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Abstract. Purpose of this work is to study the initial-boundary value problem for a parabolic functional-
differential equation in an annular region, which describes the dynamics of phase modulation of a light wave
passing through a thin layer of a nonlinear Kerr-type medium in an optical system with a feedback loop, with a
rotation transformation (corresponds the involution operator) and the Neumann conditions on the boundary in
the class of periodic functions. A more detailed study is made of spatially inhomogeneous stationary solutions
bifurcating from a spatially homogeneous stationary solution as a result of a bifurcation of the “fork” type
and time-periodic solutions of the “traveling wave” type. Methods. To represent the original equation in the
form of nonlinear integral equations, the Green’s function is used. The method of central manifolds is used to
prove the theorem on the existence of solutions of the indicated equation in a neighborhood of the bifurcation
parameter and to study their asymptotic form. Numerical modeling of spatially inhomogeneous solutions and
traveling waves was carried out using the Galerkin method. Results. Integral representations of the considered
problem are obtained depending on the form of the linearized operator. Using the method of central manifolds, a
theorem on the existence and asymptotic form of solutions of the initial-boundary value problem for a functional-
differential equation of parabolic type with an involution operator on an annulus is proved. As a result of
numerical modeling based on Galerkin approximations, in the problem under consideration, approximate spatially
inhomogeneous stationary solutions and time-periodic solutions of the traveling wave type are constructed.
Conclusion. The proposed scheme is applicable not only to involutive rotation operators and Neumann conditions
on the boundary of the ring, but also to other boundary conditions and circular domains. The representation of
the initial-boundary value problem in the form of nonlinear integral equations of the second kind allows one to
more simply find the coefficients of asymptotic expansions, prove existence and uniqueness theorems, and also
use a different number of expansion coefficients of the nonlinear component in the right-hand side of the original
equation in the neighborhood of the selected solution (for example, stationary). Visualization of the numerical
solution confirms the theoretical calculations and shows the possibility of forming complex phase structures.
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Introduction

In the last few decades, mathematical models of nonlinear optics have attracted the attention
of researchers. They have rich dynamics of self-organizing systems, and variation of parameters
allows you to control such dynamics and observe experimentally a wide range of changes in the
light field. Characteristic is an optical system consisting of a thin layer of a nonlinear Kerr-type
medium and a variously organized external contour of two-dimensional feedback [1-3]. Depending
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on the feedback implementation, models are considered that are described by ordinary differential
equations or parabolic functional differential equations with the transformation of spatial variables
of the desired function [4,5]. More general is the case of taking into account the delay in the
system [4,6-8|. In this case, the functional differential equation

ou(x,t)
"o

describes the phase modulation of a light wave u(x,t) in a thin layer of a nonlinear Kerr-type
medium within the aperture of S C R2. The specified equation is supplemented by boundary
conditions at the boundary 05, as well as initial conditions for (x,t) € S x [—7,0]. In the equation
A — Laplace operator, u > 0 — diffusion coefficient of particles of a nonlinear medium, K > 0
— the nonlinearity coefficient proportional to the intensity of the input field, y (0 <y < 1) —
visibility (contrast) of the interference pattern, Qu(z,t) = u(q(x),t), ¢(x) — smooth reversible
transformation of a spatial variable (for example, reflection, rotation).

The study of functional differential equations has a long history, starting with the works of
A.,D.Myshkis 9], R. Bellman, K., Cook [10], the classical work of J. Hale [11], the cycle of works
by A., L. Skubachevsky and his students [12]|, V. M. Varfolomeeva [13,14], A. B. Muravnik |15, 16],
works by A.V. Razgulin and his students [17-19], E. P. Belana [20,21] and his students [22-24],
O.B. Lykova [25] and other authors.

Identification of traveling waves, rotating waves, fronts is of practical interest. Andronov’s
bifurcation—Hopf leads to the birth of rotating waves on the circumference in the case of the
rotation transformation of spatial arguments [5,18,26,27|. Their interaction on a circle was studied
in works [20,21], and two-dimensional rotating waves in a circle with rotation transformation
were considered in [25].

+u(x,t) = pAu(z,t) + K(1+ycos Qu(z,t — 1)), €S, t=0

The task of modeling the phenomena of structure formation manifested in experimental
experiments, such as traveling (rotating) waves, is far from complete. The aperture of the region,
the parameters of the problem, the organization of feedback, boundary conditions, as well as the
choice of the bifurcation parameter play an essential role here. Unlike many studies in this paper,
such a parameter is the diffusion coefficient p. In the works of S. D. Glyzin, A. Yu. Kolesov,
N. H. Pink (in particular, [28|) for dynamic systems of the reaction type—diffusion under the
condition of a decrease in the diffusion coefficient, the phenomenon of multimode diffusion chaos
is considered. The study of these problems is relevant both from the standpoint of the theory of
nonlinear functional differential equations of the parabolic type, and in connection with various
applications in nonlinear optics.

