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Abstract. The purpose of this work is to study the limit behaviour of trajectory attractors for some equations
and systems from mathematical physics depending on a small parameter when this small parameter approaches
zero. The main attention is given to the cases when, for the limit equation, the uniqueness theorem for a solution
of the corresponding initial-value problem does not hold or is not proved. The following problems are considered:
approximation of the 3D Navier—Stokes system using the Leray a-model, homogenization of the complex Ginzburg
—Landau equation in a domain with dense perforation, and zero viscosity limit of 2D Navier—Stokes system with
Ekman friction. Methods. In this paper, the method of trajectory dynamical systems and trajectory attractors is
used that is especially effective in the study of complicated partial differential equations for which the uniqueness
theorem for a solution of the corresponding initial-value problem does not hold or is not proved. Results. For
all problems under the consideration, we obtain the limit equations and prove the Hausdorff convergence for
trajectory attractors of the initial equations to the trajectory attractors of the limit equations in the appropriate
topology when the small parameter tends to zero. Conclusion. In the work, we demonstrate that the method
of trajectory attractors is highly effective in the study of dissipative equations of mathematical physics with
small parameter. We succeed to find the limit equations and to prove the convergence of trajectory attractors of
the considered equations to the trajectory attractors of the limit (homogenized) equations in the corresponding
topology as small parameter is vanishes.
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Introduction

Many important problems in mathematical physics are related to the study of solutions
of partial differential evolution equations on large time intervals and in the limit when time
tends to infinity. In recent decades, great progress in this area has been achieved by applying the
theory of attractors of infinite-dimensional dynamical systems. For many important dissipative
equations, it has been shown that the long-term behavior of their solutions can be described
by finite-dimensional global attractors (see the monographs [1,2] and the extensive literature
cited therein). This approach, which has become classical, is applied to initial-boundary value
problems that have the property of existence and uniqueness of a solution in a suitable phase
space of the initial conditions of the problem. At the same time, there is a significant class of
complicated problems for which it is possible to construct solutions defined on the entire half-axis
of time, but the uniqueness theorem is either not proven or does not hold. An example of such
a problem is the inhomogeneous 3D Navier—Stokes system, for which the unsolved “millennium
problem” has been formulated. This system and other equations of this type will be considered
in this article. For such problems, effective methods have also been developed that allow one
to study the corresponding trajectory dynamic systems and construct trajectory attractors for
them. The phase space for such equations is the entire space of trajectories, i.e., functions that
depend on time (see [3,4]).

The method of trajectory attractors is quite general; it works for equations and systems
for which it is possible to construct a space of trajectories (solutions) in at least some weak
sense. Another useful feature of this theory is that it allows one to study problems with a small
parameter that can enter into the equations in a very complicated and even singular manner
(for example, stand at the highest derivatives or be a period of frequent pores of the medium).
The problem, therefore, consists in studying the limit behavior of trajectory attractors of the
original equations when the small parameter tends to zero. In this case, the measure of closeness
of attractors, which are subsets of functional Banach spaces, is the Hausdorff half-distance in an
appropriate metric.

The paper has the following structure. Section 1 briefly presents the classical theory of
dynamical systems and their global attractors. Section 2 is devoted to trajectory dynamical
systems and trajectory attractors. In Section 3, a trajectory attractor of the 3D Navier—Stokes
system on a three-dimensional torus is constructed. In Section 4, the so-called Leray a-model is
introduced, which smooths and approximates the 3D Navier—Stokes system, and the number a is
a small parameter that is responsible for the length scale of the subgrid lattice. It is known that
such a-models well approximate turbulent flows in channels and pipes. A theorem is formulated
on the convergence of trajectory attractors of the Leray a-model to the trajectory attractor of the
exact 3D Navier—Stokes system for a — 0 in the corresponding metric. The complex Ginzburg—
Landau equation in a perforated domain with a small perforation step ¢ is studied in Section 5.
In this case, a 3rd boundary condition is set at the boundaries of the perforation domains,
which has a physical meaning and also depends on . In Section 6, the problem of averaging the
Ginzburg-Landau equation in a perforated domain is solved, the averaged equation is written
out in a domain without perforation, and a theorem is given on the convergence of trajectory
attractors of the equation with perforation to the trajectory attractor without perforation at
€ — 0. Sections 7 and 8 are devoted to the study of zero viscosity limit of attractors of the 2D
Navier—Stokes equations with Ekman friction on a two-dimensional torus. It is proved that in the
limit attractors of 2D Euler equations with the same Ekman friction are obtained. This result is
valid for both global attractors and trajectory attractors of these equations.
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1. Dynamic systems and their global attractors

A dynamical system is a pair
(€AS(®)}),

where £ is the phase space and {S(t),t > 0} is a family of mappings
Sit)y:E—=E, t=0, (1)
which forms a semigroup, that is,
S(0) =1d, S(t1) o S(ta) = S(t1 +t2), Vii,ta > 0.

Here Id denotes the identity map. Usually £ is a complete metric or Banach space. The parameter
t is called time.

