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Abstract. The purpose of this work is to show the mechanisms of transitions between different dynamic modes of spontaneous
astrocytic calcium activity. With this aim, dynamics of recently introduced Lavrentovich-Hemkin mathematical model was
examined by both analytical and numerical techniques. Methods. In order to obtain the conditions for the oscillations cessation,
the linear stability analysis for the equilibrium point was carried out. Complicated dynamics was studied numerically by
calculations of time traces and bifurcation diagrams. Results. The mechanisms of oscillatory mode development with the
increase of the maximal calcium flux out of the SERCA pump in the presence of low and high level of extracellular calcium
concentration were demonstrated. It was shown that emergence of oscillations occurs via supercritical Andronov-Hopf
bifurcation, and the properties of the oscillatory mode with further increase of the maximal calcium flux out of the SERCA
pump are highly dependent on the value of extracellular calcium concentration. Notably, emergence of chaotic spontaneous
calcium oscillations for specific level of calcium ions outside the cell was revealed. Conclusion. Based on the analysis of
various dynamical modes of spontaneous astrocytic chemical activity, the peculiarities in astrocyte-neuron interaction in
complex multicellular systems can be further investigated.
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Annomayun. Ilenv naHHOW PabOTHI — IMOKA3aTh MEXaHM3MBI MEPEXOIOB MEXIY Pa3lIUYHBIMH JHHAMHYIECCKUMH PEKH-
MaMM CIOHTaHHOH KaJIbI[MEBOH aKTUBHOCTU acTpouuToB. C 3TOH IeNIbI0 AMHAMUKa HEIABHO NPEICTaBICHHOM MaTema-
THYeckoil Monenu JlaBpeHTOBHYa—XeMKHHa ObLIa HCCIIENOBAaHA KAaK aHAIWTHYECKHMH, TaK M YHCICHHBIMH METOJaMHU.
Memoovi. 1 MOITy4eHUsT YCIOBUH MpeKpameHus KojeOaHWii ObLI MPOBEACH JIMHEHHBINH aHAIN3 YCTOWYMBOCTH TOUYKH
paBHoBecus. CroxHas TMHAMHKa U3y4dalach YUCICHHO B paMKaX MOCTPOCHHS peaau3aluii 1 6u(ypKalMOHHBIX JUarpaMM.
Pesynomamei. TIpogeMOHCTPUPOBAHEI MEXaHU3MBI PA3BUTHS KOJIEOATEIBHBIX PEKUMOB € YBEIMICHHEM MAaKCHMAaJIBHOTO IIOTOKa
kanbimsa dyepe3 SERCA-Hacoc mpu HU3KOM U BBICOKOM YPOBHE KOHIICHTpAIMHM BHEKJIETOYHOTO KaibIHs. bbuto moxasano,
4TO BO3HHKHOBEHHE KOJICOAHUI MPOUCXOIUT B Pe3ylbTare CylepKpuTuueckoi oudypkaunu Axnponosa—Xormnda, a cBoiicTBa
K0J1e0aTeIbHOTO pPeXUMa IIPU JajbHEHIIeM yBEIHMYSHUH MaKCHMAJIBHOTO IMoToka kanbnus yepe3 SERCA-Hacoc cmiibHO
3aBHCST OT BEJIMYMHBI KOHIEHTPAIMH BHEKJIETOUYHOTO KaJbIHsA. B yacTHOCTH, OKa3aHO, YTO MPH ONPEAEICHHOM ypPOBHE KOH-
LHEHTPAlUU NOHOB KaJIblIUA CHAPYXKU KIIETKU Ha6ﬂl0)laeTC$I BO3HHKHOBCHHUEC XaOTHUYCCKHUX CIIOHTAHHBIX KaJIBIITUEBBIX KOHeGaHI/If/’I.
3axnouenue. Ha ocHOBe aHanmM3a pa3IMUHBIX JHHAMHYECKUX PEXHMOB CIOHTAaHHOM XMMUYECKOH aKTUBHOCTH acTPOIUTOB
BO3MOXHO AajbHEiIIee n3ydyeHne 0coOEHHOCTEH B3aMMOAEHCTBHUS aCTPOIIUTOB U HEMPOHOB B CIOKHBIX MHOTOKJIETOYHBIX
CHCTEMAX.

Kniouegvie cnosa: matemMaTndeckoe MOJEINPOBaHUE, KOHIIEHTPAIHS KaIbIUs B aCTPOLUTAX, KOJTeOATEIbHBIN PEXHUM, CTAIHO-
HapHBII PEXKUM.
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Introduction

Neural networks are highly complicated collection of various interconnected structural units.
Few decades ago, it was believed that only neurons define the information processing in the brain.
Such representation of real neural networks allowed to obtain a lot of interesting and important results
concerning the coherence and synchronization of neural elements [1-8]. At the same time, recent studies
shown that a lot of factors can significantly modify the neuronal response [9-14]. Particularly, various
mathematical models for neuron-astrocyte interaction were introduced and examined [15-19].

