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Abstract. The main purpose of this work is, first, a construction of the indirect Hamilton’s variational principle
for the problem of motion of a pendulum with a vibration suspension with friction, oscillating along a straight line
making a small angle with the vertical line. Second, the construction on its basis of the difference scheme. Third,
to carry out its investigation by methods of numerical analysis. Methods. The problem of motion of the indicated
pendulum is considering as a particular case of the given boundary problem for a nonlinear second order differential
equations. For the solution of problem of its variational formulation there is used the criterion of potentiality of
operators — the symmetry of the Gateaux derivative of nonlinear operator of the given problem. This criterion is
also used for the construction of variational multiplier and the corresponding Hamilton’s variational principle. On
its basis there is constructed and investigated a discrete analog of the given boundary problem and a problem of
motion of the pendulum. Results. It is proved that the operator of the given boundary problem is not potential with
respect to the classical bilinear form. There is found a variational multiplier and constructed the corresponding
indirect Hamilton’s variational principle. On its basis there is obtained a discrete analog of the given boundary
problem and its solution is found. As particular cases one can deduce from that the corresponding results for the
problem of motion of the pendulum. There are performed numerical experiments, establishing the dependence of
solutions of the problem of motion of the pendulum on the change of parameters. Conclusion. There is worked
out a variational approach to the construction of two difference schemes for the problem of a pendulum with a
suspension with friction, oscillating along a straight line making a small angle with the vertical line. There are
presented results of numerical simulation under different parameters of the problem. Numerical results show that
under sufficiently small amplitude and sufficiently big frequency of the oscillations of the point of suspension the
pendulum realizes a periodical motion.
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Introduction

This work goes back to the papers [1-3] and aims to construct and study a discrete model
of the motion of a pendulum with a vibration suspension with friction based on the indirect
Hamilton variational principle. A mathematical model with a continuous time of motion of such
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a pendulum after the works of P. L. Kapitsa, N. N. Bogolyubov became the basic one in nonlinear
mechanics. Its interconnection with some problems of physics is revealed (see the literature review
in [4,5]).

At the same time, not all properties of the basic nonlinear model have been studied.
Additional opportunities are opened with the use of finite difference methods [6]. In the transition
from a dynamic system with continuous time to a difference scheme, it is important that both
models retain the qualitative characteristics of the same phenomenon.

As noted in |7], it is advisable to use variational principles for the mathematical description
of a number of physical phenomena and processes.

The authors of this article are not aware of works in which a variational approach to the
construction of two different difference schemes for the problem of the motion of a pendulum
with a suspension point making small oscillations along a straight line, which makes a small angle
with a vertical, would be developed.

1. Construction of an indirect variational principle
for one boundary value problem for a second-order differential equation

Consider the following boundary value problem:

N(u) =i+k({t)u+@(t)sinu+y(t)cosu=0, te(0,1), (1)
D(N)={ueU= C?10,1] : uly=o = ag, uli—; = ar}. (2)

Here u (t) is an unknown function; k € C?[0,1], @, ¢ € C[0,1] are given functions; ag, aj are
given numbers; 1 = du () iU = du 1)
’ dt ' dtz -

The equations studied in the papers [1-3], are special cases (1).

Denote V' = C'[0,1]. Let us set the bilinear form (-,-) : V' x U — R of the kind

l
(v,g) = /0 v (t)g (1) dt. (3)

We shall say that problem (1), (2) admits a direct variational formulation with respect to
(3), if there exists a Gateaux differentiable functional Fyy : D (N) — R such that its differential

8Fy [u,h] = (N (u),h), Yue D(N),VheD(Ny).

Here D (N}) is the domain of definition of the Gateaux derivative N}, of the operator N at the
point w € D (N). At the same time, it is also said that operator N is potential on D (N) with
respect to bilinear form (3).

The criterion of potentiality of N on a convex set D (N) is a condition of symmetry of the

form [8, c. 18], [9, c. 23]

(Nih.g) = (Nig.h). Yue D(N).¥h,ge D (N). o
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When it is satisfied, the functional Fiy — Hamilton action — can be found by the formula
1
FN[u]—/ <N<ﬂ+7»(u—ﬂ)),u—ﬁ>d7x+const, (5)
0

where w is an arbitrary fixed element of D (N).

Theorem 1. At k(t) # 0 problem (1), (2) does not allow a direct variational formulation with
respect to bilinear form (3).