Dynamical systems arise naturally in the study of autonomous evolution equations of the
form

Fpu(t) = —F(u), (2)

where F'(u) is some nonlinear differential operator. Equation (2) must be supplemented with an
initial condition
uli=0 = ug € E, (3)

where FE is some Banach space. Suppose that for any ug € E the Cauchy problem (2), (3) has a
unique solution u(t),t > 0, such that u(t) € E for all t > 0.
Consider the mappings in the space F, S(t) : B — E, t > 0, which are defined by the
formula
S(t)ug :==u(t), Yup € E, t >0, (4)

where u(t) is the solution of (2), (3) with the initial condition wg. Then the pair (E,{S(t)})
forms a dynamic system.
We will consider dissipative dynamical systems.

Definition 1. 1) A set P C &€ is called absorbing for a dynamical system (E€,{S(t)}) if for any
set B C £ bounded in the metric of £, there is a number t; = t1(B) such that S(t) C P for all
t> 1.

2) The set K C & 1is called attracting for the dynamical system (E,{S(t)}), if for any € > 0 the
set O (K) is absorbing for this dynamical system.

Definition 2. The dynamical system (E,{S(t)}) is called dissipative if it has an absorbing set
bounded in &.

Remark 1. In the class of bounded sets, the existence of an attracting set is equivalent to the
existence of an absorbing set. The difference between these concepts manifests itself in the class
of compact sets, which is essential when the phase space & is infinite-dimensional. There are
disstpative dynamical systems that have a compact attracting set, but they do not have a compact
absorbing set.

In applications, a bounded absorbing set is often constructed as a ball in £ of sufficiently
large radius:

P =By := {[lulle < p}-
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Definition 3. A set A C € is called a global attractor of the dynamical system (£,{S(t)}) if:

i) A is compact in the topology E;
ii) A is an attracting set of this dynamical system;
iii) A strictly invariant with respect to {S(t)} : S(t)A = A, for all t > 0.

We formulate the main theorem on the existence of a global attractor of a dissipative
dynamical system (see [1,2]).

Theorem 1. Let a dynamical system (€,{S(t)}) have a compact absorbing (or compact attracting)
set P, and let a semigroup {S(t)} be continuous in the topology of €, then there exists a global
attractor A C P.

Remark 2. In this theorem, the continuity condition of the semigroup can be weakened by
replacing it with the closedness condition (see, for example, [5]).

Global attractors have been constructed for a large number of dissipative dynamical systems
generated by partial differential evolution equations. An important key property of such problems
was used — the unique solvability of the Cauchy problem (2), (3) in a suitable phase space of
initial conditions (see [1-3]).

2. Trajectory dynamical systems and trajectory attractors

There is a significant family of «ill-posed» equations and systems of mathematical physics
for which the uniqueness theorems of the corresponding Cauchy problem have not been proven
or do not hold. The most famous example is the inhomogeneous 3D Navier—Stokes system in a
bounded domain with no-slip boundary conditions. Other examples are the complex Ginzburg—
Landau equation with arbitrary dispersion coefficients, general reaction—diffusion sys-tems, dissipative
2D Euler equations, elliptic systems in cylindrical domains, and many others.

Efficient methods have been developed for such problems, allowing one to construct attrac-
tors. One of these methods, based on the study of trajectory dynamic systems and trajectory
attractors, was proposed in the works of M. I. Vishik and V. V. Chepyzhov [3,6-8], and also
independently in the works of G. Sell [4].

Let there be some family {u(s),s > 0} of global solutions (trajectories) of equation (2),
which we will denote by KT and call the trajectory space. Here the time variable ¢, which is
involved in the evolution equation (2), is replaced by the variable s.

It is assumed that the set K lies in some linear function space

KH C Fie = {f(s).5 > 0},

Moreover, for each M > 0
f(s) € F(0,M), YfeFee,

where F(0, M) = F(0, M; E) is some Banach space consisting of functions whose values belong
(everywhere or almost everywhere) to the Banach space E. Examples of such spaces are the
spaces F (0, M) = C([0, M]; E) and F(0, M) = L,(0, M; E). Then the spaces F'°¢ coincide with
C(R4; E) and Léoc(R+; E), respectively. In applications, the intersections or sums of such spaces
will also be used.

Consider the translation operators T'(h), h > 0, on the space F. ﬂfcz

T(W)f(s) = f(h+s), h>0,
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Suppose that 7(h) maps FY¢ into itself. Then the operators {T'(h)} form a translation semigroup:
T(O) =1d, T(hl) o T(hg) = T(h1 + hQ), Vhi, ho > 0.

Assume that KT is translation invariant, that is, if u(s) € K, then for all A > 0, the
function T'(h)u(s) = u(h +s) € KT.

This property is usually satisfied because the equation (2) is autonomous. Therefore, the
semigroup {7T'(h)} maps KT to itself:

T(h)KT CKt, Vh=0.

Replace the variable h with the time variable ¢, which was in the definition of the dynamical
system (see (1)), and consider the action of the translation semigroup {7T'(¢)} on the trajectory
space of KT.

We have constructed a new dynamical system (K+, {T'(¢)}) associated with the autonomous
equation (2).

