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Abstract. The purpose of this study is to investigate the optimization of parameters of an elastic beam equipped with dynamic
vibration absorbers under transverse oscillations. Special attention is given to improving the efficiency of vibration suppression
by selecting optimal system parameters, as well as analyzing the influence of mass ratio and installation positions of the
absorbers. Methods. The problem is formulated within the framework of classical beam theory. The solution of transverse
vibration equations is obtained using the Bubnov—Galerkin method, which allows reducing the governing partial diftferential
equations to a system of ordinary differential equations. Additionally, the vertical tangents method is applied to determine
optimal tuning conditions of dynamic vibration absorbers based on amplitude—frequency characteristics. For the case of multiple
absorbers, the method of expansion in eigenfunctions (natural modes) is used to construct approximate analytical solutions.
Results. Analytical expressions describing the damping efficiency of transverse vibrations are obtained. It is shown how the
optimal parameters of dynamic absorbers depend on the mass ratio and their spatial configuration along the beam. The study
demonstrates that the use of two parallel-installed dynamic absorbers significantly improves vibration suppression over a
wider frequency range. The amplitude—frequency characteristics of the system are analyzed, and optimal tuning parameters are
identified for various boundary conditions. Conclusion. The proposed approach provides an effective framework for optimizing
vibration control systems in elastic beams. The combined use of the Bubnov—Galerkin method and the vertical tangents method
ensures high accuracy and computational efficiency. The obtained results can be applied in engineering design of structures
requiring enhanced vibration suppression.
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Annomauus. Llenvio naHHON pabOTHI ABISETCS MCCICIOBAHUE 331a4K ONTUMU3ALMI IIapaMETPOB YIIPYrod OaJKy ¢ JMHAMHYe-
CKHMHM TacuTesIMU KoJIeOaHui npu monepedHsix BuOpamnusix. Ocoboe BHUMaHKE YIENSETCs MOBBILICHNIO 3P ()EKTHBHOCTH
MIOZIAaBICHUS KOoJeOaHu 3a CUET ONTHMAIBHOTO TOA00pa MapaMeTPOB CHCTEMBI, a TAK)Ke aHAIN3Y BIUSHUS MacCOBOTO OTHOIIE-
HUSI M PacHOJIOKEHNsI racuTesiel Boib Oanku. Memoowr. IlocTaHOBKA 3aja4y BEIIIOJHEHA B paMKaX KJIACCHYECKOW TEOpUH
ynpyrux 6anok. J[yns pemieHus: ypaBHEHHH MONepeyHbIX KonebaHuil ucnonb3yercs: Metos, byonoBa-T"anépkuHa, mo3BoJISIONIHI
CBECTH HCXOIHYIO KPAaeBYIO 3aady K CHCTeMe OOBIKHOBEHHBIX AU(depeHIHaIbHBIX ypaBHEHUH. JJOTIONMHUTENBHO IPUMEHSETCS
METOJ/I BEpTHKAIBHBIX KacaTeJbHBIX IS OTPEACICHUS ONTHUMAIBHBIX MapaMeTPOB HACTPOWKH ITUHAMHYECKUX TacCHTEICH
Ha OCHOBE aHaJM3a aMIUIUTYJHO-4aCTOTHBIX XapaKTEePUCTHK. B cilyuyae cUCTeMbl ¢ HECKOJIBKHUMM IacUTENSIMH pELICHHE
CTPOMTCS C UCTIOIB30BAHUEM METOJa Pa3oKeHus Mo GopmMaM coOCTBEHHBIX KojeOaHuil. Pesyavmamul. I1omydeHsl aHAIUTH-
YEeCKHe 3aBUCUMOCTH, XapaKkTepu3yromue 3()(HeKTHBHOCT TeMII(HPOBAaHUS MOTIEPEYHBIX KOJIeOaHUH Gallki. YCTaHOBICHO
BJIMSIHAE MacCOBOIO OTHOLICHUS U MOJIOXKEHUs AUHAMMUYCCKUX racuTesledl Ha UX ONTHMalbHble napameTpsl. [lokasano, uto
HUCIIOJIb30BaHUE JIBYX NapalUIC/IbHO YCTAHOBJICHHBIX JTUHAMHUYCCKUX TracUTEJICH MO3BOISET CYLUIECTBEHHO PAaCUIMPUTL JUAIla30H
3¢ peKkTUBHOTO MonaBneHus Konebanuil. [IpoBenéH aHanM3 aMIUTMTYIHO-9aCTOTHBIX XapaKTEePHUCTUK CHCTEMBI U OIIPEAEICHBI
ONTHMAJIBHBIC TTAPaMETPhl HACTPOWKH NPU Pa3IMYHBIX TPAHUYIHBIX YCIOBUSX. 3axnouenue. [IpenoKeHHBIN TOIX0 SBIS-
ercst 3(GEeKTUBHBIM UHCTPYMEHTOM JUIs ONTHMHU3ALUU CUCTEM BHOPO3alUThl ynpyrux 6anok. CoBMECTHOE IMpUMEHEHHE
MeTona byonoBa-I"anépkuHa 1 MeToa BEPTUKAIBHBIX KacaTeIbHBIX 00ECIIEYNBACT BHICOKYIO TOYHOCTh M BBIYHCIUTEIBHYIO
a¢dexTuBHOCTD. [lomydeHHBIE PE3yabTaTEl MOTYT OBITh HCIOJIB30BaHBI IIPH MPOCKTUPOBAHHU HH)KCHEPHBIX KOHCTPYKIIHIA
C TOBBIMIEHHBIMU TPEOOBAHUAMH K CHIDKEHHIO BUOpAIIHIL.

