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Topic and aim. The dynamics of a double-resonator gyroklystron of the 93 GHz band with
delayed feedback is studied. A comparative analysis of the dynamical regimes of amplifier
generation obtained in the numerical experiment both on the basis of averaged equations and
in the framework of direct numerical simulation by the «particle-in-cells» method using the
KARAT code is carried out. Method. To identify the dynamical properties of system behavior
we apply the spectrum of of statistical methods from the theory of chaos: the calculation of
fractal dimensions, Lyapunov exponents, etc. To find the Lyapunov exponents we apply a
method of estimating them from dynamical time series. This method is extremely convenient,
since it requires only the single scalar time realization in a fixed in space point of spatially
distributed system, for example, the amplitude of output radiation. Moreover, this method
imitates the processing of the data that can be obtained in natural experiment. Results. The
analysis of the time series obtained in numerical simulation showed the existence of hyperchaotic regimes for both approaches to the modeling of gyroklystron. Such regimes correspond
to attractors with a high correlation dimension and more than one positive Lyapunov exponents.
It was found that mentioned hyperchaotic regimes occur, for example, with an increase in
the transmission factor for the feedback loop. The multimode «strong» hyper-chaos arises
from chaos resulting from the sequence of period doubling bifurcations of the periodic automodulation mode intensity of output radiation gyroklystron. Discussion. UHF chaotic and
noise generators are extremely important for various technical applications. One can note, for
example, radars and wideband communication. Thus, the production of multimode, chaotic
and hyper-chaotic regimes of gyro-amplifiers generation is a priority branch of microwave
electronics. Being proposed in this paper the mathematical modeling methods allow to detect
complex regimes for gyroklystron. Being proposed in this paper the approaches to amplifier
generations analysis can be applied in a physical experiment.
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Introduction
Gyroklystrons belong to one of the most well-studied type of gyroscopic amplifiers,
characterized by a combination of high eﬃciency and gain [1–3]. Thus, in the range of
95 GHz in gyroklystrons, the output power is more than 300 kW [4], and in the 35 GHz
range up to 12 MW [5]. At present, developments are to further increase the output power
and operating frequency of these devices [6, 7]. At the same time, it is of some interest to
obtain multifrequency, including chaotic, generation regimes, which can be achieved by
introducing an external delayed feedback. Such a method is widely used in connection
with ordinary klystrons, beginning with work [8] up to the present time [9, 10].
Under the approximation of the fixed longitudinal structure of the high-frequency
field, the nonstationary modes of operation of gyroklistron with delayed feedback were
investigated in [11, 12]. At the same time, as will be shown below, the model with selfconsistent longitudinal structure proves to be more adequate for describing the developed
chaotic regimes of generation. Within the framework of the model (see [13]), the spacetime evolution of the field amplitude is described by a parabolic equation supplemented
by the averaged equations of particle motion. This approach allows us to describe the
amplification and generation of multifrequency broadband signals, taking into account
the real dispersion of the electrodynamic system, the finiteness of the gain band, and the
eﬀects of nonlinear saturation.
1.

Nonstationary self-consistent model of gyroklystron
with diﬀraction input and radiation output

Let us consider the process of electron-wave interaction in gyroklystron, the input
and output of radiation in which is carried out in a diﬀraction manner, which corresponds
to a number of experimentally realized systems [14–16]. We assume the interaction space
of a gyroklystron of length zout to include the input and output resonators, as well as the
drift space between them (Fig. 1).