The problem is to study the global attractor 2 of this trajectory dynamical system. Such
an attractor is called a trajectory attractor.

To describe the attraction to the attractor, it is necessary to introduce a topology in the
phase space of K1, and also to explain what we call «bounded» sets in K.

Suppose that in the spaces F(0, M) there is defined some Hausdorff topology ©(0, M) for
each M > 0. For example, if F(0, M) = C([0, M]; E), then ©(0, M) is the topology of uniform
convergence on the interval [0, M] in the norm of E. If (0, M) = L,(0,M; E), then ©(0, M) is
the strong or weak topology of the space L,(0, M; E).

Then, in the space F¢, we introduce the topology @lﬁc, which by definition is the topology
of local convergence in the topology ©(0, M) for each M > 0. This topology is called the inductive
limit of the topologies ©(0, M) for M — +o0. This topology is also a Hausdorff topology.

It is easy to verify that the translation semigroup {7'(¢)} is continuous in the topology
@lfc. This property significantly simplifies the construction of the trajectory attractor and the
study of its properties.

Consider also the subspace .7-"_2 C .Fffc consisting of functions f(s), s = 0, which have finite
norm

1fllze = sup 1FC+ M)l Fo,)- (5)

This norm is used to define bounded sets in the trajectory space K. It is assumed that KT C .7:3.
Definition 4. A set A C KT is a trajectory attractor if:

i) A is bounded in the norm .7:3 and compact in ©1°;
it) A is an attracting set in the topology of @lj_’c, that is, for any set B C K bounded in F?,
and for any neighborhood O(2l) there exists T = ©(B,O) such that T(t)B C O(A) for all
t >
iti) A is strictly invariant under {T'(t)} : T(t)A =2 for any t > 0.

Let us formulate the main theorem on trajectory attractors (see [3,7]).

Theorem 2. Let the trajectory space KT of equation (2) have an attracting set P C Kt that
is bounded in ]—"_’i’r and compact in @lfc, Then the translation semigroup {T(t)} has a trajectory
attractor 2 C P.
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In applications, such a compact attracting set in @lﬁc is often the absorbing set P =
Kt N Bg, where Br = {u | H“Hfi < R} is a ball in F¢ of sufficiently large radius. In this case,

if the topology of @l_f_’c is constructed on the basis of weak convergence, then by the well-known

Urysohn theorem on metrizability of compact sets, the ball B with the topology of @lfc is a
complete metric space (see |3]). This simplifies the construction of the trajectory attractor.

In addition, the absorbing property by the ball Byp, often follows from inequalities of the
form

IT(t)ull 7, < Clllulzy) exp(—t) + Ro, Yu e K¥ (> 0), (6)

which in particular applications are proved using a priori estimates of the equations under study.

In the following sections, we study trajectory attractors of evolutionary equations that
depend on a small parameter € > 0. We will investigate the convergence of these attractors at
€ — 0 to the trajectory attractors of the corresponding limit equations. The following concept
of convergence of sets according to Hausdorff will be used.

Definition 5. The trajectory attractors . are said to converge to the trajectory attractor g
at € = 0 in the topology @lfr’c if for any neighborhood O(2ly) of the set Ag in the topology @lﬁc
there exists a number 1 > 0 such that A, C O(p) for all e < e1. We will write this convergence
as follows:

A — Ay (e — 0) in the topology of ®lfc.

3. Trajectory attractor of 3D Navier—Stokes system

We consider 3D Navier-Stokes system on three-dimensional torus T2:

Ow =—vAv — P(v-V)v+g(z), V-v =0, (7)
x € T := [R mod 2n1)*, t > 0;
where v > 0 is the kinematic viscosity coefficient, A = — PA is the Stokes operator and P is

the Leray projector. Here v = (v!(xz,t),v?(x,t),v3(x,t)) is an unknown vector field and g(x) =
= (g'(z), g*(z), g*(x)) is a known external force. These functions are assumed to have zero mean:

/TS o(z, t)dz = 0, /T g(@)dz = 0.

Let V be the space of trigonometric polynomials with zero divergence and mean. By H®, s € R,
we denote the closure of V in the norm || - ||s of the space H*(T?)3. Let H = H°, and the space
H=% 5 >0, be dual to H®. The norm in H is denoted by || - ||.

Let the external force g € H. As the trajectory space KT we consider the family of all
weak solutions {v(z,t),t > 0} 3D Navier-Stokes systems (7) with the following properties:

i) ()€ LY°(Ry; H'Y) N L (Ry; H);
ii) wv(t) satisfies the energy inequality

52 @1 +vIVe@)|? < (g,0(t))a- (8)

Such solutions are called Leray—Hopf solutions (see [3,9]).
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Note that any solution v(t),t > 0, of the Cauchy problem for the NS system (7) with
the initial condition v(0) € H, which is constructed using the Galerkin approximation method,
belongs to K. Hence, the trajectory space KT is not empty and is sufficiently wide (see [3,9]).