Knrwouegwie cnosa: ynpyras 6aika, oneparop Jlamnaca, n3rubaroniiii MOMEHT, AMHAMUYECKUH racuTelb KojleOaHui, momnepey-
HBIE KOJIe0aHMs1, aMIUTUTYJHO-9aCTOTHAs XapaKTePUCTHKA.

Jna yumuposanus: Kudratov A. E., Khudazarov R. S., Yuldosheva O. O. Eliminating transverse vibrations on an elastic beam
using absorbers [Kyopamog A. D., Xyoazapoe P. C., IOnoowesa O. O. IlonapieHue monepedHsIx KoJIeOanuii ynpyroi 6aiku ¢
HCTIONB30BaHUEM THHAMUYECKHX mortotuteneii| // U3sectus By3os. [TH/. 2026. T. 34, Ne 3. C. 420-431. DOI: 10.18500/0869-
6632-003216. EDN: WCVTIS
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Introduction

Modern development of engineering and technology requires the design of elastic beams with
economical and low material consumption. In this context, problems associated with transverse vibrations
of elastic beams often arise. Insufficient investigation of methods for solving transverse vibration
problems leads to the necessity of introducing additional design modifications during the stages of
design, construction, and commissioning. This, in turn, results in increased development time or changes
in the main performance characteristics of the product, thereby reducing the consumer properties of
elastic beams [1-4].

Numerous scientific studies are devoted to the problem of vibration suppression in systems with
distributed parameters using dynamic vibration absorbers. It has been shown in [5, 6] that when a
dynamic vibration absorber is attached to a beam, an additional natural frequency of the system appears.
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This frequency is close to the partial natural frequency of the absorber and, depending on the system
parameters, may be lower than, higher than, or equal to the absorber’s partial frequency.

Experimental investigations [7] present a comparative analysis of beam vibrations with two
dynamic vibration absorbers symmetrically positioned relative to the beam ends. In this case, the
governing differential equations of motion are nonlinear and require the application of appropriate
analytical and numerical solution methods.

In works [8], nonlinear vibration problems of a beam with a dynamic vibration absorber are
analyzed, taking into account elastic-damping properties of the hysteresis type under harmonic excitation.
Solutions of the governing equations are obtained in the form of transfer functions.

The dynamics of nonlinear oscillatory systems [9], as well as their stability [10], have been
extensively studied. Based on the above, it follows that the investigation of beam vibrations and vibration
suppression remains a relevant problem in modern mechanics. This article focuses on the optimization
of system parameters during steady-state vibrations of a beam equipped with two dynamic vibration
absorbers.

A vibration control device is presented in [11], consisting of compression and tension springs
operating jointly to resist vertical and horizontal loads caused by permanent, temporary, and seismic
actions. In addition to absorbing vertical and horizontal loads, the device is capable of restoring the
span structure to its initial position after seismic excitation. Furthermore, it eliminates resonance effects
without increasing construction costs for the span, supports, or foundations and does not complicate
installation conditions.

