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Annomayus. Tema pabompl — aTTPAKTOPBI JIOPEHIIEBCKOTO THIIA B MHOTOMEPHBIX CHCTeMaX. PaccMaTpuBaeTcs LIieCTUMEpHas
MOJIEJIb, ONMCHIBAIOLIAS KOHBEKIMIO B CJIOE JKHUIKOCTHU C Y4ETOM IpuMeceii B arMocdepe 1 UIKOCTH, a TAKXKe BPALIEHUs 3eMIIH.
OcHoBHas yenv pabomel — UccenoBaHUE OU(ypKalMil B COOTBETCTBYIOLIEH CHCTEME U ONHCAHUE CLIEHAPHEB BOSHUKHOBECHHUS
Xa0THYECKUX aTTPaKTOPOB pasHOro thma. Pezyrsmamul. TlokazaHo, 4TO B paccMaTpHBaeMoOi CHCTEME MOXKET BOSHHKATh Kak
KJaccudyeckuid arrpakTop JlopeHia, Teopust Kotoporo Obuta paspaboTana B paborax AdpaiimoBuya—brixoa—IlInapHNKOBA,
TaK ¥ aTTPaKTOp HOBOTO THIIA, BU3yaJbHO MOXOXHUIT Ha arTpakTop JIopeHIa, HO comep Kalui IPH 9TOM CUMMETPHYHYIO T1apy
COCTOSIHUI paBHOBECHS. YCTaHOBICHO, YTO arTpakTop JIopeHIa B JaHHOH CHCTEME POXKAAECTCS B PE3YIbTaTe KIaCCHYECKOTro
cueHapus, npeaioxeHHoro unpHukoBbIM. [Ipe/utoxkeH HOBBIH CLeHAPUH BOSHUKHOBCHHS aTTPAKTOpa BTOPOTO THIIA B PE3YJIb-
Tare 6udypkaunii arrpakropa Jlopenua. B pabote Taroke 00CyKIar0TCsi TOMOKIMHUYECKHIE U FeTepOKINHIYecKe Oudypkauy,
HEU30E)KHO BO3HUKAIOIINE BHYTPH OOHAPYKCHHBIX aTTPAKTOPOB, & TAKKE HX BO3MOXKHAS IICEBIOTUINEPOOTNYHOCT.

Kniouegvie cnoga: xaoTnueckuil aTTpakTop, NCEBIOTHIEPOOIHYHOCTD, aTTpakTop JlopeHua, nokasarenu JIamyHoBa, FOMOKIIH-
HH4eckue OndypKauy, reTepoKIMHNIecKre OndypKarum.
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On Lorenz-type attractors
in a six-dimensional generalization of the Lorenz model
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Abstract. The topic of the paper — Lorenz-type attractors in multidimensional systems. We consider a six-dimensional model
that describes convection in a layer of liquid, taking into account impurities in the atmosphere and liquid, as well as the
rotation of the Earth. The main purpose of the work is to study bifurcations in the corresponding system and describe scenarios
for the emergence of chaotic attractors of various types. Results. It is shown that in the system under consideration, both a
classical Lorenz attractor (the theory of which was developed in the works of Afraimovich—Bykov—Shilnikov) and an attractor
of a new type, visually similar to the Lorenz attractor, but containing a symmetric pair of equilibrium states, can arise. It has
been established that the Lorenz attractor in this system is born as a result of the classical scenario proposed by L. P. Shilnikov.
We propose a new scenario for the emergence of an attractor of the second type via bifurcations inside the Lorenz attractor.
In the paper we also discuss homoclinic and heteroclinic bifurcations that inevitably arise inside the found attractors, as well
as their possible pseudohyperbolicity.

Keywords: chaotic attractor, pseudohyperbolicity, Lorenz attractor, Lyapunov exponents, homoclinic bifurcations, heteroclinic
bifurcations.
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BBenenune

AttpakTtop Jlopenria, BriepBbie 0OHapyxeHHBIH J. Jlopentiem B 1963 romy [1] B cucteme Tpex aud-
(epeHIaNbHBIX YPaBHEHHH, ABISETCS ONHUM M3 HanOoJee M3BECTHBIX U M3yUYEHHBIX TUIIOB CTPAHHBIX
artpakTopoB. Teopus arrpakropa Jlopenma 3anokena B 70-80-x romax [2—6]. OnuH u3 Hanboee s dek-
TUBHBIX CITIOCOOOB M3y4YeHMs JAHHOTO aTTPaKTOpa CBA3aH C MOCTPOEHHEM M aHAIN30M IeOMETPHUECKOM
Mozenu — oToOpaxkeHus nepsoro Bo3spaenus (Ilyankape) — BOMM3M mapbl FTOMOKIMHUYECKUX TPAEKTO-
puii (Tak Ha3bIBA€MOM TOMOKIMHUYECKON «BOCBMEPKU-0a00UKM») K CEUIOBOMY COCTOSHUIO PAaBHOBECHS
C OTHOMEPHBIM HEyCTOHUMBEIM MHOTOOOpasneM. Hanbonee nmpakTuyHas Mozens aTrTpakropa JlopeHia
npenjoxena B paborax AdpaiimoBuya—beikoBa—IllunbHukoBa [2,3]. ABTOpamMHu 3THUX pabOT JaHBI
JO0CTaTOYHbIe, 3((EKTUBHO MPOBEPSIEMbIe YCIOBHS, TApaHTHPYIOIINE THIIEPOOIHIHOCTh OTOOpasKEHUS
[Tyankape u, Kak cinencTsue, podacTHocTb arTpakropa Jlopenua. [ns cucremsl JlopeHua BelmonHeHHE
JIAHHBIX YCJIOBHH YHCIIEHHO ycTaHOBICHO B 1999 rogy B pabore Takepa [7]. Takum oOGpa3om, ObLIO
JIOKa3aHO, YTO OTKPBITHIN JIOpeHIleM aTTpakTop HEHCTBHUTENBHO SBIIETCS XaoTuueckuM. [Ipu stom
3TOT aTTPaKTOp HE SABISIETCSA TUIEepOOTMIEcKUM (CTPYKTYpHO ycToiuuBeiM). ComtacHo pabotam [2,3],
B HEM IIOTHB TOMOKJIMHMYECKHE TPACKTOPUH K COCTOSHHIO PAaBHOBECHS, & CJICHOBAaTENIbHO, JaXe CKOJIb
YTOIHO MaJible BO3MYIIECHHS CUCTEMBI IIPUBOISAT K OU(YpPKALISIM.

I'inep6onnueckye 1 JIOPEHIEBCKUE (CUHTYIIIPHO-THIIEPOOIMYECKUE) aTTPAKTOPhl BXOAAT B Oolee
LINPOKKH KJIacc MCeBAOTHIIepOoInIecKuX aTTpakTopoB. CornacHo paboram [8—10], cHCTEMBI ¢ TICEBIOTH-
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NepOOTNUECKUMH aTTPAKTOPAMH JIOIYCKAIOT Pa3jIoyKeHHne KacaTeIbHOIO MPOCTPAHCTBA B MIPAMYIO CyMMY
JIByX HEIPEPHIBHO 3aBUCSIIMX OT TOUKHU JIMHEUHBIX MOANPOCTPAHCTB: LEHTPAIbHOI0-HEYCTOMUNBOIO
E u cunpHO cxxumatoniero F%°. [luddepeHnualn cucTeMbl SKCIIOHEHITUAIEHO PACTATHBAET 00BEMBI
B MOATNIPOCTPaHCTBe F“Y, 4TO rapaHTHPyeT MOJIOKHUTEIFHOCTh TMOoKa3arens JIsmyHoBa y mr000d Tpa-
€KTOpUU aTTPaKTOpa, U SKCIIOHEHIMAIBHO COKMMAET JII0OBIE HAIlpaBJICHUs B MOAIPOCTpaHCTBE F°°.
[Ipu 3TOM pasnokeHne Ha 3Ty Mapy NOANPOCTPAHCTB ABISETCA TOMUHAHTHBIM, TO €CTh JII000E CxKaThe
B E*° sBnsiercs Oonee CHIIBHBIM, Ye€M BO3MOXHBIE CkaTus B F/°“. D10, a TakKe HelpephIBHAS 3aBUCH-
MOCTB ITOJITPOCTPAHCTB OT TOYKH TapaHTHUPYET, YTO MAaKCUMaJIbHBIN MMOKa3arenb JIsmyHoBa ocTaeTcst
MOJIOKHUTENBHBIM Y JTI000H TPaeKTOPUH aTTPAKTOpa MPH MaJbIX BO3MYIICHUSIX.