Fig. 1. Model of a two-cavity gyroklystron with diﬀraction input/output of radiation and a delayed feedback
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The profile of the resonators and the drift space is described by the function r(z).
We will also assume that in both resonators the same TEmp mode is excited at a frequency
close to the cut-oﬀ frequency. In this case, the process of electron-wave interaction at the
fundamental harmonic of cyclotron resonance can be described by the following system
of equations [13]:
∂2a
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Ib is the electron beam current, Jm is the Bessel function, νp is the p-th root of the
′ (ν) = 0, R is the injection radius of the helical electron beam, g = β /β
equation Jm
0
⊥0 ||0
is the pitch factor, V⊥0 = β⊥0 c and V||0 = β||0 c c are the initial values of the transverse
and longitudinal electron velocities, ∆H = 2(ωc − ωH )/ωc β2⊥0 is the detuning parameter
between the critical frequency of the working mode and the unperturbed gyrofrequency
value. The δ(Z) = 8β2||0 (ωc − ωc (Z))/β4⊥0 ωc describes the profile of the electrodynamic
system, where ωc (Z) = cνp /r(Z).
We assume that at the entrance to the interaction space the electrons are uniformly
distributed over the phases of cyclotron rotation p(Z = 0) = exp(iθ0 ), θ0 = [0, 2π).
At the output of the system in the section Z = L, L = β2⊥0 ωc zk /2β||0 c is the normalized
length of the resonator, a radiative boundary condition is set [17]
1
a(L, τ) + √
πi

∫τ
0

1
∂a(L, τ) ′
√
dτ = 0.
′
∂Z
τ−τ

(2)

In the section Z = 0, a modified boundary condition is used, taking into account the
arrival of the initial signal F (see [18])
1
a(0, τ) − √
πi

∫τ
0

1
∂a(0, τ) ′
√
dτ = 2F (0, τ).
′
τ − τ ∂Z

(3)

Based on the developed model, we investigate the dynamics of two-cavity gyroklystron
with an operating frequency of 93 GHz, which was experimentally investigated in [4].
We assume that a helical electron beam with a pitch factor of 1.3, an energy of 70 keV
and a current of 15 A interacts with the mode TE02 in the input and output resonators at
the fundamental harmonic of the gyrofrequency.
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We assume that the feedback is realized by supplying a part of the radiation with
a transmission coeﬃcient S and a delay time tdel from the amplifier output to its input. In this case, the signal on the right-hand side of the boundary condition (3) can be
represented in the form
F (0, τ), = S · a(Zout , τ − T ),
(4)
where T = ωc tdel β4⊥0 /8β2||0 is the normalized delay time. In the subsequent simulation,
the propagation time of the signal along the feedback circuit T was chosen from the following considerations. As is known, in circuits based on low-power microwave amplifiers
feedback circuits with delay times of hundreds of nanoseconds based on acoustic [19] or
electro-optical [20] delay lines can be realized. At the same time, in instruments with
a power level of tens or more kilowatts, to which the investigated gyroklystron of the
3 mm range belongs, it is possible to calculate only the delay lines of the waveguide type.
In this case, the characteristic delay times are determined by the time at which the wave
travels a distance comparable to the physical length of the amplifier. For this reason, the
normalized delay value T = 20, corresponding to the transmission of the signal along the
feedback loop of about 50 cm in length, was used in the simulation.
2.