1. Proposed methodology, experiments and results

In the present study, the objective is to suppress transverse vibrations of an elastic beam using
dynamic vibration absorbers (DVAs). An algorithm describing the sequence of operations required to
achieve the desired dynamic properties is developed based on a systematic set of procedures. Fig. 1
illustrates the algorithm of operations and the main stages of the proposed technical process.

STEP 1
Determination of natural shapes
and frequencies of an elastic beam (EB)

.

Calculation of the parameters of EB

STEP 2
under the influence of dynamic vibration

dampers (DVD)

Condition
or Decision Criterion:

Adjust parameters
) 1. Jw; = Wtarget ' < &

of DVDs
A 2. Aﬁiw\' = allow
3. DAF < DAg.;
Are all conditions satisfied?
STEP 2 v
#»  Adjust parameters of DVDs = -
Option of EB with
I required dynamic properties

Fig. 1. Algorithm of operations and stages of the technical process
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Fig. 2. Design diagram of an elastic beam (EB) with two dynamic vibration absorbers (DVAs)

The solution to the problem of transverse vibrations of a beam with two parallel-installed dynamic
vibration absorbers is considered using the method of series expansion in vibration modes. This approach
is particularly convenient for optimizing the parameters of dynamic vibration absorbers for various types
of beam vibrations under different boundary conditions, especially when repeated calculations of the
amplitude—frequency characteristics (AFC) of the system are required.

The results of the studies cited above confirm that, for sufficiently large vibration decrement of
the material of the elastic-damping element of the dynamic vibration absorber (DVA), the nonlinearity of
the internal resistance characteristics of the beam material has a negligible effect on the beam vibrations
and on the determination of the optimal parameters of the DVA.

Consider a beam of length [, width b, and height h, rigidly fixed to a vibrating base. The motion
of the base is prescribed along the Oz axis. Dynamic vibration absorbers are installed at points of the
beam with coordinates x; and xo [12-14] (Fig. 2).

2. Analysis of experiments and research results

We write the governing differential equations of motion of an elastic beam with two dynamic
vibration absorbers (DVAs) under kinematic excitation in the following form:

9?M 9w 0%wg

922 + pF o2 — ClRlé(Jf — 1‘1)@1 — CQRQé(iL‘ — .CUQ)CQ = _pFW7
O?w(xy,t 0%C 0%w
8(t21) ml@T; +aRit = —mlaTQO, (D
32w(x2, t) 82C2 82w0

mQT WQW + CQRQCQ = —m2w.

Here, M denotes the bending moment; the terms involving the Dirac delta functions represent the
interaction forces between the beam and the dynamic vibration absorbers. In particular, the absorber
force acts as a concentrated transverse force applied at the installation points x = x1 and z = x3. p
is the material density; F' is the cross-sectional area of the beam; w(z, ) is the transverse deflection
of the beam; wy(t) is the prescribed displacement of the vibrating base; w(z1,t) and w(xa,t) are
the beam displacements at the DVA installation points; c; and co are the stiffness coefficients of the
elastic-damping elements of the DVAs; m; and mo are the absorber masses; T; and T2 denote the
relative displacements of the DVAs with respect to the beam; d(z — x1) and d(x — x2) are the Dirac
delta functions indicating the locations of the dynamic vibration absorbers; x; and x2 are the coordinates
of the DVA installation points.

Ry =1+ (=v1 +jv2) [Do + g1(Cirer)] - (2)
Ry =1+ (=01 + j02) [Eo + g2(Corer)] - (3)
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Here, j2 = —1, vi,v2, 01,05 are coefficients determined by the dissipative properties of the
materials, and g1 (Cire1), g2(Corel) denote the vibration decrements [15].

Cl’rel Z DK1 Clrel (4)
K1 1
92(Carer) = Z Ex, Gy (5)
Ky=1
The parameters Dy, D1,...,D,,, Eo, E1, ..., E,, are material-dependent parameters of the

elastic elements of dynamic absorbers and are determined experimentally [8]. The relationship between
the normal stress o, and the relative strain &, is given as follows [9].