1. Problem statement

On the ring S = {(r,0)| 0 < r; <7 <7re; 0 <0 < 2n} the equation is considered

Ou

ot

where u = u (r,0,t) with transformation of rotation by angle h, Qu = u(r,0 + h,t), for example,
h = (2n)/p (p € N), with Neumann conditions on the boundary

+u=pAu+ K(1+vycosQu), (r,0)eS, t=>0, (1)

ou(ry,0,t) ou(ry, 0,t)  _
s Vs — 0.t s Jy — 0.1 2
or gl( ) )v or 92( ) )7 ( )
the initial condition
() (Ta e’ O) = Uo (Ta e) ) (3)
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periodicity condition
u(r,0+2m,t) =u(r,0,t). (4)

Here Au = % + %% + T%g%‘ — Laplace operator in the polar coordinate system, u >0 —
diffusion coefficient of particles of a nonlinear medium, angle rotation transformation h = (2x)/p
defines the operator @) = Qp, which is the involution operator QP = I [29], K > 0 — a coefficient
proportional to the intensity of the incoming flow, y (0 < y < 1) — coefficient of visibility (contrast)
of the interference pattern.

When investigating the problem (1)—(4), the following spaces are used: functional space
H = L(r1,m2) x (0,27) — the space of functions of L? quadratically integrable with weight r,
with scalar product and norm, respectively

21 T2 27T ro
Ry / / u(r,0)0(r, 0)rdrdd,  |[ull’ = / / fu(r, 0) 2rdrdo:
0 r 0 r

functional space H? — Sobolev space of complex-valued functions of two real variables with scalar
product and norm, respectively

<uvv>H2 = <U7U>H + <*Au’*AU>H7 HUH?'—IQ =V <U’U>H2;

function space Ha, = {u|u(0 + 2m) = u(0)} —closed space of 2w-periodic functions from H2.
The correctness of the initial boundary value problem (1)-(4) for the ring S can be proved
by analogy with the problem for the circle 0 < r < 71, proved earlier in the paper [30].
The problem of finding an approximate spatially inhomogeneous solution of the problem
(1)—(4) bifurcating from its spatially homogeneous solution is considered. The diffusion coefficient
is chosen as the bifurcation parameter w.

2. Integral representations of the equation

Let w be one of the solutions to the problem (1)—(4). Let’s replace u = w+v, where v(r, 0,t) —
a new unknown function. Then taking into account cos(w + v) = coswcosv — sinwsinv =
cosw(cosv—1) —
—sinwsinv + cosw, we get

K [1+vycosQpu] = K[1 4+ yQp cos(w + v)] =
= K [1+ycos Qpuw| — Kysin Qnw - Qpv + f(Qrw, Qpv),
where f(Qrw,Qpv) = Ky (cos Qrw(cos Qpv — 1) — sin Qpw(sin Qpv — Qpv)) .
The decomposition of the nonlinear function f(Qpv, Qpw) into a series by powers of v

begins ¢ v2 u f(Qpw,0) = 0.
The problem (1)—(4) with respect to v will take the form

0
aiflt)_‘_v:MA’U_KYSithw'QhU+f(ththw)a (r,@) €S, t=0, (5)

with conditions of the second kind on the boundary

ov(ry,0,1)
or

0v(rg, 0,1)

o = 20.t), 6(0t) € Hyy i=1,2, (6)

=401 (67 t)?

Kornuta A. A., Lukianenko B. A.
134 Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2022;30(2)



the initial condition
v(r,0,0) = vo(r,0), (7)

periodicity condition
v(r,0+42m,t) =v(r0,t). (8)

Keeping in decomposition f(Qnv,Qprw) a finite number of terms of the series, we obtain a
series of model equations.

In [31], a detailed analysis of the partial solutions of u(r,0,t) = w of the equation (1):
stationary, equal to a constant, u = w = const; stationary, depending only on r, u = w(r);
stationary, depending only on 6, u = w(0); stationary, depending on r and 0, u = w(r,0);
unsteady, depending only on ¢, u = w(t); unsteady, depending on ¢t u 6, u = w(0,1).

The equation (5), depending on the specifics of the problem statement, is convenient to
represent in three operator forms

o _

ot
Ayv =plAv, By =—v— KysinQuu - Qpv + f(Qnv, Qrw);
Agv = pAv —v, Bg=—KysinQpw - Qpv+ f(Qnv, Qrw);
Asv = plAv —v — Kysin Quuw - Qpv, Bs = f(Qnrv, Qrw).