Remark 3. In recent years, works have appeared that to some extent confirm the hypothesis
of the possible non-uniqueness of solutions of the Leray—Hopf 3D Navier—Stokes system with the
same initial data for some external forces. For example, in the work [10] such solutions are
constructed for the case of external forces of a special type that depend on time. This once again
justifies the usefulness of studying trajectory attractors for the 3D Navier—Stokes system and for
other similar equations.

It follows from the NS system (7) that Ov € LLO/%(RJF;H_I) for all v € KT (see [9]).
Introduce the Banach space

7o ={o() [ve LER s HY) 0 LRy H), 0w € Lyy(Ry; H) )
with the norm

[ollze = vl Ly, ) + 10 Lo @ysm) + ||3tv\|Lg/3(R+;H—1)-
We recall that

t+1
101y = SUD / lo(s)|ds.
p( =+ ) t>0 Jt

Proposition 1. The space KT C F?, and for any trajectory v(-) € KT the following inequality
holds:
1T (Rl < ColloOT 0,10 €xP (—VM1h) + Ro, Vh > 0, (9)

the quantities Cy, Ry depend only on v, M and ||g|lo, A1 = Mi(A) is the first eigenvalue of the
Stokes operator A.

Consider space

7o = {o() |v e LRy HY) N LE(R5 H), Oy € LR H )}

In this space, we introduce the topology G)ljr)c generated by the following convergence: the
sequence {v,} C ffc converges to v € fﬂfc in ®1£C, if v, — v in Ly(0, M; H), that is,

M
/ |vn(t) —v()||?dt = 0 YM > 0.
0

Note that the topology @ﬁ)c is metrizable, .7-"_? C 0% and any ball
Bp = {v e F2 | o]z < R} in 7>

is compact in the space O (see [3]).

On the trajectory space KT of the 3D NS system, there is a translation semigroup {T'(h), h >
0}, which maps KT into itself: T'(h)KT C KT for all h > 0.

We study the trajectory attractor of the semigroup {T'(h), h > 0} in the space K in the
topology @i’c. Bounded sets are taken according to the norm of the space ]:_k;.
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It follows from inequality (9) that the ball
Bany = {0() € P2 | [[oll g < 2Ro }

in FP is an absorbing set of the semigroup {T'(h)}|x+ in the topology ©°. Recall that the set
Bsp, is compact in this topology.

Theorem 3. The 3D Navier—Stokes system (7) has a trajectory attractor 2, which is bounded
m .7-"_? and compact in ®ljr)c.

The proof is given in [3].

4. Trajectory attractor of the Leray o-model and its limit at o — 0
The following smoothed 3D system is considered:
Ow=—~vAv—P(u-V)v+g(z), V-v=0, (10)
v=u+0’Au, V-u=0, z¢cT> (11)

The unknown function u = (I + a?A)~'v is a «smoothed» function (for v). For a = 0, an exact
3D NS system is obtained. The system (10), (11) is called the Leray a-model (see [11-13]). The
number a > 0 is a small parameter of the problem.

The Cauchy problem for the system (10), (11) with the initial condition u(0) € H? has a
unique solution (see [11,12])

u € Ly(0, M; H?) N Loo (0, M; H?) and dyu € Ly(0, M; HY), ¥V M > 0.
For the corresponding function v = (I + a?A)u we have
v € Ly(0, M; H') N Lo (0, M; H) and dpv € Lo(0,M; H), V M > 0.

The energy inequality (8) becomes an energy identity:
Sl +vllv@)? = (g,0(1)), t=0. (12)

Using the energy identity (12), we prove the following a priori estimate for solutions of the
Leray o-model.

Proposition 2. If u(t) is a solution of the Leray a-model (10), (11), then the function v(t) =
(I +a2A)u(t) belongs to F? and

IT(R)v()ll 7 < Cillo(0)|| exp (—vAat) + Ry (13)
The constants C1, R1 do not depend on o.

Similarly to the trajectory space KT of the NS system, we define the trajectory space K
for the Leray a-model. The space K} consists of all functions

K = {va(t) = (I + 0 Aua(t) | ua(0) € H?},
where uq(t) is a solution of the Leray a-model with an arbitrary initial condition uq(0) € H?.
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Recall that any trajectory from the space K satisfies the energy identity (12).

The translation semigroup {T'(h)} acts on K. From inequality (13) it follows that KI C
FP_ and there exists an absorbing set of the semigroup {T'(h)} in K that is bounded in ¥ and
compact in @?C.

Then, similarly to Section 3, the existence of a trajectory attractor 2l for the Leray a-
model for a > 0 is established, that is, 21, C K, 2, is bounded in F_‘i and compact in ©°¢:

T(h)Ae = Ao Vh >0,
diStLg(O,M;H) (T(h)Ba,Q{Q) —0 (h — +OO), VM > 0,

for any bounded (in F?) set B, C KJ.
Finally, from the a priori estimate (13) it follows that the trajectory attractors 2l are
uniformly (in a € (0,1]) bounded in the space F7.

Theorem 4. The trajectory attractors Ay of the Leray a-model converge to the trajectory
attractor A of the 8D-system of the NS for o — 0+ :

Ay — A (00— 04) inOFF, (14)
that is, for every M >0
diStL2(07M;H) (Qla,gl) — 0 (0( — 0+)

This theorem is proved in [12], and in the paper [13] other a-models of the Navier—Stokes
system are considered, for which some classification is also proposed depending on the strength
of convergence of trajectory attractors at a — 0.