0 = B(1+ (=1 + je) [Co + f (&red)] e (©)

Here, E' is the modulus of elasticity of the rod material; 1, 12 are coefficients determined by the
dissipative properties of the materials; and f(E,.) denotes the vibration decrement of the rod, which
can be expressed as follows:

Erel Z le Tel (7)
Ji1=1
Here, Cy, (1, ..., C), are experimentally determined coefficients of the hysteresis loop that characterize

the nonlinear dissipative properties of the rod material. In this study, the coefficients Cy, C1, Cy, Cs
are adopted from the model proposed by Pisarenko and Boginich [8].
For the relative strain, the following expression is written:
0w

Erel = W 2 (8)

here, the z-axis is directed along the cross section of the rod.
We calculate the bending moment acting on the cross section of the rod:

h/2 92w . 24 . h/2 ,
M = 2b/ opzdz = EJa 14+ Co( m —l—an) + ﬁ(_nl —l—]ﬂg) f(Erel)Z dz|, (9)
0 0

bh3
here, J = Tz is the second moment of area; b is the width of the rod, and £ is the height (thickness)
of the rod.
Substituting the obtained expression for the bending moment into the first equation of system (1),
we obtain the following system of differential equations:
As a result, the system of differential equations takes the form

9w 0? [a% 2

. 2
EJ[14 Co(—m +jme)] 57 12 3 EJ( Mty s |52 fEre)z” dz| +

8211) 8211)0

+pF —5 —aaRid(x — 21)01 — coaRad(x — )00 = —pF’ ’
ot o2 (10)
Pulat) 0% 0wy
m1T 152 + kit = —W1W7
32 (xz, ) 2@2 3211)0
I L
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To solve system (10), the displacement of the rod is represented in the following form:
oo
w(z, t) = ui(@) g:(t). (11)
i=1

Here, ¢;(t) is a function of time, while u;(z) represents the mode shape (eigenfunction) of the rod and
satisfies the following equation:

d*u;(x)
dz*
Here, p; denotes the natural frequency of the rod.

Substituting solution (11) into system (10) and taking relation (12) into account, after the
corresponding transformations we obtain

EJ — pFpui(z) = 0. (12)

Z ((‘ji +[1+Co(—m + jﬂz)]pfqz‘)uiJr

=1

3E.J I O T LE
o e 3 Gl gt (G ) ) |-

Ji=1

c1 ca
“oF CiR10(z — 1) — oF CaR2d(z — 12) = =W, (13)

oo
Z w1 G + G+ niRiG = —W,
i=1
w ..
D iz i + o + n3 Rolo = WA,
=1
here,
82'{00
Wy = 210
07 o2

is the base acceleration.

In the particular case, the dynamic absorbers are assumed to be linear, i.e., vi = vo = 6; = 02 = 0.
Using the Bubnov-Galerkin method for the first equation of system (13) and employing the orthogonality
condition of the functions u;(x), we obtain the following system of differential equations:

After performing the corresponding transformations, the system of equations is reduced to the
following form:

G + [1+ (=1 + m2) N piai — mpmoinfuinty — nepoinsuinte = —d;Wo.
windi + G + 0t = —Wo; (14)
windis + Lo + 13ty = —Wo,

where p; is the natural frequency of the beam; the dimensionless mass ratios are defined as

mi ma
W = ) W2 = >
msg ms

l dy;

Uoi = ——, di = —,
do; do;

with

! !
dli:/ u;i(x) dx, in:/ u?(z) dz,
0 0
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where
ms = pFl,

. 3EJ ny; 3 i1 ha
Ni=Co+ mszl CiGia 37 (5, 4 3) Civ
-

sD;
l 52 2w Ji
(]
Giﬁ = /O UZ(IL') Ox2 ( 912 ) dz,
is the mass of the beam; m; and my are the masses of the dynamic vibration absorbers; u;(x) are the

natural vibration modes of the beam; W} denotes the base acceleration. The modal shape functions at
the installation points of the absorbers are given by

82 U;
Ox?

uin = ui(z1), uiz = ui(x2),

where x1 and x2 are the coordinates of the DVA installation points.
The natural frequencies of the dynamic vibration absorbers are defined as

! €2
Ny =3/ n2 =/ —
mi m2

where ¢; and ¢y are the stiffness coefficients of the elastic elements of the absorbers.
The base displacement is denoted by wy(¢), and the corresponding base acceleration is defined as
6211}0
ot?