B manno# pabote MBI uccieayeM 0000ImeHne KiIaccudecKkoil cucteMsl JIopeHia, yauTsIBaroIiee
npuMecH (TBep/ble YacTHIbI B aTMOocdepe, a TakKe MATKHE YaCTHIIbI, pAaCTBOPEHHBIE B MOPCKOW BOJIE)
U BpalieHrue 3eMiId. Y4eT HOBBIX XapaKTEPUCTUK B MPOIECCE KOHBEKIIMH IO3BOJISIET MOIYYUTh Oojiee
¢u3nveckn 000CHOBaHHYIO CHCTEMY, 3aJ]aBaeMYI0 IIECThI0 YpaBHEHUSIMA. J1J1s 3TOH CUCTEMBI MBI TIPO-
BOAUM TOApOOHBIN OndypkaunoHHbIH aHamu3. OcoOblil HHTEpEC CBA3aH C HCCIeI0BaHHEM OndypKauuii,
HNPUBOISIINX K POXKICHUIO Xa0TUYECKUX aTTpakTopoB. ONHUM U3 OCHOBHBIX PE3YyJIbTaTOB SIBIISIETCS
o0OHapyKeHHE JIOPEHILIEBCKOTO aTTPaKTOpa HOBOTO THUIIA, KOTAA B arTpakrope JIopeHIa Hyl1eBoe coCcTos-
HUE paBHOBECHS MpeTeprieBaeT OndypKamnuio «BUIKa», B PE3yNBTaTe YeTro OHO IOJydaeT IByMEpHOe
HEyCTOWYMBOE MHOTOOOpa3ue W BBIXOMUT U3 arTpakTopa. [locie 3Toii Oudypkamm arTpakTop COIepKUT
JIBa CEIUIOBBIX COCTOSTHHS PAaBHOBECHS C OJHOMEPHBIMH HEYCTOHYMBBIMA MHOTOOOPA3NsIMI, 3aMbIKaHUS
KOTOPBIX ¥ 00Pa3yIOT 3TOT aTTPaKTop.

Crarps opranu3oBaHa CleAyIomuM obpa3oM. B paszaene 1 MbI ciepBa MPUBOIUM KIACCHYIECKYIO
cuctemy JlopeHna, HannomMuHaeM ee (PU3NYECKUI CMBICH, TIOCTIE Yero JTaeM [IeCTHMEpPHOe 00001eHne
JTaHHOM CHCTEMBI, paHee NpeangoxeHHoe B padore [11]. B pa3aene 2 mpuBeneHsl pe3ylbTaThl JOKaIb-
HBIX OM(ypKanuii COCTOSHUI paBHOBECHS B IIECTHUMEPHOW CHCTEME, MpUBEJeHa COOTBETCTBYIOIIAs
OoudypkanuonHas AuarpaMma Ha IUIOCKOCTH napamerpos. [anee, B pasnene 3, Mbl JOMOJHSIEM 3Ty
uarpaMMy pe3yibTaTaMy YUCICHHOTO OM(YpKAIIMOHHOTO aHaIHM3a ¢ MoMoIbio makera MatCont [12,13]
U pe3ynbraTaMy IOCTPOEHHUs JuarpamMmsl nokasarenei Jisnynosa. Ha nonydeHHON KapTe peXUMOB Mbl
BBIZICTISIEM OOJIACTH CYIIECTBOBAHUS aTTPaKTOPOB pa3Horo tuma. OcoOblil HHTEpec CBA3aH ¢ OOHapyKe-
HueM obnacTeil cyliecTBOBaHMs aTTpakTopa JIopeHlla u aTTpakTopa HOBOTO THUIIA, CONEPIKAILIETO Mapy
CENTOBBIX COCTOSIHMH paBHOBecHs. B pasaene 3 MbI Taxke MPUBOAMM PE3YIbTAaThl OAHOIIApaMeTpHye-
CKOTO OM(YpPKAIIMOHHOTO aHAJM3a, OMHCHIBAEM CIICHAPHH BOZHUKHOBEHUS aTTPAaKTOPOB JIOPEHIIEBCKOTO
Tuna. B 4yacTHOCTH, MBI MOKAa3bIBAE€M, YTO B paccMaTpUBAEMOil IIECTUMEPHON CHUCTEME aTTPaKTop
Jlopennia Bo3HMKaeET, kKak U B cucteMe JlopeHiia, B pe3ynbrare peanusaiuu ciieHapus [llunpHukosa [14].
B nanHOM pasnerne Mbl Takke NPUBOAMM HOBBIM CIIEHapUW Iepexona oT arTpaktopa JlopeHua Kk HOBOMY
TUIy aTTPaKTOPOB, COAEpKAIEMy Mapy CEIJIOBBIX COCTOSIHUM paBHOBecus. B pasaene 4 Mbl uccnenyem
TOMOKJIMHHYEeCKHEe Ou(ypKaly, BO3HUKAIOIIE B 00IacTH CyllecTBOBaHMs arTpakTopa JlopeHua, a Tak-
e TeTepoKIIMHnYeckrne OndypKamnny, BOSHUKAIOIINE TPH TIepexo/ie Yepe3 TPaHullbl CYIIEeCTBOBAHUS
arTpakropa JlopeHnia B 065acTh CyIIECTBOBAHMS aTTpakTOpa HOBOTO THUMA. BBIBOIBI M 00CyXAeHUA
3ama4 Ha OyayIee MpHUBEICHBI B 3aKIIOYCHNH.

1. Cucrema JlopeHua u ee mecTuMepHoe 00001IeHUE

Brnepsrie artpakrop JlopeHiia Obu1 0OHapykeH aMepuKaHCKMM MeTeoposoroM J. JlopeHuem
B 1963 roay B TpexMepHO# cructeMe nudGepeHITMAIBHBIX YPaBHEHHUH:
=0y —x)
Yy=—z2+rr—y (D)

z=uxy — bz.
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r= 28 r = 13.92699

Puc. 1. TIloBenenne HeycroiumBbix cemaparpuc I'1, 'z cocrosuus pasuosecus O(0,0,0) B cucreme Jlopenra (b = 8/3, 0 =
= 10): @ — r = 28, cenaparpucsi I'1, I'> 06pa3sytor arrpakrop Jlopenua; b — r ~ 13.927, cemaparpucsi I'1, I'2 Bo3Bpamatorcs
B CEIUIOBOE COCTOSIHUE PABHOBECHS, 00pa3ys TOMOKIMHHUYECKYIO «BOCBMEpKy-0a00uky». S1, S2 — CHMMETpHYHas mapa
ceuI0-(pOKYCHBIX COCTOSIHUM paBHOBeCHs (I[BET OHJIAKH)

