMUUBOCTb COCTOSHUS CUHXPOHU3ALMM IOpPa3lo CUJIBHEE BBIPAXKEHO IS
BBICOKOYACTOTHBIX KOJIEOAHMM, U 3TO BIMSHHE MOHOTOHHO YMEHBILIAETCS C YMECHBIICHU-
€M COOCTBEHHOH 4acToThl ocHMILIATOpOB. Huke npuBoasaTcs Ba cnocoda, Mo3BOJISIOIINE
BBIUMCIINUTG I10Ka3arelib JIAmyHoBa 11 BBICOKOYACTOTHBIX OCLHHLIATOPOB 0€3 BBIYKUCIICHUS
nHTerpasnos B (13).

Puc. 1. 3aBucumocts (sin® @) or Q,/0” ompenens-
eT mokaszarenb JlsmyHoBa A (cM. ypaBuenue (11)).
CIUTOIIHOM JIMHHEH TOCTPOEHO TOYHOE pelICHUE
(13), mTpuxoBas JHHUS COOTBETCTBYET AaIIIPOKCHU-
mauun [anepxuna (17)—(18), WITpUXIyHKTHPHAS JU-
HHS COOTBETCTBYET ACHMIITOTUYECKOMY Pa3IOKEHHIO
(14). dna toyHoro pemeHus M anmnpokcumanuu [a-
nepkuna (sin® ®) cTpeMHTCS K HEHyNeBOMY KOHeu-
HOMy 3Ha4eHHIO (mpumepro 0.2) mpu Q,/ 0> =0

Fig. 1. Dependence of (sin® ®) on Q, /0 determines
the Lyapunov exponent A (see equarion (11)). The
black solid line represents exact solution (13), the
dashed line shows the Galerkin’s approximation
(17)-(18), the dash-dotted line shows asymptotic
expansion (14). For the exact solution and Galerkin’s
4.0 Qu’l c? approximation, (sin”®) tends to a nonzero finite
value (approximately 0.2) as €, /0% — 0

Cnyuaii manozo wyma o> < Q. Hnterpan B ypaBuenuu (13) B obmem cirydae He
MOXET OBbITh BBIUMCIICH aHAIUTHYeCKH. OIHAKO, MOXKHO OLEHUTh €r0 aCHMIITOTHYECKOE
HoBeIeHue mpu Q, > o?. Ilpunumas 62 3a Manbli mapamerp B ypasHeHuu (12), MOX-
HO MpeICTaBUTh (YHKIMIO IUIOTHOCTH pacrpenenenus BepostHocta W (P ) B BHJC pAja
W(®) = 2)~' + AW (D) + o*WE(®) + ..., u Haiitu (sin® ®) = 3 - @ +.

Torma . .
1 o o
_ 212 & h

A=+ 0 {2 893+0<QS>]. (14)

Hpuénuscenue Ianepkuna. JByxnapamerpuueckas GpyHKIHs
am
V1+msin?(d — dg)

Win.a (®) = (15)
-1

e ay, = (4K\/—m) , TIO3BOJISIET TOCTATOYHO TOYHO ANIPOKCHMHUPOBATh (DYHKIIHIO

W(®), onpenensiemyto ypaBHeHnem Dokkepa—Ilnanka (12), 1 MOXeT OBITh HCIIONB30-

BaHa B KA4EeCTBE alMpOKCUMHUpYomen pyHkimu ams merona [amepkuna [32]. 3mech u
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nanee K(z) u E(z) 0603Ha4aOT 3UIMOTHYECKHE MHTETPANbl IEPBOTO U BTOPOTO PO/a,
COOTBETCTBEHHO. 3aMETHM, YTO 3TH WHTETPaJIbI ABJISIFOTCS ACHCTBUTEIHLHBIMUA KOHEYHBIMU
¢yHKIMSIME 4nCcTO MHHMOTO aprymenra Ha [0, +i00). Bbimoanum mporenypy npoer-
posanus ypaBHenus Pokxkepa-Ilnanka (12) na nognmpocTpancTBo Gynkunit Wi, ¢, (cM.
ypaBuenwue (15)). B cmygae crannonaproro cocrosiHus ypasHenue (12) MoxxeT ObITh Ipo-
MHTETPUPOBAHO

Q o0 J
gVV—sm(I)a—q)(sm(I)W) =2 (16)
r7e j — 9To mocTosHHBI 1o P motok BeposTtHOCTH. Ilpn Q,/ 0% — 0 pemenue ypaBHe-
Hus (16) nmeet B limy, o0 0g—0 Win,o, (). TIpn Q,,/ 0% — 00 BHJI PEIICHHS ypaBHE-
Hust (16) momHOCTBIO COOTBETCTBYET Wit 03 (P) € T K 1.

Tepenumiem ypasuenue (16) B oneparoprom sujae LW — j/o? = 0. JIns MuHuMH-
3allMW HEBSA3KH alPOKCUMAIIMU MOXHO MOTPEOOBATh BHIMOJIHEHUE CICAYIOIIUX YCIOBUI:

21 21
/ AD(LWy 0y — /0%) = / AD Wy (£ Wm0y — 5/0%) =
0 0
21 aw
= /d(I) #A)O(ﬁwm,d)o —j/o*) =0,

0

KOTOPLIC MO3BOJIAAIOT OMPEACIUTE KOHCTAHTY ] " mapaMeTphl m U q)o

sin? Oy = ——

Q. V1i+m 24+ mK(/—m) {
? - m 1 . 2 ( 7)
T <2K(\/%)>
sty — - Bv=m) (18)

2+ mK(v/—m)’

C yuerom ypasrenwuii (17) u (18) MokHO Haiitn 3aBucumocts (sin® ®) u Q,/0?, napa-
METPU30BAHHYIO M.

Ha puc. 1 BuHO, uTO anmpokcuManust ['ajJepkiuHa 10CTaTOYHO XOPOIIO COMIACyeTCst
¢ TouHBIM pernenuneM (13), 1 MOKHO OIEHUTH 00JTAaCTh TIPUMEHUMOCTH aCHMIITOTHYECKOM

hopmyer (14).

1.2. Junamuka (J):(f) ¥ moTepsi MAKCMMAJIbHON ACHHXPOHHOCTH. YpaBHe-
HHe JTMHAMHKH OCPEIHEHHOTro mapameTpa nopsaka (J)e (rae (...)z 0003HauaeT ocpeHe-
HHUE TI0 peasn3alusiM IITyMa) HanOoJiee MPOCTO MOIYIUTh U3 CHCTEMBI ypaBHeHUH (7)—(8),

©A.C. I'onoobun, A.B. Hormamosa, M. Pozenobniom, A. [Tukosckuti
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3amMcaHHbIX B opme Uro,

J=wJ + o? (J—F;) —0&(t) o/ J(1+ J)cos®, (19)

. L +1)2 9o (3 1 1 _
d=Q-— sz S b )sin®cos®
wsin Tl +o0 (2—|—2J(1+J)>SID cos ® +
1/2
+ 0E(t) o JHLZ sin @. (20)
JA+J)

Tak xak B ¢opme VToO MrHOBEHHOE COCTOSIHME CUCTEMBI HE 3aBUCHUT OT IIyMOBOTO CHUT-
Hala B 9TOT e MoMeHT Bpemenu, (E(t) o f(J(t),®(t))): = 0, a neTepMHHUpPOBAHHAS
yacTh ypaBHeHHs (19) comepKUT TOIBKO KOHCTAHTHI M JIMHEIHHBIC MO J YIEHBI, MOXHO
OCpemHUTH ypaBHeHHUE (19) 1Mo peanm3amnusM MmyMa U MOIyIUTh

2
SN =+ A+ T

; @

Pemenne ypaBuenus (21), cOOTBETCTBYyIOIIEE CHCTEME W3HAYAIBHO HAXOISIIEHCS B CO-
CTOSIHUM MakcuMaibHoM acuaxporHoctH (J(0) = 0), umeer BuA

o2

(T)slt) = (0 D)= (22)
YcnoBue pocTa cpesHero 3Ha4eHus napamerpa nopsiaka (J)e
ug + 0 >0 (23)
HE COBIIAJIACT C yCIIOBHEM IOJOXKUTEIbHOCTH MoKa3areneil JIsmyHoBa
up + o*(sin® @) > 0, (24)

TaK Kak B ypaBHeHUH (23) BkIax OoNbIMX 3HaYeHUH J sABIsieTcs Ooliee CyNECTBEHHBIM.
VYpaBuenue (24) onpenensiet, CTPEMUTCS I CUCTEMa aCUMITOTUYECKH K COCTOSHHIO TIOJ-
HOW cuHXpoHU3amu (J = 00), Toraa Kak ypaBHeHHe (23) oIpenenser, CTPEMHUTCS JIn
CHUCTEMa YHTHU OT COCTOSSHUNA MaKCUMaJIbHON aCMHXPOHHOCTH, HO IpPH 3TOM HE 3arpenia-
€T CHCTeMe BO3BpAIIaThCs B CIa00 CHHXPOHHBIE COCTOSIHUS OT COCTOSHHIA C OOJBIIUMHU
3HadeHusiMu J. Takum obpasom, ycrnoBue (23) ciabee, gem (24).