Astrocytes are glial cells of the central nervous system that are capable to generate impulses
of chemical activity. This kind of chemical activity was experimentally detected by various methods
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of fluorescence and confocal laser microscopy, that allowed revealing the changes in concentration
of free cytosolic calcium in course of time. Extensive experimental study shown that astrocytes are
characterized by both spontaneous changes in calcium concentration [10,20,21], and calcium signals
caused by neuronal activity [22-24]. These astrocytic calcium concentration changes can be localized in
synapses or spread along the astrocytic network. Peculiarity of such chemical signal is in the presence
of oscillations with different amplitude in calcium concentration: the so-called blips and puffs [25].
Blips are short and weak peaks that correspond to the opening of one IP3R channel (or one tetramer of
an IP3R channel), while the puffs are longer and higher peaks resulting from the coordinated opening
of a group of neighboring IP3R channels (or their tetramers) through the calcium-induced calcium
release principle (CICR). Recently introduced Lavrentovich-Hemkin mathematical model [26] gives
clear description for these peculiarities of astrocytic response. This model allows taking into account
various physiological parameters: the flow of calcium from the extracellular space into the astrocyte’s
cytosol, IP3R-mediated flow of calcium from the endoplasmic reticulum (ER) to the cytosol and so on.
Since the appearance of various spatiotemporal changes in calcium concentration is associated with
various network functions, the analysis of the dynamic modes observed with the change of parameters
in corresponding mathematical model is of particular significance.

In this work, the role of the maximal calcium flux out of the SERCA pump” in changes of
spontaneous chemical activity in astrocytes is examined.

1. Description of the mathematical model

In accordance with Lavrentovich—-Hemkin model [26], calcium concentration changes in the
cytosol of astrocytes and in its endoplasmic reticulum, and Ca?*-dependent dynamics of inositol-1,4,5-
triphosphate (IP3) concentration are governed by the following equations:

d[Ca®Tt],

[dt]yt = Jl - kout[ca2+]cyt + JCICR - Jserca + k?f([ca2+]ER - [CaQ+]cyt)a
d[Ca?t

[dt]ER = Jserca - JCICR + kf([ca2+]cyt - [C32+]ER)7 (1)
[IP?)]Cyt

dt - JPLC - kdeg([IPS]cyt)7

where the expressions for Jyerca, Jorcr and Jprc are:

[Ca2+]g t
Jserca = VM2 " )
([Ca2+](2:yt + k%

[Ca ]2 kg, 0) ([Ca2 e +ke,p) J\ TPs]de +kip

ip3
[Caﬂ]g t
JpLc =0 Y .
v (([Ga?ﬂzyt R

2 24+71n m
Joicr = 4vars (( kCaA[Ca‘ ]cyt )( [IP?)]cyt >([Ca2+]ER—[Ca2+]cyt)7 )

Here, we consider the following set of parameters: vy;3 = 40 s™1, vp = 0.05 uM/s, ko = 0.1 uM,
kcaa = 0.15 uM, kcar = 0.15 uM, krp3 = 0.1 uM, k;, = 0.3 uM, kqeg = 0.08 s, kouw = 0.5 571,

*The sarco(endo)plasmic reticulum calcium transport ATPase (SERCA) is a pump that transports calcium ions from the
cytoplasm into the ER [27,28].
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kr=0.5 s71, n=2.02, m = 2.2. In [26,29], for these parameters and vy;o = 15 uM/s, the existence
of chaotic attractor was shown. Here, we focus on role of the parameter vy;o in both emergence of
irregular calcium activity and cessation of spontaneous calcium oscillations in the presence of various
level of extracellular calcium J;j,.

2. Results

2.1. Emergence of periodic oscillations
of calcium concentration. In order to obtain
the threshold for the oscillations birth, we
calculate the difference between the maximal and
minimal values of [Ca“]cyt with the change of
parameter vyso. Fig. 1 shows the curves obtained
for three levels of extracellular calcium. For
Jin = 0.03 uM/s, slowly growing dependence
for the amplitude of oscillations is observed. The
increase of Ji,, leads to the shift of the “quiescent—
oscillatory” threshold: for larger values of Jij,
transition to oscillatory mode for larger values of
vpre occurs. Moreover, for Ji, = 0.04 uM/s, the
growth of the amplitude is much faster then in _, ) ) »

. . . Fig. 1. Difference between the maximal and minimal values of
the previous case. With further increase of Jin, [Ca®t]eys oscillations with the change of parameter vys2 for
sudden jump in amplitude is observed. It should three values of Jin: Jin = 0.05 uM/s — red, Jin = 0.04 pM/s —
be noted that, for all considered cases, transition green and Jin = 0.03 uM/s — blue curves. Zero value of the
to oscillatory mode occurs through the Andronov— difference corresponds to the case of stable equilibrium state
Hopf bifurcation. To show this, the linear stability
analysis for the equilibrium point was carried out. Namely, the roots of the characteristic equation were
calculated. The results obtained for J;;, = 0.03 uM/s and J;,, = 0.05 uM/s are presented in Fig. and
Fig. , respectively. As seen from these figures, for Ji, = 0.03 uM/s, the real part of the complex
root (red curve in the figure) becomes equal to zero for vyso ~ 2.5 uM/s while for Ji,, = 0.05 uM/s the
Andronov—Hopf bifurcation is observed for vy;o ~ 11 pM/s.