Fig. 1. Behavior of unstable separatrices I'1,I's of the equilibrium state O(0, 0, 0) in the Lorenz system (b = 8/3, o = 10):
a —r = 28, separatrices I['1, s form the Lorenz attractor; b — r ~ 13.927, separatrices I'1, "2 return to the saddle equilibrium
state, forming a homoclinic figure-eight butterfly. S1, S2 is a symmetric pair of saddle-focus equilibrium states (color online)

JlaHHas crucTema moylyuyeHa Kak IepBoe HeTPUBHAIBLHOE MPHONIKEHNE I 33/1a4l KOHBEKIMH B TUIOC-
KOM CJIO€ BOIBI. 31€Ch IIEPBOE YPaBHEHUE ONMCHIBAET ABMKCHME JKHAKOCTH IO 3akoHam HbroToHa,
BTOPO€ YpaBHEHHE 33JaeT 3aBUCUMOCTh TEMIIEpaTyphl OT BPEMEHHU B MPOIECCE TEPMOPETYIISALNH, TPETHE
ypaBHEHHE OTpa)kaeT HEeTPEePHIBHOCTH TOTOKa cpenbl. COOTBETCTBEHHO, TapaMeTphl B cucteme JlopeHia
HUMEIOT CIeIYIOUNi PU3HYECKUI CMBbICT: 0 — uuciio [Ipanamis, 3ToT mapameTp omnpenenseT nogodue
TEIUIOBBIX NPOIIECCOB B ra3zax M JKHIAKOCTAX; r — Oe3pasmepHoe uncio Peness — xapakrepusyer mo-
BEJCHUE XKHUJIKOCTU IIPH U3MEHEHUH TEMIIEPaTyphl; b — reoMeTpHUYECKUi apaMeTp, OTBEHAIOLINH 3a
TypOyIEeHTHOCTb.

Artpaktop Jlopenna B cucreme (1) nzobpaxen Ha puc. 1, a. Ha puc. 1, b npuBeneH mopTpeT B MO-
MEHT TOMOKJIMHIYECKON OM(ypKaIun «BOChMepKa-6a004dKay, Urparolieil BaKHEHIIYIO POJIb B TEOPUHU
arTpakTtopa Jlopenua [2,3].

B pa6ote [11] npennoxeHo ¢pusmdecku obocHOBaHHOE 0000IeHHE crucTeMbl JIopeHIa, 3ajaBaeMoe
nrecTsio AU GepeHInaIbHBIME YPAaBHEHUAMU

(i = o(y —2) — o(Le) " w + s,
Yy=—-xz+re—uy,
z=uxy — bz,
(2)

V= —x — oV,

W= —zu+ cx — (Le) tw,

(4= zw— (Le)™'bu.

B a0l cucteme, B OTIMYME OT TPEXMEPHON CHCTEMBI, IOMUMO JOOABICHUS TPEX HOBBIX IIEPEMEH-
HBIX, TIOSBIISIIOTCS OTIONMHUTENBHBIC TApaMeTphl: ¢ — 0e3pa3MepHBIN MOKa3aTellb, XapaKTePU3yIOIUi
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OTHOILICHHE MEXIY TEIJIOBOH M MU PY3MOHHOH SHEPrusMH B MpolLecce KOHBEKIHMH; Le — YHCIO
JIpronca — Oe3pasmepHbIil K03 UIMEHT, onpenensieMblii OTHOLIEHHEM MacCcOlepeHoca Ha I0Ka3arellb
TEIJIONIPOBOAHOCTH; § — FEOMETPUUYECKUN IIapaMeTp, ONMKMCHIBAIOLINI BpallleHUE MOAEIBLHON PAMKHU.
3ametum, uto npu (Le) ™! = 0 u s = 0 B mecTUMepHOi cHcTeMe OT/ENSeTCs TPEXMepHas TIOJICH-
cTema, coBmajiatonias B cuctemoii Jlopenma. Ipu 3anynennn napametpos (Le) ™! u s mo oTaensHOCTH
B LIECTUMEPHON CHUCTEME OTAEIAETCS YEThIpEXMEpHas U MATUMEPHAs MOACUCTEMBI COOTBETCTBEHHO.

2. budypkauuu cocTosiHuii paBHOBeCUSA
Cucrema (2), aHaOTHYHO KJIaccH4ueckoi Mozenu Jlopeniia, o0nagaeT cuMMeTpruen
S:x—> -1, y—=> -y, 2= 2, V= —U, W— —W, U —> U

B Heii Bcerma cymiecTByer TpuBHaibHOE cocrosinue pasHosecus O = (0,0,0,0,0,0). B 3aBucumocTn
OT 3Ha4YEHUH MapaMeTPOB TaKKe MOTYT CYyILIECTBOBATh €IIE /1Ba UM YEThIPE COCTOSHUS PABHOBECHSL.
Jnis manpHEHINX MCCIeI0OBaHNi MBI 3a(UKCHpYEM MapaMeTphI

b=28/3, ¢=20, (Le)"'=0.1, s=10 (3)

1 OyjieM MPOBOJUTE MCCIEI0BAHUS CUCTEMBI (2) Ha TUIOCKOCTH MapameTpoB (7, 0).
Ha puc. 2 npuBenena OudypkanuoHHas guarpaMma cOCTOsSHHM paBHoBecusi. Ha kpusoit SN
HMPOUCXOIUT CEAJIO-y3/10Bast OudypKanus, B pe3yibrare 4ero clpasa OT 3TOH KPHBOH POXKIAETCS elle

(¢}
25 N
e NI S
.-cegno(ll,z)
o @
© O
@ © o o

®
@ O / ®

@

| /
& @0 | ;AHS s

0 50
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Puc. 2. budypkaunonHas auarpamma JUis CUCTeMBI (2) Ha IJIOCKOCTU HapameTpoB (O, T), OCTaJbHBIC MapamMeTpsl 3aduK-
cupoBanbl contacHo (3). Ha mpuBeneHHBIX KPUBBIX IPOUCXOIAT ciexytomye Oudypkannu: SN — mapa ceio-y3JIoBbIX
oudypkaunii, AHy — 6udypxarms Annponosa—Xomnda cocrosuus paHoecus O, PF — oudypxarus «Buika» 1t O,
AHs, s, — 6udypkanus Annponosa—Xornda a1t COCTOSIHUHA paBHOBecust S1, So. Bo BcTaBkax BHYTPH PHCYHKA yKa3aHbI
KOH(UTYpalyy U THI COCTOSIHUI paBHOBecHs (LIBET OHJIAIH)

Fig. 2. Bifurcation diagram for system (2) on the parameter plane (o,r), other parameters are fixed according to (3).
The following bifurcations occur on the depicted curves: SN — a pair of saddle-node bifurcations, AHy — the Andronov-—
Hopf bifurcation of the equilibrium state O, PF — the pitchfork bifurcation of O, AHs, s, — the Andronov—Hopf bifurcation
of the equilibrium states S1, .S>. The insets inside the figure indicate the configurations and the type of the equilibrium states
(color online)
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JIBE TIapbl COCTOSIHUI paBHOBecHs: S1 U So — ycToitunBkie, a Takke O1 u Oy — celyia ¢ OJTHOMEPHBIM
HEYCTONH4MBBIM MHOT0OOpasueM. Cocrosinue paBHoBecHs () SBISETCS YCTOHYMBBIM CIIeBa OT KPUBOM
AHy, Ha KOTOpOi OHO TIpeTeprieBaeT OHpypKanuio AHapoHoBa—Xorda, B pe3yibrarte uero TepseT
YCTOWYHBOCTh M CTAHOBUTCS CeIT0-(HOKYCOM C IBYMEPHBIM HEYyCTONYUBHIM MHOTOOOpa3HeM CIpaBa OT
3TOU KPUBOM.