In the case of harmonic excitation, the base acceleration is assumed in the form

Wo =

Wy = wy cos(wt),

where wy is the amplitude of the base acceleration and o is the excitation frequency.
We seek steady-state solutions of the system in the following form:

Gmi(t) = ami(t) cos(wt + omi(t)),
Ci(t) = by(t) cos (u)t + ﬁl(t)), (15)
Ca(t) = ba(t) cos(wt + Ba(t)).

Substituting these expressions into the governing differential equations of motion and assuming
that the coefficients vary slowly with time, we obtain the following system of averaged (normal)
equations for the system under consideration:

. 1 . . .
Qg = % [diwb SIN Olypy — amip?ngNi + le%bl sin (1)1 + lZi’ﬂ%bQ sin (1)2] ,

1

200

dmz' = [diwb COS Oz + amip?(l — T]lNZ‘) — ami(,l)2 — llym%bl COSs (Dl — lQ’Z‘n%bQ COS (1)2} s

. 1 . . .
b1 = % |:(1 — diuﬂ)wb Sin ﬁl — lg7in%ui1b2 Sin q)g — uﬂp?ami Sin q)1:| s

. 1

B1 = o [(1 — dju;1)wy cos P + bm%Ti,e‘ —bw?+ ZQ,m%uﬂbz cos ¢z — uilp?ami cos q;l},
by = 50 [(1 — diuio)wy sin fg — l1,m%uz'2()1 sin ¢pg — uigp?ami sin q)Q} ’

. 1

By = T [(1 — dyuga)wy cos o + bandTir — baw? + 11 in2uinby cOS P3 — Uizp2ami COS q>2} .

(16)
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where
d1 = PB1 — %, G2 = P2 — O, ¢3 = P2 — P,
l1; = wposui, la; = Haloitsso.

From the system of equations (16), putting zeros instead of the derivatives on the left-hand side,
we obtain the stationary solutions in the following form:

(gi| = |ami] = \/(Bl(w))2 + (Ba(0))?
3

o= [ B
== \/ B+ (Ba(w)? o

Wp.

|C2| = [ba]| = \/(37(0)))2 + (Bs(w))”
(B3(0))2 + (Bs(w))?

The coefficients Ay (k = 1,...,18) are determined as follows:
Bi(w) = dio* — 410 + As, By (w) = —Asw? + Ay,
Bs(w) = —0% + As0* — Agw?® + A7,
By(w) = Ago® — Agw? + Ay,
Bs(w) = (1 — djui)o" — Ajj0® + Ay,
Bg(w) = —A130° + Ay,
Br(0) = (1 — diugp)w* — Ajsw® + Ag,
Bs(0) = —Aj70® + Ajg,
A1 =niT; 1 +n3T;2, Ay =nin3Tis,  A3=0, As=0,
As =pi(1 = mN;) + niTi6 + 3T, 7,
Ag = (nf +n3)p7 (1 — mNg) + nin3Tis,
A7 = ningp}(1—mN:),  Ag = pinalVi,
Ag = (nf +n3)pimaNi,  Awg = nin3pina i,
Avr = pF(1—mNg) + Tam3, Ay = n3p; (1 —mNy),
Ay = pin2N;, Ay = n3pimaNi,
Ais = pi(1 = mNy) + 17Ty 5, Asg = nipi (1 — mNy),
A7 = pin2N;, A = nipinaN;.
The auxiliary coefficients 7} ; are given by

Ti1 = d;i + poi i1, Tio = di + poilause,

Tiz = di + poi (Wil + nauiz),

Tia =14 poilouin(wiz — win) — ditit,
Tis = 1+ woimuir (uin — wi2) — diuga,
Tie = 1+ woiuz, Ti7 = 1+ poillaud,
Tis =1+ poi(maujy + pnoud).
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3. Results of numerical studies

Numerical analysis is performed to determine the first eigenmode in two separate cases. First, a
numerical analysis is carried out by varying the mass ratios @y and pa, (W = w1 = u2) which represent
the ratios of the masses of the dynamic vibration absorbers to the mass of the beam. Second, based on
the obtained relationships, the amplitude—frequency characteristics (AFC) of the system are constructed,
and approximate optimal locations for installing the dynamic vibration absorbers are determined.