1.3. TIlepexon oT MaKCHMAJILHOI ACHUHXPOHHOCTH K CHHXpPOHM3auuu. Mex-
Iy COCTOSIHUSIMH TIONHOHM cwHXpoHu3amuu (J = 00) W MaKCHUMaJbHOW aCHUHXPOHHOCTH
(J = 0) cymectByer oqHO 3HauuTenbHOe OTiIH4YMe. CHHXPOHHOE COCTOSHHE SBISETCS
npuTArHBaomKM, = ug + 0%(sin® ®) > 0, nepexo B 3TO COCTOSHHE HEOGPATHM, TOrAA
KaK COCTOSIHME J€CHXPOHHM3ALMU Upg + 0? < 0 He mputATHBaeT K cebe (a3oBbe Tpaek-
Topuu. bonee Toro, Tak Kak nrymoBoe ciaraemoe B (5) He ucueszaer npu R = 0, mym
«BBIOPACHIBAET» CHCTEMY M3 3TOTO COCTOAHHWS. TaknuM 00pa3oM, MOCKONBKY CHHXPOHHOE
COCTOSIHHE SIBIISIETCSl IPUTATHBAIOIINM, NIEPEX0]l K CHHXPOHHU3ALUH SBISIETCS. OHOHAIPAaB-
JICHHBIM W HWHTEpPeC MPEACTaBIsIeT BpeMs Mepexofa, KOTOpPOe MOXKET OBITh HaieHO U3
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ypaBHeHus: Pokkepa-Ilnanka mis mwiotHocTH pacnpeseneHust BepostHocta W (J, @, t).
st cuctemsl croxacTuueckux ypaBHeHUH (7)—(8) oHO uMeeT BUT

0 0 0 J+1/2 S
oWt 57 (T W) + aq)([g—u BJ+1]W>—0QW—O, (25)

rze oneparop () ONpeeNeH Kak
A 0 0 J+1/2
Q-E(— JA1+J cos<I)->+<sin<I)~>.
0= 57 (= VITF Deose)) + g5 (== sine()
OTO0 ypaBHEHHE MOXKET OBITH UCCIIENOBAHO aHATTUTHYECKH IS (GPU3UIECKH PEATUCTHIHOTO

ciydast GONBIINX YacToT Q > | ~ 02

1.3.1. OcpeaneHue mo BBICOKOYACTOTHBIM KoOJe0aHMAM. MOXHO TOKa3aTh,
YTO IPU HUCYE3AOIIE MaJ'IBIX WL M O pacrpelelieHHe TUIOTHOCTH BEPOSITHOCTH TPHHAMAET
sun W (J,®,t) = (2n)"tw(J,t), roe JoSw(J,t)dJ = 1. Torma ams p ~ 0 < Q
MOKHO CUHTATh, 4TO L = 02[i1, Q = Q U BOCIIONB30BaThCS METOOM MHOTHX MAcIITaboB:
W = W(O)(J,tl,tg,...) + GQW(I)(J,q),tQ,tl,tQ...) + ..., tme t, = 0°"t. B Bexymem
nopsiike ypasrenne (25) maer W) = (2m) 1w (J, t1, s, ...). B cnemyromem nopsixe, 62,
ypaBHeHHE (25) maet

ow ow aw<0>
Q 0)
T S TRy (s cosp T W) +
J+1/2  A2ur(0)
aq)(ulslnﬁ +1W> QWY =0.

IIpounTerpuposa nociennee ypasHenue no @ or 0 no 2w, HaxoAUM

2m
0 ow(J,t1) 0 1 A
- (1) TELM) L P _ 2 —
8to/w do + o, + 57 (uicosP Jw(J,t1)) Qn/Q w(J,t1)dd = 0.

YtoGel m3Gesxkars muueiiroro pocra W) mo ty, HeoGXomMMO 0GPaTHTh B HONB HEPBOE
cimaraemoe. Torma

1 2 10 0 J+1/2
— Jyt1)d® = —— J1+J J1+J -
2m Q w(J t) 28J< (L+J) 8J< (1+ )w) j(1_|_J)
Takum 00pa3oM, IIOTHOCTH pactpesereHus BepostaocT w(.J,t) ompenessercs ypaBHe-
HHUEM 9

ow 0 o 1 9 A9

il - Z — = 2

8t+8j([uﬁj+2 <J+2>}w> 0°Qjw =0, (26)

rae

Q) = 5557 (VIT+ ).

VYpaBHeHnue (26) MoxxeT OBITH MHTEPIPETHPOBAHO Kak ypaBHeHHe Dokkepa-Ilmanka mis
CTOXaCTHYECKOTO YpaBHEHHUS

o/ T D ey, @)

rae o¢dextuBHblil 1mym ((t) sBISETCS TayCCOBBIM M JENBTa-KOPPEIMPOBAHHBIM,

(COTE+ 1)) = 25(1") .

J—MﬁJ‘i‘ (J+1/2)
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Cunvnaa decunxponusupyiowan céass (g < —02/2). B s1oM ciydae ypasHenue (26)
JIOITYCKAeT CTAllMOHAPHOE PEIICHUE C HYJIEBBEIM ITOTOKOM BEPOSITHOCTH

2(—ug)

wo(J) = (2(_“'3)—1> 1+J) 2 . (28)

g2

DTO O3HAYAET, YTO B CHCTEME HET MPUTATHBAIOMINX COCTOSHUN. CHHXPOHHOE COCTOSHHUE
He SBJISIETCS ACUMIITOTUYECKH MPUTATHBAOIIUM B 3ToM ciydae (A < 0). [lmotHOCTE Bepo-
SITHOCTH (28) MO3BONISIET HAWTH CpEAHEE 3HAUCHUE U AUCIICPCHIO CPEIHETO IMOJIS

J 02

J . _vm T(2(-up)/0%) )=
N 1+J" 2(—up)

2 T'(2(—pp)/o>+1/2)°

(R?) ={

Acumnmomuuecku npumszuearouiee CURXponnoe cocmosnnue (g > —02/2). B otom
ciydae opMaibHOE PEIICHHUEe MOXET OBITh HAIIMCAHO TOJNBKO Ui KOHEYHOTO ITOTOKA Be-
POSITHOCTH

2 o dJ
w(J) = ju+JﬂwGLJ;a+JrP%w% (29)

Pacnipenenenue mI0THOCTH BeposAsTHOCTH wj(J)| 1 o 1/.J1 MMeeT «TsKelbIey» XBOCTBL,
HHTErPaJIbl OT KOTOPBIX pacxomstcs. [Tocie HOpMHUPOBKH MOHO Haiith w(J < o) = 0,
TOrJa Kak f;o wy(J1)dJ; = 1, uto coorBercTBYeT j — 0 M TaKKe O3HAYaeT, YTO BCE
COCTOSIHUS «cobuparoTcsk» mpu J = oo.

1.3.2. Tlepexoa k CHHXPpOHHOMY cocTosiHuIO: Bpemsi mepexona. B cnydae, ko-
IJla COCTOSIHUE TOJHON CHHXPOHH3AIMU SIBISICTCS MPUTITHBAIOIIAM, UHTEPEC MPEACTaB-
JISIeT HaXOXKJICHHE XapaKTepHOTO0 BPEMEHH TMepexojia U3 COCTOSHHS MaKCUMAaJbHOW acHH-
XPOHHOCTH K CHHXPOHHOMY COCTOSHHIO. CTpOTO TOBOpS, TaK Kak CHCTEMa MOXET JO-
CTUTHYTh COCTOSIHHUS IOJIHOW CHHXPOHH3AIMK TOJBKO aCUMITOTUYECKH, BPEMsl Iepexo/ia
K 9TOMY COCTOSTHHIO Beerna 6eckoHeuHo. OJHaKO MOXHO PacCMOTPETh, KaK CHCTeMa TpH-
OJIKaeTCsl K COCTOSIHUIO, OJIM3KOMY K ITOJTHOM CHHXPOHHOCTH, H HAWTH BpeMs Iepexoa K
HEKOTOpOMY GonbIIoMy 3HaueHuro J. JIns ypaBHenus (27) (umm ypaBHenus (26)), Bpems
nepexona T'(Jy, J) ot Jo k J onpezensercs ypaBHEHHEM

0*T(Jo, J)

T (Jo,J) 1
dJ2 B

B
(Jo) 9o ,

+ A(Jo) (30)

rae T(j,j) = 0, (8T(J0,J)/8J0)]J0:j = 0, u A(J()) = MBJO + %(Jo -+ 1/2)
2

o
B(Jy) = ?Jo(l + Jp). 3amernm, 4to B paccmarpuBaemoil 3amade Jy = 0 siBisiercs

rpaHuLei 001acTh BO3MOXHBIX COCTOSIHUH cucTeMbl. Pemenune ypaBHenus (30) mmeer
BUJI

d f d (1 2up0~ 242
JO, / dJ1/ T2 6 B(JS) 2/ Jl / ) =)
Jo Jo 2 0 Jo Jo ]__‘_Jl)Qu[;c +3
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Wuterpupys no Jo u monaras Jy — 0, MOXXHO HaiiTH

- 02 Tdz 1
70, )= —9 ¥~ )=
0= a5 (e

1| Inm(1+J J—(upo™2+3) g -
_ 1 n§+ ) | _ ro (M7 31)
o |ugo=2+3/2  2(ugo—2+ 3/2)2 0?

e (g, J) Majo mo CpaBHEHHIO C CYMMOM MEPBOTO M BTOPOTO CIIAraeéMoro B CKOOKax mpu
J > 1. Ilpu 2%0_2 + 3 > 0 Bpems mepexona SBISETCS JOTapUPMHUECKH OOJBIINM,
MIPONOPLHMOHATBHBIM In .J, U 3TO 03HAaYaeT, YTO CHHXPOHHOE COCTOSIHUE MPHUTATHBAET Tpa-
exropun. [Ipu 2%0_2 + 3 < 0 BpeMs Tepexosia MMEET CTEINEHHYIO 3aBHCHMOCTH OT .J,
TO €CTh B 3TOM Cllydyac CHHXPOHHOE COCTOSIHHE SIBJISIETCSl OTTAalKUBAIOLIMM, U (Da3oBbIe
TPAEKTOPUHU CUCTEMBI PEIKO TPOXOIAT BOIU3U ATOTO COCTOSHUS.

QDu3zuueckas unmepnpemayus Ona UOEHMUYHBIX OCYUIAAMOPOS. Pe3yiasTaThl JaHHO-
TO pazziesia MOTYT OBITh PE3IOMHUPOBAHBI B BUC CICAYIOMIEH KaYeCTBEHHONW KapTHUHBIL. s
KOHKYPEHIINH MEX]y BO3ICHCTBHSIMH CBSI3U M OOIIETO IIyMa UMEETCs KPUTUYECKOe 3Ha-
YeHHE IapaMeTpa CBSI3H ugrit = —0%/2. Tlpu ug > ugrit IpEeBAIMPYET BO3JECICTBHUE 1IyMa:
CO BpeMeHeM aHCaMOIb aCUMITOTHYECKH MPUOIIKAETCS K COCTOSHHUIO TIOJHOM CHHXPO-
Husauuu. pu pg < ugﬁt OTTAJIKUBAIOIIAs CBA3b MPEJOTBPAIAET MOJHYI0 CUHXPOHH3A-
nuro. OHAKO B MOCJEIHEM cilydyae MapameTp MOpsiiKa HUKOIZIA HE CTPEMUTCS K HYJIO:

HaOJfoaeTcsl YacTHYHAsl CHHXPOHU3AMS ¢ (QIYKTYHPYIOIIMM NapaMeTpoM IMOpPSIKa.