Mexnay kpuBbiMd SN u AH( B cucteMe TpH YCTOHYMBBIX cOCTOsTHUS paBHOBecust O, Sp, S
U JIBa CEJUIOBBIX cOCTOsiHUSA paBHOBecus (1 u Oy ¢ OJHOMEPHBIM HEYyCTOHYHMBBIM MHOTOOOPa3UEM.
Crnpaga ot kpuBoii AH( B cucteme JiBa yCTONYMBBIX COCTOSIHHSI paBHOBecHs S1 U So, JiBa CEAJIOBBIX
COCTOSIHUSI PABHOBECHS C OJJHOMEPHBIM HEYCTOHYMBBIM MHOT0OOpasueM O1 u O, a Takke CeaoBoe
COCTOSTHHE PaBHOBECHS C JABYMEPHBIM HEyCTOH4MBBIM MHOrooOpasuem O. Kpusas PF' orBeuyaer Ou-
byprarmn «Busika» paBHoBecus (. CrpaBa OT 3TOM KPUBOH KOH(UTYpalHs COCTOSHUI PaBHOBECHS
B cuctemMe (2) Takas ke, kak B cucteme Jlopenna (1), a ”MEHHO, CYyIIIECTBYET TPU COCTOSIHUSL PABHOBECHSI:
O — ceio ¢ OAHOMEPHBIM HEYCTOWYHMBBIM MHOTOOOpasueM u Si, Sa. Ciea ot kpuBoit AHg, g, 31
JIBa PAaBHOBECHSI YCTOMUUBBIC, a CIIPaBa — CTAHOBITCS CEUI0-(QDOKYCaMH B Pe3ylibTaTe CyOKPUTHUYECKON
oudypkaruu AHIpoHOBa— X0Tda.

3. XaoTnueckasi JUHAMHMKA U ATTPAKTOPHI JIOPEHIIEBCKOI0 TUIA

Jlist BBISIBIICHUS 00JIACTEH ¢ XaOTUYECKOW TMHAMHUKOW MOCTPOMM AMarpamMmy rokasaresieit JIs-
I[yHOBa Ha IUIOCKOCTU MapaMmeTpoB (0, 7), puc. 3, a. [lyis ynoOCcTBa Ha 3Ty OuarpaMMy HaJIOKEHbI
BBIIICONMCAHHBIC KPHUBBIE JIOKANBHBIX OM(ypKauuii coctosHuil paBHOBecHs. Ha momyueHHOH kapre

Puc. 3. Kaprsr pexxumos (1000 x 1000 Todek) Ha IIIOCKOCTH MapaMeTpoB (r,0): a — IUISL CHCTEMBI (2) ¢ mapaMeTpamy,
3agaHHBIME cortacHo (3); b — ms cucremsl Jlopenra (1) npu b = 8/3. N306pakeHHbIe KPUBBIE OMUCAHBI B MOAIKCH K PHC. 2,
OIMCaHNe [BETOBOM CXEMBI IIPUBEJCHO B JIETEH/IE ClIeBa CBEPXY, rae A1 > Ap — aBa crapmmx nokasareins JlsmyHoBa (1BeT
OHJTAIH)

Fig. 3. Charts of regimes (1000 x 1000 points) on the plane of parameters (r, ¢): @ — for system (2) with parameters fixed
according to (3); b — for the Lorenz system (1) with b = 8/3. The depicted curves are described in the caption to Fig. 2, the
description of the color scheme is given in the legend shown in the top-left inset, where A1 > A2 are two maximal Lyapunov
exponents (color online)
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Puc. 4. ATTpakToph! TOPEHLIEBCKOTO TUMA B cucTeMe (2) npu 6 = 3 (ocTalbHBIC TapaMeTphl 3adUKCUPOBaHEI coracHo (3)):
a —r = 25 (B TOUKe p1 Ha KapTe PeKMMOB — crpasa oT KpuBoit PF); b — r = 21.1 (B Touke p2 Ha KapTe PEKUMOB —
cieBa oT kpuBoii PF’). Bo BcTaBke Ha puc. b n300paKeH YBEIHYCHHBIH (parMeHT (a30BOro NOpTpeTa BOIU3H COCTOSHHIA
paBHoBecust O, O1, O2. Pa3HbIM LIBETOM ITOKa3aHbl pa3HbIC CENapaTpPHChl: CHHUM M KPACHBIM — CElapaTpHCchl COCTOSHHUN
paBHoBecust O, O1, )KENTHIM U 3€JIEHBIM — CelapaTpuchl cocTosiHUs paBHOBecHs: O2 (LIBET OHJIAIH)

Fig. 4. Lorenz-type attractors in system (2) with 0 = 3 (other parameters are fixed according to (3)): a — r = 25 (the point p;
on the chart of dynamical regimes — to the right of the curve PF); b — r = 21.1 (the point p2 on the chart of dynamical
regimes — to the left of curve PF’). The inset in Fig. b shows an enlarged fragment of the phase portrait near the equilibrium
states O, O1, O». Different separatrices are shown in different colors: blue and red — separatrices of the equilibrium states
0O, O1, yellow and green — separatrices of the equilibrium state Oz (color online)

PEXKHUMOB BUHO, YTO OOJbLIAsI YaCThb 00NACTH C XaOTHUECKON AMHAMHUKON HaXOIHUTCS CIpaBa OT KPHBOU
PF, orBevaronieil OudypKaluu «BUIKa» cOCTOsTHUS paBHOBecus: O. OHaKo HEOONBIIONH (parMeHT
001acTH CyIIeCTBOBaHUSI XaOTHUYECKOTO aTTPaKkTopa Takke Halmromaercst ciieBa oT KpuBo PF', rie
CYIIECTBYET ISTh COCTOSIHUI PaBHOBECHSI, @ COCTOSIHUE paBHOBecHst () UMEET IByMEpHOE HEYyCTOHYHNBOE
MHOrooOpasue. ITo CyIIeCTBEHHO OTIIMYaeT PacCMaTpUBAEMyIO0 IIECTUMEPHYIO CHCTEMY OT KJlacCu-
yeckol cucteMbl JIopeHIia, rae CTpaHHbIe aTTPAaKTOPHI CYIIECTBYIOT JIUIIb B TOW OOJIACTH TIIOCKOCTH
napameTpoB (7, 0), Iie CHCTeMa UMEET TPU COCTOSIHHUSI PABHOBECHSI,  COCTOsIHKUE paBHOBecust O sBIIsI-
eTcs CeIJIOM C OMHOMEPHBIM HEyCTOMYMBBIM MHOT000pasueM, CM. puc. 3, b, Ha KOTOPOM H300pakeHa
IarpaMMa rokasarenei JismyHosa s cucteMsl (1).

Ha puc. 4 npuBeneHs! ¢a3oBble MOPTPETHI AN IBYX THIIOB CTPAHHBIX aTTPAKTOPOB B cHcTeMe (2).
Ha puc. 4, a u3o0paxen arrpakrop B Touke p; : (r,0) = (25,3) — cnpasa oT KpuBoii GrdypKamun
BUIIKa. JlaHHBIHA aTTPaKTOp BU3yalbHO HEOTIIMYMM OT KIacCH4ecKoro arTpakropa Jlopenua (cp. puc. 4, a
u puc. 1, a). Ha puc. 4, b u3o0paxen arrpakrop B Touke py : (r,0) = (21.1,3), xorga cemosas
Touka O UMeEeT AByMEpHOE HEyCTOWYMBOE MHOr0OOpa3re U He BXOAWT B aTTpakTop. B manHoM ciyuae
aTTPaKTOP COIACPKUT CHMMETPHUHYIO Mapy coctossHui paHoBecus: O, Oy. Hackolbko HaMm M3BECTHO,
paHee 0 CyLIeCTBOBaHMM TAaKUX aTTPAKTOPOB HE COOOIIATIOCH.

