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Abstract. The aim of the study is to investigate the features of synchronization in ensembles of nonidentical
neuron-like FitzHugh—Nagumo oscillators interacting via memristor-based coupling. Methods. The collective dy-
namics in a ring of FitzHugh—Nagumo oscillators connected via memristive coupling was studied numerically
and experimentally. The nonidentity of oscillators was achieved by detuning them by the threshold parameter
responsible for the excitation of oscillator, or by detuning them by the parameter characterizing the ratio of time
scales, the value of which determines the natural frequency of oscillator. We investigated the synchronization of
memristively coupled FitzZHugh—Nagumo oscillators as a function of the magnitude of the coupling coefficient, the
initial conditions of all variables, and the number of oscillators in the ensemble. As a measure of synchronization,
we used a coefficient characterizing the closeness of oscillator trajectories. Results. It is shown that with memristive
coupling of FitzHugh—Nagumo oscillators, their synchronization depends not only on the magnitude of the
coupling coefficient, but also on the initial states of both the oscillators themselves and the variables responsible for
the memristive coupling. We compared the synchronization features of nonidentical FitzHugh—Nagumo oscillators
with memristive and diffusive couplings. It is shown that, in contrast to the case of diffusive coupling of oscillators,
in the case of meristive coupling, with increasing coupling strength of the oscillators, the destruction of the
regime of completely synchronous in-phase oscillations can be observed, instead of which a regime of out-of-phase
oscillations appears. Conclusion. The obtained results can be used when solving the problems of synchronization
control in ensembles of neuronlike oscillators, in particular, for achieving or destroying the regime of in-phase
synchronization of oscillations in an ensemble of coupled oscillators.
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Introduction

Spiking neural networks, which use biologically realistic models of neurons as nodes, are
the subject of intense study in various scientific disciplines [1]. Such networks are capable of
demonstrating the activity inherent to real neurons, including generating spikes (pulses). Spiking
neural networks are widely used to model information processing in the brain |2]. They are applied
in classification and identification problems, for example, to classify typical patterns in biomedical
signals (electroencephalograms, electromyograms, etc.) [3-6], classify external influences applied
to network neurons [7,8], and recognize audiovisual information [9, 10]. Spiking neural networks
are of high practical importance in robotics when solving problems of robot motion control
[11-14]. The development of new efficient algorithms for training spiking neural networks [15]
opens up ever broader prospects for their practical application.

There are several well-known neuron models that are widely used as nodes for constructing
spiking neural networks [16]. One of these models, which has become a reference model of
excitable neuron dynamics, is the FitzHugh-Nagumo model [16]. Ensembles of coupled oscillators
described by the FitzHugh—Nagumo equations have been studied by many authors. In particular,
in such ensembles, the processes of formation, evolution, and synchronization of various spatio-
temporal structures, including traveling waves and chimera states [17-21], were studied, and
methods for controlling spatial structures using external influences |22, 23| were proposed.

The dynamics of spiking neural networks is determined not only by the choice of nodal
elements of the network, but also by the choice of the type and structure of connections between
neurons. When studying networks consisting of FitzHugh-Nagumo oscillators, the most widely
used is the diffusive coupling, which models the electrical synaptic connection between neurons.
Usually, in numerical modeling, such a coupling is assumed to be constant, independent of time.
However, real neurons are characterized by the plasticity of synaptic connections, which ensures
high adaptability of neural networks. The problem of implementing synaptic plasticity in spiking
neural networks can be solved by using a memristive coupling between elements. A feature of such
a coupling is the dependence of its value on the previous states of the interacting systems [24].

Neural ensembles and networks consisting of memristively coupled model neurons have
been studied mainly numerically [25-28]. At the same time, spiking neural networks consisting
of memristively coupled FitzHugh—Nagumo oscillators have been the subject of only a few studies.
For example, in [29], the influence of initial states of memristive coupling on traveling waves in
a ring of identical FitzHugh-Nagumo oscillators was studied. In [30], synchronization of two
memristively coupled FitzHugh—Nagumo oscillators and a chain consisting of diffusion-coupled
pairs of such oscillators was considered. The problem of experimental study of ensembles of
memristively coupled FitzHugh—Nagumo oscillators is still poorly understood. For example, in
the work [31] the synchronization of two neuron-like radio-technical generators of the FitzHugh-
Nagumo type, connected via an analog memristive device, was experimentally studied.