Lemma 1. The operators Aj, j =1,2,3 have a full in Ly(R2),Q2 = {(r,0) |r1 <r <1,0< 0 < 2n}
an orthonormal system of eigenfunctions

AjU+Bj, 7 =1,2,3,

Yrm(1,0) = Ry m(Mpmr) explin®], n=0,£1,£2,...; m=1,2,...,
where
Rn,m(r) = Rn,m()\n,mr) =Ju ()\n,mr) : Yé ()\n,mrl) -Y, (}\'n,mr) : Jyll ()\n,mrl) (9)

are defined through the Bessel functions J,,,Y, [32] of the first and second kind, respectively, of
the order n :

T\ ~ ~ > —1)k x
Tulz) = (7) (W), 2de () :kzzor(k‘-l-l)(- r1(31+k+1) (§>2k’

Y, (z) = lim (ctgna-Ja(:c)— ! J_a(a:)>,

a—n sin o

Mm = r—a sequence of numbered in ascending order of the roots of the equation
J;z (Xﬁ) . YT; (XTQ) - ‘]7/7, <X’I“2> . Yé (Xrl) =0. (10)

The functions R(r) = Ry m (Am,n) are solutions of the boundary value problem for the
Bessel equation

r?R"(r) + rR'(r) + (5:27“2 — n2> R(r)=0, R'(r)=0, R(ry)=0, n=0+1,42,... (11)

Eigenvalues: A = —uA2 . (for the operator A1); A= —1—uA2  (for Ap); b = —1 —
u)\%m—l—A explinh] (for Az), n=0,+1,4+2,... A=—Kysin Qw=—Kysinw, for w=const.
Proof. Eigenfunctions ¥y, ,,»(r,0) we get as a result of applying the method of separation of
variables for equations % = Ajv, j =1,2,3. For example, for an equation with the operator Ag,
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representing v(r,0,t) = X(r,0) - T'(t) = R(r) - ®(0) - T'(t), we come to the problem of Storming —
Liouville for X (r,0):

UWAX (r,0) — X (r,0) + AQpX (r,0) = AX (r,0),
dX (r1,0) 0X (r9,0) (12)

and the equation for the function T'(¢): T"(¢t) — MT'(t) = 0.
Separating the variables in (12), for R(r) we come to the problem (11), and for ®(0),
unlike the problem with operators A 2 (A = 0), the Storming problem— of Liouville has the form:

D"(0) +vD(0) =0, Qud(0) +ad(0) =0, d(O+2m)=d(0), 0<6<2m,

B th)n(e)

. n=0,+1,42,...
D,,(6)

v=v,=n? ®=0,00) = exp[£inb], a, =

1
Van
Let’s define the eigenvalues of the A operator Az (12).
Laying out in a row X(r,0) = Jio +ZOO Un,mWn,m (7, 0) by functions {y, ,,,(r,0), we get for
the coefficients of the decompositionn;;zo m

(=1 — A2, + Aexplinh]) vpm = Mypm, n=0+1,4+2,..., m=12,...
Whence it follows that for As
h=—1—uh},, +Aexplinh], n=0+1,42,..., m=12,...

With A =0, we get eigenvalues for the operator A, and, obviously, A = —u)»%“m for the
operator Aj.

The solutions of the boundary value problem (11) are the functions R(r) = C1J,(r) +
C2Y,(r). Given the boundary conditions of the problem (11), we get:

01577/10\7’1) + CQY,,;()\.T’l) = 0, (13>
=0.

& JA()\T‘Q) + CQY,,;()\.TQ)

The system (13) with respect to C; and Cy has a nontrivial solution if X is a solution of the
equation (10). It is known that the equation (10) has a countable number of positive roots [32]
Mim,n=0,£1,£2,..., m=1,2,... Then C; and C3 are determined from any equation of the
system (13) (that is, the solution is determined (9)):

Yq{ ()\'n,mrl) JTIAL ()\-n,mrl)
J,:l (Xn,mrl) YA (}\n,m""l) .