5. Ginzburg—-Landau equation in a perforated domain

Let Go be a domain in Y = (f%, %)3 such that Gy is a compact set diffeomorphic to a ball.

For multi-indices j € Z3, we define points and sets:
P! =¢j, Gi= P +£G,,

where ¢ > 0 is a small parameter of the problem. We define the domain §~2€ =
={zeQ:p(x,0Q) > +/3c} C Q and the set of admissible multi-indices

’I‘gz{jGZ”:Ggﬁge#@}.

Note that |Y.| =~ de=3, where d > 0 is some constant.
Let a bounded domain Q C R? have a piecewise smooth boundary 0Q. Consider the
following perforated domain:

Q. =Q\G., where G- = | ] GI.
JEY:
We study the initial boundary value problem for the complex Ginzburg-Landau equation in the
perforated domain Q.

0 : _

;: = (14 0i)Aue + Rue — (14 Bi) [uc[P?us + g(z), 2€Q., t>0

ou ; .

8\/8 + €3b§(x)u5 =0, redGL, jeT., (15)
ue =0, T € 09,

ue = U(x), r€Qt=0.
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Here u = uy +iug € C, a,f, R are real numbers, degree p > 2, v is unit vector of the normal to
the boundary of the cavities G, function g(x) € Ly(€2;C), in the 3rd boundary condition there
is coefficient

T — Pg>
e3 /)’

where b(z,y) € C(QxR3), and 0 < by < b(z,y) < By for some constants by, By, and the function
b(x,y) is 1-periodic in the variable y.

We denote the spaces H := Lp(Q;C) and H, := Ly(Q.; C) with norms || - ||o and || - [|o.,
as well as V := H}(Q;C) and V. := H(Q.,0Q;C) are the spaces of functions with zero trace
on 0Q and with norms ||v||; and |[v||1¢. Likewise L, := L,(Q;C) L, . := L,(Q¢;C) are spaces
with norms Hv||’£p and Hvaw.

Let V' := H~Y(Q;C) and V. := H~1(Q.;C) be the spaces dual to V and V.. Recall that
L, and L, . are dual to L, and Ly, ., where ¢ = p/(p — 1). Most often, GL equations with degree
p = 4 are considered and then ¢ = 4/3.

We consider weak solutions of the problem (15), i.e. the functions u. = u.(x,t), z € Q.,
t>0,

bl(@) = b(a,

ue € L°(R o HL) N LE(Ry; Vo) N LY (R Ly o)

e U — o - du.
satisfying the corresponding integral identity. Then by Sobolev’s embedding theorem “5= €

L, (0, M;HZ"), where r = max{1,3(1/2 — 1/p)}

Proposition 3. For a fized e, for any U(-) € H, there exists a weak solution u(x,t) of the
problem (15) such that u(x,0) = U(x). Moreover uc(z,t) € Cy (Ry;H) and the energy identity
holds

1d
Sl (DR + [ 9uc(,1)

bt N0l — R [ fula ) da
Qc
+&° Z W (2)ue - Gedr = /Re(g(x)ﬂg(:v, t))dx
for almost all t € R,

A similar theorem for a reaction-diffusion system in a region without perforation is proved in [3].

For brevity, we will omit the index € in the notations of spaces where this will not cause
ambiguity.

We will construct a trajectory attractor for the Ginzburg-Landau equation (15) in a domain
with perforation.

To describe trajectory space K problems (15), we define Banach spaces

0
Fonr = Lp(0,M;L,) N L2(0, M; V)N Loo (0, M; H) N {v ‘ 9

"L, (O,M;H_’”)}

with the norm

v
ot

Foll 7o = ol 0atmsy + Nollzaarvy + ol o aran) + ' |
Lq(O,M;H*T)

Let’s introduce space

0
Pt = LR L) 1 (R, V) NI ResB) 0 { G € LR

Recall that the space ]:_l‘_“ = ]-ZO_?_ depends on €.
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Denote by K the family of all weak solutions u(z,t) of problem (15). For any U € H
there exists a trajectory u(-) € KT such that u(x,0) = U(x). Therefore, the trajectory space KF
of problem (15) is not empty and is quite large (see [3]).

Consider the translation semigroup {T'(k), h > 0}, acting on the space K, (T'(h)u(z,t) =
= u(x,h +t)). Note that

T(h)KI CcKt, Vh=o.

We define the metrics po (-, -) in the spaces Fy ps using the norms in these spaces:
pO7M(U, v) = Hu() - v(')”ﬁ),hﬁ Vu(-),v(-) € Fo,m-

These metrics generate the topology @lfr’c in F!°¢ which is metrizable. Sequence {v,} C }'fc
converges to v € ]{lfc in G)ffc, if for any M > 0

[vn(-) = v()l L, 000Lp) + 100 () = v() | Ly0,00v)+
Hlon(-) = v() Lo .08 + 000 () — Fev ()l L, 0,01;8-7) = 0 (0 — 00)

To define bounded sets in the space of trajectories I we use the norm of the Banach
space
v

Fb = LR Ly) NL5(Ry; V) N Loo (R HY N { o

S LZ(RJM H_T)} )
which is a subspace of the space ffc.