In this paper, we numerically and experimentally investigated synchronization in an ensemble
of memristively coupled non-identical FitzHugh-Nagumo oscillators. In a radiophysical experiment,
we first implemented a network of 10 analog FitzHugh-Nagumo oscillators connected by a
memristive coupling implemented in digital form.
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1. Synchronization of two memristively coupled FitzHugh-Nagumo oscillators

Let us first consider two FitzHugh-Nagumo neuron-like oscillators, mutually connected by
a memristive coupling and described by differential equations of the following form:

eidi(t) = wi(t) — af(t)/3 — yi(t) + kM (i(1)) (g1 () — 2i(t)),
gi(t) = viwi(t) — yi(t) + B, (1)
Pi(t) = @i(t) — 21 (),

where x;(t) describes the dynamics of the membrane potential of the i-th neuron, i = 1,2,
with the boundary conditions z3(t) = z1(¢); yi(t) is responsible for restoring the membrane
resting potential; @;(¢) determines the instantaneous state of the memristive coupling; ¢; is the
parameter of the ratio of time scales, which is usually a small value; y; is the threshold parameter;
the parameter B characterizes the conductivity of ion channels; k is the coupling coefficient; the
function M (;(t)) = a+bg?(t) describes the conductivity of the i-th memristive coupling element,
where a and b are the parameters of this function. This type of function describing memristive
coupling was used in [24,29, 30].

A memristor, a passive electrical element that can change its resistance depending on the
electric charge passing through it, was first theoretically described by Chua [32]. Chua later
developed the memristor concept and generalized it to any device whose characteristics depend
on its operating history [33]. Such devices were called memristive [33]. Experimental examples
of radio-technical devices with memristor properties appeared much later [34,35].

The instantaneous value of the variable ;(¢) in the system (1) is determined as follows [29]:

@i() = i(0) + / (1) — 2011 (x)) d. 2)
0

The instantaneous value of the coupling strength of the oscillators in (1) depends on their previous
states. Therefore, such coupling is interpreted as memristive.

We investigated the synchronization of oscillators in the (1) system depending on the
magnitude of the coupling coefficient k£ and the initial conditions of all three variables: x;(0),
¥i(0), ©;(0). The non-identity of the oscillators was achieved by their detuning by the parameter
Yi O &;.

Let us consider the case of a small detuning of the oscillators in the parameter y;, which
took the values y; = 1 and yy = 1.05, corresponding to periodic self-oscillations of uncoupled
oscillators. The remaining parameters of the oscillators are the same: €1 = e2 = 0.05, f = 0.2.
The parameters of the memristive coupling are ¢ = 1,b = 1. In the numerical study of the (1)
system, we integrated the model equations using the fourth-order Runge-Kutta method with
a step of At = 0.01. To exclude the transient process, the time series of variables were not
considered in the initial section of length 77 = 10000.

As a measure of oscillator synchronization, we used the coefficient R, calculated using the
following formulas [30]:

x5 = (x1+ x2)/2, (3)
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Fig 1. a — Dependences R(go) for k& = 0.0005 (curve 1), k = 0.0025 (curve 2), and k = 0.005 (curve 3) at
21(0) = z2(0) = 0.2, and y1(0) = y2(0) = 0.1. b — Temporal realizations of z1(t) and z2(t) at gog = —0.7,
k = 0.0025. ¢ — Projection of oscillations in the case of in-phase mode at @9 = —2, k£ = 0.0025. d — Projection
of oscillations in the case of out-of-phase mode at ¢o = —0.7, k = 0.0025 (color online)

where the angle brackets denote averaging over time. For equal variances of the variables x;
and xa, the coefficient R is related to the mutual correlation coefficient r by the relation R =
= (14 7)/2. The coefficient r can take values from —1 to 1. The coefficient R can vary from 0
to 1. For complete synchronization of the oscillators, the coefficient R is maximum and equals
1. In cases of asynchronous or out-of-phase oscillations of the oscillators, R takes small positive
values [30]. To calculate R, we performed averaging over the time interval 75 = 1000.