Dynamics of gyroklystron with delayed feedback

The simulation shows that the generator self-excitation occurs at S = 0.05. With
increasing S up to values of S ≈ 1, the lasing regimes remain stationary, which can
be explained by a narrow band of gyroklystron gain, which for a relatively short delay
time T = 20 turns out to be less than the distance between the longitudinal modes.
The frequencies of the longitudinal modes are determined in the first approximation by
the expression
2πn
ωn ≈
,
(5)
tdel + ttrans
where n is the mode number, ttrans = zout /ν|| is the time of flight of electrons through the
interaction space of gyroklystron. With the chosen parameters, the frequency diﬀerence
between adjacent longitudinal modes (ωn − ωn−1 ) is of the order of 500 MHz. A considerable increase in the width of the gyroklystron amplification band can be achieved
by reducing the quality factor of the output resonator to values close to the minimum
diﬀraction Q, Q ≈ Qmin ≈ 4π(l/λ)2 , where l is the length of the output cavity,
λ is the operating wavelength [21]. As a
result, the full gain band is expanded to
values of the order of 5 GHz (Figure 2,
curve 2), so that in the gain band there are
about ten longitudinal modes of the ring
resonator.
In a configuration with a reduced
quality factor of the output resonator with
a transmission coeﬃcient S≈0.52, periodic self-modulation appears in the system (Fig. 3, a). In this case, the so- Fig. 2. The gyroklistron gain band: 1 – output rescalled amplitude scenario [22] is realized, onator with the optimal quality factor; 2 – output reswhen the period of self-modulation is close onator with a reduced quality factor
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Fig. 3. Time series of the amplitude of output radiation of the gyroklystron with feedback (left), phase portrait
(center) and the spectrum of the output radiation (right) for the diﬀerent values of the transmission coeﬃcient
S: a – 0.56, b – 0.62, c – 0.64, d – 0.644, e – 0.67, f – 0.8. The value of t∗ ≈ 0.6 ns

to twice the transit time of the signal along the feedback loop. Accordingly, the
self-modulation frequency ωAM , which is about 216 MHz, is approximately equal
to half the distance between the intrinsic longitudinal modes (ωn − ωn−1 )/2 ≈
≈ 250 MHz. With increasing transmission coeﬃcient in the interval S = 0.53 − 0.64,
a sequence of several period-doubling bifurcations is observed (Fig. 3, b–d), which is also
characteristic for the amplitude scenario, and then for S ≈ 0.65 – transition to chaotic selfmodulation (Fig. 3, e). The generation spectrum in this case is a set of isolated spectral
lines with the frequencies 93.7, 93.93, 94.16, 94.39 and 94.64 GHz and the noise pedestal
at the level of −40 dB. It must be noted that such a mechanism transition to chaos as a
whole is characteristic for systems with delayed feedback [23].
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With a further increase in the transmission coeﬃcient in the range up to S ≈
≈ 0.76, irregular generation regimes continue to exist, alternating with suﬃciently
wide windows of periodic self-modulation.
This alternation of generation regimes is
also characteristic of the classical klystron
model with a delayed coupling, which was
demonstrated in [24]. An even larger increase in the transmission coeﬃcient in the
distributed model of gyroklystron (1) leads
to the realization of the «developed» chaos
regimes, in which there are no large-scale
structures on the phase portrait (as shown
in Fig. 3, f).
At the same time, the spectrum of
the output signal changes significantly: the
noise pedestal rises to a level (−15)–
(−20) dB, and individual emission lines
practically cease to be released. The width
Fig. 4. The radiation spectrum of gyroklystron in the
of the generation spectrum in gyroklystron regime of stronge chaos: a – with normal length of
with delayed feedback is limited by the the output cavity; b – in the case of a shortened output
band determined by the quality factor of cavity
the output resonator ∆f ≈ f /Q, where
f is the central frequency of the radiation. Taking into account that Q ≈ Qmin ≈
≈ 130, the relative width of the radiation band even in chaotic regimes is less than 0.8%
(Fig. 4, a). The average output power level is about 20 kW.
An increase in the width of the spectrum can be achieved by further reducing the
quality factor of the output resonator by reducing its length. In order to compensate for the
reduction in the gain, it is necessary to increase the length of the drift space. Calculations
show that in this way the relative width of the emission spectrum can be almost three times
increased to values of approximately 1.5% (Fig. 4, b). However, the average generation
eﬃciency is reduced to about 3.5%.

3.