Proposition 4. For fized € > 0, the problem (15) has a trajectory attractor A in the strong

loc

topology of ©2¢. The set A is uniformly (in e € (0,1)) bounded in f£,+ and compact in @fa?i

A similar statement is proved in [14] for the general reaction—diffusion system.

6. Averaging the Ginzburg—Landau equation for ¢ — 0+

Let us study the limiting behavior of the trajectory attractors 2. of the Ginzburg—Landau
equation (15) for € — 0+ and their connection with the trajectory attractor of the corresponding
averaged equation in the region Q without perforation, but which contains some additional
“strange” term.

To determine this “strange term” (the potential of the limiting equation), consider the
following external problem in the variable y:

~Ayv =0, y € R®\ G,
o

== 4 b(z,y)v = b(z,y), y € OGo,
Ovy

v —0, ly| — oo.

In this problem, the (fixed) variable x plays the role of a slow parameter. The limit potential
V(x) is determined by the formula

Viz) = / a?/yv(x,y)day. (16)

0Go

Chepyzhov V. V.
868 Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2024;32(6)



The averaged (limit) problem has the following form:

(?;Z (14 ai)Au + Ru — (1 + Bi) |ulP~?u — V(2)u + g(z), =€ Q,
u = Oa T € 6Q, (17)
u="U(x), t=0.

For any initial condition U(-) € H, the problem (17) has a weak solution u = u(x,t), t > 0,
which satisfies the following energy identity:

5l G + Va0l + lul )T, - R/ [u(a, )] dar+

+/V(a:)|u(x,t)]2da:: /Re(g(m)u(x,t))d:v, VteR,.
Q

Q

The trajectory space K" consists of all weak solutions of the problem (17).
The trajectory space K* belongs to space

ov _
R = Ry N L5 R V) N LR B) N { G € Ll

Where H := Ly(Q)Y, V := H}(Q)Y, and L, := L,(Q) do not depend on ¢. There are no cavities
in the domain Q. The space is introduced, as usual,

Fo = LRy Ly) N LSR5 V) () Lg(R4s H { 20 e py R+;H‘r)}

for defining bounded sets in s

Proposition 5. Problem (17) has a trajectory attractor 2 in the topology @loc The set A is
bounded in FY + and compact in @loc

The following theorem is proved similarly to the main theorem in [14] for the general
reaction—diffusion system.

loc

Theorem 5. The following limit relation holds in the topology ©y}, which corresponds to the
limit equation in the domain without perforation

A — A for e — 0+,
that is, for any M > 0 in the space Fo o n we have
distz, , , (Mo, nAe, Mo arA) = 0 (e — 0).

Remark 4. Note that the functions in . are defined on the perforated domains Q.. However,
all these functions can be extended into the cavities so that the norms in the spaces H, V and
L, (without perforation) remain (almost) the same as in the spaces with perforation H., V. and
L, .. Therefore, in the theorem &5 all distances are measured in spaces without perforation.
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7. 2D-Navier—Stokes and Euler systems with Ekm friction

We consider a 2D-Navier—Stokes system with friction
{(%u—i- (u, V)u+ Vp + ru = vAu + g, (18)

— 0 : —
u‘tzo—u , divu =0,

which in the limit of zero viscosity at v — 0T transitions into a 2D-Euler system with friction
ou+ (u, V)u+ Vp+ru =g,
{ t ( ) p 9 (19)

— 0 v —
“‘t:o =u’, divu=0.

The unknowns are the velocity vector u = u(x,t) = (u'(z,t),u?(z,t)) and the pressure p =
= p(x,t). The external force g = g(z) = (¢*(z), ¢*(z)) is known. The viscosity coefficient v > 0
is a small parameter of the problem.

The systems are considered on the torus z € T? = [—m,nt]?> with periodic boundary
conditions. The term ru, where r > 0, parameterizes the Ekman friction, and the (18) system
becomes dissipative for all v > 0, including the (19) system for v = 0.

Systems of the form (18) and (19) describe plane spatially periodic flows of viscous and
inviscid fluids, respectively, in a reservoir over a rough bottom. Such equations are used, in
particular, in mathematical geophysics to describe large-scale processes occurring in the atmos-
phere or in the ocean (see [15]). The —ru term models the main large-scale dissipation that
occurs in the planetary boundary layer. The term containing the viscosity v is responsible for
small-scale dissipation.

The behavior of attractors of the 2D Navier—Stokes system with friction (18) is studied for
v—0t,

Let us introduce Sobolev spaces:

HE = {u € H*(T?)?, divu=0}.

The phase space for the Navier-Stokes (18) and Euler (19) systems is the space H! with the
standard scalar product and the Sobolev norm:

(w,0)1 1= (u,0)3n = (w,0) + (Vu, Vo), i = [lul]? + [Vul>.