Based on the calculations of the method of separating variables of Lemma 1, we write
down the Green function for the operator A;:

CL = -0y nm (Cy=-C4 O

Gi(r,p, 0, ¢, 1,1) = % —i_zoo i exp[—in(0 — @) Rn,m (1) Bnm(p) eXP[_H)‘%,m(t - 1)

2 )
n=—oom=1 dn,m

2 _ 2 n2r? ()\2 "2 _ n2) (R (TQ))Q B (KQ 22 n2)
n,m TE2>\.,?L7m’I“% 4 n,m' 2 n,m n,m' 1 3 (14)
n=0,£1,+2,... m=12,...
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For a inhomogeneous linear equation with operator A; with conditions reduced to
homogeneous boundary and initial conditions

v = A1v 4+ vo(r,0)0(t) + g2(0,8)d(r — r2) — 91(0,8)0(r — r1) + f(r,0,t) = Ao + fi,

the solution can be represented through the Green function

T2 21

t
v(r,eyt)=///Gl(r,p,ﬂ,cp,t,r)fl(p,w,r)dwpdpdt-
0 rit O

Green’s function G for operator Ay will differ from Gy by the multiplier exp[—(1+uA3 ,,)t]
instead of exp[—u}Z ], and G for the operator Az is a multiplier exp[(—1 — pA2 ,, + A explinh])t].

In the case of nonlinear equations with operators A; with zero boundary and non-zero
initial conditions, the use of Green’s functions G; leads to nonlinear equations of the following
form

t ro 2m

500 = [ [ 600,00 0.00B, (006, 0.7)) + oo, 00 dgpdpie. = 1.2, (13
0 rt O

The equations (15) are convenient for approximate calculations and estimates.

3. Solution bifurcation, asymptotic representation

Further in this section we consider spatially inhomogeneous stationary solutions bifurcating
from spatially homogeneous stationary solution u(r, 0,¢) = w = const, which is defined by the
equality

w = K(1+ycosw). (16)

Known [33], that with an increase in K, the number of roots of the equation (16) grows and
their composition changes. Let’s fix a smooth branch corresponding to one of the solutions (16)

w=w(K,y), 1+ Kysinw(K,y) # 0.

We linearize the equation (1) on the selected stationary spatially homogeneous solution w(K,y),
we replace u = v + w and, having selected the linear part, we obtain the equation:

v
ot

To detect solutions that have been observed in experiments (for example, [34]), assume
that the operator Qy, is involutive: Q¥ = I. Let’s choose h = 2r/p, p € N. p > 3 is of interest
(the case of p = 2 was investigated earlier [24]).

Operator eigenvalues Ag

+v=plv— Kysinw - Qpv + f(Qpv,w), (r,0) € S, t > 0.

2
A=—1—u\2,  — Kysinwexp [zm} n=0,41,42,..., m=12.... (17)
’ p

Lemma 2. The stability of the solution v is determined by the sign of the real part of the
expression (17): k= Gy m + iBnm, 20 Red =ty = =1 —ph2 | — Kysinw cos(2nn/p), ImA =
Bn,m —
= —Kysinwsin(2nn/p). If Rek < 0, then the solution v is stable, if Rek > 0, then the solution
v is unstable [35, page 29].
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The real part o, = —1— uk?um+A cos(2mn/p) contains the parameters K, vy, w, u, of which
in the general case, K and paresigni ficant. Let’s choose the diffusion coefficient u as a bifurcation
parameter, fixing at this A.

In general, for Q,®(0) = @ (0 + 21t/p), the following statement is true.

Statement 1. The solution of the linearized problem corresponding to (5)—(8) can be represented
as

+oo  +00
P
Y > CumPBam(r) exp[—inb] exp [(—1 — A2, + Aexp [zzn]) t} .

n=—oco m=0

Depending on the values of the real and imaginary parts of A, various types of solutions
can be obtained, in particular, when Rel # 0,ImA = 0, we obtain stationary solutions (5)—(8),
for Reh =0,ImA\ # 0 we get purely periodic solutions (5)—(8)

Apm(r) exp [—i (ne + Asin Tt)] .

3.1. The method of central manifolds. To study bifurcation phenomena, we use an
accepted methodology based on the construction of a hierarchy of simplified models in the vicinity
of bifurcation points |20, 36].

Next, consider the case of Rel # 0. Using the linearization of the equation (5) on a
dedicated stationary spatially homogeneous solution w(K,vy), we will replace u = v + w and
consider one of the model problems of the problem (5)—(8):

@ Kycosw

Kvsi
+v=puAv— Kysinw - Qpv — th2+M-th3,
ot 2! 3! (18)
O<ri<r<ry, 0<06L2n, t2>0,
with conditions of the second kind on the boundary
ov(ry, 0,t) ov(re, 0,t)
» Yy — 0 y Yy — 0 19
or ’ or ’ (19)
the initial condition
v(r,0,0) =0 (20)
and the periodicity condition
v(r,0+42m,t) =v(r,0,t). (21)
Given that A = —Kysinw, and, denoting Q = —Kvy(ctgw/2), (18) we write as
ov A
5= + uAv + AQpv + QQpv? — thUS,

(22)
O<ri<r<r, 00 2x, t=0.