PIC simulation of gyroklystron with delayed feedback

The simulation of electron-wave interaction was also carried out on the basis of the
large-particle method. The simulation parameters corresponded to the characteristics of
the experimental stand of the impulse gyroklystron of the 93 GHz band with the working
mode TE02 on the first harmonic of the gyrofrequency [4]. Due to the axial symmetry
of the interaction space, a 2.5-dimensional PIC version of the KARAT code was used for
modeling [25, 26]. The geometry of the interaction space and the instantaneous position of
the macroparticles are shown in Fig. 5. A helical electron beam with an energy of 70 keV,
a current of 15 A, pitch factor 1.3 was injected into the resonator of a gyrotron with a
radius of encroachment corresponding to the maximum of the coupling coeﬃcient with the
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working mode. After the termination
of the interaction, the electrons were deposited on the wall of the electrodynamic
system by introducing a decreasing portion
of the magnetic field.
The delayed feedback line was created by adding a section of a homogeneous
waveguide 55 cm long at the output of
the system. To close the feedback loop,
a special option of the KARAT code for
Fig. 5. Geometry of the interaction domain in PIC- generating cyclic boundary conditions was
simulation: 1 – input cavity, 2 – drift region, 3 – output used. The transmission coeﬃcient S was
resonator, 4 – electron beam, 5 – absorbing layer, 6 –
regulated by introducing into the wavegwaveguide delay line
uide delay line a layer with variable conductivity, the absorption coeﬃcient of which was regulated by changing its geometric
dimensions. The dimension of the counting grid was 40 × 2000 knots, the total number of
macroparticles in the simulation reached 3.5·104 . Control accounts with a tenfold increase
in the number of particles showed no significant changes in the dynamics of the system.

Fig. 6. The time evolution of the output radiation power of the gyroklystron (left), phase portrait (center) and
the spectrum of the output radiation (right) for the diﬀerent values of the transmission coeﬃcient S: a – 0.22,
b – 0.63, c – 0.7, d – 0.84. The value of t∗ ≈ 0.6 ns
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The excitation of self-oscillations in this system occurred at S > 0.2 (Fig. 6, a). Periodic self-modulation occurred at S ≈ 0.63 (Fig. 6, b), with the scenario corresponding to
the frequency mechanism at which simultaneous excitation of several longitudinal modes
of the ring resonator is confirmed, which is confirmed by the nearness of ωAM ≈ 514 MHz
to the calculated distance between the modes ωn − ωn−1 ≈ 500 MHz. With an increase
in the transmission coeﬃcient up to S ≈ 0.7, a transition to the regime of chaotic lasing took place (Fig. 6, c), in which the spectrum consisted of isolated lines and a noise
pedestal at a level of −50 dB. The discreteness of specifying the geometric parameters of
the absorber did not allow us to set small changes in the depth parameter of the feedback,
so in the simulation it was not possible to trace the details of the transition to chaotic
lasing regimes. A further increase in the transmission coeﬃcient led to a smearing of
the spectral lines (Figure 6, d), which qualitatively corresponds to the behavior of the
system in the framework of modeling the averaged equations (see Fig. 3, f). The average
value of the useful output power in the mode of chaotic generation, calculated by the
Pout = (1 − S 2 )P , where P – power recorded at the output of gyroklystron, reached
10 kW. A smaller value of the average output power level can be explained by taking into
account in PIC-simulation the initial spread of electrons over transverse velocities, which
has a noticeable eﬀect on the eﬃciency of energy exchange in gyroklystrons [27–29].
It is important to note that PICmodeling clearly demonstrates the necessity of using models with a non-fixed field
structure for describing chaotic regimes in
gyroklystron with delayed feedback. This
is confirmed by Fig. 7, which shows the
spatio-temporal distribution of the longitudinal component of the magnetic field, averaged over the period of high-frequency
oscillations, at a value of S ≈ 0.84.
It is seen that the longitudinal structure
of the field varies considerably over time,
Fig. 7. The space-time distribution of the longitudiwhich justifies the application of the ap- nal component of the magnetic field, averaged over a
proach considered in Section 2.
period of high-frequency oscillations, with S ≈ 0.84
4.