Proof. Let us make sure that the given operator of form (1) does not satisfy condition (4). We
have

Nh=h+Fk(t)h+qt)hcosu—y(t) hsinu,
(N,h,g) = /Ol [h—i— k(t)h+ @ (t) hcosu — (t)hsinu} g dt, (6)
Vu € D(N),Yg,h € D (N).
Integrating by parts and taking into account that
hli=0 = gli=0 = hlt=1 = gli=1 =0, Vh,g€ (N{L) ) (7)

from (6) we get

l
(Nyh, g) :/0 [G—k({t)g+ @ (t)geosu — (t) gsinu] hdt #

l
# (N,g,h) :/0 [G+Fk({) g+ @(t)gcosu —p(t) gsinu] hdt

with k (¢) # 0.
The theorem is proved. O

Let us denote N (u) = M (t) N (u), u € D (N), where M (t) # 0 on [0,l] — the required

variational multiplier determined from the condition that the operator NNV is potential on D(N ) =
D (N) with respect to bilinear form (3).

Theorem 2. For problem (1), (2) there is a variational multiplier of the form M (t) = eJ F®dt,

Proof. Let us denote
Q(u.h.g) = (Nih,g) - (Nig,h), Vue D(N),¥g,heD(N,).

We have F'h— 2 () N,
<N;h,g> - /OZM(t) N'h-gdt = /OZM(t) [hg+ k (t) hg + @ (t) hg cosu —  (£) hgsmu} dt,
(Nig.h) = /Ol M () [+ (£) Gh + @ (£) hg cos w — p (£) hg sin ] dt.

With this in mind, we get
Q (u,h, g) = /Ol [M(t)iingM(t)k(t)hg—M(t)gh—M(t)k(t)gh} dt.
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Integrating by parts and taking into account conditions (7), from here we find

Q(u,h,g):/ol{Q [Cg\f—Mk]jg—k[d;g—d(gk)]g}hdt, (8)

Vu € D(N),Yh,g € D (N,).
To fulfill the condition
Q(u,h,g9)=0, Yue D(N),Yg,heD(N,)

it is necessary and sufficient that

dM

—— -~ Mk=0, Vvtelo,l 9
dt ) e [ ) ]7 ( )
d*M  d(ME)

T T g =0 Ve [0,1]. (10)

Condition (10) is a consequence of (9). Thus, the variational multiplier M (¢) is a solution
of equation (9) and has the form

M (t) = e/ kO, (11)

The theorem is proved. O
Theorem 3. The equation

N (u) = el *WN (4) =0, we D(N), (12)

where N has form (1), can be represented in the form of Hamilton’s equations

U= 7e—fk(t)dtp’
(13)
p=elFO® (psinu +pcosu).
Proof. Using formula (5), we find the Hamilton’s action for (12) in the form
: 1
Fﬁ[u]—/ M(—2u2—cpcosu+1psinu+cp) dt. (14)
0
Thus, Lagrangian of the equation (12) is equal to
1
L = eJF)dt (—2u2—cpcosu+wsinu+cp>. (15)

By introducing a generalized impulse

oL

R Y
o U

p

we obtain that the Lagrangian (15) corresponds to the Hamiltonian

2
H(t,p,u) = _QPW + Mecosu — Mrpsinu — M.
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From here we find

OH _ p
op M’
OH

u = —Mgsinu — My cosu

and, therefore, we obtain Hamilton’s equations (13).
The theorem is proved. O
Equations (13) can be derived from Hamilton’s variational principle with the action

l
Jp.u] = /0 [pis — H (¢, p, w)] dt. (16)

2. Construction and investigation of a discrete analog of problem (1), (2)
based on functional (14)

We divide the segment [0, 1] into m equal parts by nodes t; = it (i = 0, m), where T = m 1.
Let us introduce the narrowing operator

Tou(t) =T = (u(to) ,u(t) u(t2), st (tmet) u(tm))”

(column height r = m + 1). Such columns form a linear space, which we will denote U,. For
convenience, we shall write u; = u (¢;).

Denote Np the operator of the discrete analog of problem (1), (2) based on functional
(14).

Suppose D(Nf) = {HT e U, :ug = ag,Um = al} u D(N;;) = {ET cU, :hy=hny= 0}.