2. HeugeHTH4HBIE OCHUJITIATOPBI: Hepexozl K CHHXpPOHHU3aluHu

PaccMoTpum aHCaMOIb OCHMIIISITOPOB, UMEIOLIHUX Pa3HbIe COOCTBEHHBIC YaCTOTHI 2.
Bynem cuMTarh, YTO 4acTOTHI MUMEIOT JIOPEHLEBO PACHpPEACIICHUE ¢ XapaKTEpHON IUpH-
HOH Y

Y
A Ok

®Oynkuust a(€2) MOKET OBITh PACCMOTPEHA KaK aHATMTHYECKas (DYHKIHS KOMIUICKCHOTO
aprymenra Q. Torma uHTErpa ¢ pacmpeneieHueM g(£2) MOXeT ObITh BEIYHUCIEH METOIAMH
TEOPUU BBIYETOB

+oo
Rexp[—i®] = / dQg(RQ) a(RQ) = a(RQo — iy) .

—0o0

VpaBHenue (4), 3amucanHoe st a(Qp — 4y), AaeT 3aMKHYTO€ ypaBHEHHE /IS [apamerpa
MOPsITKA

R=—yR+ %(1 — R*)R - 0%2(15)(1 — R?) cos @, (32)
d=Qy— gsinﬁ(l + R?) + OEQ(t) (11% + R) sin @. (33)
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B tepmunax J n ® nomydeHHas cucteMa ypaBHEHHI UMEET BUJL

J =g — 2yJ(1+ J) — o&(t)\/J(1 + J) cos D, (34)
. J J
® = Q) — usin [3;:{2 og(t)m sin . (35)

2.1. CocrosiHus, 0am3kue K CHHXpPOoHHBIM (J > 1). Ilpm J > 1 ypaBue-
uus (34)-(35) umeror Bux

J =ppJ — 2yJ? — o&(t)J cos @, (36)
b= Q0+ 0E(t)sin®. 37

AHanoru4Ho ciydaio ypaBHeHuit (9)-(10), MoxxHO HalTH
d
<dt In J> = up — 2v(J) — o(E(t) cos ®) = pg + o (sin® @) — 2y(J),

e <sin2 ®) ompenensiercst ypaBHeHueM (13). B ciydae HEHICHTHYHBIX OCLMIUIITOPOB
v # 0, U cucTeMa He MOXKET JOCTHIHYTh COCTOSIHUS ITOJTHOM CHHXpOHU3anuu. B crammo-
HapHOM clydae cpeqHee 3Ha4eHHe IPOU3BOAHOM 10 BpeMeHH OT In J obparaercs B HOMb.

Torma
A
<J> ~~ 27'Y .

[Mocnentee ypaBHeHue crpaBemiuBo mpu (J) > 1, uyro HabGMrOmAeTCS MPU MAIOH pac-
CTpO¥iKe 4acToT y < |A|.

(3%)

2.2. Tlotepsi MakcHMMaJILHOH ACMHXPOHHOCTH. 3anMchbiBas ypaBHeHHs (34) u
(35) B dopme HMTo M ocpemHss UX MO peaM3alysIM ITyMa MOZ00HO TOMY, Kak 3TO OBI-
JIO cZIeTIaHo JUIS BBIBOJA ypaBHeHUs (21) B cilydae MJCHTHYHBIX OCIHJUISTOPOB, MOXHO
MOJTY4UTh
d 9 9 o2
e = (up + 02 = ) (D) — PN+ o
Jisi cuCTeMbl, M3HAYAIBbHO HAxOJAIIeiics B MaKCUMAaJbHO AaCHHXPOHHOM COCTOSHUH
(J(0) = 0), mo tex mop, noka J < 1, ypaBuenue (39) maet peiienne Buaa

(39)

02

2(“5 + 0?2 — QY) )

(J)e(t) = (elwtoi=2t 1) (40)

Taxk xe, Kak U JUIs ciiydasi UASHTUYHBIX OCHUJUISITOPOB, NaIbHEUIIINMA aHaJIU3 TIEPEXOHOTO
TIOBEICHUS CHCTEMBI B O0IIIEM CITydae He TPEICTABIIeTCS BOSMOXKHEIM. boree mompoOHbIii

aHaJIM3 BO3MOXEH JIJIsl OCHMJUIATOPOB C BHICOKOM COOCTBEHHOM 4acToTOM L >> [ ~ o2

2.3. Bbicoko4acTOTHBIE OCHWLIATOPBL.  OcCpeqHeHne M0 BEICOKOUYACTOTHRIM KO-
Je0aHUSIM MOXKET OBITh BBHIIMOJIHEHO TOYHO TaK XKe, KaK U JJIs CIIy4asi ONMHAKOBBIX OCIIMJI-
nATOpoB. B 3TOM Ccitydae ypaBHeHue (27) MpUMET BUL

: 2 J(1+J)

J:uﬁJ—ZyJ(1+J)+%(J+1/2)+0 S L. @41)

©4.C. I'onoobun, A.B. JJonmamosa, M. Pozenouom, A. Iuxosckuii
W3B. By30oB «I[THI», T. 25, Ne 6, 2017 17



JU11 HEHyneBOro Yy COCTOSHHUE MOJHONW CHHXPOHHOCTH OKa3bIBA€TCA HEBO3MOXHBIM, IO-
3TOMY TapameTp mopsaka Bcerma Haxonutes B npeaenax 0 < J < oo. IIpounHTerpupoBas
ypasHenue Dokkepa-Ilnanka [uis CTAIMOHAPHO# IIOTHOCTH BeposiTHOCTH w (.J ), HAXOIHM

o2

072 QMﬁ/02+1r %+ 4y
4y 02 " 02

rae I'(m, z) — a0 Bepxusis HenoiHas ['amma-dyHkuust. [TogydeHHOE pelieHHe MO3BOISIET
BBIPA3UTh CIICTYIONINE MOMEHTHI TIapaMeTPOB TOPSIIKA!

g 4 2 4
L) (o)
(R =1- 1 1

2 (2 v\’ T4y (2 4
° r<“f+1,g) Yr(“fﬂ,z)
(0] (0] O O

(14 J)2ue/o’ exp{ oy J)]

w(J) = 7 (42)

()

43)

Ha puc. 2 mocTpoeHo cpeaHee 3HaYeHHE Mapamerpa mopsiaka (J) B 3aBUCHMOCTH
OT CHJIBI CBSI3M (g NPH PA3IMYHBIX 3HAYCHHSX Y. IIpuMeuaTensbHO, YTO JUIA MACHTHY-
HBIX OCLMUIATOPOB COCTOSHHE IIOJNHOM CHHXPOHHOCTH SIBJISAETCS NPUTATHBAIOLIAM IPH
wcosf/o? > —1/2.

Qu3zuueckas unmepnpemayun 013 KONIeKMUGHOU OUHAMUKY HEUOEHMUUHBIX OCULII-
AAmopos. AHcaMONb HEWACHTHYHBIX OCHWUIATOPOB MOA JEHCTBHEM OOIIEro myma He
CUHXPOHHU3UPYETCS, HE JNeCHHXpOHH3UpyeTcs. [l mo0oil CUIbI CBSA3W M YPOBHS IIyMa
napameTp nopsaka ¢uykryupyet B auanazone 0 < R < 1.

< J> .

104k 1 5 Puc. 2. CinomHeiMy IMHUAMY NTOKa3aHa 3aBUCUMOCTh
E ! napametpa nopsnka (J) ot pcosf/o? (cM. ypaBHe-
103F ! 4 Hue (43)) mpu pa3nuyYHBIX 3HaUeHwsX v: [ — 1, 2 —
i : 1074, 3 - 1072, 4 - 1073, 5 - 10~*. 3necs wrrpu-
102 ; 3 XOBasg JIMHHA, CTpEeMsAIIascs K OECKOHEYHOCTH IpH

10tk I wcosB/o* = —1, cootBercTByet ¥ = 0
: 2 Fig. 2. The dependence of the order parameter (J)
1 3 J; on wcosf/0? (see equation (43)) is plotted with solid
101k lines for vy: 1 - 1,2 - 107", 3 - 1072, 4 - 1072,

R 5 — 107*. The dashed line tending to infinity at
-4.0 -2.0 0 2.0 pcosP/c? pcosB/o® = —1, corresponds to y = 0

3. HeuaeHTHYHBbIE OCHULISATOPHI:
B3auMHoOe npuTsKeHHEe U OTTAJIKUBAHHE YACTOT

O6paﬂlaﬂCI) K BOIIPOCY O MNOBCACHUU CPCAHUX YACTOT HCUACHTHUYHLIX CBA3AaHHBIX
OCHUJIIIATOPOB, CJICAYCT Cpady OTMCTUTH OAHO CYHICCTBECHHOC Pa3iInunue MCXKAY CIIydasiMnu
HaJIN4YWA U OTCYTCTBHSA LIyMa. B OTCYTCTBHUC IIyMa NOCTATOYHO CUJIbHAA IIPUTATUBaAromias
CBA3b MOXET IMOJHOCTBHO CHHXPOHMU30BATh YaCTOTHI ABYX HEUJACHTUYHBIX OCIUILIATOPOB;
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OIHAKO IIPM HAJIMYMHU LIyMa HICaJbHOTO COBIANCHUS CPEAHUX 4YacTOT He Halmomaercs
Jake TP CKOJIb yromHo OombInoil cuie cBsa3u (cMm. BctaBku (a) u (b) Ha puc. 3 B [21],
rJe TIPUBEICHBI Pe3yJbTaThl YUCICHHOTO cyera it ancamOist Kypamoro, B = 0). Do
00yCIIOBJIEHO TE€M, YTO U CIy4alHOTO CHTHaJIa HE 3alpelieHbl MepHOAbl aHOMAlbHO
OONBIINX BO3MYILEHHH, IIPH KOTOPBIX CHJIA MPUTATUBAIOLICH CBSI3UM MOXKET CTaHOBUTHCS
BPEMEHHO HEIOCTaTOYHOM IS MOANEPKaHUS CHHXPOHU3AINH YaCTOT. YBEINYCHNE CHIIBI
MIPUTATHUBAIOLIECH CBSA3M JAeNaeT TaKue MepHonbl Bce Oosiee peAKHMMH, HO HE HEBO3MOX-
HeIMU. Hioke w3 pesynpraTtoB JaHHOTO pasziefla MOXKHO SIBHO BMJETh, YTO COBIAJCHUE
CpeIHHUX YacTOT NPH NPUTATUBAIOIICH CBA3M U 00IIeM IIyMe He ObIBaeT MICAJILHBIM.