The equation (22), linearized in the neighborhood of the zero solution, is represented in
the form

g: = Asv, (23)
where Azv = —v + pAv + AQpv.
Next, we assume that h = 7/3 (other cases can be considered similarly).
The linear operator Az with domain of definition H?, considered as an unbounded operator

in space H, is a self-adjoint operator. Based on Lemma 1, it is established

Kornuta A. A., Lukianenko B. A.
138 Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2022;30(2)



Lemma 3. For the case of rotation, h = nt/3, Reh,# 0, ImM\,= By m= Kysinwsin(nn/3) =0,
the ratorus As corresponds to a series expansion by eigenfunctions s m(r, 0)=Rszsm cos 350,s =

1,2,... with eigenvalues
hgs = —UA3,,, — 1+ (=1)°A, (24)

where A3sm — m-the root of the equation (10).

The proof follows from the general case (Lemma 1) of the decomposition of the linear
operator As, considered in the Hilbert space H with domain of definition H? by a complete
orthonormal system of eigenfunctions Yy, (7, 0).

The following theorem holds.

Theorem 1. For h = n/3, A < —1, there exists & > 0, such that for a fized value of
m = 1 and for any values of the parameter u satisfying the inequality uy —& < p < Wy, 2de
us = (—1— (_1)8/\)/}‘%5,771: s=1,2,..., there is a continuous branch of stationary points z(n) > 0
of the equation

(25)

1 A Q22
Z=l3(u)z ( o Y2

+ 2d§,1 1 (%3_)\6)0%1) ZS+...7

which corresponds to the stationary solution v = @(r,0, ) equations (22), defined by equality
@(r,0,u) = 2R3 1(r) cos 30 + 22 Py (r, 1) cos 60 + 23 Py(r, n) cos 90 + E(z, 7,0, 1) lo=z(),  (26)

Qyy

P, = ‘R 27
6(T7 “‘) 9 (2)\‘3 — )\-6) dal 6,1(T)’ ( )
1 Q*voy3 Ayy
P. = — - R 28

where §(z,r,0,1) = O(|z|*), Ras1 and d3, 1, s = 1,2,3 are defined by the equalities (9) and (14),

respectively,
ro ro

. / PR (r)dr, o = / rR2 | (r)Ro 1 (r)dr,
71 r1
) . (29)
V3 = /TR3,1(T)R6,1(T)R9,1(7“)d7“7 Y4 = /TRg,l(T)R9,1(T)dT~
r1 T1

The solution ¢(r,0,u) — is orbitally stable.

Proof. According to Theorem 5.1.1 of [36] and Lemmas 1, 2, if A > 1, then the null solution
(23) is unstable for any p > 0. If —1 < A < 1, then the null solution (23) is asymptotically stable
for any u > 0. The case of A < —1lisofinterest. Now let’s choose K so that the condition is met:
A=A(K)<-1.

Here s = (-1 — (—l)SA)/kgs,m, s=1,2,.... If uw > uy, then according to the Lemma 2
the null solution of the problem (23) is stable. When the parameter u decreases and it passes
through the value p;, one eigenvalue A3 passes through the imaginary axis.

If us < w < py, then the instability index of the null solution is 1. The instability index of
the null solution increases by one when p decreases and it passes through us, s =2,3,....

In neighborhood v = 0 for u satisfying the inequality w3 — 8 < p < u1, there exists a central
manifold [36], which can be represented as

@(r,0,u) = 2R3 1(r) cos 30 + 22 Py (r, 1) cos 60 + 23 Py(r, ) cos 90 + E(z, 7,0, 1) L=z, (30)
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where Pg(r,u), Py(r, 1), ... functions from space L5[ri, r2]. On the manifold (30), the equation (22)
takes the form

i =h3(W)z + Co2® + C32°. (31)
Find the coefficients of the expansions (30) and (31). For this, we substitute (30) and (31)
into equation (22):

(Xg(u)z + Cy2” + 0323) <zR371(7’) 08 30 + 22 Ps(r, 1) cos 60 + 322 Py(r, ) cos 96) =

=u (zR;;l(r) cos 30 + Z2Pél(7“, 1) cos 660 + Z3Pg (r, 1) cos 96+

+2R§3,1<72 cos 360 N z2P6/(r,r) cos 60 N 23 Py (r, r) cos90

QZR;:J (r)cos30  3622P; (r,u) cos60  8123Py (r, 1) cos 90
N r2 - r2 - 2 +

—|—A< — 2R31(r) cos 30 + 22 Ps(r, 1) cos 60 — 23 Py(r, 1) cos 99> +

2
+Q< — 2R3 1(r) cos 30 + 22 Ps(r, 1) cos 60 — 23 Py(r, n) cos 96> -

A 3
~% < — zR31(r) cos 30 + 22 Ps(r, 1) cos 60 — 23 Py(r, n) cos 96) .