Let us write (14) as

m—Ll et 1
FN[U]ZZ/t M(—Quz—cpcosu—i—\psinu—i—cp) dt.
i=0 7t

Next , we approximate the integrals

tit1 1
/ M(—2u2—cpcosu+1psinu+cp> dt =~
t;

Nl
“m 2 T ’

M !_ (M) — @' cosu; + ¢ sinu; + @

where M = M (t;), @' =@ (t;) u ' =y ().
Functional (14) is replaced by the Hamilton’s difference action

_ I T 1 S —w\2 . .
F[ET]ZEZMZ [—2 <ul+l_tul> — @' cosu; + ' sinu; + ¢°
i=0

Equating partial derivatives to zero
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OF [u l Uiyl — U o — u o o
[ _ 1 (M’W—Ml_luzﬂull—i—M’cp’sinui—i—M’mchosui),
m
t=1,m-—1,
we obtain the system of difference equations
Ny (a,) = Mt i ML
T T
+ Mg sinu; + My cosu; =0, i=1,m — 1. (17)
From here we find the solution to this system
Mi—l
M

Uip1 = Ui + (w; —ui_1) — @' sinu; — 12 cosu;, i=1,m—1,

Uy = ag, Um = a1.

Let us pass to the next special case of equation (1). Consider the equation of motion of a
pendulum, the suspension point of which oscillates according to a sinusoidal law along a straight
line inclined to the vertical axis OY at an angle a [10]

— Aw?sin (ot Aw? sin (wt) si
Nl(u)zii+0it+g @ 51;1(03)cosocsinu @ Sméw)smacosu:(), te(0,1), (18)

up = ag, Um = a, (19)

where u is the angle of deviation of the pendulum from the lower vertical equilibrium position,
o an attenuation coeflicient, d is the length of the pendulum, g is an acceleration of gravity,
o 1is a frequency of point oscillations suspension, A is the amplitude of the suspension point
oscillations.

By virtue of theorems 1, 2 for ¢ # 0 operator N (18) is non-potential with respect to
bilinear form (3) and for problem (18),(19) there is a variational multiplier of the form €. Denote

N (u) = €Ny (u) = 0. (20)

According to formula (14), we have the Hamilton’s action for (20):

l 1 A 2 & 2 3 :
— Aw~ sin (wt) cos o Aw? sin (wt) sin o
Fg = [ e — i — g (wt) cosu — (@) sinu +
1 0 2 d d
. (21)
g — Aw?sin (wt) cos a
7 dt,

and the corresponding finite-difference functional has the form

_ lm—l _ 1 [ uip1 —u; 2 g—A(D2Sin((1)t‘)COS(1
ml[uA:mZe““[—g(Z T ) - 7 o
i=0

N <_ Aw? sin (ot;) sin a

d ) sinu; +

g — Aw?sin (wt;) cos a]
d
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Using (17), we write a discrete analog of problem (18),(19) based on functional (21)

g — Aw?sin (wt;) cosa

v — — 0Ot; Ui+1 — U _ Otj—1 Ui — Uj—1 ot; 3 .
Nyp(ur) =e — = +e 7 sin u; +
. Aw? sin (ot;) sin o [
+ e <— (d i) cosu; =0, i=1,m—1,

u(0) = ap, u(l) =aj.
The solution of this system is given by the formulas

59 — Aw?sin (wt;) cos a
d

o Aw? sin (0t;) sin
! d

Ui+1 = U; + e " (u, — ui_l) -1 sinwu; +

L 22
+ cosu;, t=1,m—1, (22)

upg = ap, Um = a1.

To conduct numerical experiments , we assume:
e attenuation coefficient 0 = —0.01 ¢,
e gravity acceleration g = 9.8 m/ 2,

Uk
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Fig. 1. wu is a solution (22), urka is a solution by the Runge—Kutta
method
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Fig. 2. Portrait of the system on the plane OXY for a pendulum with large amplitude of forcing oscillations. The
parameters of the pendulum are given in the text

length d =1 wm,

small parameter y (y = 0.3, 0.1 ),

oscillation amplitude of the suspension point A = vA4g, Ag =1 M,

angle a = y2ay, ag = /6,

vibration frequency of the suspension point ® = wg/y, wg = 5 ',

[ =5T, T = 2n/wo with the number of nodes m = 400, the function values at the endpoints

Uy = U = 0.

In Fig. 1 the solutions of (22) are shown at various specified values ¥.

It should be noted that since (1), (2) is a boundary value problem, the well known shooting
method is additionally used to construct the graphs given in the work. It allows us to take into
account the value of the solution at the right end of the segment. In this regard, the Runge—
Kutta method was chosen because of its simplicity and effectiveness for verifying the correctness
of the found solution (22).