Estimation of characteristics of chaotic regimes
of gyroklystron operation

The regimes of developed chaos (Fig. 3, f and Fig. 6, c, d) detected during the
numerical simulation of gyroklistron with delayed feedback require additional studies of
their dynamic properties. Indeed, let us turn to Fig. 8. In Fig. 8, a is a bifurcation diagram
for the distributed model (1). This is the dependence on the parameter S (transmission
coeﬃcient) of the values of the slow amplitude of the output radiation, which coincide
in times that diﬀer by the value of t∗ . As can be seen, the crown of a bifurcation tree
does not have pronounced windows for large S, which indicates a greater roughness of
the attractors corresponding to it. One can compare a tree to a distribution diagram of the
autocorrelation function as a function of the transmission coeﬃcient, which varies within
the same limits (Fig. 8, b). In the region of developed chaos, the function decays much
more rapidly than for the chaotic regime that appeared immediately after the doubling
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Fig. 8. The bifurcation diagram for the spatially distributed model (1) of the gyroklystron with the delayed
feedback (a). The distribution of the autocorrelation functions depending on the transmission coeﬃcient (b)

sequence. One of the reasons for these phenomena can be a qualitative change in the
topology of the attractor with its transition to the class of hyperchaotic. To confirm this
hypothesis, it is required to calculate the correlation dimension and, most importantly, the
spectrum of Lyapunov exponents of the attractor [30–32].
Characteristic Lyapunov exponents have the meaning of the rates of exponential
growth or decrease of the perturbation relative to the invariant phase trajectory in various
directions. The spectrum of d indices is calculated as follows [30, 33, 34]
Λi = lim Σi (t),
t→∞

Σi (t) =

M
1 ∑
ln b(T0 ) (t = mT0 )ei (t = mT0 ) ,
M T0

i = 1, 2, ..., d.

m=1

(6)
Here the value of d does not exceed the dimension of the phase space and will be defined
below; (e1 , ..., ed ) is the set of perturbation vectors; matrix b is a linear evolution operator.
The perturbation vectors are taken to be orthogonal at the initial instant of time. To avoid
their convergence to the single most unstable direction, they are orthogonalized after
each calculation of the next contribution to the accumulating averaged sums Σi . The
Gram-Schmidt orthogonalization constructs vectors in order of decreasing instability of
the directions corresponding to them.
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The spectrum of the Lyapunov exponents of the dynamic regimes of microwave
devices was calculated earlier, for example, for a BWT [35, 36], a gyrotron [37, 38],
a klystron [39]. In all cases, the Benettin algorithm was used [40, 41]. In this paper a
diﬀerent approach is applied. The Lyapunov exponents are calculated from the obtained
numerical time series. At the same time, we used the more successful, in our opinion,
comparison with the best-known [42–44] Sano-Savad technique [45], which saves machine
time and is suitable for relatively short series [46]. At the same time, this approach is more
accurate than the approximate Benettin algorithm, using «close» trajectories for estimating
a linear operator whose exact calculation is diﬃcult in systems of this type. In addition,
the calculation of the characteristics of the output radiation from time series simulates the
analysis of the results of the full-scale experiment. For more details on the advantages of
the chosen method and the features of its application, see [47].
In Fig. 9, a shows the results of calculating the spectrum of Lyapunov exponents
of a spatially distributed model of gyroklystron (1) The graphs of the dependence on
the transmission coeﬃcient of the five Lyapunov exponents confirm the occurrence of

Fig. 9. For the slow amplitude model of gyroklystron the transmission coeﬃcient dependences of the spectrum
of five Lyapunov exponents (i = 1 – circles, 2 – squares, 3 – triangles, 4 – diamonds, 5 – asterisks) (a) and
the distribution of correlation dimension D2 on the reconstructed phase space dimension d (b)
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hyperchaos at large S, namely, the two leading indicators become positive. In this case, it
jumps and exceeds the value 3 and the correlation dimension (Fig. 9, b).
By correlation dimension is meant the value to which D2 tends as the dimension d
of the state vector a reconstructed by the delay method is a a(t) = (|a(t)|, |a(t − T0 )|, ...,
|a(t − (d − 1)T0 )|). In this case, D2 has the meaning of the slope angle of the graph
∫t∫t
of the correlation integral constructed on the logarithmic scale C(δ) = lim t12 0 0 θ ×
t→∞