Proposition 6. Let u’, g € H'. Then for v > 0 and for any T > 0 the system (18) has a
unique solution u € C([0,T], H') N L?(0,T;H?) and the following energy and enstrophy balance
equation is satisfied:

5 2 [u@IE +v (IVu@®l? + lau@®)]?) +rlu@®)]i = (g, u()1- (20)

The proof is quite similar to the classical case 7 = 0 (see, for example, [1,2]).
Consider the operators

S(tyug = u(t), t =0, S(t) : H* — H*,

where u(t) is a solution of the system (18) with the initial condition u°. The operators {S(t), >0}
form a semigroup in the space H!.
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Attractors for the classical 2D Navier—Stokes system (without friction, for r = 0) were
constructed in the pioneering works of O. A. Ladyzhenskaya, M. I. Vishik, A. V. Babin, R.
Temama (see [1,2]). A global attractor for the two-dimensional Navier—Stokes system with friction
(18) (for r > 0) was constructed in the work [16] in the phase space H°(R?). To construct
the attractor, the method of energy identities from the work [17] was used. However, having
the energy and enstrophy balance equation, using the R.Rosa method, a global attractor is
constructed in the phase space H!(T?) .

Theorem 6. The semigroup {S(t)} corresponding to the system (18) (for r > 0) has a global
attractor Ay in the space H'. Global attractors A, are uniformly bounded in the norm H', and

Vv

sup ”qu < Hng
’LLGAV r

WV

0. (21)

The following Lipschitz inequality is proved using the identity (20).
Proposition 7. For any ug,u; € H, |luo|1,||uillr < R, the inequality
|S(t)ug — S(t)ui|r < C(R,t)||up — w11, Vt =0, (22)
where C(R, s) is a monotonically increasing function in arguments R > 0 and s > 0.

We will now construct a trajectory attractor for the (18) system and establish its connection
with the global attractor Ay of this system. As the space of trajectories we consider

Ky = {u(t) = S(t)uo,t =0 | ug € H'},
and as the ambient space we choose

]:—li?c = C(RJr;Hl)a

where the topology of @lfc in ]-"_lfc will be the topology of local uniform convergence in the norm

H1, that is, by definition the sequence {v,(s),s > 0} C F¢ converges to v(s) € FP¢ in ¢ if
for any M >0

n(s) — A1y = n(s) — 0 .
lon(s) = v(s)loqoana = max llvn(s) = v(s)lh = 0(n = o)

)

Then the space F2 = C®(Ry;H') with the norm

[vll 2 = sup fu(s)]1,
seERy

which is used to define bounded sets in the trajectory space ki C F1°¢ (see Section 2).
The following theorem follows directly from the existence of the global attractor A, and
from the Lipschitz inequality (22).

Theorem 7. The trajectory attractor of the system (18) in the space of trajectories K in the
topology @lﬁc 1s the set
Ay, = {u(t) =S(t),t >0 | up € Ay},

and the mapping
D: A — Ay, P(u)=S(t)u, t =0,

is homeomorphism in the corresponding topologies of the spaces H' and @ﬂ?‘j.
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We now consider the (19) system without viscosity, that is, for v = 0.

Proposition 8. Let u®, g € H'. Then for any T > 0 the (19) system has at least one solution
u(t) € C([0,T]; H') and for any such solution the real function ||u(t)||? = ||u(t)||? + |[|[Vu(t)||? is
absolutely continuous in the time variable t and the identity for the energy and enstrophy

5 2 [u@IF + rllu@)f = (u(t), g)1. (23)

The proof of the existence of a solution of the system (19) is quite standard and uses the
method of Galerkin approximations (see [9]). The key identity (23) is proved using the work
of [18] (see also [19,20]).

Remark 5. Note that the question of the validity of the uniqueness theorem for the two-dimensi-
onal Euler system in the space C([0,T]; H') provided that u°, g € H' remains open. The remar-
kable theorem of V. Yudovich on the uniqueness of the solution of the Fuler system is proved for
smoother assumptions u®, g € W1 and in a smoother space L>(0,T; Wh™) (see [21]).

Turning to attractors, we must first generalize the definition of a global attractor for Navier—
Stokes (18) systems with uniqueness to the case of the Euler (19) system, whose solutions in the
class C([0,T]; H') may not be unique.

Definition 6. A set A C H! is called a (generalized) global attractor of the (19) system if:

i) A is compact in H!;
ii) A is attractive: for any subset of B = {u(t), t = 0} bounded in Cy(Ry;H') consisting of
solutions of the system (19), we have

disty1(B(t), A) = 0 for t — oc;
i11) A is minimal with respect to inclusion among all compact attracting sets.

Here B(t) is the section at time ¢ > 0 of the set B:
B(t) = {u(t), u € B} ¢ H .

The question of constructing a generalized global attractor Ay € H' of a two-dimensional
Euler system with friction (19) on a plane in the strong topology H! was solved in the work [20],
where the energy and enstrophy balance equation also played a significant role, which is proved
using the methods of the well-known work [18] on transport equations.