PaccMoTpuM nUHAMHKY OTHEIHHBIX OCHUJUIATOPOB B aHCaMOJie. YIOOHO OTCIIEKH-
BaTh cABUT (pasel g — P oTAETHHOTO OCHMIIIATOPA OTHOCUTEIHHO (ha3bl CHHXPOHHU30BAH-
Horo knactepa. Jlononaum ypaBHenus (34) u (35) ypaBHeHHeM JIst cABUTA (a3bl KaXKAOTO
oTAeNbHOrO ocumiusaTopa 0, = ¢pgo — P (cMm. ypaBrenue (1));

J=wgJ — 29J(1 + ) — 0&(t)\/T(1 + J) cos @, (44)
T2 J+1/2 .
D =Q usmﬁij 1 02(07](1 ) sin @, (45)

. J . J+1/2 |
Gw:w—u< 1+Js1n(6w+[3)—<]+{s1nﬁ>+

+ oE(t)

sin(® + 0,,) — ‘m sin CI)] : (46)

rae o = Q — Qq. B ganpHeliem, s KPaTKOCTH 3alMCH, HUKHUM HHIIEKC (0 OITYCKaeTCs.
VpaBuenune ®okkepa-IlnaHka ajig TUIOTHOCTH BEPOATHOCTH COCTOSIHUM CHCTEMBI
(44)-(46) W (J,®,0,t) umeer BUA

B ) ) T2

0 J J+1/2 . 9 A2Trr
+8e[<w—u 1+Jsm(6+[3)+u Tl Slﬂﬁ)W]—GQW—O, (47)

rae omneparop () omperesieH Kak

O() = % ( VST cosqa(-)> + 2 (‘]“/2 smcp(-)> 4

ODN\ \/J(1+J)
+ aae<<sin(d>+6) — ‘Mmma)(-)). (48)

3.1. Pacnpenenenue caura ¢a3 s BBICOKOYACTOTHBIX KoJiedaHuil. [lpu
ucyesarome majiblX W, O U Y HUMEEM IUIOTHOCTb pacupeacji€Husd BEPOATHOCTU
W(J,®,0,t) = (2n) ~1w(J,0,t), tne

+o0 2n
/ dJ/ A0 w(J,0) = 1.
0 0
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Torma pu [ ~ 02 ~ y < €y MOXKHO CUMTaTh L = O°[l1, Y = 0°Y1, W = 027 U TIPUMe-

HUTH MeTo MHOTHX MaciuTabos; W=W 0)(J,0,t1 to,..)+> WD (J,®, 0, tg, t1,t...)+...,
e t, = 0>"t. B Bexymem nopsiake ypasrenue (47) maer W) = (2n) 1w (J, 0,11, ta,...).
B nopsaxe 02 ypaBuenue (47) qaet

ow® oD awoe 5
«Q = oy O
T ST +3J[(Mﬁ,1J nJ(1+ J)W }ju

0 12 0)
+(‘9d>[< wy sin f Tl )W +

9 [T J+1/2 | _ o2 _
—I—aele—m 1+JSID(6+B)+M1 Tl smB)W — QWY =0.

[IpounTerpupoBas noiayuyeHHoe ypaBHeHue no ® or 0 no 2w, nmomydaeM

o [* ow(J,0,t) O
— Wqep o TNLH50) 9 o (1 o1
dto Jo W T +8J[(MB71J v1J(1+J))w(J,0,t1) | +
0 T T4+1/2
+ae[(w1—ul\/:sm(6+6)+m 71 Slnﬁ)w(J,G,tl)} _
1 2 o
_ﬁ 0 Q ’LU(R,e,tl)dCI): 0.

Yto6r! u36exarh muueitoro pocta W) B «HOpMambHOM» BpeMeHH 1(, UTO HapyILIAIO
OBl MepapXxHui0 MAJOCTH BKJIAJ0OB B Pa3lOKEHUH, HEOOXOAMMO MOTpedoBaTh OOparieHne
IIEPBOTO CJIara€Moro B HOJIb. Honyquan‘/'I HUHTCTrpall MOKET 6I)ITI) 3alliCaH B BUJC

21
1 R 1/2 i 1/2 R R
%/dchQw(J,tl)—a(—JJr / w)+a <sm6 J+1/ )w>+Q§7ew+ng,
0

- 0J 2 00\ 2 JIQ+J

e

@0 = 57 (- 7520) + 5 (S5 0).

Q(Zg cos6  J+41/2 B
e\ v2  2Ia+ ) '

Torna ioTHOCTH pacmpeneneHus Bepostaoctr w(.J, 0, 1) onpenensercs: ypaBHEHHEM

~—

ow 0 0? 0 J .
En + 8J<|:M[3J—2YJ(1+J) + 2(J—|—1/2)]w) + 86|:<(,D— u 1+ sin(0+p) +
J+1/2 . o J+1/2 . . .
+ MJ—}—{ SIHB — 2(](1_(J) Sin 6) ’Uj:| — O'QQ?LGU} — 0’2ng = 0 .

(49)
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Ypasuenue (49) MoxeT OBITH paccMOTpeHO Kak ypaBHeHHe Dokkepa—Ilnanka mis
CTOXaCTHYECKOI CHCTEeMBI YPaBHEHHUIT C IByMsI HE3aBUCUMBIMH IyMamu G (t) u Ca(t)

. 2 J(1+J
J:uﬁJ—2yJ(1+J)+%(J+1/2)—0 ( + JAED ey, (50)
- _ J+1/2 . o J+1/2 .

b=w—u 1+Jsm(6—|—[:’>)+uﬁsm —5\/7

sin O cos 0 J+1/2
+ Oﬁﬁl(t)+0< NG - \/m) Ca(?) - (51)

Hcxonmbiii mym E(t) reHepupyer aBa HezaBUCHMBIX mmyma (i(t) m Co(t), koTOpbIC siB-
JISIOTCSL TAyCCOBBIMH M JIeNbTa-KoppenupoBaHHbiME, (G (8)C;(t + t')) = 20,,;0(t'), Tak
kak curHaisl &(t) cos Qot u E(t) sin Qo SBISAIOTCS HEKOPPEIUPOBAHHBIMU HA MacuITade
BpemeHn 271/.

3.2. JluHaMHKA COCTOSIHUI, OJIM3KMX K CHHXPOHHBIM, IIPU MAaJI0ii paccTpoiike
yacToT. PaccMoTpum ciydaii Masoi paccTpoiiku wactor y < 62 ~ |u| u 2u/0? > —1.
(3ameTnM, O cpaBHEHHIO C {2, Y MPEANOIATaeTCs TOTO K€ MOPAIKa MaJOCTH, 9TO U O
M L, TO eCTh, 0° < Yy < 02.) B 3TOM cilyuae cOCTOSHHS CHCTeMbI coduparores K J > 1,

YTO MOXKET OBITh HCIOJIB30BaHO IUIA MHTerpupoBanus (49) mo J. g w = 0+°° wdJ

¢ f(J)w~Wlimy_, ;o f(J) u3 ypaBHeHus (49) MOXKHO HaifTH
ow 0 : . o> 1
o + 86( [oo —u(sin(6 +B) —sinf) — 2sme} w) —

— (iaae(smﬁa%(sinﬁw)) — 2;((0086 — 1)886((0086 — 1)@)) =0.

VYpoiasi, MO>XHO HOJTYYUTh

__ 2
%1: + efe( [~ u(sin(6 + B) - sin )] @) —028862((1 ~cosO)w) = 0. (52)

PaccMOTpUM CTaTUCTHYECKH CTAIMOHAPHOE COCTOSIHHE, COOTBETCTBYIOIIEE IOCTO-
STHHOMY TI0 0 TIOTOKY BEpOSITHOCTH j B ypaBHeHHH (52),

((1) — u(sin(6+p) — sin [3))@ — 02% ((1 — o8 6)@) =7. (53)

B TepMHHAX MOCIEIHEr0 ypaBHEHHUs, 3axBat actotsl (0) = 0 coorBercTByer j = 0. Ilpn
0 # 0 MOXHO TIOKa3arh, 4TO pemieHre ¢ j = ( CcymecTBYeT JJsl OHOTO BBIIEICHHOTO
3HAUEHHS (M, a ITO O3HAYAET, YTO TTOTHBIN 3aXBaT YaCTOTHI HEBO3MOXEH JaKe TIPH MaJIbIX
OTKJIOHEHHUSIX COOCTBEHHOM YaCTOTHI OT CPEHEl 4acTOThl aHCcamOIIs.

Ipu j # 0 Haxomum

21
_ /o i
o ]2/ (1 — cosp)s exp [_; (ctge — ctg 'LP> — “SIDB(w -0)].