×(δ − ∥a(t′ ) − a(t′′ )∥)dt′ dt′′ (here θ is the Heaviside step function). As T0 , the time for
the autocorrelation function to decrease to zero (approximately 1ns) is used. The value
d = 5, at which the value of D2 stabilizes, served as an estimate of the dimension of the
reconstructed phase space: an attractor can be embedded into it without self-intersections.
Similar calculations were carried out for the time realizations obtained in the numerical
simulation by the large-particle method. The results for the calculation of Lyapunov
exponents and fractal dimensions (correlation D2 and a well-matched Lyapunov Dλ ) for
several values of the transmission
∑ coeﬃcient are given in Table. The Lyapunov dimension
was defined as Dλ = k + ki=1 Λi /|Λk+1 |, where k is the minimum number of older
exponents whose sum is positive.
Table
Lyapunov exponents and fractal dimensions
of attractors obtained in PIC numerical simulation
S
0.54
0.63
0.70
0.77
0.84
0.91

Λ1 , ns−1
-0.028
0.066
0.322
0.199
0.237
0.241

Λ2 , ns−1
-0.185
0.000
0.137
0.080
0.095
0.090

Λ3 , ns−1
-0.237
-0.052
0.009
-0.009
-0.009
-0.009

Λ4 , ns−1
-0.312
-0.161
-0.099
-0.128
-0.118
-0.137

Λ5 , ns−1
-0.431
-0.364
-0.298
-0.355
-0.336
-0.331

D2
0.0
3.0
4.5
4.1
4.6
4.4

Dλ
0.0
3.1
5.2
4.4
4.6
4.6

An example of calculating the averaged sums accumulating to characteristic exponents Σi is presented for this case in Fig. 10, a. The sums quickly converge. Local
Lyapunov exponents averaged over a relatively narrow time window along the phase trajectory fluctuate in their vicinity and characterize the development of instability along it.
The values of the correlation dimension D2 reach saturation at d = 5 and assume a value
greater than 4 (see Fig. 10, b).

Fig. 10. The characteristics of the hyperchaotic attractor obtained in the PIC simulation of gyroklystron with
S = 0.70. The averaged accumulated sums, converging to the five senior Lyapunov exponents, and the three
senior local exponents (a). The correlation dimension vs the dimension of the phase space (b)
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The results of the analysis of the temporal realizations of the intensity of the output
radiation in PIC modeling also confirm the presence of hyperchaos in the dynamics of
gyroklystron: two positive Lyapunov exponents and a high correlation dimension occur
at S = 0.91, 0.84, 0.77 and 0.7. Calculations for the case S = 0.54 show the absence
of auto-modulation. The not too large positive value of one of Lyapunov’s exponents at
S = 0.63 can be to some extent due to the influence of numerical error in the calculation
of realizations and, at the same time, indicates the emerging chaos.
5.

Conclusions

The non-stationary distributed model of gyroklystron with delayed feedback, in
contrast to the previously used models [48, 49] allows to study the dynamics of the system
for arbitrary relations between the resonator Q-factors, the delay time of the signal, and
the transmission coeﬃcient of the feedback loop. This allows us to adequately describe
the regimes of developed chaos, characterized, in particular, by significant changes in the
longitudinal structure of the electromagnetic field.
It should be noted that a number of studies are currently underway to investigate
noise sources in the millimeter range on the basis of helical gyro-TWT with delayed feedback [48] «nanowirts» [49] and gyrotrons [50]. Given the current prospects for promoting
gyroklystron in the region of large operating frequencies and capacities, understanding the
characteristics of chaotic regimes is a very urgent task.
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