W3Bectus Boicuiux yuebubix 3aBegenuil. lpuknannas nenuneiinas qunamuka. 2023. T. 31, Ne 1
Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2023;31(1)

Hayunas crarbs DOI: 10.18500,/0869-6632-xxxxxX
YAK 530.182 EDN: XXXXXX

Baunsgune HennHETHOCTH Ha OMEHKU CBA3aHHOCTHU OCIUJIJIATOPOB METOI0M
YacTHON HaANpaBJEHHON KOTE€PEHTHOCTH

JI. 1. Acmazoea'®™, M. B. Cuicoesa®?, H. B. Cuicoes"?

lcapaTOBCKI/Iﬁ HaIIMOHAJIBHBIN HCCIeI0BaTeTbCKIAN TOCYyIapCTBEHHBIN yHUBEPCUTEeT UMEeHHI
H.T. Yepubimesckoro, Poccust
2CapaTOBCKUIT TOCYTaPCTBEHHBII TeXHIYeCKmii yamsepcuTer uM. Larapura 0. A., Poccus
3Caparosckuit dunman MucTuryra paguorexauky u snekrpornky uMm. B. A. Korensaukosa PAH, Poccust
E-mail: M astakhovadi@mail.ru, bobrichek@mail.ru, ivssci@gmail.com
IHocmynuaa 6 pedaxyuto TT.TT.TTTT, NPUHAMG K NYOAUKGUUY TT.TT.TTLT,
oNnYbAUK0BAHA OHAGUN TT.TT.TTLL, ONYOAUKOBAHA TT.TL.TTTL

Annomauus. Ileav HACTOAIETO MCCIEIOBAHUS — ONPEIEIUTH, MOXKET JIM METO/ “TAaCTHOI HAIIPABJIEHHON KOTe-
PEHTHOCTY IIPABUIBHO OIPEIe/IATh HAIIPABJIEHHOE B3ANMOJAEHCTBHE MEX/Iy HEJIMHEHHBIMU CUCTEMAaMHU, IIPU HeJIH-
HEMHBIX CBA3AX MEXK/y CHCTEMaMU, & TAKKe B CIydae, KOIJa N3MEPEHHbIe CUIHAJIBL II0POK/IEHBI OObEKTAMU BbI-
COKOIi pasmepaocTH (aHCaMOssaMm). Takske ONpemenTh 3aBUCUMOCTD PE3YJIbTATOB ONEHKH CBA3AHHOCTH METOIOM
YACTHON HAITPABJIEHHOM KOT€PEHTHOCTU OT ITapaMeTPOB: JJIMHBI PEAM3aIUU, YaCTOThl JUCKPETH3AINN, Pa3Mep-
HOCTU MOJEJIA M OT apXUTEKTypbl cBa3eil B cucremax. Memodo,. B mannoil pabore ucciieyiorcs BO3MOXKHOCTU
W OrpaHMYEHUS JaCTOTHO PA3PENIEHHOTO ITOAXOAA JIA ONHMCAHUA CBA3€H MeyKJy MHOTOMEPHBIMH BpPEeMEHHBIMU
psaMu — YACTHOM HAIIPABJIEHHON KOrepeHTHOCTHU. [T Orpe/iesieHnst 3HAYUMOCTH Pe3y/IbTATOB HUCIIOIb30BAINCH
CyppOraTHBIE BPEMEHHbIE PA/Ibl, IOCTPOEHHBIE I[yTéM II€peCTaHOBKU peasm3anuii. Pesyavmama. Ilokazano, aro B
AHCAMOJISIX MAJIOMEPHBIX OCIHUIISTOPOB APXUTEKTYPA CBA3M MOYKET ObITh MPABUILHO BBHISBJICHA IS JTUHEHHBIX U
HEJIMHENHBIX CUCTEM, CBI3aHHBIX KaK JIMHEHHOMN, TaK ¥ HEeJMHEHHON CBA3bI0. [l CJI0KHBIX COCTABHBIX CUTHAJIOB,
KOTJ1a KazK/Iblil M3MePAeMblil BDEMEHHOM Psi1 IIPECTABIIAET COO0I0 CYMMY CHUIHAJIOB MHOTHUX OTIE/IbHBIX OCIIHAJLIS-
TOpPOB, METOINKA OKA3bIBAETCS HEIOCTATOYHO CIEMM(pUIHA, BHISAB/ISAS HECYIECTBYIOIINE CBS3W, W HEIOCTATOTHO
4yBCTBUTEJbHA, TPOITyCKas uMeronuecd. Jaxarovenue. ChopMyImpoBaHbl KPUTEPUU ITPUMEHEHUs] METOJA 9acT-
HOU HAIIPABJIEHHOW KOT€PEHTHOCTH K PAa3JIM<HbIM curHajgaM. [Ipu nocrarounoil mimae psaga, 9acTore BHIOOPDKH U
pPa3MepHOCTH Mepa He ITOKa3bIBaeT ONOCPEIOBAHHBIX CBA3€il B OTJIWYNE OT IIOIApPHBIX METOIOB IPUYHMHHOCTH IIO0
T'peitamzxepy m SHTPOIINK TTEPEHOCA M XOPOIIO PAOOTAET I 3AIMYMJIEHHBIX BPEMEHHBIX PsAI0B. MeTos mo3BoJis-
eT M3yYaTh CBA3AHHOCTH B aHcaMOJie M3 MTPOM3BOJILHOTO UHCJIA OCITMLISTOPOB M MOYKHO OTIPEIeTNTh, Ha KaKUX
YaCTOTaX IIPOUCXOTUT B3aUMOIEHCTBHE.