(1 — cos 0)1+us/0? 2 2
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<db/de>Ic? - <dB/di>1a?

e Vi poovennl v vl g ovrvnd ol bt v vponed v veenl v ovvepml s ool o I

a 10> 104 103 102 /6?2 b 10> 104 103 102 @ic
<d9/dt>{02 n <dB/dt>/a?
10-1

10-2
103
104
105 fe

[

7 LUl IR AL

b ponl o ooeapenl oo vl 8 og bl i
10> 104 103 102 ow/c? d 103 104 103 102 /o2

c

Puc. 3. 3aBUCHMOCTD CpeiHeii 4acToThl (B) OT paccTPOUKM Y4aCTOTHI M TP Pa3IMYHBIX 3HAUeHHsX [3: a — 0,
b-n/4,c-n/2,d-3n/4

Fig. 3. Dependence of the average frequency (6) on the natural frequency mismatch w for = 0 (a), /4 (b),
7/2 (¢), and 3n/4 (d)
DT0 BBIpaXKEHUE UMEET XOPOIIHe cBoiicTBa cxoqumocTd npu 6 = 0 u 2m: w(0) = w(2n) =
= j/; IpU HEHYJIEBOM () OHO CXOIHTCS TIPH JTFOOBIX 3HAYCHUSX [I. YCIIOBHE HOPMHUPOBKH
T03BOJIAET HAWTH TIOTOK j Kak QYHKIHMIO W, B, 02 U
)
i=0"f (5 B) - (55)

Pesynbrarel 4HCIEHHOTO cueTa C IMOMOINBIO IIETHBIX NpoOel (CM. HUKE pasien
3.3.1) mpu y = 0.01 moka3ansl Ha puc. 3, a, b, d OKPYKHOCTSIMH, pOMOAMHU, TPEYTOIb-
HUKaMH ¢ BEpIIMHAMM BBEPX U BHM3, KBaJpaTaMu (M/02 = 0.4, 0.2, 0, —0.2, —0.4, co-
OTBETCTBEHHO). Pe3ysbTarsl Ha puc. 3, ¢ moMydYeHsl ais W/ 0? =0.8,0.4, 0, —0.4, —0.8,
cooTBeTcTBeHHO. CIUIONIHBIMH JIMHUSIMH TIPEICTABICHBI pe3ynbTarhl ais v = () ¥ yka3aH-
HBIX |1/0%; IITPUXOBBIMH JIMHUSAMH MOKa3aH HakiIoH 1 + 2 cos /02, cOOTBETCTBYIOMIHMIA
ACUMITOTUYECKOMY MTOBEICHUIO (6> ~ @lT2ncosp/o® g puc. 3, b—d HexoTopble KPUBBIE
nepecekaroT Hoib He pu ® = 0 — B log-log mMacimTabe 3T0 MOXXKHO HAaONMIONATH B BH-
JIe BBIXOZIOB Ha TOPU3OHTAILHOE IIATO (KOrIa (é>w:0 > () Wi yXOIOB KPUBBIX BHHU3
(xorma <é>w:0 < 0). Ha puc. 4 3aBUCHMOCTH TIPEJCTABIEHBI CO CMEIIEHHEM TaK, YTOOBI
nepecevdeHne KPUBBIX C HYJIEM MPOUCXONMIO B HavYajie KOOPAHWHAT.
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=] F ]
Liotf D
O : g
102} 1
A F A
= 103 =
3E
s :
v 10 F v
\ E - \
L 103 4
S F D
< 106 p° S
voF v
107§ I I ! -
a 10~ 10#* 103 102 o/c? 10~ 10#* 103 102 o/c?
101 3
102
i Puc. 4. 3aBMCHMOCTb CMELIEHHOW CpenHel Ya-
103 | crotsl (0) — (0)y=0 OT PacCTPONKH YACTOTHI M

104

(<dB/dt>-<d0/dr>| o)/ o2

d A

npu Y = 0.01 u pa3nauuHbIX 3HaYeHMsX f3: a —
n/4, b - n/2, ¢ — 3n/4. O603HaUCHHS TaKUE Ke,

gt Kak ¥ Ha puc. 3
& A ¥ o
10-3 E vv::zJL Fig. 4. The dependence of the biased average
?-“vvv‘:fur frequency (8) — (8)w=0 on the natural frequency
10-6 st mismatch o at y = 0.01 and = n/4 (a), nt/2
PP S TP PR PFITY RS - (b), 37/4 (c); notations are the same as in Fig. 3
c 105 10 103 102 10'o/c?
3.3. Cpeansisi 4acToTa OCHULISITOPOB B COCTOSIHUAX, OJM3KHX K CHHXPOHHbIM.

Haiinem cpenHroro 9acToTy OCHMIUIATOPOB JUTS CIydasi HETTOJHON cuHXpoHu3anmn. C Tex-
HUYECKOM TOYKH 3pEHHs, 33/1a49a CBOIUTCS K BBIYMCICHUIO CPEIHEN YacTOTHI I ypaBHE-
Hust (51) mpu koHeuHOM, HO Bce eme OombmoM J. st mpuOIM3UTENbHBIX BBIYUCICHUH
nepenuineM ypaBHeHue (51) B Buze
2
o . o o
— —ecsinfh — — —(cosO —¢) Ca(t) .

2 V2 V2

PaccMoTpuM monydeHHOE YpaBHEHHE IS HOCTOSHHBIX KOO(G(HUIMEHTOB g, b U ¢, BBIYKMC-
JIEHHBIX KaK CpelHue 3HAYCHUS,

mﬁzm+u<w>sinﬁzm+u<l—;<J_1i_1>>smﬁa (57)

0 = g — ubsin(0 + p) sin 0 ¢y (¢) + (56)

J 1 1 1 1
b= —)=1—-=(— ) — = — 58
1+J 2<1+J> 8<(1+J>2>+ ’ 58
J+1/2 1 1
= 7/ = <2>+.... (59)
J(1+J) 8\ (1+J)
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C ydetoM pacnpenencHus (42), uMeeM

nF<02+1—n,02

<(1+1J)"> N (;LZ) F(QMB b1, 4Y>
0'

(60)

Ypasuenue (56) ¢ mocTosHHBIME Kod(punmenTaMu naet ypaBHeHue Dokkepa—Ilranka

) 0 i
w((a(?t) + 35 |:<(U[3 — ubsin(0+p) — %CSIH 9) w(e’t)} -

_ 22 a <S1n6866<sin6w(9,t)>> -
%aﬁ ((COSO i <(COSG o) w(e,t)>> ~0, (61)

KOTOPO€ MOXKET OBITh MPUBENEHO K YIPOLUICHHOMY BUIY

b 0
wé?’t) + = 5 |:<03[5 — MbSlH(e + ﬁ))w(e,t)] -
02 88622 [(1 + 2 — 2ccos 6) (e,t)} =0. (62)

JIJ1st MOCTOSIHHOTO 110 BpeMeHH pacmpereneHus w(0) mocneqHee ypaBHEHHE MOXET ObITh
IIPOUHTErPUPOBAHO 110 O

(g — ubsin(0 + B))w — di [(1+¢® —2ccosO)w] =7, (63)

0
2
e ] = const — KOHCTaHTa HUHTCTPHUPOBAHUA, COOTBETCTBYIOIAA ITOTOKY BEPOATHOCTHU B

cucreme, (0) = 2mj.

3.3.1. IIpeacrasiieHne NJIOTHOCTH BEPOATHOCTH B BH/I€ LENMHBIX Apodeil. [l
BBIYKCIICHHUSI YaCTOT OCIUIUIITOPOB BOCIIONB3yeMcs (hypbe-pasioxennem st w(0)

+00
wO)= o Y e,
27 .
=—00

Y TIOJICTaBUM €ro B ypaBHeHue (63)

i(0+p) _ ,—i(6+P) 1
(mﬁ — ube 5 _6 ) Z wkelka o2 Z tkw te k0
v k k
5 d e 4 e—i0

kO _ o
+0o°c dez 5 Wke = 2mj .

©A.C. I'onoobun, A.B. Hormamosa, M. Pozenobniom, A. [Tukosckuti
24 U3B. By30B «I[TH», T. 25, Ne 6, 2017



[leperpynmupyem crnaraembie

: betP be B
Zezke [“’Bwk -+ W41 —
k

21 21

o1+ 2 iko?c
o

! g WET T,

(W1 + Wk 1) | = 205 .
Hus ynobctBa paccMoTpuM otaenbHo k = 0 u k > 0, pu 3ToM OyieM UMETh B BHIY, YTO
wo =1, w_p = wy.

I k = 0 umeem

ube® N ub e~

— o
9i 1T Ty T A

wp
HIH ‘
2nmj = (0) = wp + wblm (wie P). (64)

Hns k > 1 umeem

ub e . iko’c 2

. ol4ec
] + wy, [wﬁ — szQ} + W41 [

be ko2
wk-l[_ pbe i Oc]:O'

2i 2 2 21 2
(65)
Beenem otHomenue wy_1/wyr = 1. OHO MOXET OBITh BBIPOKECHO H3 ypaBHe-
Hus (65)
2i he P
1424+ B

— ko? _ ko? 66

ube ot wbe® req

ko? ko?

VYpaBuenue (66) mpencraBisieT cOO0M pEeKyppEeHTHOE COOTHOIICHWE, MO3BOJIIIONIEE BhI-
YHUCIUTH W1 B BUJE IEMHON ApoOH

1
w1 = 1 ) (67)
Al — Bl 1
A2 — BQ 1
Ag — Bgf
e "
27 be "
s iwg . ube

_ ko? _ ko?

n ub e . ub e
c
ko? ko2

JJis mocTrKeHHs JTydIed CXoIMMOCTH 0O0PBaHHOTO psfia IEMHbIX Ipo0e ClenyeT y4ecTb,
4t0 Aoo = 1/¢ + ¢, Bo = 1, TOrna u3 ypaBHenus (66) monydaeM ro, = c. (Bropoe pe-
[ICHHE T = 1/C COOTBETCTBYET PACXOMAIIEMYCs PasioKeHHIO mpu ¢ > 1.) Ommbka
anMpOKCUMAIINH TIPH OOPBIBAHUY psifia OyAeT MUHUMAaIbHA TIPH MTOJICTAHOBKE TTOTy4IEeHHO-
r0 3HAYCHUSI T, BMECTO 7; B ypaBHeHue (67). Haiins wi, MOXKHO BBIUYUCIUTH CPEIHIOIO
4qacToTy u3 ypaBHeHHs (64). Pe3ynbrarsl pacuera <6) MIpeICTaBIECHBI BbILIE HA pUC. 3 U 4.
Cnyuait f € [m,2m) He TpeOyeT AOMONHUTENFHOTO PACCMOTPEHHS B CHIIy CHMMETPUH

(Ma B) < (_u7 B + J'IZ).
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3.3.2. AcuMnToTH4YecKOe TNOBeleHHe CPeAHMX YACTOT OCUMJLIATOPOB. Pac-
CMOTPHUM B3aUMHOE MPUTSKCHUE U OTTAIKUBAHKE CPEJHUX YaCTOT MPU MAJIBIX () B ypaB-
Henuu (63). Iepenumem ypasuenue (63) B Tepmunax G(0) = (1 + ¢ — 2¢ cos 0) w(0)

wg — ubsin(6 + ) 0% d
G- ——G= 68
1+ 2 —2ccos0 20" 7 (68)
Jlnst Hayana, HalIeM COOCTBEHHYIO YacTOTy o (WM W o, KOTOPas CBA3aHa C () yPaBHE-
HueM (57)) npu 7 = 0. [l 3TOM 4acToTH ypaBHeHHUE (68) mpuodperaer BUA

g0 — Wbsin(0 + ) o d
: Gop— ——Gp=0. 69
1+¢2—2ccos® 0 2de (69)