It is easy to see that when Agwg > 1/2gd u y are sufficiently small (y = 0.1), the graphs of
solution (22) have a T-periodic form. This property in the case of continuous time is noted in the
articles [10, 11].

If we increase the value of the oscillation amplitude of the pendulum suspension point
A = d/2, then we come to the solution shown in Fig. 2, b (with the parameters of the pendulum:
v = 0.1 and m = 4000). With a further increase in the amplitude A = d, the trajectory of the
pendulum motion fills all the empty space inside. This is clearly seen in Fig. 2, ¢. When the
amplitude increases, the patterns do not change.

3. Construction and investigation of the difference scheme of equation (13)
based on functional (16)

Similarly to section 2, we write (16) as a sum

m—1 tit1
T =3 [ = (tp)
=0 i

Approximating, we get
tir1 l . — s .
/ mwﬂmnWﬁsz{W*“ﬁ—my
t;

where p; = p (t;) and H' = H (t;, p;, u;).
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Thus, we have the difference Hamilton’s action
| = Ujs1 — U ’
m — T

We find partial derivatives

&W%WJZ(W“_W 8H>,i—&me

T Op;

Op; m

1 =1,m.

oJ [p.u] 1 <_pz' —Pi-1 3Hi>

ou; T m T ou;

Equating them to zero, we obtain the system of difference equations

g e Nk U S CS el N R S g
7 T Opi T M ’ ’ ’
9 . _m. aHiJrl
24 Pi+1 — Di
NJ = — — =
T Ouiq1
_ Pl TP i il Mttt L0 i=0m=-1
=T @ smmu — P rrcosui4p =0, 1=0,m—1

From here we find the solution of this system by the formulas
Di

M
Di+1 = Pi — t]%iJrlcpi+1 sin Ui+ — rMHllpiH cosuiy1, ©=0,m—1,

Ui+l = U + T 1=0,m—1,

ug = ap, Uy = Q7.

Let us pass to problem (18),(19). By virtue of theorem 3, equation (20) can be represented
in the form of Hamilton’s equations

i = —e p,

. ot (g — Aw? sin (ot) cosa |, Aw? sin (ot) sin >
p=c¢ d Sin u y cosu |.

The Hamilton’s action has the form

l
Jﬁl [t,p, U] :/0 [pu — Hy (tapa U)] dtv

where
2 — Aw? sin (ot) cos a Aw? sin (ot) sin o
Hy (t,p,u):—;;ot —i—eOtg d( ) cosu + €% ((i ) sin u—
ot — Ao? sin (ot) cos a
—e
d

The corresponding difference functional is equal to

m—1
— . l Uil — Uyg i
T ol = £ 5 () ]

=0
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where H! = Hj (t;, p;,u;). Based on it, we obtain the following system of difference equations:

Di

Ug4+1 — Uy

1

=0, i=0,m—1,

N

— Aw? sin (wt;, 1) cos o

T eOti

1,7

sin w41+

d
Aw? sin (ot;4 1) sin o
d

Pi+1 —Di Otit1 g

2
1,0 =~

N

1=0,m— 1.

cosUj+1 = 0,

4 eoti+1

From here we find

(23)

sin Ui+1—

g — Aw?sin (wt;y1) cos a
d

1,
f

g

=

I

e

e I

2B, B
P =
+ _
s 8
Il Il
— —
T hs
3 g

1=0,m—1,

COS U4 1,

— geftit1

Aw?sin (ot 1) sina
d

= aj.

Um

ag,

Up

-12 -

(1)

" PRK4

e A S L Al R -

L e e s

0.05 1

-0.10

lution (22), (u,p) is a solution (23), prka4 is a solution by the Runge—Kutta

u is a so

~

Fig. 3.

method
To conduct numerical experiments, we assume:

small parameter y = 0.1,
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e oscillation amplitude of the suspension point A = yAgy, Ag =1 M,

e other parameters o, g, d, ag, wg, I, T, m, ug u u,, do not change as in section 2.

Conclusion

A variational approach to the construction of two difference schemes for the problem of

the motion of a pendulum, the suspension point of which oscillates along a straight line, making
a small angle with the vertical, is presented. The results of numerical simulation for various
parameters of the problem are presented. Numerical solutions show that with a sufficiently small
amplitude of oscillations and a sufficiently high frequency of oscillations of the suspension point,
the pendulum performs periodic motion.
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