In the study of the motion of a rod equipped with dynamic vibration dampers, the choice of the
damper mass plays a crucial role. In this work, the ratios of the dynamic damper masses to the mass of
the rod are considered (Fig. 3). For each case, the corresponding amplitude—frequency characteristic is
presented. In the first case, a mass ratio of 0.05 is selected (red curve); in the second case, a ratio of
0.04 is chosen (blue curve); and in the third case, a ratio of 0.03 is considered (yellow curve).

The obtained graphs show that decreasing the damper mass, together with increasing the excitation
frequency, leads to a noticeable shift of the stable and unstable regions of the system. At the same time,
an increase in the mass of the dynamic vibration damper reduces the resonant frequency of the system
and decreases the vibration amplitudes. As the damper mass grows, the resonance peak becomes lower;
at a certain damper mass the vibration amplitude reaches a minimum, which is taken as the principal
criterion for selecting the optimal damper mass. At this optimal mass, resonance is suppressed most
effectively and the overall vibration level of the system is minimized.

When the installation points of the dynamic vibration dampers are shifted symmetrically along
the length of the rod without changing their masses, the dominant stability region varies depending on
the excitation frequency (Fig. 4). In the first case, the dampers are installed at the points [/3 and 2/3
(red curve); in the second case, at the points [/4 and 3[/4 (blue curve); in the third case, at the points
/5 and 41/5 (yellow curve); and in the fourth case, at the points //6 and 5//6 (black curve).

An analysis of the obtained graphs shows that, as the installation points of the dynamic vibration
dampers are moved symmetrically away from the center of the rod, the stability regions tend to approach
each other.

Fig. 5 presents the amplitude—frequency characteristics of the system for a fixed mass ratio
u = 0.04. The calculations are performed for different installation locations of the dynamic vibration
dampers, which are arranged symmetrically with respect to the center of the rod. The damper positions
correspond to the coordinate pairs /3 and 2{/3 (red curve), [ /4 and 31/4 (blue curve), {/5 and 4{/5
(yellow curve), and [/6 and 51/6 (black curve).

a \
0.04
0.03f
0.02f

0.01F

0 1 1 1 1 1
400 450 500 550 600 ©

Fig. 3. Amplitude—frequency characteristics of a rod with a dynamic vibration damper (DVD) for different values of the
mass ratio p = m/ms = 0.05, 0.04, 0.03, corresponding to the first eigenmode u;(z) = sin (%4%) (i = 1), with
p1 = 470.517 s~* and different installation coordinates of the DVD (color online)
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Fig. 5. Amplitude—frequency characteristics of the system for u = 0.04 (color online)

It can be observed that a symmetric displacement of the damper installation points away from the
rod center significantly affects the amplitude—frequency response of the system and leads to noticeable
changes in the location of the stability regions.

A horizontal displacement of the system leads to a significant shift in the resonant frequencies
while preserving the overall vibration pattern. This makes it possible to control the resonance regions
without altering the dynamic stability of the system. Consequently, varying the installation positions
of the dynamic vibration dampers along the beam provides an effective and convenient approach for
optimizing resonant frequencies and controlling vibrations.

Conclusion

The problem of optimizing transverse vibrations of an elastic beam with two parallel-installed
dynamic vibration dampers equipped with elastic elements under harmonic base excita-tion has been
investigated. A systematic approach for determining the optimal installation parameters of dynamic
vibration dampers for an elastic beam has been developed, taking into account the amplitude—frequency
characteristics associated with transverse vibrations.
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Numerical analyses of the system vibrations were carried. Numerical investigations demons-trate

that the dynamic response of the beam can be effectively controlled by adjusting two key parameters:
the mass ratios of the dynamic vibration dampers and their installation positions along the beam. Proper
selection of these parameters leads to a significant reduction in vibration amplitudes and a controlled
shift of resonant frequencies toward a desired operating range, thereby improving the overall dynamic
stability of the system. As a result, the system attains dynamic stability, enhanced protection against
resonance, and improved energy efficiency.
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