Let us denote 1(0) = @2(0) = o and plot the dependences R(qgg) for different values of
k and x1(0) = 22(0),y1(0) = y2(0) (Fig. 1, a). As can be seen from the figure, in a wide range
of g values, the coefficient R = 1. This indicates complete synchronization of the oscillators.
However, there is an interval of ¢g values, in which the coefficient R is small. At higher values
of the coupling coefficient (k > 0.007), the characteristic dip in the R(gg) graph disappears and
R =1 for any values of ¢q.

Fig. 1, b shows the temporal realizations of the variables x; and x2 for @9 = —0.7, k =
0.0025, at which the coefficient R takes a minimum value, R = 0.24. The variables z1(t) and x2(t)
perform out-of-phase oscillations. In the range of values R = 1, the temporal realizations x;(t)
and x2(t) almost coincide (not shown on the graph) and are practically indistinguishable, which
indicates complete (in-phase) synchronization of the oscillators. Projections of the trajectory of
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Fig 2. Dependences R(go) (a) and D(¢o) (b) for k = 0.005 and x1(0) = 0.2, 22(0) = 0.4, y1(0) = 0.1, y2(0) = 0.3
(curve 1), z1(0) = 0.2, 22(0) = 0.5, y1(0) = 0.1, y2(0) = 0.4 (curve 2), z1(0) = 0.2, z2(0) = 2, y1(0) = 0.1,
y2(0) = 1 (curve 3)
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the system (1) on the plane (x1,x2) are given for the cases of in-phase (R =1 (Fig. 1, ¢)), and
out-of-phase (R = 0.24 (Fig. 1, d)) oscillations observed for different choices of initial conditions,
@9 = —2 and @9 = —0.7, respectively. Due to the memristive coupling, non-identical oscillators
are synchronized in frequency. In this case, they can be synchronized in phase (Fig. 1, ¢) or not
synchronized in phase (Fig. 1, d).

The initial states of the variables x;(t) and y;(t) also affect the form of the dependencies
R(wo). In Fig. 2, a the graphs of R(qg) are constructed for the cases z1(0) # x2(0), y1(0) # y2(0)
at k = 0.005. It is evident that the more 21 (0) differs from x2(0), and y;(0) from y2(0), the wider
the region of absence of complete synchronization in the graph of R(gy).

In addition to the R coefficient, we used another measure that characterizes the proximity
of the trajectories of the first and second oscillators:

L

D= > <($2(tj) —z1(t))” + (y2(t5) — yl(tj))2>’ W

J=1

where j is the number of the time series point, L is the number of points. The closer the temporal
realizations of the oscillators are to each other, the smaller the absolute value of D. When the
oscillators are fully synchronized, D = 0.

In Fig. 2, b the dependences D(gg) are constructed for the same cases as in Fig. 2, a,
and L = 100000, corresponding to the same number of points as in the time interval 75 = 1000
in Fig. 2, a. It is evident that there is a high correlation between the dependences R(¢y) and
D(¢o): the dips in R(¢g) correspond to the rises in D(qp) in the same ranges of ¢g variation.
Therefore, below we will use only the coefficient R as an illustration of the measure of oscillator
synchronization.

Let us consider the dependence of the coefficient R on the value of the coupling coefficient
k. Fig. 3, a shows the dependences R(k), constructed for different values of ¢g. Starting from
small positive values of k, the value of R reaches the maximum value R = 1. This indicates
complete synchronization of the oscillators. However, with a further increase in k, the coefficient
R decreases to small values. With an increase in the coupling strength of the oscillators, the
destruction of the in-phase synchronization mode is observed. Instead, a mode of out-of-phase
oscillations arises. Then, with an increase in k, the mode of complete (in-phase) synchronization
of the oscillators is established again. For positive values of @q, the characteristic dip in the graph
R(k) disappears. R = 1 both for small and for high values of k.