OTMeTHM, 9TO MEXaHHU3MBI pa3pylLIeHHs] aTTPAaKTOPOB JIOPEHIIEBCKOTO THIIA B PE3ysbTare Ou-
(bypKay «BUJIKa» CUMMETPUYHOTO PaBHOBECHs paHee Habmonanuch B Apyrux cucremax. Hampuwmep,
B cucreme JlroOumoBa—3akca [16] B pe3ynbrare Takoil OudypKaiy ceaoBoe COCTOSHUE PaBHOBECHS,
BXOJisIlIlee B aTTpakTop PoBeusl (aTTpaKTop JIOPEHIIEBCKOTO THIIA, Y KOTOPOTO CeIoBasi BelUYHHA'

1Ha.HOMHMM, YTO CEUIOBas BEJIMUMHA BHIYUCIIACTCS KaK CyMMa JICHCTBUTENILHBIX YacTed nmapbl ONMKaWIINX K MHUMOH ocu
COOCTBEHHBIX YHCEIl, OJTHO M3 KOTOPBIX YCTOWYHBOE, & BTOPOE HEYCTOMYHBOE.
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Puc. 5. IpaduK 3aBUCHMMOCTH MaKCHMAJbHOIO HoKa3atels JIamyHoBa B cucreme (2), mocTpoeHHsiii o 10* Toukam Broms
Mapipyta pi1p2 : 0 = 3,7 € 20.65,24.7. B rouke r = rpp & 22 CeAI0BOE COCTOsHUE paBHOBecHs O, BXOMAIIECE B aTTPAKTOP
JlopeHna nperepreBaeT OHpypKAIMIO BHJIKA», YTO, OFHAKO, HE CKa3bIBAETCS HA MOHOTOHHOM 3aBUCUMOCTH IoKazarens JIsmy-
HOBa OT MapaMeTpa. DTOT SKCIEPUMEHT CBHAETENBCTBYET O BO3MOXKHOH MCEBIOTUNEPOOTNIHOCTH HCCIELYeMBIX Xa0THIECKUX
aTTpakToOpoB (L[BET OHJIAMH)

Fig. 5. The graph of the maximal Lyapunov exponent in system (2), computed by 10? points along the route pips :
o = 3,7 € 20.65,24.7. At the point r = rpr ~ 22, the saddle equilibrium state O, belonging to the Lorenz attractor,
undergoes the pitchfork bifurcation, which, however, does not impact to the monotonic dependence of the Lyapunov exponent
on the parameter. This experiment indicates the possible pseudohyperbolicity of the studied chaotic attractors (color online)

ABISIETCA OTPHULATENbHON [17]), CTAHOBUTCS YCTOMUYMBBIM, M B €r0 OKPECTHOCTH POXKIAeTcs Iapa
CENIJIOBBIX COCTOSIHMH paBHOBECHS C OHOMEPHBIM HEYCTOMUMBBIM MHOT0O0Opa3ueM.

B ciygae cuctemsl (2) mociie OudypKarun «BHIKa», TAKKe POXKIASTCS Mapa CEIIOBBIX COCTOSI-
Huii paaosecust 01, O2 ¢ OTHOMEPHBIM HEYCTOWYHMBBIM MHOT000pa3ueM, OJHAKO MPU 3TOM COCTOSTHHE
paBHOBecusi () ocTaeTcsl HEYCTONYMBBIM, a XaOTHYECKUI aTTpakTop He paspymaercs. bonee Toro,
MaKCUMaJbHBIN MoKa3aTenb JIAmyHoBa A aTTpakTopa MEHsETCs IJIaBHO MPU MEPEXOJie Yepe3 KPUBYIO
oudypkamun «Buika» PF (cMm. puc. 5). DTo TOBOPUT O TOM, YTO B pe3yibTare OM(ypKaluu «BHI-
Ka» XaOTHYECKHUI aTTpakTop, colepxamuii napy cocrosnuii papHoBecust O1, O, MOXKET OCTaBaThLCs
TICEBOTUTICPOOTNIECCKUM.

Jlanee mpociequM, Kak 3BOJIONMOHUPYET aTTpPakTop B cucteme (2) Broib Mmapumpyra AB :
0 = 23,r € [20,40] (cm. puc. 3), IPOXOJSIIEro Yepe3 00IacTh, Te B paCCMaTPHBACMON CHCTEME,
Kak M B KJaccHueckoil cucreme JlopeHma, TpH COCTOSIHUSI paBHOBecus, a paBHoBecue O — celio
C OJJHOMEPHBIM HEYCTOWYMBBIM MHOTOOOPA3HEM.

B Hauane mapmipyra HeycToiuuBbie cenapatpuchkl ['1 u 'y paBHOBecuss O cTpeMsTCS K YCTOHYM-
BBIM COCTOSIHUSIM PaBHOBECHUS S1 U S COOTBETCTBEHHO (CM. pHcC. 6, @). [Ipu r =~ 21.55 3TH cenmapaTpucs
BO3BpaIIawTcs 00paTHo B Touky O, TO ecTh HaOIIOAeTCsl TOMOKIIMHIYECKast OndypKanus «BoChMepKa-
6aboukay, cM. puc. 6, b. [Tocne 3Toit Oudypkany B cUCTEME POXKIAETCS apa CeIJIOBBIX NEPHOINIECKUX
tTpaekropuit L1, Lo, cenaparpuca I'y ctpemuTtcs x So, a cenaparpuca ['o — k S1, cM. puc. 6, ¢. Kpome
TOT0, BMECTE C PACILEIUIEHHNEM TOMOKIMHUYECKOH Ondypkannyu «BochMepKa-0adouka» B CHCTEME TAKXKe
pOKIaeTcsl HeTPUBUAIBHOE THIIEPOOIMIECKOe MHOKECTBO C OJTHOMEPHBIM HEYCTOMYHMBBIM MHOT000-
pasuem. Ilpu r =~ 30.75 HeycroitunuBble cenaparpuchl ['1, ['s moxkarcs Ha ycToHYHBBIE MHOTOOOpa3us
MIePUOANYECKUX TpaekTopuid Lo, L1 cOOTBETCTBEHHO (CM. puC. 6, d), B pe3ynbTrare dero mpu 7 > 30.75
B cucTeMe poxkaaercs arrpakrop JlopeHua (cM. puc. 6, ). CHauana oH COCyLIECTBYET C Iapoi yCTOM-
YHUBBIX COCTOSHHMI paBHOBecHUs S, .S>. [locne BaumaHus B HUX NMEPUOAMYECKUX TpaeKTopuil Li, Lo
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r=21.55251152103989

z 2039

40

Puc. 6. IloBenenue HeycToiunBbix cenaparpuc I'1, I'2 coctosaus pasaosecust O(0, 0,0) B cucteme (2) npu ¢ = 23 (ocTaib-
HbIC TapaMeTpsl 3aMKCHPOBaHbI corliacHo (3)): ¢ — HeycroitunBble cenaparpuchl I'1, > HaMaThIBAIOTCS HA yCTOHYHBBIC
paBHoBecus S1, S2; b — FOMOKIMHUYECKAsE «BOCbMEpKa-0abouka»; ¢ — HeycToi4uBble cenaparpuchl I'1, > HamaTeIBalOTCS
Ha S2, 51, COOTBETCTBEHHO, & M3 TOMOKIMHHYCCKON OU(YpPKALHU POKAACTCS TTapa CEUIOBBIX MEPHOINYECKUX TPACKTOPHHA U
HETPUBHAIILHOE TUIIEPOOIHIECKOe MHOXKECTBO; d — cenaparpucsl I'1, ['2 oxkarcst Ha ycToifurBble MHOTOOOpasust epHOAH-
Y4eCKHX Tpaekropuid L1, La2; e — arTpaktop JIOpeHIa COCyLIECTBYET ¢ Mapoil yCTOHYMBBIX COCTOSIHUH paBHOBECHS S1 U S2;
f — mocne oudypkanuun Annponosa—Xornda arrpakrop JlopeHIa ocTaeTcs €MHCTBEHHBIM aTTPaKTOPOM B CHCTeMe (IBET
OHITaiH)