Karoueswvie caoea: 9acTHAS HAIPABIEHHAS KOT€PEHTHOCTD, CBA3AHHOCTD, HEJIMHEHHOCTD, HEJIMHEHbIE CUCTEMBI,
HeJIMHeHasa CBA3b, MHOTOMEPHBIE CUCTEMBI.
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Abstract. The purpose of this work is to determine the ability of the partial directed coherence method to identify
the directed interaction between nonlinear systems correctly in presence of nonlinear couplings between systems,
as well as in the case when the measured signals are generated by objects of high dimension. The another purpose
is to determine the dependence of the coupling estimation results on the parameters: series length, sampling rate,
model dimension and the coupling architecture. Methods. In this paper, the possibilities and limitations of the
frequency-resolved approach (partial directed coherence) to describe the couplings between high-dimensional time
series are investigated. Surrogate time series constructed by permutation of realizationwere are used to determine
the significance of the results. Results. Coupling architecture in ensembles of small-dimensional oscillators can be
correctly identified for linear and nonlinear systems connected in case of both linear and nonlinear coupling. For
complex composite signals, when each measured time series is the sum of the signals of many individual oscillators,
the technique is not specific enough, revealing non-existent connections, and it is not sensitive enough, missing
the existing ones. Concluston. The criteria for applying the partial directed coherence method to different signals
are formulated. The measure does not show indirect couplings at sufficient series length, sampling rate and model
dimension in contrast to the pairwise methods of Granger causality and transfer entropy. The measure works
well for noisy time series. The method allows to study the connectivity in an ensemble of an arbitrary number of
oscillators. The method allows to determine at what frequencies the interaction occurs.

Keywords: partical directed coherence, coupling, nonlinearity, nonlinear systems, nonlinear coupling, high—
dimensional system.
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BBenenue

B nannoit pabore mccaeayoTca HOBbIe BO3MOXKHOCTH W OTPAHUYEHUA METOAA IACTHON Ha-
MIPaBJIEHHOI KOTEPEHTHOCTH. DTO YACTOTHO PABPEIIEHHBIN MONIX0J K OMUCAHUIO B3aUMOCBS3Ei
(nanpasierrst HHMDOPMAITMOHHOTO MOTOKA) MEXK/Iy MHOTOMEPHBIMU BPEMEHHBIMU PSIIAMHU, OCHO-
BAHHBI Ha JIEKOMITO3UITHH MHOIOMEDHBIX YACTHBIX KOMEPEHTHOCTEH, BBIYUCIEHHBIX [0 MHOTO-
MEPHBIM aBTOperpeccuonubiM Mozgesasm. Merox 611 BBenén B 1999 roxy rpynmoit Jlyuca bak-
kasa [1,2] crenmaabHo 71st paboThl ¢ HEHPOOUOJOIMIECKUMHU CUTHATaMU. BbITo 06bsiBIeHO, ITO
PDC tokazbiBaeT mpsiMOe BJIUSIHAE OJHON MOACACTEMBI HA JPYTYIO, HE MOKA3BIBAT KOCBEHHBIX
cBa3elr. JlanABIf METOA OCHOBAH HA TOCTPOSHUN JTHHENHBIX ITPOTHOCTHIECKUX MOTeTell, Hen3BeCT-
Hble KO3 MUIMEHTHI KOTOPBIX OIEHUBAIOTCS METOA0M HAMMEHBIINX KBaPATOB. 3aTeM K03(hdu-
IIUEHTHI, 3aBUCSIINE OT BpEMeHU, Npeobpasyrorcsa B K03 UIMEHThI, 3aBUCIIINE OT YaCTOTHI.
[MosTomy ero 3bheKTHBHOCTD /1Tl HEJMHEHHBIX CHCTEM HeoueBHIHA [2].
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[Mess HACTOAIIETO MCCIEAOBAHUSA — OIPEIAEINTD, OyIeT Jin TOT METOJ, IPABUIBLHO OIIPE/Ie-
JIATh HallpaBJIeHHOe B3aUMO/leiiCTBIEe HeJIMHEeNHBIX 110 IIPUPO/E CUCTEM, OLpeJedTh HeJIMHERHY O
CBS3b, & TAKKE IPOBEPUTH 3aBUCUMOCTH PE3YJIbTATOB OIEHKN CBA3aHHOCTM METOJIOM YaCTHON
HaITPABJIEHHON KOTEPEHTHOCTH OT MapaMETPOB: [TUHBI PeaJu3allini, YacTOThl JUCKPETU3AINH,
Pa3MEPHOCTH MOJIETH U OT apXUTEKTYPHI CBs3eil B cucremax |[3].