The form of the graphs R(k) depends not only on the initial conditions g, but also on
the initial conditions x;(0) and y;(0). In Fig. 3, b the graphs R(k) are constructed for the cases

x1(0) # x2(0), y1(0) # y2(0) with g9 = —0.5. Just as in the graphs R(gp) in Fig. 2, a, the width
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Fig 3. a — Dependences R(k) for g9 = —1.5 (curve 1), go = —1 (curve 2), go = —0.5 (curve 3) at z1(0) =
= z2(0) = 0.2, y1(0) = y2(0) = 0.1. b — Dependences R(k) for ¢o = —0.5 and z1(0) = 0.2, z2(0) = 0.4,
y1(0) = 0.1, y2(0) = 0.3 (curve 1), z1(0) = 0.2, 22(0) = 1, y1(0) = 0.1, y2(0) = 0.5 (curve 2), z1(0) = 0.2,
z2(0) = 2, y1(0) = 0.1, y2(0) = 1 (curve 3)
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of the region of small values of R in the graphs R(k), corresponding to the absence of complete
synchronization, increases with the growth of the difference between the values of x;(0) and
x2(0), and y;(0) and y2(0) (Fig. 3, b).

Qualitatively similar results are obtained in the case of a small detuning of the oscillators
by the parameter ¢;. The form of the dependences R(¢p) and R(k) for £1 # €2 is similar to the
above similar graphs for the detuning of the oscillators by the parameter v;.

Let us consider separately the case b = 0, corresponding to the diffusive coupling of the
oscillators. In Fig. 4, a the dependence R(k) is shown for the same parameter values as in
Fig. 3, a, constructed for the memristive coupling. The value of R slowly monotonically increases
with k, without demonstrating any dips. In Fig. 4, b the temporal realizations z1(t) and x2(t)
for £ = 0.005 are shown. In this case, the oscillators are not synchronized in frequency and
demonstrate an asynchronous regime of two-frequency beats. The projection of the oscillations
of the coupled system onto the plane (x,x2) for this case is shown in Fig. 4, ¢. At k = 0.1 the
oscillators are not yet completely synchronized, R = 0.99 (Fig. 4, d). In this case the oscillators
demonstrate oscillations close to in-phase, having a very small phase shift. The projection of
the system trajectory onto the plane (x1,x2) takes the form of a diagonal line only at & = 2
(with R = 1). This fully corresponds to synchronous in-phase oscillations. Thus, with diffusive
coupling, higher values of the coupling coefficient k are required to synchronize non-identical
oscillators.

In addition to numerical studies of the (1) model system, we conducted its experimental
study. For this purpose, we used the ideology of analog modeling and constructed analog radio-
technical generators of the FitzHugh—Nagumo type. Their dynamics are described by the first
two equations of the (1) system at & = 0. To implement coupling between the generators, the
National Instruments multichannel data input-output system was used. The block diagram of
the experimental setup and its detailed description are given in [21]. In [21], a simple diffusive
coupling between radio-technical generators was software-implemented, corresponding to the
coupling of generators via a resistor. And in this work, memristive coupling of analog generators
is implemented in digital form for the first time. Since the signals responsible for the coupling of
generators are generated in the experimental setup software-based, it is quite easy to implement
a time-varying mutual coupling of generators in it.
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Fig 4. Case of diffusive coupling (b = 0). a — Dependence R(k). b — Temporal realizations of z1(¢) and z2(t) at
k = 0.005. ¢ — Projection of oscillations in the case of non-synchronous regime at k£ = 0.005. d — Projection of
oscillations in the case of almost in-phase regime at k = 0.1 (color online)
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Fig 5. a — Experimental dependences R(go) for k = 0.0005 (curve 1), k = 0.0025 (curve 2), k = 0.005 (curve 3).
b — Experimental dependences R(k) for ¢ = —1.5 (curve 1), ¢o = —1 (curve 2), o = —0.5 (curve 3)

