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We consider an electronic oscillator based on two LC-circuits, one of which includes
negative conductivity (the active LC-circuit), where complex dynamics and chaos occur cor-
responding to the model of wave turbulence of Vyshkind–Rabinovich. The saturation effect
for the self-oscillations and their chaotisation take place due to parametric mechanisms due to
the presence of a quadratic nonlinear reactive element based on an operational amplifier and
an analog multiplier.

The study is based on combination of circuit simulation with the use of the software
product Multisim and of numerical computations with equations that directly describe the
oscillations of voltages and currents in the oscillatory circuit, amplitude equations, and the
equations represented in the form suggested by S.Y. Vyshkind and M.I. Rabinovich.

For all these models, time dependences of dynamic variables are presented as well as
portraits of attractors, and Lyapunov exponents depending on parameters. For the Vyshkind–
Rabinovich model we additionally present a chart of dynamic regimes in the parameter plane.
It is shown that all models demonstrate transitions to chaos through period-doubling bifurcation
scenario observed under decrease in the supercriticality parameter in the active LC-circuit. The
resulting chaotic attractor is similar in structure to the Rössler attractor.

The proposed scheme allows observing in the electronic device chaotic dynamics of the res-
onant triplet under instability of the high-frequency mode, considered in due time by Vyshkind
and Rabinovich and interpreted as a model of a certain type of wave turbulence in dissipative
media. The presented results testify a possibility of using the considered electronic circuit
for analog simulation of oscillatory and wave phenomena in systems to which the Vyshkind–
Rabinovich model is applicable.
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Introduction

Three-wave parametric interaction of oscillations and waves in systems with quad-
ratic nonlinearity takes place in plasma physics, nonlinear optics, acoustics, electronic
engineering. A general model covering situations of different physical nature is the system
referred to as a resonance triplet, meaning the weak interaction in quadratic nonlinearity
of three oscillation modes, the frequencies of which are subject to condition of parametric
resonance ω2 = ω1 + ω0.

If the system has a high-frequency mode excitation due to linear instability and low-
frequency modes are characterized by attenuation, then at a certain level of amplitudes in
the dynamics of the resonant triplet there is a saturation of oscillations, defined, as it is said
to be, by parametric decay. Vyshkind and Rabinovich [1] have shown that in this situation
the dynamics can become chaotic, moreover, transition to chaos due to a parameter change
is carried out through a cascade of period-doubling bifurcations of self-oscillating regimes.

In the simplest case, that of degenerate parametric resonance, frequencies ω0 and
ω1 are the same, so that the frequency condition takes the form ω2 = 2ω1, and the
problem is reduced to considering the interaction between the two modes. This assumption
facilitates scrutiny and makes the analysis more observable, as the dynamics depends on
fewer parameters. For this case, Vyshkind and Rabinovich have derived and analyzed
a model by a system of three first-order differential equations, considering it justifiable
to be interpreted as a model of a certain type of wave turbulence in dissipative media.
This model is now recognized as a classical example of small-dimensional systems that
demonstrate dynamic chaos.

The problem of resonance triplet dynamics under high-frequency mode instability
might be considered as a generalization covering systems of different physical nature,
many of which have an obvious applied significance. In particular, several works in
nonlinear optics devoted to spin waves in magnetic films and processes related to the
second harmonic generation [2–6] are worth to be mentioned.

For example, in paper [2] modulation instability of spin waves in magnetic mem-
brane under three-magnon decay is studied, mechanisms of this phenomenon and stochas-
tization of the envelope under self-modulation are determined. Paper [3] presents an
experimental study of ring self-oscillating system based on a ferromagnetic structure in
the case where three-magnon decay processes are allowed; on the basis of the constructed
model are calculated characteristic modes of generation, including chaotic sequence of
microwave pulses. The results of numerical simulation are compared with experimental
data. In paper [4], a simple model of nonlinear saturation in unstable mode is studied and
it is shown that as the attenuation in the system increases, the transition to chaos through
a sequence of bifurcations takes place. This is explained on the basis of one-dimensional
map, which is numerically derived from the original system of differential equations.