PaznenuB nocnennee ypaBHeHue Ha (G ¥ IPOUHTETPHUPOBAB, MOKHO MOITYYUTh

ub cos p

const —

bsi
In(1+ ¢® — 2ccos 0) + & ;mﬁ

1+c 2 c+1 0\ o
(ooﬁo — ubsin B > 21 arctg (c— 1 tg2> — ?lnGo(G) =0.(70)

0+

Venosue nepuoanunocti st Go(0) tpedyer Go(rm — 0) = Go(—n + 0), u ypaBaenue (70)
JaeT wg o = M% sin 3. [Monacrapnss Beipaxenus (57)-(59), Haxomqum

oo ==L ((L+ ) (1+0((1+0)7)) ) sinp. (71)

Crnemyer 3aMETHUTB, YTO JJISl COCTOSHHSA, OJM3KOTO K CHHXPOHU3AINH, pU KOTopoM J He
CTPEMHTCSI K OECKOHEYHOCTH, COOCTBEHHAsl YacTOTa OCLIJUIATOpa HE paBHA HYJIIO IMPU
sin B # 0. Ee oTkioHeHHe OT Hylsl TeM CHIIbHEE, 4eM ciiabee cHHXpoHu3anus. bes yuera
HOPMHUPOBKH Teproanueckoe peurerne Go(0) umeer Bua

4 g | 2MosinB fO e+l9
Go(0) = (14 ¢* — 2ccos0) - exp [ =p 5 arctg p— tg 5 . (72)

Ilocne HOpMUPOBKH pemrerne mpuanMaet Bux ||wo ™' Go(0), rae |...|| = ST ...dB, u
wo(0) = Go(0)/(1 + ¢ — 2ccos0).

Bobruucinum j = g1 s wg = wpo + €wp 1, tie € < 1. Mcenonbsys pasnoxenne
G = |wo| ' Go + €G1 + ..., Haxomum B Bemymem mopsiake (g1) ypasuenus (68)

Go
—_— — ubsin(0 G
] (0 T WIOEDIG 24,

1+c2—2ccosH 2 do

YMHOXKast IOCTIe/IHEe ypaBHEHHE Ha PELeHNe SPMUTOBO-CONPSIKEHHOM 3anaun G (0) wis
ypaBHeHUs (69) 1 HHTETpHUPYS pe3ysbTar mo 0, Haxomum

=

_ +
[[woll H 1+ 2 — 2ccosB| Pt = IGa |l - (73)

DPMUTOBO-COTPsDKEHHAS 3a/1a9a UMEET BUJT

wpo —wbsin(®@+p) . o d
’ C G =0
14 ¢2 —2ccosB 0 2.de © ’
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u 0e3 ydera HOPMHPOBKH

1b cos 2 b i e ]. 6
GF(0) = (1+ ¢ — 2ccos0) " exp [‘M {2 T arete (if T tgz) H |
(74)

Torxa ¢ yuetom cootrowennit Go(0) G4 (0) = 1 n H(1—|—02—2c Cos 6)_1H =2n/(c*—1)
ypaBHeHue (73) mpUHUMAET YIPOIICHHEBIN BH/T

27 ®
(=) [|G¢ [ Twoll ™"

J1= (75)

I/IHTel"paJ'ILI B IIOCJICAHEM BBIPAKCHUU MOTYT OBITh BBIYMCIICHEI CJICAYOIIUM O6p3.30MZ

T JT
HGSFH = /(1‘“32_2‘3005 0)"e 204, |lw| = /(1+62—200056)mle%‘f(@)d@,
i J

rne m=ubcos B/(0%c), a = ubsin B/ (0%c) u f(0)=0/2—arctg{[(c+1)/(c—1)] tg(0/2)}.
Ipu (¢ — 1) < 1 u pcosP/o? > —1/2, 4o sBNsAETCSA YCIOBMEM YCTOWYMBOCTH CHH-
XPOHHOTO COCTOSIHHSI, MOJIyYCHHBIE HHTEIPAbl MOXHO YNPOCTHTH. B wacTHOCTH, IUIst
m>—1/2u (c—1) < 1 umeem
T
HGE{H ~ 2/(1 +¢? — 2ccos 0)™ ch [a(m — 0)] dO
0

(Tak Kak HepBbIil MHOXKHUTEb JENaeT BKIA] OKpecTHOCTH 6 = 0 B MHTErpas MajbiM, MOX-
HO TipeHebpeus oTkiaoHeHneM f(0) ot sign(0)(|0] — x)/2), koTopoe He ABISIETCS MaIbiM
TOJBKO 1pH O ~ (¢ — 1)),

% y C — arc 0
Juoll =2 (e = 1)? +c6% "1 ch paf(@)] do ~ 2 ﬁc[_gf; - egjmﬂ]
0 0

do

(B »TOM clly4yae NMPUHITUIHAIBGHBIN BKJIaJd BHOCHT KaK pa3 Mayas OKpPeCTHOCTh O = 0,
U MOXHO HCIIOJIb30BaTh MPHOIMKCHHE, cripaBeminBoe miss O ~ (¢ — 1), B yacTHOCTH,

F(0)lo~(e_1) ~ —arctg[0/(c — 1)). Tarxce,

7 /2
1G5 || ~ 2/2m(1 — cos0)™ ch [a( — 0)] d6 ~ 22m+2 / cos®™ v ch(2ap) dy, (76)
0 0

uc yuetoM tgy = 0/(c — 1)

/2 /2

2 ch(—2ay) L2 o
(c —1)2m+1 / 1+ tg2y)™ dy ~ (c— 1)zt / cos™™ ch(2ay) dy .
0

[[wol| =

(77)

©A.C. I'onoobun, A.B. HJormamosa, M. Pozenbniom, A. ITukosckuti
U3B. By3oB «I[THI», T. 25, Ne 6, 2017 27



Beraucss HUHTETpaJl, HaXO0AUM

/2

/ cos®™ v ch(2ap) dy =
0

iTC(2m+1)T(ioc — m)
22mH1T (G +m + 1)

shl(o+ im)a

rme ¢ — MEIMas enuauna. [logcrasnss Beipakenus (76) u (77) B ypasHenue (75), moiy-
yaeM

o on i2™(c — 1) (io +m + 1 2

== (e — 1)™I( ) g1 (78)
2 |[T(2m + 1)T(io0 — m) sh(a 4 im)m]

Hcnonb3ys BeipaxkeHue (59) ans ¢, MOKHO Tepenucars ypaBHeHue (78) B OKOHUATEIbHOM
BUJIE

M . 2ucosf
(0) = ”r< o +1> (((1+J) 2>> o? (0 — o)
r(2gel 1) T~ 45" ) sin(15"7) i

(79)

e wo U cpeanee 3uauenue ((1+4 J)~2) onpenensiorcs ypasaenusmu (71) u (60), coot-
BETCTBEHHO. 3aMETHM, YTO BEJIHMYHHA [IEPBOTO MHOXUTENS B ypaBHeHuH (79) mMMeeT mo-
pamok 1, Torma xak ((1 + .J)~2) mano npu pcosB/0? > —1/2 u, mosromy, koddduuueHT
TPOMOPIHOHATEHOCTH MeXay () i (0 — () ABIAETCS MATBIM [T CHHXPOHU3UPYIOIIEHT
cBs3u (wcosfP > 0) u GonpmmM U AECHHXPOHU3Upyomen cesazu (Lcosf < 0). s
npezenbHOro caydas Y — 0, B kotopom ((1 + J)72) — 0, ko>pdumment crpemurcs K
HYJTI0 i OECKOHEYHOCTH ISl CHHXPOHH3UPYIOIICH U ICCHHXPOHU3UPYIOLIEH CBsI3eii, COOT-
BETCTBEHHO.

QDu3zuueckas unmepnpemayus On:A CPEOHUX YACHOMm 6 aHcamoie HeudeHmUUHbIX OC-
yunnamopog. CpemHue 4acTOThl BCEX OCHMIISTOPOB C Pa3IMYHBIMU COOCTBEHHBIMH Ya-
CTOTaMH pa3iW4HbL. JIJIsl TPUTATHUBAIOIIECH CBS3M CPEJAHUE YACTOTHI CTAHOBATCS ONMKe
(mpuTAruBaroTCsA APYr K Apyry). i oTTanKuBaromiel CBS3M YacTOThl HAYMHAIOT Pa3iIH-
4aThCsl CHIIbHEE (oTTankuBarotcs). KauecTBeHHO, NaHHBINA 3Q(EKT MOXKHO OOBSCHUTH CIie-
IYIOIMM 00pa3oM. B oTCyTCTBHE CBS3M 4acTOTHI MOA JEHCTBHEM IITyMa OCTAIOTCS HEU3-
MEHHBIMH, XOTs (ha3pl cTpeMsTcs cHOpMUpPOBATh KilacTep; B MpeAenax KiacTepa MIHO-
BEHHBIC YAaCTOTHI MOYTH HICHTUYHBI. OIHAKO NMPHUCYTCTBHE OTACIBHBIX OCIHUILUIATOPOB B
KJIacTepe SBJISIETCS] BpEMEHHBIM: (ha3bl OCTAIOTCS BMECTE Ha MPOTSKEHUH HEKOTOPOTO Bpe-
MEHH, a 3areM (¢aza 0ojee OBICTPOro OCIMILIATOPA COBEPIIAET AOMOIHUTEIBHBIN 000pOT
OTHOCHUTEJIBHO MEIJIEHHOTO OCLMJIIATOpA. DTOT 000POT B TOYHOCTH KOMIICHCHPYET OJIH-
30CTh MTHOBEHHBIX YacTOT Ha MPOTSHKEHHU TIEPHOJA COBMECTHOW JHMHAMHKH OCIIWILISI-
TOpOB B KJacTepe. B ciydae mpurarusaromeil cBsi3su Takue 00OPOTHI CTAaHOBATCS Ooiee
PEOKUMH, TaK YTO OHHU JIMIIb YACTHUYHO KOMIIGHCHPYIOT OJM30CTh MIHOBEHHBIX YacTOT
Ha MPOTSDKEHUH KJIACTEPHBIX 3TAIoOB IUHAMUKH. VneanbHONW CHHXPOHHM3AaLUHM 4acTOT CO-
OTBETCTBOBAJIO OBl IOJHOE OTCYTCTBHE OOOPOTOB, Yero HE HAOIIOAACTCS MpPU HAJTHYUU
myMma. B ciydae orrankuBaromiei cBA3M JOMOJHHUTENBHBIE 00OPOTHI CTAHOBATCS Oolee
YaCTBIMH, TaK YTO MPOMCXOIHUT «CBEPXKOMIICHCAIMs» OJIM30CTH MIHOBEHHBIX YacTOT BO
BpeMsI KITaCTEPHBIX MeprnoaoB. [lanHas KapTHHA MPOMILTIOCTPUPOBAaHA puC. S.
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Puc. 5. Pe3ynbrarsl umncIeHHOTO cueTa Ui aHcaMmOms 41 ocnumisTopa ¢ TaycCOBBIM paclpereneHneM coo-
CTBEHHBIX yacToT. Ha rpaduke npescrapieHa JMHAMUKA pa3HOCTH (a3 IByX OCLHUULITOPOB B aHCAaMOie Mmpu
pa3IMyYHON CUJIE CBSI3U