The experimentally obtained dependences R(gg) are shown in Fig. 5, a for y; = 1, ya =
1.05, €1 = g2 = 0.05, p = 0.2, a = 1, b = 1 for three different values of k at x1(0) = 22(0),
y1(0) = y2(0). The shape of these dependences is in qualitative agreement with the graphs R(gg)
constructed in Fig. 1, a in the numerical study of the system (1). Fig. 5, b shows the experimental
dependences R(k), constructed for different values of ¢g, which also agree well with the numerical
results presented in Fig. 3, a.

2. Synchronization of oscillations in a ring of memristively coupled
FitzHugh-Nagumo oscillators

Let us now consider an ensemble of FitzHugh-Nagumo oscillators, connected in a ring by
a memristive coupling, described by model equations of the following form:

eidi(t) = wi(t) — a3 (t)/3 — yi(t) + kM (i1 () (i1 (t) — 24(t)) + M (@i (t)) (g1 (t) — z4(t))],
vi(t) = viwi(t) —yi(t) + B, (5)
Gi(t) = zi(t) — mipa(t),

where, unlike the system (1), ¢ = 1,..., N, and the boundary conditions are z;;n(t) = zn(t),
where N is the number of oscillators. The form of the function M (¢;(t)) = a+bg3(t) is the same
as in (1), with the same values of the parameters a = 1, b = 1. In the general case, all oscillators
of the ensemble are non-identical.

As a measure of synchronization of oscillators, the coefficient R was used, calculated
according to the following formulas [30]:

L
Ty = NZ;xi, (6)

<m§> — <x5)2
R .
F 2N (@) — (2:)?)

As in the case of two oscillators (formula (3)), with complete synchronization of the
oscillators, the coefficient R is maximum and equal to 1. In cases of asynchronous or out-of-phase
oscillations of the oscillators, R takes small positive values [30]. For non-identical oscillators, at
k = 0, the coefficient R = 1/N and tends to zero at large N. To calculate R, we performed
averaging over the time interval 75 = 1000.

Let the oscillators be detuned by the parameter y;, the values of which are set randomly
from the interval [1,1.05] and correspond to periodic self-oscillations of uncoupled oscillators.
The other parameters of the oscillators are the same: €; = 0.05 for all 4, p = 0.2. In Fig. 6, a the
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dependence R(k) is plotted for the case N = 6 with ¢y = —0.5 and z;(0) = 0.2, y;(0) = 0.1 for
all i. As in the case of two oscillators (Fig. 3), the dependence R(k) in Fig. 6 has a characteristic
range of k values, for which the coefficient R is relatively small. However, unlike Fig. 3, the region
of small k values is clearly visible, at which R is relatively small and has not yet reached the
value R = 1, corresponding to complete synchronization of the oscillators in the ensemble. This
region of small & corresponds to asynchronous oscillations of the oscillators, as in the case shown
in Fig. 4, b. The temporal realizations x;(t) of asynchronous oscillators are shown in Fig. 6, b for
k = 0.0001.

Fig. 6, ¢ shows the temporal realizations of z;(t) for k¥ = 0.002 (with R = 0.27). In this
case, the oscillators are synchronized in frequency, but demonstrate out-of-phase oscillations.
There are two clusters in the ring, within which the oscillators oscillate almost in phase, and
there is a phase shift between the clusters. For k = 0.003, the coefficient R = 1 and all oscillators
are completely synchronized. Their temporal realizations practically coincide (Fig. 6, d).