We consider the possibility of analog modeling for dynamic phenomena natural and
useful. This could be done by applying the simplest representative of the systems enclosed
in this generalization because it is convenient both for implementation and experimental
research. Therefore, the simple electronic circuit proposed in this paper is of primary
concern. It is a scheme based on two oscillatory circuits, one of which includes negative
conductivity, and there is a specially designed reactive nonlinear element with a characte-
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ristic almost exactly given by the quadratic function, which was previously used in another
system with parametric interaction of modes [7]. Theoretical description of the scheme
leads to equations coinciding with the Vyskind–Rabinovich turbulence model [1].

1. Scheme of the parametric generator

Let us consider fig. 1, showing a circuit consisting of two oscillating circuits, one of
which includes negative conductivity provided by connection of the operational amplifier
OA2.

The saturation effect of self-oscillations and their chaotization is caused by the
parametric mechanism due to the presence of a quadratic nonlinear reactive element based
on the operational amplifier OA1 and analog multiplier A1. When voltage U is applied to
the input of this element, a potential relative to ground occurs at both input terminals of
the operational amplifier. Since in theory the input impedance of the operational amplifier
is infinite, the presence of current U/R through resistor R5, having a grounded conductor,
implies the same current passing through resistor R4, connected with it, therefore, voltage
at the input of the analog multiplier A1 should be equal to 2U . Accordingly, at the output
there should be voltage 4KU2, where K is the transmission coefficient with dimension
of reverse voltage. Currents flowing through two capacitors C0, amount C0dU/dt and
(d/dt)(4KU2 − C0U), giving a total current through the nonlinear element C̃.

Without regard to dissipation, we assume the eigenfrequencies of the oscillatory
circuits to satisfy, at least approximately, the conditions of the parametric resonance

Ω2 ≈ Ω1. (1)

Fig. 1. The scheme of the parametric chaos generator (а) and its equivalent scheme (b), (−g)=1/Rg is
negative conductivity, the presence of which is provided by the presence of an operational amplifier OA2,
C̃ is reactive element (it is a two-terminal network with a quadratic nonlinearity realized using an operational
amplifier OA1). Multiplier transfer factor A1 is K = 1/8 V−1
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Fig. 2. A typical type of time dependences of voltage
on capacitors C1 and C2 obtained by simulation of the
scheme in the Multisim with R8 = 500 kΩ. The other
nominal values of the components are shown in Fig. 1

Fig. 2 shows graphs of voltage real-
ization for capacitors C1 и C2, obtained
using the virtual oscilloscope for circuit
simulation in Multisim environment with
component values specified in the figure
caption. A mode of nonlinear oscillations
follows the transition process. In the given
scale the high-frequency completion is in-
distinguishable, but the irregular, appar-
ently, chaotic amplitude dynamics is ob-
servable.

Within circuit simulation in Multi-
sim environment it is difficult to identify some significant features of dynamics, including
the expected presence of a chaotic attractor, and to determine such characteristics as the
Lyapunov exponents; therefore, in the following sections we consider the equations de-
scribing the system and analyze the results of their numerical solution.

2. Basic equations for the parametric generator

Let U1, U2 be voltages on capacitors C1 и C2, having the same capacity C, let I1,
I2 be currents going through inductors L1 and L2. Kirchhoff’s equations are written as

L1İ1 = U1,

L2İ2 = U2,

CU̇1 + U1/R1 + I1 = −I,

CU̇2 + U2/R2 + I2 = −I,

(2)

where I is the current going through a nonlinear element defined by the expression

I =
d

dt
4KC0U

2 = ε
d

dt

U2

2
. (3)

Here ε = 8KC0/C, C = C1 = C2, and

U = U1 + U2. (4)

These equations can also be rewritten as

d2

dt2

(
U1 +

1

2
εU2

)
+

1

R1C

dU1

dt
+

U1

L1C
= 0,

d2

dt2

(
U2 +

1

2
εU2

)
− g

C

dU2

dt
+

U2

L2C
= 0.

(5)
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Let us introduce a normalized non-dimensional time t′ = t/(2R1C). Then the
equations can be rewritten as

Ẍ1 + 2U̇1 +Ω2
1U1 = 0,

Ẍ2 − 2γU̇2 +Ω2
2U2 = 0,

X1,2 = U1,2 +
1

2
εU2,

(6)

γ = gR1 =
R1

Rg
, Ω1,2 = 2R1

√
C

L1,2
, (7)

where dots represent derivatives in non-dimensional time. For the numerical solution it is
convenient to rewrite them in the form of a first order system:

Ẏ1 = −Ω1U1, Ẋ1 = Ω1Y1 − 2U1,

Ẏ2 = −Ω2U2, Ẋ2 = Ω2Y2 + 2γU2,

U1,2 = X1,2 −
1

2
εU2, U =

−1 +
√

4ε(X1 +X2) + 1

2ε
.