Fig. 6. Behavior of unstable separatrices I'1, I'2 of the equilibrium state O(0, 0, 0) in system (2) with 0 = 23 (other parameters
are fixed according to (3)): @ — unstable separatrices I'1,I'> wind onto stable equilibria S1, S2; & — homoclinic butterfly;
¢ — unstable separatrices I'1,I'2 wind onto Sz, S1, respectively, and a pair of saddle periodic trajectories and a nontrivial
hyperbolic set are born from the homoclinic bifurcation; d — the separatrices I'1, I'2 lie on stable manifolds of periodic orbits
L1, L2; e — the Lorenz attractor coexists with a pair of stable equilibrium states S; and Sa; f — after the Andronov—Hopf
bifurcation, the Lorenz attractor remains the only attractor in the system (color online)

B pe3ynbTare cyOKpuTHueckoi oudypkanun AnaponoBa—Xorga arrpakrop JlopeHua ocraercs eauH-
CTBEHHBIM aTTPaKTOPOM B cucTeMe (2), cM. pHuc. 6, f. OTMeTHM, YTO AAHHBIA CIICHAPHI COBIAIAET
co cueHapueM llInnpHUKOBa, B pe3ynbTare KOTOporo obpasyercs arTpaxrop JlopeHua B Kinaccuyeckoit
cucreme JlopeHna.

4. O roMOKJIMHUYECKUX OU(pypKaAUAX «BOCbMepKa-0a00ukay

B nanHOM pa3zzmerne mpuBeAeHBI pe3yabTaThl ABYXIapaMeTPHUECKOTO aHAIN3a TOMOKIMHUYECKOH
oudypkamum «BochMepKka-0adboukay B mectuMepHol cucteMe (2). CooTBETCTBYOIINE OH(ypKAITHOHHBIE
JMarpamMmbl TOCTPOEHBI € MIOMOIIBI0 TaK Ha3bIBAEMOTo MeToja HuAMHT-1uarpamm [18-21]. CornacHo
Teopun AdpaiimoBuda—breikoBa—IllnnpHNKOBa [2, 3], TOMOKIMHUYECKHE METIN IUIOTHBI B 00JIaCTH
cymectBoBanus arrpakropa Jlopenina. B pabore [18] ¢ moMolipo MeToja HUAUHI-AHATPAMM 3TOT
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sddexr ObuT IpogeMoHcTpHUpoBaH st cucteMbl Jlopenua (1), B pabote [19] — s cucremsr nmuiy—
Mopmnoka, a B padorax [20,21] — mjis MIECTUMEPHON MOIEIH ONTHYECKOTO Jiazepa.

CYTL MCTOJa HUAWHI-AUarpaMm 3aKJIr0o4acTCsd B KOAUPOBAHUU ITOBEACHUA O)IHOﬁ nu3 HCYCTOﬁ-
YHUBBIX Cemaparpuc coctostHus pasHoBecus: O (aampumep, ['2(0)), coBepiuaroiieir 060pOThl BOKPYT
COCTOSIHHH paBHOBecus Sz U 51, C MOMOIIBIO TOCIEIOBATEIBHOCTH HYJICH U €IUHULI (B 3aBUCUMOCTH OT
TOTO, BOKPYT KaKOTO COCTOSHHSI paBHOBECHS COBEpIIAETCS OUepeqHON 000pOT) U MPUCBOCHUU KaXKITOH
TaKOW MOCIIe0BaTeIbHOCTH YHUKAJIBHOTO IBeTa. HUaMHTr-narpaMMa — 3TO IBETHAs KapTa Ha IUIOC-
KOCTH TapameTpoB. JIto0oe u3MeHeHre CUMBOJIa B ABOWYHON MOCIIEOBATENBHOCTH (TIPU IBMKEHUHU
BIOJIb JTI000T0 MapuipyTa Ha MJIOCKOCTH IapaMeTpOB) OTBEYAET BOSHUKHOBEHHIO TOMOKIMHUYECKOH
OndypKranum «BochMepka-6adbodka». 3a cyeT BEIOOpa KOHTPACTHOW MaMTPBI HA HUAMHT-AHArpaMMe
yaaeTcs BH3yalIn3UPOBaTh KPUBBIE TaKUX On(ypKaIwid.

Pesynprarel paboThl METOIa HUIUHT-AHATPAMM JIJISI CUCTEMBI (2) IpUBEACHBI HA puUC. 7, a. 31ech
MBI IPUMEHSITA METOJ] TOJIBKO JUIs TOCTPOEHUsI AUarpaMMsl clipaBa oT KpuBod PF’, rae cuMMeTpuYHOe
paBHOBecrue O UMeeT OJHOMEPHOE HeyCTOWYHBOe MHOTOOOpasue. Ha puc. 7, b, 1t cpaBHeHHUs, MBI BOC-
MIPOM3BOIUM PE3YIIBTaThl IOCTPOCHUS HUIMHT-rarpaMmMsel i cuctemsl Jloperna (1). M3 mocTpoeHHbIX

AuarpaMm MOKHO CA€JIaTh CJICAYIOUIME BbIBOIBI.
e Humunar-guarpamMma Juis cHCTEMBI (2) crpaBa oT KpuBoi P F' 1oxoka Ha HAJUHT-IAArpaMMy IS

cuctemsl Jlopenmna (1).

e KpuBble rOMOKIMHUYECKUX OU]ypKauii 00pa3yroT peryisipHoe cJIoeHHe B OOJbIIel yacTu pac-
cMaTpuBaeMoH IJIOCKOCTH MapamMeTpoB. Hanndue Takoro ciioeHusl, B COYETAHUN C MOHOTOHHOM
MIOJIOKUTENBHOCTRI0 MaKCHMaJIBHOTO TI0Ka3arens JIsmyHoBa (cM. puc. 3, a u puc. 5), SBIseTCS KOC-
BEHHBIM IPU3HAKOM TOTO, YTO PacCMaTpUBAEMBbIE aTTPAKTOPHI B IIECTUMEPHOI cucTteme (2), Tak ke
KaK M aTTpaKTophl B Kiaccuueckoi cucreme Jlopenua (1), MOTYT OBITH NCEBIOTUIEPOOTNYECKUMH.

e B cucreme (2), kak u B cucteme (1), Ha HUIUHT-HAarpaMMe OTYETIMBO BH/IHBI [BE CHHTYIISIPHOCTH.
[IpaBass CHHTYISIPHOCTH OTBEYACT TaK Ha3bIBacMOM OBIKOBCKOH Touke [22,23], oTBedaromiei

257

20

15

10

15 24 33 42 51 60 15 24 33 42 51 60

Puc. 7. HuauHr-1uarpaMMBsl Ha IIIOCKOCTH MApaMeTpoB (7, 0): @ — IJTs MEeCTHMEPHO crcTeMsI (2) TIpu MapamMeTpax, 3aIaHHBIX
cornacHo (3); b — ans cucremst Jloperna npu b = 8/3. JIuHUM CMEHBI IBETA HA PUCYHKAX OTBEYAIOT FOMOKITMHHYECKUM
OudypranusiM «BocbMepKa-6abouka», YepHble KPUBbIC HallIeHbI ¢ moMonIbio nporpammel MatCont, yBenudeHHble GparMeHThI,
BBIJICIICHHBIE MTPSAMOYTOJFHUKAMH, ITPUBEICHBI Ha pUC. 9 (LBET OHJIAIH)