1. MeTtoauka

1.1. ITapameTpbl MeTOA U APXUTEKTYPbI cBsA3eii. YT0ObI BOCIPOU3BECTH OCHOBHBIE
BOBMOXKHBIC BaPMAHTBI CBA3aHHOCTHU ITOACHUCTEM (O,Z[HOH&HpaB.HeHHyIO CB4A3b, JABYHAIIDABJICHHYIO
CBS3b, OTCYTCTBUE B3AMMOICHCTBHS, OTIOCPEIOBAHHOE BO3IEHCTBYE), /sl KAZKIOT0 THIIA CHCTEM
obL10 caenano 1o 4 ocrmiaropa. OCnuLIATOPBI CBA3BIBAIN HECKOJTBKUMH CIOCOOAME, KOTOPHIE
CXeMaTUYecK! TTPeJICTaBIeHbl Ha puc. 1.

1. Tlepssiit BO3gelicTBYeT HaA BTOPOi, NMEPBBI W TPETHI B3AWMHO BAUMIOT OPYT HA IAPYTa,
9eTBEPTHIN OCIUIIIATOP KoJebsercst n3onuposanto (puc. 1, a). Ilpu takoii apXxuTekTy-
pe cB43ell, KpOMe BbIABJICHUA OQHOHAIIPABJICHHOIO U ABYHAIIPABICHHOIO B3aUMOACHCTBUL,
MOXKHO IIPOBEPUTH, KaK MEeTOJ pearupyer Ha OIOCPEIOBAHHYIO CBA3L C TPEThero Ha BTOPOM
OCLUJLIIATOP, & TAKXKE PEAKIUIO METOLa Ha U30JIUPOBAHHBIA OCIUJLIATOD.

2. Be mapbl JBYHAIPAaBJAEHHO CBA3AHHBIX OCHWIASITOPOB: TEPBBIH CO BTOPLIM M TPETHi C
gerBépreiM (puc. 1, b). Ilpu rakoit apxurekrype CBsI3ell MpoBEpSIeM PEAKIMI0 METOIA Ha
JABYHalIpaBJICHHOE B3aUMOAEHCTBUE, U KaK METOJ, pearupyer Ha OTCYTCTBYIOIIEEe B3anMO-
JeficrBue MexK/ly lapaMu CBA3aHHbIX OCLUJLIATOPOB.

3. Koabmo u3 Tpéx OCIUIIATOPOB: MEPBLIi BO3AEHCTBYET Ha BTOPOH, BTOPOit — Ha TpeTwnii, a
TPeTuii — Ha MepBbIii, YeTBEPTHIN OCIU/LIATOD BHOBb W30IMpOBaHHbIi (puc. 1, ¢). B takoii
CUCTEME KAXKIBII OCIUILIATOD B KOJIBIE BAUSET Ha KAXKJIbIH (YACTUYHO OMOCPEJTOBAHHO),
HO HEMOCPEIACTBEHHBIX ABYHAIIPABJICHHBIX B3aUMOICHCTBUN HET.