(8)

Fig. 3. Typical type of time dependences of voltage on
capacitors C1 and C2 obtained by numerical solution
of equations (8) at ε = 0.1: а – chaotic regime γ =
= 0.026; b – periodic regime γ = 0.2

The eigenfrequencies of the oscil-
latory circuits without regard to dissi-
pation are assumed to satisfy, at least
approximately, the parametric resonance
condition (1).

Fig. 3 shows time dependences of
U1 and U2, obtained by numerical solu-
tion of equations (8).1 Comparing the
graphs in fig. 2 and fig. 3, we see some
correspondence of the observed dynam-
ics. In both cases, we have chaotic im-
plementations that contain similar-looking
fragments of signals. Herein, there is a
match on typical scales of time and volt-
age. Calculating the Lyapunov exponents
by joint numerical solution of equations
(8) and corresponding equations in varia-
tions based on the known Gram–Schmidt
orthogonalization algorithm [8, 9] gives2

λ1 = 0.00956 ± 0.00001, λ2 = 0.0000 ± 0.0001, λ3 = −0.00854 ± 0.00001, λ4 =

= −1.9506± 0.0001.

1For the scheme shown in Fig. 1 the change of parameter γ is provided by setting the resistance Rg =

= 500 kΩ. Other ratings of the scheme correspond to those shown in Fig. 1.
2Calculations of the Lyapunov exponents were carried out on intervals for normalized time of 3500

duration with calculation of average value and standard deviation for 50 realizations. The mean squared
deviation is a measure of accuracy for predictions.
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A positive values implies presence of chaos, characterized by an exponential in-
crease in deviation from the reference trajectory of the attractor with a small pertur-
bation of initial conditions. The second Lyapunov exponent, equal to zero within the
accuracy of calculation error, is relatable to shift perturbation along the trajectory. The
third and fourth exponents are negative and responsible for convergence of trajectories
to the attractor. The fact that the parameters sum is negative indicates a compres-
sion of the phase volume in three-dimensional state space. It is consistent with the
analytical calculation of the vector field divergence given by the right-hand sides of
equations (8): divF=∂xfx+∂yfy+∂zfz+∂wfw=γ−1= − 0.974. Estimating the dimen-
sion of the attractor according to the Kaplan–Yorke formula gives the following value
D = 3 + λ1/|λ3| ≈ 3.005.

Fig. 4 shows dependence of four parameters of the Lyapunov exponents (8) on
parameter γ. According to this figure, at γ < 0.1 the higher exponent is positive (albeit
of small value), which indicates presence of chaotic dynamics. But for the values of
parameter γ > 0.1 the first and second exponents are equal to zero, and the third and fourth
ones are negative, that is, in this area a periodic regime is realized. The corresponding
dependences of the values U1 and U2, obtained in the numerical solution of equations (8)
are shown in Fig. 3, b and the Lyapunov exponents are equal: λ1 = 0.0000 ± 0.0001,
λ2 = 0.0000 ± 0.0001, λ3 = −0.3539 ± 0.0001, λ4 = −1.2486 ± 0.0001. Herein, as
one can see from the graph of the higher Lyapunov exponent, there are ravines (regularity
windows) also accompanied by emissions or ravines on the graphs of other exponents.
This type of graph of the Lyapunov exponents depending on a parameter is typical for
one-dimensional maps with a quadratic extremum and many other dissipative systems,
including the Hénon map and the Rössler model, that demonstrate transition to chaos
through a cascade of period doubling bifurcations [10, 11] and are associated with the
concept of quasi-attractor [12, 13].

Fig. 4. Numerically graphs of four Lyapunov exponents for equations (8) at the value of the parameter ε = 0.1
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3. Equations for slowly varying amplitudes

To obtain the equations in a form allowing a comparison with the Vyshkind–
Rabinovich model, the method of slow complex amplitudes should be used.