Theorem 8. The (19) system has a generalized global attractor Ag in the space H!, and the
mequality
sup ufs < 191 (24)
u€Ag r
We proceed to construct the trajectory attractor of the (19) system. Consider the trajectory
space K, which consists of all weak solutions u(t),t > 0, of this system. The space IC(J)r belongs
to Fﬂfe = O(Ry;H!') with the topology @fﬁc introduced above for the case v > 0. As above,
Fo=CP(RysHY).
The translation semigroup {T'(h)} acts on K. It follows from the identity (23) that Ks C
C F? and there exists an absorbing set of the semigroup {T'(h)} in KJ that is bounded in 7%
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and compact in the corresponding weak topology @fc’w. However, this semigroup does not have

a compact absorbing set in the strong topology @L‘r’c. This was the main difficulty of this problem.
In [20], for the case of a system on the whole plane, it was proved that the semigroup {T'(h)}
in lCE)F is asymptotically compact in the topology of @L‘ﬁc and, therefore, there exists a strong
trajectory attractor. The following theorem is proved similarly for the 2D Euler system with

friction on the torus.

Theorem 9. The (19) system has a trajectory attractor gy in the trajectory space ICSr with the
topology ©'2°, and the inequality
gil1
sup |lull o < lgl . (25)
u€Ag + r

Moreover, the set
2[0(0) = Ql(]‘t:() = {U(O) ’ u € 52[0} S Hl

is a generalized global attractor of this system, Ay = Ap.

Remark 6. Note that, unlike the case of v > 0, we cannot speak of the homeomorphism of
the attractors 2 and Ag, since for the case of v.= 0 we do not have a natural mapping along
the trajectories of the equation due to the absence of a uniqueness theorem for solutions of the
Cauchy problem for the Fuler system with friction.

8. Zero viscosity limit

We formulate two main theorems on the zero viscosity limit of global and trajectory
attractors for the 2D Navier—Stokes system with friction.

Thus, for each v > 0, the Navier—Stokes system (18) has a global attractor Ay, while the
limit Euler system (19) for v = 0 also has a generalized global attractor 4g, and the family of
sets {Ay}v>0 is uniformly bounded in H*:

sup |Jull; < Vv > 0.

UEAV

gl
T

Let us formulate the first main result.

Theorem 10. Letg € H'. Then the attractors Ay in H' depend strongly upper semicontinuously
onvasv— 0T
lim disty1(Ay, Ag) = 0. (26)

v—0t

A similar theorem was proved in 22| for the Navier—Stokes and Euler systems with friction
in the entire plane R?, as well as in [23] for systems in a bounded region with stress-free boundary
conditions.

Let us formulate the second main result.

Theorem 11. Under the conditions of the theorem 10 the trajectory attractors A of the 2D
Navier—Stokes system with friction converge in the topology @ffc to the trajectory attractor Ao of
the 2D FEuler system with friction, that is,

distc o, a1y (Mo, m 2y, o pr2Ao) — 0 (v — 0).

In the proof of the theorem 11, as in the proof of the theorem 10, the method of energy identities
(see [17]) is used, while strong local convergence in the space C([0, M]; H') is achieved using the
method of [20]. A detailed proof is not given here.
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Conclusion

In this paper, the method of trajectory attractors is applied to problems of perturbation of
dissipative partial differential equations. The theory of trajectory dynamic systems and trajectory
attractors was developed in the joint works of M. I. Vishik and V. V. Chepyzhov. It is especially
useful in studying dissipative nonlinear equations of mathematical physics for which the correspon-
ding initial-boundary value problem has a global-in-time (weak) solution, but the theorem of
uniqueness of this solution is either not established or does not hold. An important example
of such equations is the three-dimensional inhomogeneous Navier—Stokes system in a bounded
domain with no-slip boundary conditions, for which the uniqueness theorem has not been proven.
Another example is a general reaction—diffusion system in which the nonlinear interaction function
does not satisfy the Lipschitz condition, and in particular the three-dimensional complex Ginzburg—
Landau equation. For such problems, one cannot directly apply the classical theory of dissipative
dynamical semigroups acting in the phase space of the initial data of the problem and construct a
global attractor for them. However, for such equations, one can consider a trajectory dynamical
system, construct a trajectory attractor of the corresponding time translation semigroup and
study its properties. This universal approach can be applied to study various types of dissipative
equations, namely: for general reaction—diffusion systems, for the three-dimensional Navier—
Stokes system, for dissipative wave equations, for nonlinear elliptic equations in cylindrical
domains and for many other complex problems. The article pays special attention to the method
of trajectory attractors in problems of approximation and singular perturbation in some models of
mathematical physics that depend on a small parameter. The paper considers the Leray a-model,
which approximates the 3D Navier—Stokes system, and studies the behavior of its trajectory
attractor when the small parameter a tends to zero. In addition, the complex Ginzburg—Landau
equation in a perforated domain, in which the small parameter ¢ is the perforation step, and the
averaging of its trajectory attractor, when € — 0, are investigated. The strong limit at viscosity
v — 0 of attractors of 2D Navier—Stokes systems with Ekman friction is studied, when in the
limit at v = 0 the attractor of the 2D Euler system with friction is obtained.
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