Due to the orthogonality of the system of eigenfunctions cos 3s0, s = 1,2, 3, we equate the
coefficients for these functions in the left and right parts of equality (32). R cos 36 we get

Ry (r) [2 <7»3 +1+ A) + Co22(t) + ng3] -

R;)J(T) ~ 9R34(r)

Az3R§’1 (r)
r r2 '

8

=uz <ng1(7«) + > — Q2% Ry 1 () Ps(r, 1) +

Since R31(r) — solution of the boundary value problem of the Bessel equation (11), then

R3’1(T) [Z <>“3 +1+A+ MK%J) + Ch2? + C3Z3:| =

AZBRS | (r
= —Qz Ry (r)Ps(r, ) + 831<)
. 2 AR% 1(7”)
Since A3 = —1 —ph3 1 — A, then C2 =0, C3R31(r) = —QR31(r)Ps(r, 1) + T Therefore,
1 fi A
Ci= - | -0 [y R + 5 ) (33)
ds4 ’ 8
T1
r2 YQQRG 1(7’)
h = [rRi dr, P = .
where 1 TJ:?" 3,1(r)dr, Ps(r,u) Qd%,l (205 — ho)
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o(r,0,1) o(7,0,1)

Fig. 1. Ilpubamzkénnoe cranponapuoe pemenre (30) st A = —3/2, h = 71/3 B [uIMHIPUIECKOIT cuCTEMe KOOD/MHAT
npu p = 0.1 (a) u p=0.01 (b)

Fig. 1. Approximate stationary solution of (30) for A = —3/2, h = /3 in a cylindrical coordinate system for
w=0.1 (a) and pn = 0.01 (b)

Based on the condition A < —1 and the equality (24), it is obvious that C5 < 0, then there
is a supercritical bifurcation of the "fork"type (see [36], ch. 6. 3) and from the trivial singular
the points of the equation (25) branch off two stable stationary points.

Carrying out similar (cumbersome) calculations for s = 2,3, we obtain the statements of
the Theorem.

Thus, in some neighborhood p; there exists a stationary solution v =
= @(r,0,u) the equations (22), defined by the equalities (26)—(28). The solution ¢(r,0,u) —
is orbitally stable. O

The theorem is local in nature.

When using the package «Wolfram Mathematica 11.3» for A = —3/2, h = /3 approximate
solutions of (30) obtained in the Theorem are constructed for various values of the bifurcation
parameter p (fig. 1).

Corollary 1. The results obtained are consistent with the one-dimensional case when a narrow
ring can be replaced by a circle. For h =mn/3, A < —1, there exists d > 0 and u; = (-1 — A)/9,
such that for any values of the parameter n satisfying the inequality w3 — 6 < p < py,there is a
continuous branch of stationary points z(u) > 0 of the equation

1 (A Q2
= =3 +...
z 3(M)Z+2 <4 (2k3—k6)>z + ..

which corresponds to the stationary solution v=q; (0, ) equations (22) on circle S (r;=rg) with
condition 2m-periodicity, defined by equality

Q
@1(0,1) = zcos 30 + z2m cos 60+

o 1 @
2(3hg —ho) | (203 — D)

A
+ - cos 90 + E(z,0,u) ’z=Z(M)’

where E(z,0,1) = O(|2|*), has = =1+ (=1)°A = (35)%n, s=1,2,3.
The solution @1 (0, n) — is orbitally stable.
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3.2. The Galerkin method. In order to investigate the asymptotics of stationary
solutions of the problem (18)—(21) with a decrease in the bifurcation parameter p and its
departure from the critical value of ui, we will use the Galerkin method, according to which we
will present approximate solutions in the following form

N
@*(r,0) = (2 explikB] + Zi, exp[—ikO]) Ry 1(r), (34)
k=1
here zi,Z) are complex conjugate expressions.
Requiring that the function ¢@*(r, 8), defined by the equality (34), satisfies the equation (18),
we obtain a system of ordinary differential equations
B = ik + 0l 2), (35)
Zk = M2k + 0x(2,2),
where Ax(p) = -1 — ukil + explikh]A, hp(p) = —1 — MX%J + exp[—ikh]A, ox(2,Z), Ok(2,Z) —
forms of the third degree from zp,zr, k=1,2,..., N.

One of the solutions of the (35) system is a null solution whose stability is determined by
the spectrum {Az(u), Ax(n)} of the corresponding stability matrix. As above, we assume that the
condition is met A < —1.