To begin with, we rewrite the equations, taking into consideration only those terms
that can be responsible for the resonance mode interactions at the assumed frequency ratio.
According to (3) we have

d2U1

dt2
+ 2

dU1

dt
+Ω2

1U1 = −1

2
ε
d2U2

dt2
,

d2U2

dt2
− 2γ

dU2

dt
+Ω2

2U2 = −1

2
ε
d2U2

dt2
,

(9)

here and further primes on the time variable are omitted for brevity.
In the first and second equations, taking into consideration only the resonance terms,

we should assume, respectively,

1

2
U2 ≈ U1U2,

1

2
U2 ≈ 1

2
U2
1 , (10)

and, moreover, it is possible to replace the operation of second derivation in the right parts
by multipliers (−Ω2

1,2). As a result, we have

Ü1 + 2U̇1 +Ω2
1U1 = εΩ2

1U1U2,

Ü2 − 2γU̇2 +Ω2
2U2 =

1

2
εΩ2

2U
2
1 .

(11)

We seek solution in the form

U1 = A1e
iω1t +A∗

1e
−iω1t, U̇1 = iω1A1e

iω1t − iω1A∗
1e

−iω1t,

U2 = A2e
iω2t +A∗

2e
−iω2t, U̇2 = iω2A2e

iω2t − iω2A∗
2e

−iω2t
(12)

that implies fulfillment of additional conditions for the introduced complex amplitude
variables A1 and A2

Ȧ1e
iω1t + Ȧ∗

1e
−iω1t = 0, Ȧ2e

iω2t + Ȧ∗
2e

−iω2t = 0. (13)

Reference frequencies ω1,2 we define as

ω1 = Ω1, ω2 = 2Ω1. (14)

Here with, ω2 ≈ Ω2, but the exact equality is not assumed as the relevant mismatch will
be taken into consideration. Substituting in equations (11) gives

2iω1Ȧ1 + 2iω1A1 = εΩ2
1A

∗
1A2,

2iω2Ȧ2 − 2iω2γA2 − (Ω2
2 − ω22)A2 =

1

2
εΩ2

2A
2
1,

(15)

or

Ȧ1 +A1 = −1

2
iεΩ1A

∗
1A2,

Ȧ2 − γA2 − iδA2 = −1

4
iεΩ2A

2
1,

(16)
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where

δ =
ω22 −Ω2

2

2ω2
=

(2Ω1 −Ω2)(2Ω1 +Ω2)

2ω2
≈ 2Ω1 −Ω2 (17)

is a frequency mismatch.
Now we carry out renormalization

A1 =
2
√
2

ε
√
Ω1Ω2

a1 ≈
2

εΩ1
a1, A2 =

2

εΩ1
a2 (18)

and get final formula
ȧ1 + a1 = −ia∗1a2,

ȧ2 − γa2 − iδa2 = −ia21.
(19)

This is just the system of shortened equations for the model (8). To obtain the Vyshkind–
Rabinovich model, we make a substitution

a1 = Aei3, a2 = Beiϕ, Φ = ϕ− 23 (20)

in equations (19). Here A and B are real variables, and Φ is a phase difference. Then we
get

Ȧ = AB sinΦ−A,

Ḃ = −A2 sinΦ+ γB,

Φ̇ = (2B −A2B−1) cosΦ+ δ.

(21)

If now enter new variables

X = −B sinΦ, Y = −B cosΦ, Z = A2, (22)

then equations (21) will take the form

Ẋ = Z + δY − 2Y 2 + γX,

Ẏ = −δX + 2XY + γY,

Ż = −2Z(X + 1),

(23)

which corresponds to the Vyshkind–Rabinovich model obtained in [1] for describing tur-
bulence in dissipative environment with hydrodynamic type of nonlinearity.

4. Dynamics of the short equation system

Now we consider the dynamics of the short equation system (19). Fig. 5 shows the
numerical dependence of four Lyapunov exponents (19) on parameter γ. Note that depen-
dence of the Lyapunov exponents in the initial system (8) and in the short equations (19)
are very close, except for the region of small values of parameter γ < 0.03.