Fig. 5. The results of numerical simulation for the ensemble of 41 oscillators with Gaussian distribution of
natural frequencies. The dynamics of the phase difference of two oscillators in the ensemble for different
levels of the coupling strength

3akJioueHue

B nacrosmedt pabote mpencraBieHa TEOPHsl CHHXPOHW3AWK aHCaMOMsA (ha30BBIX
OCITMUIIATOPOB MO ISHCTBHEM OOIIEro IryMa U I100anbHOM CBs3M. B3anMonericTBre 1710-
0aNbHOM CBSI3M W OOIIEro IIyMa PacCMOTPEHO B paMkax mnojaxona OTra—AHTOHCEHA, M03-
BOJISIFOLLETO MOJYYUTh 3aMKHYTYIO CUCTEMY CTOXaCTMYECKUX YPAaBHEHU Ui mapamerpa
nopsanka. B paboTe mpeacTaBiIeHBl aHATUTHYECKUE PEIICHUS MONyYCHHBIX YpaBHEHUH B
TEX clly4asiX, Korja 3T0 BO3MOXKHO. OTAENbHO pacCMOTpPEHa CUTyalusi, Korna OCUUIUIS-
TOPHI UMEIOT JOCTATOYHO OONBINTYI0 COOCTBEHHYIO YacTOTY, UTO IO3BOJISICT MPOU3BECTH
OCpEITHEHHE 110 OBICTPO BpaIaromieics (as3e u HOIyIUTh 00JIee MPOCThIE CTOXaCTHICCKUE
ypaBHEHUS.

HawnbGonee wHTEpecHBIC 3((HEKTHI MOABIAIOTCA B ClIy4ae, KOorma OOIIHMA IIyM IThbI-
TaeTCs CHHXPOHHU3UPOBATH CHUCTEMY, a OTTAJIKUBAIOIIASl CBA3h — JECHHXPOHHU3UPOBATH.
JJiss MIEHTHYHBIX OCHMJUIATOPOB CHHXPOHH3HMPYIOIEe BO3ACHCTBUE IymMa Hpeoliagaer
HaJl IEVCTBUEM YMEPEHHOM OTTAJIKUBAIOLIEH CBA3M, TaK KaK MOJHOCThIO CHHXPOHHOE CO-
CTOSTHUE SIBJISICTCSI aJICOPOUPYIONINM, TOTIAa KaK MaKCHMAaJbHO aCHHXPOHHOE COCTOSHHUE
SIBIIIETCST HE aJICOPOMPYIONINM, a JTUIIH C1a00 MPUTIATUBAOMUM. J[15 HEMIEHTHYHBIX OC-
HWISTOPOB COCTOSTHUE TOJIHOW CUHXPOHHU3AIMKU HEBO3MOXHO — BMECTO HETO BO3HHKAET
COCTOSTHUE HEHICATbHOM CHHXPOHHU3AIHNH, KOTOPOE IepecTaeT OBITh aIcopOMPYOIINM, a
CTAaHOBUTCS CJIa00 MPUTATHBAIONINM, KaK U COCTOSIHUE MAaKCUMAJIbHOW aCHHXPOHHOCTH.

st OCHMIUIATOPOB C PacCTPOHKONW COOCTBEHHBIX YacTOT HAWOONBINWN HHTEpPEC
MIPEJCTABISET TOBEACHUE CPEIHHUX YacTOT. DPQEKThI, CBI3aHHBIE C OOIUM IIYMOM W
[100aJIbHON CBSI3bI0, B3aUMOJICHUCTBYIOT HETPUBHAIBLHBIM 00pa3oM. B oTcyTcTBUM Iyma
MIPUTSTUBAIOIIAS CBSI3b COOMPACT YaCTOTH BMECTE, B TO BPEMS KaK OTTAIKHUBAIOIIAS CBI3b
He BiugeT Ha HUX. lIlyM B OTCYTCTBHE CBSI3M TAKXE HE OKa3bIBAET BIUSHUSA Ha YaCTOTHI.
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OnHako, Korja Ha CHCTEMY BO3ICHCTBYET W IIyM, U OTTAJIKHBAaIOIIas CBS3b, HAOIIOMACT-
Cs pacTajJKHBAHKME YAacTOT, IIPH STOM IapaMETp MOpAAKa MOKET OCTaBaThCsl JTOCTATOYHO
OOJIBILINM.

Pezynomamol, npeocmasnennvie 6 pazoenax 1.1-2, 2.1-2, 3.1-2, nonyuenwt A.B. Jlon-
mamosott u J].C. Tondobunvim npu ¢hunancosoii nooodepoicke Poccuiickozo Hayuno2o ¢ponoa
(epaum Ne 14-21-00090). Pezynomamsi, npedcmasiennvie ¢ pazoenax 1.3, 2.3 u 3.3, no-
nyuenvt M.I Pozenobniomom u A.C. [luxosckum npu ¢hunancosou noodepaicke Poccutickoeo
Hayunoeo ¢onoa (epanm Ne 17-12-01534).

Tpunoowcenue

Teopuu Orra-AHTOHCeHa (Ott—Antonsen)
u BaranaGe-Crporana (Watanabe-Strogatz)

I_HI/IpOKI/Iﬁ U BaKHBIN KJ1acc CHUCTEM, CTAaBIIUX HMapaIurMaTU4CCKUMU IJIA U3YUYCHUA
KOJIZICKTUBHBIX B(b(l)eKTOB B aHCaMOJIsIX (1)&30BLIX OCHUIIIIATOPOB, OIMMCBHIBACTCA YPABHCHH-
SMHU BHJa

Gr = Q(t) +Im (H(t)e ™),  k=1,..,N, (80)

e Q(t) u H(t) — npousBosbHble GyHKIMK BpeMeHH. B camoM sene, B TepMOaHHaMAYe-
ckoM mpenenie N >> 1, IMEHHO K TaKMM CHCTeMaM OTHOCHUTCs aHcamOib Kypamoro

N

. u .

P :Q+N E ISID(CP]' — Pk)
]:

JUIS KOTOPOTO MOHO mosiarath Buj (80) ¢ H(t) = uN ! Z;V: L €%, OCKOIbKY OTHOCH-
TeNbHBII MHANBHAYAIbHbBINH BKIaA k-ro ocumwuistopa B H (1) ucyesarome man. st we-
HOYKHU UICHTHYHBIX JPKO3E()COHOBCKUX (CBEPXIIPOBOISIINX) KOHTAKTOB C IIYHTHPOBAaHHU-
€M, BBITIOJHAIOMNAM (DYHKITUIO TII00ANBHON CBSI3U, MOTYT OBITH MONyYEHBI Oe3pa3MepHbIe
ypaBHeHus [33]

@1 = Fp(t) = Tosin e + -3 sine

rie linp(t) — TOK, IoiaBaeMslil B cucteMy; /o — IapamMeTp KOHTAakToB; ¢, — (asa. Pasa,
0 CBOEMY (PU3MYECKOMY CMBICITY, SIBIISIETCS XapaKTEPUCTUKON BOJIHBI CBEPXITPOBOJISIIETO
TOKa M CBSI3aHA C JIETKO HaOII0IaeMOll MaKpOCKOITMYECKOW BEIUYHHON — Pa3HOCTHIO I10-
TeHnuanoB Uy, Ha KOHTaKTe ABYX CBEPXIPOBOIHUKOB. B pasmeprom Buae ¢y = (2¢/h)Uy,
e — DIeMEHTapHbIi 3apsi, h — moctosHHas [Lnanka. Takomy aHCaMOJII0 KOHTAKTOB COOT-
BerctByeT Q(t) = Iipp(t) — uIm (N ! Z;Vﬂ e%i) u H(t) = Ip. Jlns cuctemsl CBs-
3aHHBIX aKTHBHBIX POTATOPOB (TIOXOKME YPABHEHHUs MPUMCHUMBI M ISl ONIMCAHUS TETa-
HeiipoHoB) [34] ypaBHEHUs

KX
P :Q+N;sin(cpj — @) — Bsingy,
J:
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umerot Bun (80) ¢ H(t) = B+ KN~! Zjvzl eii
st ypaBHenust (80) MOKeT OBITh 3alMCaHO MAacTep-ypaBHEHHE, ONpeesstoliee
3BOJIOLHMIO TIOTHOCTH BEPOSTHOCTH w(, t),
ow 0 H(t) H*(t) ,;
— 4+ —((Q(t) —i——e P + 1 ——L'? w) =0. 81
T COR i) &1
B dypwe-npoctpanctse w(gp, t) = (27) ! [1 + Z;’il(ajeijq) —i—c.c.)], U MacTep-ypaBHEHHE
MPUHAMAET BH/I
: . H*(t CH(t
a; = —jiQ(t) a; + J;)ajl - 32()%'+1 ; (82)
rne j = 1,2,... u ciepyer nonarark ag = 1. MOXHO 3aMeTHTb, 9TO [OCIICAHES yPAaBHEHUE
JIOIyCKaeT YacTHOE PElleHHe BUAA a; = aj. B camMoM jere, Ipu TaKkod MOJCTaHOBKE