4. OguoHampaBJeHHAsT CBA3b MEXKIY TEPBBIM U BTOPBIM OCIIUJLISITOPAMU, TPETUI U YeTBEp-
THIH OCIUJLISTOPBI KOJEOTIOTCsT n30MpoBanio (puc. 1, d). 3mech B IEPBYIO 0Uepe/Ib MPOBe-
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C

Puc. 1. ApxurekTypa CBsi3eil: ¢ — MEPBBI OCIHU/LISTOD BO3IEHCTBYET HA BTODPOii, MEPBBIA ¥ TPETUH B3aMMHO
BIAUSAIOT APYT HA APYyra, YeTBEPTHIH OCIUIATOD KoJebsiercss M307IMPOBAHHO; b — aBe mapbl JBYHAIIPABIEHHO
CBA3AHHBIX OCHHUJIATOPOB: IEPBBLIII CO BTOPBIM WU TPETHHl € Y9eTBEPTBHIM; ¢ — KOJBIO U3 TPEX OCHULIATODOB:
epBBIil BO3AEHCTBYeT Ha BTOPOM, BTOPOM — Ha TPETHil, a TPeTUil — Ha MepBbli, YeTBEPTHIH OCHUJIATOP BHOBb
M30/IMPOBAHHBIN; d — OJHOHAIIPAB/IEHHAS CBA3b MEXK/y II€PBBIM U BTOPHIM OCIMLIITOPAMU, TPETHH U YeTBEPTHII
OCHUJIATOPBL KOJIEO/IIOTCH N30/IMPOBAHHO

Fig. 1. Coupling architectures: a — the first oscillator leads the second, the first oscillator and the third one
mutually affect one another, the fourth oscillator oscillates independently; b — two pairs of bidirectionally coupled
oscillators, the first oscillator is coupled with the second one and the third oscillator is coupled with the fourth
one; ¢ — the ring of three oscillators, the first oscillator drives the second one, the second oscillator drives the
third one, and the third oscillator drives the first one, the fourth oscillator is again isolated; d — unidirectional
coupling between the first and second oscillators, the third and the fourth oscillators are isolated
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psiercsi, Kak METOJ pearupyer Ha OJHOCTOPOHHEE BO3/eiCTBUE DE3 OIOCPEI0BAHHON CBSI3M.
A TakrKe MHTepeCcHa peakiids MeToJa Ha OTCYTCTBYIOIIEe B3aUMOMEICTBIE MEXKIY TPEThUM
M YEeTBEPTHIM OCIUJILATOPAMMU.

1.2. T'enepaTop ¢ >kecTKUM BO30y2k/aeHueM u norennmaaoM Tonpl (HesmmHeliHast
CHCTEMA C HEJIUHENHOM CBsi3b10). BBeném cucreMy, COCTOAIILY IO U3 HEJTMHEHHBIX OCIU/LIATO-
POB, CBSI3aHHBIX HETUHEHHOH CBA3bI0 (1). JlaHnHbIe OCIMIIATOPBI MOXKHO HA3BATEH OCIULIATOPAMA
¢ KECTKUM BO3OYKIeHHeM U moreHnunasoM Tomer (gamee cokparméHno «xk /B — Tombry ).

d2$i d:BZ' —x
a |7t L k) —al | Gl (L) =60, (1
i#i

TJIe | — HOMEp TEKYIIETO OCIM/LIATOPA, j — HOMED BO3JIEHCTBYOIIEro OCIIIIATOPA, KO3hduImenT
ces3u ki ; = 0.65, 1 = —0.05, ro = —0.08, 3 = —0.06, ry = —0.07, &(t) HopmanbHbILL Gesblil
my™ ¢ guctepcuneii w; = 0.25, mar pasen 0.01 [2].

Casi3aHHbBIE TEHEPATOPH! HAXOJAWINCH B PEsKUMe CUIHHO HEJIMHEHHBIX PeIaKCAIIMOHHBIX KO-
siebanuii ¢ OCHOBHOIO 4acTOTOI0 ~ 8 I'it m HosbIMM YMC/IOM BBICITUX TapMOHUK. Takoit pexum
paccMaTpHUBAJICA Kak MpoCTeiiias Moie b abcancos B [4].