When the number of non-identical oscillators in the ring becomes large enough, the shape
of the R(k) dependence changes. For example, at N = 10 it becomes strongly jagged in the
region of small k values preceding the R coefficient reaching its maximum value (Fig. 7, a). This
figure is constructed for the same parameters and initial states x;(0) and y;(0) as in Fig. 6, a.
The jagged nature of the R(k) dependence is explained by the fact that higher values of the
coupling coefficient are required for complete synchronization of a large number of non-identical
oscillators, while for small k cluster synchronization of oscillators can be observed.

In Fig. 7, b the dependence R(¢q) is plotted for & = 0.001 for a ring of 10 oscillators.
Compared to the case of two oscillators (see Fig. 1, a), the dependence R(¢p) in Fig. 7, b has
a very jagged appearance, and R is everywhere less than 1. This is explained by the absence
of complete synchronization of the oscillators for any values of ¢g for the chosen value of the
coupling strength k.

We also considered cases when the initial states of the variables z;(¢t) and y;(t) of the
oscillators in the chain differ. The initial conditions for x;(0) and y;(0) were set randomly in
the ranges [0.2,2] and [0.1, 1], respectively. In this case, the form of the dependencies R(k) and
R(gp) changed. However, no qualitative differences from the dependencies presented in Fig. 7
were observed.

The experimental dependencies R(k) and R(gg) are shown in Fig. 8. They are qualitatively
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Fig 6. Dependence R(k) at g9 = —0.5 and z;(0) = 0.2, y;(0) = 0.1 for N = 6 (a) and temporal realizations of
z;(t) at kK =0.0001 (b), k = 0.002 (¢) and k = 0.003 (d) (color online)
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similar to the analogous dependencies in Fig. 7 obtained in numerical simulation.
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Fig 8. Experimental dependence R(k) at ¢o = —0.5 for N = 10. b — Experimental dependence R(¢o) at k = 0.001
for N =10

Conclusion

We have carried out a numerical and experimental study of synchronization in a ring of
memristively coupled non-identical FitzHugh-Nagumo oscillators. It is shown that with memristive
coupling of FitzHugh-Nagumo oscillators, their synchronization depends not only on the value of
the coupling coefficient, but also on the initial states of the oscillators themselves and the variables
responsible for the memristive coupling. The features of synchronization depending on the number
of oscillators in the ring are studied. It is found that the dependence of synchronization on the
initial states of the oscillators is more pronounced in a ring with a small number of elements.
Moreover, the more the initial states of different oscillators differ, the more difficult it is to
achieve complete synchronization of all oscillators in the ensemble. For complete synchronization
of non-identical oscillators in a ring with a large number of elements, higher values of the coupling
coefficient are required than for a ring with a small number of elements. It is shown that, unlike the
case of diffusive coupling of oscillators, with memristive coupling, with an increase in the coupling
strength of oscillators, the destruction of the regime of fully synchronous in-phase oscillations
can be observed. Instead, a regime of out-of-phase oscillations arises. The results obtained in
the radiophysical experiment for a ring of analog FitzHugh-Nagumo generators connected by a
digitally implemented memristive coupling are in good agreement with the results of numerical
modeling.

The task of synchronization control in ensembles of neural oscillators is relevant for many
applications. Moreover, synchronization can play a positive role, but it can also be undesirable.
For example, in robotics, when developing central pattern generators, it is important to ensure
in-phase synchronization of ensemble elements in a wide range of control parameters. Excessive
synchronization of brain neurons can cause such neurological diseases as epilepsy, schizophrenia,
and Parkinson’s disease. Therefore, both the problem of in-phase synchronization of oscillations in
an ensemble of coupled neuron-like oscillators and the problem of destruction of the synchronization
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mode are of great interest.

The solution of these problems can be helped by using memristive coupling of oscillators.
Complete (in-phase) synchronization in an ensemble of memristively coupled oscillators occurs
at lower values of the constant coupling coefficient k£ than in an ensemble of diffusion-coupled
oscillators. That is, with the help of memristive coupling it is easier to synchronize neuron-like
oscillators. On the other hand, without changing the coupling strength k, it is possible to achieve
the destruction of in-phase oscillations of oscillators by changing the initial conditions of the
dynamic variables.
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