Fig. 7. Kneading diagrams on the plane of parameters (r, 0): a — for the six-dimensional system (2) with parameters fixed
according to (3); b — for the Lorenz system with b = 8/3. The color change curves in the figures correspond to homoclinic
“figure-eight-butterfly” bifurcations, the black curves were found using the MatCont package, the enlarged fragments highlighted
by rectangles are shown in Fig. 9 (color online)
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32 BOSHUKHOBEHHE T€TEPOKIMHUYECKOTO KOHTYpPa, COSIUHSIONET0o coCcTosiHus paBHOBecust O u Sy
(O u S, mo cummerpuu S). B cucteme JlopeHnia Takast TOUKa JISKHUT HA TPAHUIIE CYIECTBOBAHUS
arTpakTtopa Jlopenna [23,24]. MoXXHO TpPETONIOKUTh, YTO U B pacCMaTpUBaeMOM II€CTUMEPHON
cucreme (2) crpaBa OT 3TOW TOYKH aTTPAKTOP HE MOXKET OBITH IICEBIOTUIEPOOTNIECKIM.

Crnesa ot kpuBO# Oudypkanuu Buika PF cocrosHue paBHOBecHs () UMeET IByMEPHOE HEYyCTOM-
YMBOE€ MHOrooOpasue M, Kak ObIJI0O OTMEUEHO BBINIE, BBHIXOAMT M3 arTpakropa. Ilpm 3ToM KpHuBBHIE
TOMOKJIMHHYEeCKUX Oudypkaruii cocrostuus paBHoBecust O, BTBIKAsCh B KpuBYI0 PF', 3aKkaHIMBaIOT-
cs Ha 3TOoM KpuBOoH. TakMM MOMEHTaM OTBEYaIOT TOMOKIMHHYECKHE Ondypkanun KopazMepHOCTH 2
(mns cucTeMsl ¢ CHMMeETpHEl ), KoTrJa COCTOSHHE PaBHOBECHSI C TTapOil TOMOKIMHUYECKUX TPAaeKTOpUit
HUMEeT HyJIeBOe COOCTBEHHOE YHCIIO.

AHayornuHas oudypkamus paccMaTpuBajack paHee. B paborax [25,26] ommcaH ciydaid, KO-
r1a B pesynbTrare Ondypkanun «BHIKa» CUMMETPHYHOTO CEIJIOBOTO COCTOSHHUS PAaBHOBECHS C Mapoit
TOMOKJIMHUYECKUX TPAEKTOPHUH POXKAAECTCS YCTOMYMBOE COCTOSIHHE PaBHOBECHS M CHMMETPUYHAS Ta-
pa CeUIOBBIX COCTOSHMM paBHOBecus. Miumoctpaunu K 3Tod Oudypkanuu NpHUBEICHB Ha pHC. 8.
Ha puc. 8, a n3obpaxxeHna OudypkaunoHHas auarpamMma. 31ech KpyuBas h 0TBe4aeT CyIIEeCTBOBAaHUIO
Yy CEAJIOBOTO COCTOSIHUSI PABHOBECHS Iapbl TOMOKIMHUYECKUX TPAeKTOpHUil («BOChbMepKe-0abouke»)
(cMm. puc. 8, b, a Takxke puc. 1, b). Ha kpuBoii PF' coctostaue paBHoBecus O mpereprieBaetr oudyp-
KallUI0 «BWJIKa»: CJIEBa OHO SIBJISIETCS CEUIOBBIM, a CIpaBa — YCTOHYMBBIM, a B €0 OKPECTHOCTH

PF h,

<
c 0 d
Puc. 8. budypkanus ceamoBoro CoCTOSHHS PAaBHOBECHS € TTapOil TOMOKIMHUYECKHIX TpaeKTopuit [25,26]. a — budypkanuonHas
nuarpamma: h, hy — roMmoknuHn4eckue oudypxamuu, PF — Oundypkanun Buika, h, reTepoxiInHudeckas Oudypkaums.
b — TOMOKJIMHHYECKAsT «BOChMEpKa-0abouka» Ha KpuBOi h, ¢ — merns cemaparpuchl 11t O (O2, M0 CHMMETPHH) Ha KPHBOM
ht, d — rerepoxknuHndeckuit kKoHTyp Mexay O1 u Oz Ha KpuBo# hy, (LBET OHIIAH)

Fig. 8. Bifurcation of a saddle equilibrium state with a pair of homoclinic orbits [25,26]. @ — Bifurcation diagram: h, hy —
homoclinic bifurcations, PF — pitchfork bifurcations, hy — heteroclinic bifurcation. » — Homoclinic butterfly occurring on h,
¢ — separatrix loop for O; (O2, by symmetry) occurring on h¢, d — heteroclinic cicle between O; and Oz occurring on hy
(color online)
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pOXKIaeTcs mapa CeIIOBbIX cocTosiHui paBHOBecusi O1 U Oz. B paborax [25,26] nokazaHo, 4TO U3
TOYKHU epeceyeHus KpUBbIX h U P F BBIXOIUT mapa KPUBBIX hy U hp, OTBEYAIOIINX TOMOKIMHUYECKOH 1
reTepOKIMHNYECKON Ondypkanuu coorBeTcTBeHHO. Ha kpuBoii hy coctostHne paBHOBecust ()1 UMeeT
TOMOKJIMHHYECKYIO TPaeKTOpHIO (1o cumMeTrpuu, O Takke UMeeT TOMOKIMHUYECKYI0 TPAaeKTOPHIO),
CM. puC. 8, ¢, a Ha KPUBOH hj; BO3HUKAET reTePOKIMHHYECKAs TPACKTOPHSI U3 COCTOSHUSI PABHOBECHS
01 B O3 (no cummetpu, uz Oz B 0O1), cM. puc. 8, d. BaxxHO OTMETUTB, YTO BO BCEX CIIydasx BTOpas
napa HeyCTOIYMBBIX cenaparpuc coctosHuil papHoBecus O 1 O2 Beerna CTPEeMHUTCS K CHMMETPHIHOMY
YCTOIYMBOMY cOCTOSIHUIO paBHOBecHs O.

B Hamem ciydae B cucreMe (2) ¢ CHMMETPUYHBIM CEIUIOBBIM COCTOSTHHEM paBHOBecusi O Tpouc-
XOAMT Apyroi tun oudyprauun «Buiaka». [locne sToit Ouypkanuu, KaKk ¥ B OMMMCAHHOM BBIILE CIydae,
B OKPECTHOCTHM CHUMMETPHUYHOIO COCTOSIHHUS paBHOBecus: () poKIaeTcs mapa CEIVIOBBIX COCTOSHUI
PaBHOBECHS C OZTHOMEPHBIM HEYCTOWYHMBBIM MHOT00Opa3neM, OHaKo caMo paBHoBecre ) CTAaHOBHTCS
CEIVIOM C JIByMEPHBIM HEYCTOMYUBBIM MHOTOOOpasreM. TakuM 00pa3oM, HU OJHA M3 HEYCTOWYMBBIX Map
cemaparpuc He ctpemurcs k O mocie OudypKanum.