MOXKHO ITOJTy4UTh IS j = 1

H*(t) H(t) ,

a1 = —iQ(t) aj + 5 T o aj (83)
nnns g >1
i i H*(t H(t
jal"tay = jal 7t <—i§2(t) ar + 2() - 2(>a§> :

9TO UACHTUYHO ypaBHEHHIO (83). Takum 00pa3oM, OKa3bIBAETCS YTO AUHAMUKA CHCTEMBI
MOKET HPOUCXOIUTh HA HEKOTOPOM MHOXKECTBE, XapPaKTEPU3YIOIEMCS CBOMCTBOM @ = a{
¥ TIONy4YWBINeM Ha3BaHue MHoxecTBa Otra—AHTOHCeHa (O-A) [31]; TMHAMUKA CHCTEMBI
Ha 3TOM MHOXXECTBE OIHCHIBAETCSI OOBIKHOBEHHBIM IH((epeHIINATEHBIM ypaBHEHHEM IS
KOMILIEKCHOM mepeMeHHOM aj. CleqyeT 3aMEeTUTh CBSI3b MEXAY 1 U KOMIUICKCHBIM IMa-
pamerpom nopsiaka Z = (e'¥) = fOQR e“w(qp,t)de = al(t). B utore, Ha MHOXeCTBE
O-A nvHaMUKa CHCTEMBI UCUEPIIBIBAIOIIE OMHCHIBACTCS HOJNb-MEPHBIM YPaBHCHHEM IS
napamMeTpa nopsaaka z:
: H(t) H*(1),,

Z2=iQW)Z+ "~ 52" (84)

[Ipu 3TOM JJIs1 KOHKPETHBIX 3ajlad, KaK MPaBUIIO, UMEET MECTO MPOCTast (PyHKIIMOHATbHAS
cB3b Mexay {Q(t),H(t)} m Z. B camom jere, MIPUMEHHUTENBHO K TPEM YIOMSIHYTBIM
Bble npumepam: H = wZ mnst aucam6is Kypamoro, Q = Iin,(t) — wlm (Z) u H(t) =
Iy mnst memouku mx03e(hCOHOBCKMX KOHTAKTOB ¢ IIyHTHpoBaHueM, H = B + KZ nmna
aHcaMOIlsl aKTUBHBIX POTaTOPOB.

Baxen Bompoc 00 ycroitunBocTi MHOXecTBa O—A. CTporo roBopsi, Ui UaeaabHO
UICHTUYHBIX OCHUIATOPOB MHOXKeCTBO O—A sBIseTCS HEHTPAIbHO YCTOWYMBEHIM, & JIH-
HaMUKa CHCTEMBI, Kak OblT0 moka3ano BaranaGe, Ctporamom u ap. [28-30], mOIHOCTEIO
WHTETpUpyeMoi. BmecTe ¢ TeM, B peabHBIX CHCTEMaxX MMEET MECTO HeTOYHOE COBIIaJe-
HUE COOCTBEHHBIX YacTOT OCIHHMJUIATOPOB, YTO MPHBOAUT K TOSBICHUIO CIIA00N yCTOWYH-
BocTH MHO)XKecTBa O—A W IO3BOJIAET IMOJIYYaTh Ha OCHOBE ypaBHEHHS (84) pe3ysnTarhl,
XOPOIIIO COTIACYIOIIMECs ¢ pe3yibraraMu cueTa (cM., Hampumep, [20]). i oObsicHeHus
MeXaHu3Ma BO3HHUKHOBEHUS YCTOMYMBOCTH MHOKecTBa O—A 1ei1ecoo0pa3Ho KOPOTKO, HO
cTporo pazo0paTh ciydail aHcamOMs MAeaNbHO MIACHTHYHBIX OCHHIUIATOpoB (Baranabe—
Crporarr), s KOTOPOTo Jaxke He TpeOyeTcs mepexo] K TEPMOIUHAMUYICCKOMY IPEISITy
00JIBIIOTO YHCIa OCHMIIISTOPOB.
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Juis Habopa a3 ¢ MOXKHO OIpEeeNuTh B3aUMHO OHO3HAYHOE MPeo0pa3oBaHue K
Habopy ¢a3 |y, mapaMeTpruzyeMoe KOMIUIEKCHBIM YHCIIOM Z,

z + e

eV = 21—
14 z*et¥r

. ei(pk —z
u obparnoe: ek = ———— | | (85)
1 — z*e'%x
Ecmu morpeboBath A1 HOBBIX (a3 BEHIMOJHEHHE YCIOBUS fozl ek = 0, To mpeobpa-
30BaHUE CTAHOBUTCS €IMHCTBEHHBIM U OJHO3HA4YHO ompenenser z. [loacTtaHoBka mpeod-
pazoBanus (85) B ypaBHeHue (80) MO3BOJISET MONYYUTh YPABHEHUS IBOJIONUU 2 U Py,
KOTOPEIE TIPH yCIOBUH Zszl ek = () MpPUHUMAIOT BH]L
H(t)  H*(t) »

Z = 1Q(t —_—t - 86
2=1Q(t) z + 5 5 2, (86)

Vi = Q(t) + Im (H(t) 2*) . (87)

MoXHO 3aMeTUTh, YTO ypaBHEHHE TUHAMUKHU (86) A NMEpeMEHHOW z, KOTOpas MOXET
OBITH BBeZIEHA B 001IeM cirydae (He TOMbko Ha MHOXecTBE O—A), SKBUBAJIEHTHO ypaBHE-
HUIO 7S TapaMeTpa nopsaka Z Ha MHoxecTBe O-A (84). (Ilponenypa BBeneHHs 2z MpU
3TOM TaKOBa, YTO W3 HEE HE CJIeMyeT B OOIIeM ciydae 3KBHUBaJeHTHOCTh z U Z.) Co-
1acHO ypaBHeHHIO (87), Bce (ha3bl \j, MEHAIOTCS OAMHAKOBO. TakuM 00pa3oM, JTUHAMUKA
CHCTEMBI OIIPEAEIIECTCS U3MEHEHNEM 2 U JI000i omHOM U3 a3 |y, a pa3HOCTH Beex (a3
(Wk — i) SBIAIOTCS KOHCTAHTAMH, MHTETPalaMU ABWKEHHs. [[IIOTHOCTh BEPOSTHOCTH
W (g, t) sBIsieTcs: Oeryiueii BOIHOM ¢ 3aMOPOXKEHHBIM MPODIIEM.
YcTaHOBHM, Y€MY COOTBETCTBYyeT pemeHne O-A

1 > .y 1 — a1 /? 1—|2?
woa (e, t :—[14—2 altje”q)—{—c.c.}: = .
(1) 21 : 1([ ®) ) 2|1 — a1e®®|?2  2x|l — Ze~i9|?
]:
B TepMHUHaX {2,y }. [TOCKOJIBKY ISl 3TOTO peleHus Z MOAYMHSEeTCs ypaBHEHHIO (84) u
TOMY K€ YPaBHCHHIO BCEr/a MOAYMHSCTCS [IEPEMEHHAs 2, €CTECTBEHHO MPE/IOI0KHT UX
COBIAjIeHHE B 9TOM ciyyae. M3 cooTHomeH i (85) MOXKeET ObITh BHIYUCIECHO

1—[2?
dy = |1 — ze—to27 77
otkyma Woa(p) = wOA(cp)% = (2n) L. [Ipeamonoxenue o TOKAECTBEHHOCTH 2 U 2

nns pemenus O-A MOKHO Temepb mpoBeputh crporo: i W(y) = (2m)~! u z moryt
OBITh BBIYHCIICHBI ITAPAMETP TOPSIIKA 7, KOTOPBIA OKa3bIBAeTCS PaBeH z, U w (), OKa3bl-
BAKOIIIEECs] COBMANAOIINM € WOA(P|Z = z). Takum 00pa3oM MOIydaeM, YTO PEIICHHE
O-A 3TO 4acTHBIN CIy4aif, COOTBETCTBYIOIINII PABHOMEPHOMY pacrpeneneHuio (a3 1.
Tenepp, KOrma yCTaHOBJIEHO COOTBETCTBHE MexAy pemieHueM O-A U onncaHueM
CHCTEMBI B TepMHUHAX {2z, % }, MOXXHO PaCCMOTPETH BOIIPOC O TOM, YTO NP HEUICATBHOM
UICHTUYHOCTH OCHUWIATOPOB MHOXKECTBO O—A M3 HEUTpaNbHO YyCTOMUMBOrO mpeBpalia-
eTcs B «cnaboy» mputsaruBamouiee. B camom aene, B ancam6iie ¢ paccTpoiikol coOCTBEHHBIX
4acTOT MOYKHO BBIJICIHUTH OATPYIIBI OCHIIISITOPOB C OAMHAKOBBIMU YacToTaMu. Pacripe-
neerne W (1, t) Uit KasKI0¥ TaKoi MOATPYIIIIBI SIBJISIETCS OETYINEH BOJIHOM C 3aMOPOKEH-
HBIM TIpodueM. OgHAKO U3-3a Pa3HOCTEH YacTOT T BOJHEI, COTIIACHO ypaBHEHUIO (87),
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GeryT ¢ pasiMIHON CKOPOCTBIO, YTO MPHBOIKT K MX HOCTOSIHHOMY CMELICHHIO. B Tepmozu-
HAMHYECKOM Ipejiene GOJIbIIOoro ancaMoJIs «IepeMelnBanie» OONbIIOro Habopa ciryyaii-
HBIX MPOQuUIIeil B TEYCHHE JOCTATOYHO JTHTENBHOTO BPEMEHH PUBOAUT K PABHOMEPHOMY
pacnpenenenuto W () = (2m) L, uro coorserctByeT pemennto O-A. Takum oGpazom,

A pCaJIbHBIX CUCTEM MHOXKECTBO O-A okxa3bIBaeTcs He IIpoCTO CEMEHMCTBOM YaCTHHIX

pEIIeHU, a aTTPaKTOPOM, M IPU ONMCAHWM IMHAMHUKU IapameTpa IMOpsaKa B CUCTEME
MOJKHO TTOJIaraThCsl Ha ypaBHeHHe (84).
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