Let h = m/3, then the first critical value of the bifurcation parameter at which the
zero stationary solution of the system (35) loses stability, yy = (—A — 1) /7\371. As a result, a
bifurcation of the type «fork» occurs and at u < p; a pair of stable stationary points £2*(u) =
{0,0,£23,0,0, %2, ...}, being solutions of an algebraic system of equations

Kkzk—f-&k(zl)zo, k,l=1,2,...,N, (36)

where €x(z;) is a third degree polynomial containing the second and third degrees z;.
Based on this, taking into account (34), the spatially inhomogeneous stationary solution
of the problem (18)—(21) is determined by the asymptotic equality
[N/3]

@ (r,0,1) = Y z3i(w) cos[3k0] Ry, (r). (37)
k=1

For example, for N = 3, the solution is z*(n) is determined by the system

1
haz1 + = [A (Bsz} + 20362521 + 20302321 + C3927 23 + Ees02523) — 8Q22 (836923 + Es621)] = 0,

8d3
1
)\622 + @ [—AZQ ([:))GZ% + 26362% + 2669,Z§ + 2%6392123) + Q2 (8636923 + 4%3621)] — 0,
6
hozs + = [3A (Baz} + 2030272 + 20073 A2 221) — 248360Q2221] =
923 + U2 [3 (5923 + 203927 23 + 206925 23 + C39Az] + 26392221) 369 2221] =0,
9
where
T2 ro
Pr = /TR%J(T)dr,k =3,6,9; Om= /rRz7l(r)Rﬁl(r)dr, k,l=3,6,9k <)
T1 1
T2 ro
T30 = /ngJ(r)Rg,l(r)dr, Eag = /7«]{31(7-)R671(T)dr7 (38)
1 "
T2 ro
d369 = /rRil(?")R%,l(T)jol(r)dr, E639 = /TR%J(T)R?),I(T)Rg,l(T>d7".
r1 "
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Fig. 2. Ilpubmmxkénnoe permenne (30), moaydennoe ¢ npuMenerneMm meroza lanépkuna, mia A = —3/2, h=mn/3 B
IUIMHAPUIEcKo cucteMe koopiuaar npu W = 0.1 (a) n p = 0.01 (b)

Fig. 2. Approximate solution (30) obtained using the Galerkin method for A = —3/2, h = nt/3 in a cylindrical
coordinate system for p = 0.1 (a) u u = 0.01 (b)

Numerical analysis for N = 5 was carried out at fixed values of the parameters A = —3/2,
Omega = 0.129264, which corresponds to K = 2,y = 0.761058, w = 1.74147. The following
results were obtained.

1. Critical value of the bifurcation parameter u* ~ 0.113315.

2. For p > p*, the null solution of the system (36) is stable.

3. When the parameter p decreases and the critical value u* passes, one of its own values of the
spectrum of the stability matrix of the null solution A3 passes through
zero and becomes positive. As a result, a bifurcation of the type «fork»
occurs and a pair of stable stationary solutions branches off from the zero solution that is
losing stability. In particular, for @ = 0.11331, the solution of the system is (36) z*(u) =
= {0,0,+0.0481462.0, 0, +0.0000198428, 0, . . .}.

4. When the parameter u is further reduced, the eigenvalue of A3 remains positive.

5. The spectrum of the stability matrix of the solution z*(u) lies on the negative semi-axis.
In the package «Wolfram Mathematica 11.3» for various values of the bifurcation parameter

u, approximate solutions of (r, 0, w)obtainedusingtheGalerkinmethodareconstructed, determined
by the equality (37) (Fig. 2).

Approximate solutions of the problem (18)—(21), constructed using the method of central

manifolds and the Galerkin method, practically coincide.

3.3. Running wave. Note that, unlike the results obtained above, the presence of rotation
of spatial coordinates can simulate a situation where a spatially homogeneous solution loses
stability in an oscillatory manner when the parameters in the problem (u, K') change. In this case,
a traveling wave occurs.

Next, using the representation of the solution (34) of the problem (18)—(21) in the Galerkin
method, we construct a two-mode approximation of its periodic solution of the type «traveling
wavey, which is born as a result of the Andronov — Hopf’s bifurcation hspacelpt at the highest
critical value of the parameter p = p* : {Rel(n*) =0} (24) from the zero solution losing
vibrationally stability systems (35).