W\

o
ISy

Jin =0.03

o
]

Jin = 0.05

/

0.0 2.5 5.0 7.5 10.0 12,5 15.0
Uiz, WM/s

o
N

max[Ca®],-min[Ca*]

©
i

o
o

. Im_———

Lo b
—
0.5 / -1 Re

0ol _—

-0.5
0 2 4 6 8 10 12 14 16 8 9 10 1 12 13 14
a Uz, uM/s b Usz, UM/s

Fig. 2. Roots of the characteristic equation for two values of Jin: Jin = 0.03 uM/s (@) and Ji, = 0.05 uM/s (b). Maximal
values of the real roots are shown by blue color, red and green curves correspond to change of real and imaginary parts of
complex roots, respectively
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2.2. Emergence of irregular oscillations of calcium concentration. To examine the changes
in oscillatory dynamics of the calcium concentration in the cytosol, we depict the values of its local
maxima on diagram with the change of v,s9 for two values of Ji,. In Fig. , the diagram obtained
for Ji, = 0.03 uM/s is shown. These data demonstrate the appearance of additional branch for
vpre > 11.7 uM/s. This branch is due to the one-blip (weak peak after the high main peak) emergence
in calcium concentration output. To show this, in Fig. and Fig. , the time traces for [Ca2+]cyt
when vyro = 10 uM/s and vpso = 20 uM/s are presented. As seen from these traces, the increase of
vpre leads to both the increase of puff’s amplitude and the increase of the interpuffs intervals, i.e. the
time between subsequent high peaks of calcium concentration.

Similar calculation of [Ca2+]cyt local maxima for Ji, = 0.04 uM/s (not shown) demonstrates
the successive transition from one-blip oscillations to two-, three-, two-, and again one-blip oscillatory
mode with the increase of vy o. As for Ji, = 0.03 uM/s, the amplitude of puffs smoothly increases with
the increase of the maximal flux of the calcium ions from the cytosol to ER of the cell.

The bifurcation diagram obtained for higher level of extracellular calcium, Jiy, = 0.05 uM/s,
looks differently. Fig. shows that oscillatory mode with high peak of calcium concentration (puff)
appears suddenly for vy /=~ 14.82 uM/s. To show this, in Fig. and Fig. , the time traces for
[Ca2+]cyt when vy = 14.8177 uM/s and vpso = 14.8179 uM/s are presented. It is seen that both these
oscillatory modes are chaotic. It can be shown that emergence of small-amplitude chaos occurs via
a period doubling cascade with the increase of vpso. For vpre > 15 uM/s, successive transition from
the regime with large number of blips (six-blips to five-blips etc.) to one-blip oscillatory mode can be
observed.

Finally note that, for higher levels of extracellular calcium, the chaotic dynamics of cytosolic
calcium concentration is not observed.
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Fig. 3. a - Bifurcation diagram obtained for maximal values of [Ca®"]c,¢ with the change of vas2 for Jin = 0.03 uM/s. Time
traces for [Ca®* ]y (t) when vpra = 10 uM/s and vas2 = 20 uM/s are shown in () and (c), respectively
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Fig. 4. a - Bifurcation diagrams obtained for maximal values of [Ca®T]., with the change of vaso. In the inset, the enlarged
part of the diagram is shown. Time traces for [Ca2+]cyt (t) when vare = 14.8177 uM/s and var2 = 14.8179 uM/s are shown
in (b) and (c), respectively. Ji, = 0.05 uM/s
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Conclusion

In this work, the dynamics of the astrocytic calcium concentration have been studied within the
framework of the Lavrentovich-Hemkin model. The impact of the maximal flux of the calcium ions
from the cytosol to endoplasmic reticulum of the cell has been analysed. The peculiarities of transition
to the quiescent mode have been studied. Emergence of chaotic spontaneous calcium oscillations for
specific level of calcium ions outside the cell has been revealed.

In [26], it was shown that chaos is possible in dynamics of spontaneous calcium activity. In this
study, we have demonstrated that even small variation in the maximal calcium flux out of the SERCA can
lead to stabilization of the spontaneous calcium dynamics: either small-amplitude periodic oscillations
(for less values of v;s2) or periodic oscillations with puffs (for larger values of v,2) are observed.

Since the changes in calcium concentration are able to modify the neuronal response, the
conditions for emergence of spontaneous calcium oscillations, that can be chaotic, particularly, is of
significance. Based on the analysis of various dynamical modes of spontaneous astrocytic chemical
activity, the peculiarities in astrocyte-neuron interaction in complex multicellular systems can be further
investigated. Nowadays biophysical investigations of the subcellular mechanisms of calcium signals
emergence in astrocytes is required due to recently identified roles of astrocytic signalling in synaptic,
neural network, and memory functions [30,31]. Understanding the complex dynamic mechanisms of
intracellular Ca?* activity has remained a major challenge and will open a new therapeutic opportunities
to fight against pathological and aging-induced impairments [32-34].
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