Fig. 6 shows time dependence of slow amplitudes |a1| and |a2| in chaotic and peri-
odic regimes. Its implementations demonstrate typical behavior for these modes. The Lya-
punov exponents for the chaotic regime are: λ1 = 0.009593± 0.000001, λ2 = 0.000000±
±0.000001, λ3 = 0.000000±0.000001, λ4 = −1.957592±0000001; for periodic regime:
λ1 = 0.000000 ± 0.000001, λ2 = 0.000000 ± 0.000001, λ3 = −0.145560 ± 0.000001,
λ4 = −1.454439± 0.000001.
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Fig. 5. Numerically graphs of four Lyapunov exponents of equations (19) at the value of the parameter
δ = 0.184

Fig. 6. Typical type of time dependences of |a1| and |a2| system of truncated equations (19). а – chaotic
regime γ = 0.026; b – periodic regime γ = 0.2. ε = 0.1
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5. Regular and chaotic dynamics
of the Vyshkind–Rabinovich model

Let us consider the Vyshkind–Rabinovich model system (23) and construct a chart
of dynamical regimes on the parameter plane (δ, γ). The procedure consists in scanning
and enumeration of grid nodes with certain step for two parameters. At each point, about
500 iterations of Poincaré map defined for the system (23) are performed using a secant
surface in phase space S = Z + δY − 2Y 2 + γX = 0 (going in the direction of rise S).
Based on the results of the last iteration steps, the presence or absence of the repetition
period of the states in the Poincaré section from 1 to 16 with some initially specified level
of error is analyzed. When periodicity is detected, the corresponding pixel in the chart is
marked in a color defined by the state repetition period; otherwise the pixel is marked in
black. Then we proceed to the analysis of the next point on the parameter plane. Herewith,
at a new point it is reasonable to set the initial conditions obtained at the previous point
as a result of iterations («scanning with inheritance»), which accelerates convergence to
the steady-state dynamics. The correspondent map is shown in Fig. 7. On the periphery
of the figure there are portraits of attractors corresponding to the points marked on the
parameter plane.

Note that the map of dynamic regimes is typical for dynamic systems with transition
to chaos through a cascade of period doubling bifurcations. The attractor in the chaos
region is similar to the Rössler attractor [8, 10]. Calculation for the chaotic regime gives
the following results: λ1 = 0.00961±0.00001, λ2 = 0.00000±0.00001, λ3 = −1.95760±
0.00001; for the period mode 1 the results are the following: λ1 = 0.000000± 0.000001,
λ2 = −0.14556 ± 0.00001, λ3 = −1.45444 ± 0.00001. The dimension of the chaotic
attractor is D = 2 + λ1/|λ3| ≈ 2.004909.

Fig. 8 shows the dependence of three Lyapunov exponents of the model (23) on
parameter γ. Note that at the qualitative level dependence of the Lyapunov exponents

Fig. 7. Chart of dynamical regimes of model (23) at the parameter plane (δ, γ) and attractors plotted at the
marked points; for all attractors δ = 0.184
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Fig. 8. Graphs of three Lyapunov exponents of equations (23) at the value of the parameter δ = 0.184

in the initial system (8) and the Vyshkind–Rabinovich model (23) are identical (compare
Fig. 4 and Fig. 8). In both cases, there is chaos in the region of small values of parameter γ,
which is due to the limit cycle emerging from the cascade of period doubling bifurcations.

Conclusion

This paper analyzes the scheme of parametric chaos generator basis on two LC-
circuits, one of which includes negative conductivity. We have obtained the equations
describing the dynamics of the system, including the equations directly describing the os-
cillations of voltages and currents in oscillatory circuits, the amplitude equations and the
equations in the form of the Vyshkind–Rabinovich model. The dynamics of these models
has been numerically studied using methods of the dynamic chaos theory: time depen-
dences of dynamic variables, portraits of attractors, the Lyapunov exponents depending
on parameters. Also, for the Vyshkind–Rabinovich model we have created a map of dy-
namical regimes on the parameter plane. The results obtained for all models correlate
well. We have shown that all systems demonstrate transition to chaos through a sequence
of period doubling bifurcations with a decrease of one of the parameters. The resulting
chaotic attractor has a structure similar to the Rössler attractor.

We have carried out a schematic simulation of the system using the software product
Multisim; the results of this simulation are consistent with the results of numerical analysis
of the system.

Our analysis shows that it is possible to use the considered electronic circuit for
analog simulation of oscillatory and wave phenomena in systems to which the model
representations developed by S.Y. Vyshkind and M. I. Rabinovich are applicable.
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