C noMo1uIpi0 METOAOB MPOJOJKEHUS TI0 TapaMeTpaM, peann3oBaHHbIX B makere MatCont [12,13],
HaM yZaJIoCh IPOCIEIUTh 3a IIapaMH «BHEIIHUX» HEYCTOHYUBBIX CENapaTpUC COCTOSHUM paBHOBECHUS
01 1 Os, pOXKIAIOIINUXCA CIeBa OT KpUBO P F'. AHaJOrMYHO OMMCAHHOMY BBIIIE CIy4ar0, MOCIe COOT-
BETCTBYIOIIECH On(ypKauy «BHIKa», KPUBbIE TOMOKIMHIUECKUX OudypKaLuii «BochMepKka-6abouxar
pa3aBavBaIOTCS Ha Hapbl KPUBBIX, & UMEHHO: U3 KaKIOH TOYKHM IEPECEUeHHs] 3TUX KPHUBBIX C KPH-
Boit PF HaneBo BBIXOJMT Mapa KPMBBIX hi M hi, OTBeHalOMMUX BO3HMKHOBEHHIO TOMOKIMHHYECKUX
¥ TeTEPOKIIMHUYECKUX TPAeKTOpHii: Ha KpuBOH h! nesas (npasas) cenaparpuca pasHosecus O1 (02)
00pa3yeT roMOKJIMHUYECKYIO NETII0, TI0A00HO TOMY, KaK U300pakeHO Ha puc. 8, ¢, a Ha KpUBOH hj
neBas (mpaBasi) cenaparpuca paBHoBecus (1 (Oz) crpemurcs k pasaosecuto Oz (O1), To ecTb 00pazy-
€TCsI TeTEPOKIMHUYECKUI KOHTYD, aHAJIOTUYHBIH KOHTYpY, H300pakeHHOMY Ha puc. 8, d. Pe3ynbraTsl
OM(ypKaIMOHHOTO aHalIN3a N300pa)KeHbI Ha pUC. 7 cieBa OT kKpuok P F'. YBenudueHHBIC GparMeHTHI
3TOHM JAMarpaMMBbl, BbIIEIEHHBIE MIPSIMOYTOJIbHIKaMH, MIpUBEIEeHbI Ha puc. 9. OnumeM 6osee moapobHo
MOJTy4YEHHbIE Pe3YNIBTaThI.
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Puc. 9. VBemuenHbIe GparMeHThl HUIUHT-IMArPaMMbl, BhIICIEHHEIE Ha puc. 7. h', h?> — KpHBBIe TOMOKIMHIHYECKHX GudypKa-
umi «BockMepKa-6a6ouka» coctostus pasHoBecus O; hi, h? — KpHBble TOMOKIMHHUECKHX NETEIh COCTOSHUS paBHOBecHs O
(O2, no cummerpun) hj, hi — KpUBbIE TETEPOKIMHAYECKUX OH(YPKALMi MeXITy COCTOSHUAMH paBHoBecus O1 u O (uBeT
OHJIAIH)

Fig. 9. Enlarged fragments of the kneading diagram highlighted in Fig. 7. h', h? — curves of the homoclinic figure-eight
bifurcations of the equilibrium state O; h{, h? — curves of the homoclinic loops of the equilibrium state O; (Oa, by symmetry);
hi, hi — curves of the heteroclinic bifurcations between the equilibrium states O; and Oz (color online)
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Ha puc. 9, a, cripaBa ot xpuBoii PF', oTMedeHa ofiHa U3 KPUBBIX, OTBEYAIOIINX TOMOKINHHYECKOH
«BOCBMepKe-6abouke», h!. Pacronoxenne TaHHOI KPUBOI HA IPaHHIIE XKENTOi M KOPUUHEBOH obnacTel
XOPOIIIO COIIACYETCs ¢ Pe3y/bTaTaMU MOCTPOEHUS HUAMHT-IuarpamMmbl. U3 Toukn PF N h' naneso ot
kpuBOit PF BBIXOJUT Tapa KPUBBIX by 1 hg, OTBEYAIOUINX BO3HUKHOBEHHUIO TOMO- U T€TEPOKINHUYECKON
oudypxamuii, onucanHpx Bbime. Ha puc. 9, b orMeueHna Takas ke Oudypkanust B HHKHEH dacTH
6udypKaIMOHHO# uarpaMme! (kpusbie h?, h? u h%).

3akiarouenue

B nanno# paboTe MBI N3y4YHIIN HEKOTOPBIE 0COOEHHOCTH XaOTHYECKOW JUHAMHKH B IIIECTUMEPHOM
cucreme (2), obobmiaromeil knaccuyeckyro cucremy Jlopenma. B yacTHocTH, 0OHapyXeHO JBa THUIa
CTpaHHBIX aTTPAKTOPOB U OMMCAHBI CIIEHAPUU MX BO3HUKHOBEHHUsA. K mepBoMy THIly aTTpakTOpOB
OTHOCHTCSI KIIACCHYECKHH arTpakTop JlopeHma. 3TOT aTTpakToOp COOEPKUT CUMMETPUYHOE CEIJIOBOE
cocrostHue paBHoBecHss () C OITHOMEPHBIM HEYCTOHYMBBIM MHOTOOOpa3HeM M UMEET XapaKTEePHYIO
y3HaBaeMyto Gopmy (cM. puc. 4, @). Bropoii Tum artpakTopoB siBisieTcsi HOBbIM. OH COIEPIKUT Mapy
CEIUIOBBIX COCTOSIHUI paBHOBECHS], KOTOPbIE BO3HUKAIOT B pe3yJbTare OM(ypKauuu «BUIIKa» COCTOSHUS
paBHOBecus (), KOTOpoe 1ocie 3Tol OudypKauy NoyydaeT IBYMEPHOE HeyCTOHYMBOE MHOroo0Opasue u
BBIXOIUT U3 arTpakTopa (cM. puc. 4, b). Oba Trma arTpakTOPOB MOTYT OBITH IICEBIOTHIIEPOOTHIECKIMH.
MBI rIaHupyeM IPOBECTH YUCIEHHYIO IPOBEPKY MX MCEBJOTHIEPOOIMYHOCTH B CeayIomiei pabore.
Eme ogna 3agada Ha Oynmymiee cBs3aHa C TEOPETHUECKUM HCCIIEIOBAHUEM aTTPaKTopa HOBOTO THIIA.
MB!I naHupyeM MIOCTPOUTH ISl HETO TeOMETPUIECKYI0 Mozemb (onobHyro Monenu AdpaliMmoBuya—
brixoBa—IlInnpHuKOBa miist aTTpakTopa JlopeHma) W HaHTH YCIIOBHUSA, TIPH KOTOPBIX ATOT aTTPaKTOp
SIBIIAETCS TICEBIOTUNEPOOTNIECKMM. B 3aKimroueHHe OTMETHM, YTO BCe OOHAapy>KEHHBIE B CHCTEME
Xa0THYECKHE aTTPaKTOPhl JEMOHCTPUPYIOT B UHUCJIEHHBIX 3KCIIEPUMEHTAX JIMIIb OAWH MOJOKUTEIBHBIN
nokasarenb JIAImyHoBa, HECMOTPS Ha TO, YTO Pa3MEPHOCTb CUCTEMBI TIO3BOJIAET MOTYYUTh aTTPAKTOPEI
C HECKOJIbKUMH TIOJIOKHUTENFHBIMY TI0Ka3aressiMu. Takum o0pa3om, elne oHa 3a/1a4a Ha Oyry1ee cBsI3aHa
C WCCIIEIOBAaHUEM BO3MO)XHOCTH BO3HHMKHOBEHHS B PACCMAaTpHBAEMOM CHCTEME THUIEPXAO0THYECKHUX
aTTPaKkTOPOB.
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xaoca, Oudypkanuii ¥ CTpaHHBIX aTTPAKTOPoB. ABTOp Oonee 50 HaydyHBIX pabOT B BEAYIIUX
POCCUIMCKUX U MEXIYHapOAHBIX JKypHaJax.
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