2. Pe3ynbTaThi

CpaBHUB MTOJIy9eHHBIE METOOM YACTHOI HAITPABJIEHHONH KOTePEHTHOCTH CBSI3U puc. 2, b co
CXeMOMH, pe/ICTaBAeHHON Ha PUC. 2, a, MOXKHO 3aMETUTDL, UTO MeTOJ ToKazaj saugane RT N ma
KOPY, KOTOPOE B MOJIE/b N3HATAIBHO 3A/02KEeH0 He ObLI0, mpu roM Biauaaue ¢ RT'N wa VPM

N
[N N Gy

Puc. 2. ApxurekTypa CBA3M /I JUHAMUYIECKON ME30MaCIITa0HONH MOJE/NIN: ¢ — TI0 MOCTPOEHUIO, b — PEKOHCTPY-
WpoBaHHAs. UEpHBIE CTPEIKU IMOKA3BIBAIOT PEAJIHHO CYIIECTBYIONINE CBSA3M, CEPas CTPEJIKA MOKA3bIBAET JIOXKHO

METOI B HY2KHOM YaCTOTHOM JHAIIa30HE BLIABHUTL HE CMOT.

BbIABJICHHYIO CBA3b, HITPUXOBAA CTPEJ/IKA — IIPOIIYHIEHHYIO ME€TOJ0M CBA3b

Fig. 2. Coupling architecture for dynamical mesoscale model: a« — as constructed, b — as reconstructed. The black
arrows show the actual couplings, the gray arrow shows the falsely identified coupling, and the bar arrow shows
the missing by method PDC coupling

3akJirouenue

1. 3aBucumoctb OT ajinHbI peanusanuu. C yBeJndeHreM [JIMHBI aHAJU3UPYEMOTO Psiia
3HAYEHUS KOI'€PEHTHOCTU HA 9aCTOTAX, HA KOTOPBIX HET B3aMMOJIEUCTBU, & TAKXKe CYyppPo-
raTHBIA YPOBEHD 113/1a10T, & 3HaAYEHUA KOT'ePEHTHOCTH Ha PesleBaHTHBIX HYacTOTaX OCTal0TCd
MPaKTUYECKN HEM3MEHHBIMM.
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2. 3aBUCUMOCTh OT YaCTOTHI AUCKpeTu3anuu. [Ipn Tex 3HAUEHUSIX TaCTOTHI JUCKPETH-
3allil, KOTOPBIE MBI PACCMaTPUBAJIM, METO]T BE37l€ TTOKA3BIBAJ JOCTATOUHYIO TyBCTBUTE b~
HOCTb U CH(:‘]_[I/I(bI/IqHOCT]).

3. 3aBucuMOCTBH OT pazmMepHOcTU mMogesin. C ysequuenHne pa3MepHOCTH MOIEIn PaboTo-
CIOCOBHOCTH METOJIa CHAYAJA YIydaeTcs: (MOBBIIIAETCA IYBCTBUTEIBHOCT), & TIOTOM —
magaeT, TO €CTh CHe]_[I/ICbI/ILIHOCTb yTpauuBaeTCA — TOABJIAIOTCA JIO?KHBIE CBA3U Ha MPOU3-
BOJIBHBIX, TI0 BCEMY CIIEKTPY, YaCTOTaX.

4. 3aBUCUMOCTB OT apXUTEKTYPbI cBaA3u. Heoxxumanno, 3hPpeKTUBHOCTD UCCAETYEMOTO
[IOAXO0/IA, OKa3a/IaCh CHJILHO 3aBUCHMA OT apXUTEKTYpPhI CBsa3eil. Jlydine Bcero meron pabo-
TAET MPU B3AUMOJEHCTBUN B Mapax. XyzKe BCEr0 — B KOJIBIIE.

B pesynbrare Mox)HO cPOPMYINPOBATEH CAEAYIONINE TTPEUMYIIECTBA METO/IA:

® [IpU JIOCTATOYHOMN JJTMHE Psijie, YacTOTe BEIDOPKHU U PA3MEPHOCTU MEpa He MOKA3bIBAET OI0-
CPEe/IOBAHHBIX CBA3€H B OTJIMYWE OT MONAPHBIX METO/OB NpuamHHOCTH 110 ['peitnkepy u
SHTPOIINH IIEPEHOCA;

MOXKHO M3yYaTh CBA3AHHOCTH B aHcaMbJ/e U3 TPOU3BOJIBHOTO UHCJIA OCITHIISITOPOB;
® XOPOIo paboOTAET i BAITYMIEHHBIX BPEMEHHBIX DSIIOB;

® MOXKHO OIIPEJEJUTh, Ha KAKNX 9aCTOTaX NPONCXOAUT B3aUMOJIeCTBHE.
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