We are looking for the specified solution in the form

Zl(t) =pP1 eXp[iel], Zg(t) =0, Z3(t) = pP3 exp[i(361 + (13)];

Z1(t) = prexp[—i01], Z2(t) =0, Z3(t) = psexp[—i(301 + as)],

where p, = pr(t,n) >0, 0 = 0x(t,n), k=1,3.
Counting 01 (¢, ) = w(u)t. Substitute (39) into (35), we get a system for determining
Pk, A3 :

(39)
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p1(Midf —iw) — %A explih] [E13 explias]pspt — P1pT — 2013p3p1] = 0,

p1(hid} + iw) — %AGXP[—M] [E13 exp[—iaz]pspT — P1p? — 2813p301] = 0,
p3(Asd3 — 3iw) — é/\ exp[3ih] [E13 exp[—ias]p? — 3Bspi — 6813p3p3| = 0,
pg(xgdg + 3iw) — éA exp[—3ih] [E13 explias]p$ — 3Bspi — 6813p3p7| = 0.

Here d3 (k = 1,3) is defined by the equality (14), Bx(k = 1,3), 813 are defined by the equalities (38),

T2

Ei3 = [ R} (r)Rs(r)dr.
71

With p > u*, the system has only zero (p; = 0,p3 = 0) sustainable solution. When the
parameter u decreases and the critical value u* passes, the null solution loses stability and at the
same time a solution of the form is born:

60S
pi(n) = —2
A (V] (3y1(P5)? — 40135 — v3¥9))

o (Bwsindh + d3T§3) +

+ (d? (30Y§, +d3 (Asin3h (1+phd ) — T (1+uri))))) |

1206 W

. 2 _
sin® ag(w) = —7/\2%%3‘)1(“)4, (41)
cos as(y) = sinag(p) (viApi(t) — 2d5A) ¥ 48130
= 20 AEZ, sin o (W)p2 (1)’
—20¢
pali) = AE1zsinaz(w)pi(p)’

where V¢ = ko cos(kh) — d3 sin(kh)(u)\i’l +1),k=1,3, 9% = wsinh + df cos h(uA ; + 1), T =
= —Acos jh + cos 4h(u)»%71 +1), (J,k=1,3,7 #k), T* = —Asinh + sin4h (ukal + 1), the value
of w is determined from the basic trigonometric identity for ag(u), the sign sin az(u) is chosen
opposite to the sign ¥§.

Therefore, the system (35) at u < u* has the solution

z1(t, 1) = p1(w) expliB1 (W], z2(t) =0, 23(t,u) = p3(w) expli(301 (W)t + az(w))];

42
Z1(t, 1) = p1(p) exp[—iB1(n)],  Z2(t) =0, Z3(t, 1) = p3(n) exp[—i(301(n)t + az(w))]. )

Substituting (42) into (34), we get the periodic solution ¢*(r,0,¢,u) tasks (18)—(21).

The specified solution is born stable.

Numerical simulation was performed for h = 2x/3 with fixed values of A = —3/2, Q =
0.129264, which correspond to the parameters K = 2, y = 0.761058, w = 1.74147 of the original
problem. In the package «Wolfram Mathematica 11.3», Galerkin approximations of periodic
solutions of @*(r,0,t,u) were constructed for various values of the bifurcation parameter u at

N =5 (Fig. 3).
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Fig. 3. IIpubmmkénnoe perenue (30) tTuna «Gerymas BoIHA», HOIYUEHHOE C IIpUMeHeHreM Merona [ajnépkuna,
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Fig. 3. An approximate solution (30) of the “traveling wave” type obtained using the Galerkin method for A = —3/2,
h =2n/3 for u = 0.1 (a) and p=0.01 (b)

Conclusion

The paper considers an initial boundary value problem for a parabolic functional differential
equation in a ring domain, which describes the dynamics of phase modulation of a light wave that
has passed through a thin layer of a Kerr-type nonlinear medium in an optical system with a
feedback loop, with an involution operator and by Neumann conditions on the boundary in the
class of periodic functions. Using the Green’s function, an integral representation of the equation
under consideration is obtained, which makes it easier to find the coefficients of asymptotic
expansions, prove the existence and uniqueness theorems (similar to [30]), and also use a different
number of coefficients of expansion of the nonlinear component in the right side of the original
equation in the neighborhood of the selected solution (for example, stationary).

Using the method of central manifolds, a theorem is proved on the existence in the vicinity
of the bifurcation value of the parameter p (diffusion coefficient) of a spatially inhomogeneous
solution that branches off from a spatially homogeneous solution. Using the Galerkin method,
numerical modeling of bifurcating spatially inhomogeneous stationary solutions and traveling
waves at fixed parameter values was carried out.

The considered mathematical model corresponds to an optical scheme in which the phase
of the light wave is visualized due to the Kerr nonlinearity. The phase distribution corresponds to
the intensity distribution in the cross section. Visualization of the numerical solution confirms
the theoretical calculations and shows the possibility of forming complex phase structures.
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