
Bifurcation in Dynamical Systems.
Deterministic Chaos. Quantum Chaos

Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2024;32(6)

Article DOI: 10.18500/0869-6632-003142

Trajectory attractors method
for dissipative partial differential equations with small parameter

V.V. Chepyzhov1,2

1Institute for Information Transmission Problems RAS, Moscow, Russia
2National Research University Higher School of Economics, Nizhny Novgorod, Russia

E-mail: � chep@iitp.ru
Received 15.08.2024, accepted 29.10.2024, available online 20.11.2024, published 29.11.2024

Abstract. The purpose of this work is to study the limit behaviour of trajectory attractors for some equations
and systems from mathematical physics depending on a small parameter when this small parameter approaches
zero. The main attention is given to the cases when, for the limit equation, the uniqueness theorem for a solution
of the corresponding initial-value problem does not hold or is not proved. The following problems are considered:
approximation of the 3D Navier–Stokes system using the Leray α-model, homogenization of the complex Ginzburg
–Landau equation in a domain with dense perforation, and zero viscosity limit of 2D Navier–Stokes system with
Ekman friction. Methods. In this paper, the method of trajectory dynamical systems and trajectory attractors is
used that is especially effective in the study of complicated partial differential equations for which the uniqueness
theorem for a solution of the corresponding initial-value problem does not hold or is not proved. Results. For
all problems under the consideration, we obtain the limit equations and prove the Hausdorff convergence for
trajectory attractors of the initial equations to the trajectory attractors of the limit equations in the appropriate
topology when the small parameter tends to zero. Conclusion. In the work, we demonstrate that the method
of trajectory attractors is highly effective in the study of dissipative equations of mathematical physics with
small parameter. We succeed to find the limit equations and to prove the convergence of trajectory attractors of
the considered equations to the trajectory attractors of the limit (homogenized) equations in the corresponding
topology as small parameter is vanishes.
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Introduction

Many important problems in mathematical physics are related to the study of solutions
of partial differential evolution equations on large time intervals and in the limit when time
tends to infinity. In recent decades, great progress in this area has been achieved by applying the
theory of attractors of infinite-dimensional dynamical systems. For many important dissipative
equations, it has been shown that the long-term behavior of their solutions can be described
by finite-dimensional global attractors (see the monographs [1, 2] and the extensive literature
cited therein). This approach, which has become classical, is applied to initial-boundary value
problems that have the property of existence and uniqueness of a solution in a suitable phase
space of the initial conditions of the problem. At the same time, there is a significant class of
complicated problems for which it is possible to construct solutions defined on the entire half-axis
of time, but the uniqueness theorem is either not proven or does not hold. An example of such
a problem is the inhomogeneous 3D Navier–Stokes system, for which the unsolved “millennium
problem” has been formulated. This system and other equations of this type will be considered
in this article. For such problems, effective methods have also been developed that allow one
to study the corresponding trajectory dynamic systems and construct trajectory attractors for
them. The phase space for such equations is the entire space of trajectories, i.e., functions that
depend on time (see [3, 4]).

The method of trajectory attractors is quite general; it works for equations and systems
for which it is possible to construct a space of trajectories (solutions) in at least some weak
sense. Another useful feature of this theory is that it allows one to study problems with a small
parameter that can enter into the equations in a very complicated and even singular manner
(for example, stand at the highest derivatives or be a period of frequent pores of the medium).
The problem, therefore, consists in studying the limit behavior of trajectory attractors of the
original equations when the small parameter tends to zero. In this case, the measure of closeness
of attractors, which are subsets of functional Banach spaces, is the Hausdorff half-distance in an
appropriate metric.

The paper has the following structure. Section 1 briefly presents the classical theory of
dynamical systems and their global attractors. Section 2 is devoted to trajectory dynamical
systems and trajectory attractors. In Section 3, a trajectory attractor of the 3D Navier–Stokes
system on a three-dimensional torus is constructed. In Section 4, the so-called Leray α-model is
introduced, which smooths and approximates the 3D Navier–Stokes system, and the number α is
a small parameter that is responsible for the length scale of the subgrid lattice. It is known that
such α-models well approximate turbulent flows in channels and pipes. A theorem is formulated
on the convergence of trajectory attractors of the Leray α-model to the trajectory attractor of the
exact 3D Navier–Stokes system for α→ 0 in the corresponding metric. The complex Ginzburg–
Landau equation in a perforated domain with a small perforation step 𝜀 is studied in Section 5.
In this case, a 3rd boundary condition is set at the boundaries of the perforation domains,
which has a physical meaning and also depends on 𝜀. In Section 6, the problem of averaging the
Ginzburg–Landau equation in a perforated domain is solved, the averaged equation is written
out in a domain without perforation, and a theorem is given on the convergence of trajectory
attractors of the equation with perforation to the trajectory attractor without perforation at
𝜀 → 0. Sections 7 and 8 are devoted to the study of zero viscosity limit of attractors of the 2D
Navier–Stokes equations with Ekman friction on a two-dimensional torus. It is proved that in the
limit attractors of 2D Euler equations with the same Ekman friction are obtained. This result is
valid for both global attractors and trajectory attractors of these equations.
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1. Dynamic systems and their global attractors

A dynamical system is a pair
(ℰ , {𝒮(𝑡)}),

where ℰ is the phase space and {𝒮(𝑡), 𝑡 ⩾ 0} is a family of mappings

𝒮(𝑡) : ℰ ↦→ ℰ , 𝑡 ⩾ 0, (1)

which forms a semigroup, that is,

𝒮(0) = Id, 𝒮(𝑡1) ∘ 𝒮(𝑡2) = 𝒮(𝑡1 + 𝑡2), ∀𝑡1, 𝑡2 ⩾ 0.

Here Id denotes the identity map. Usually ℰ is a complete metric or Banach space. The parameter
𝑡 is called time.

Dynamical systems arise naturally in the study of autonomous evolution equations of the
form

𝜕𝑡𝑢(𝑡) = −𝐹 (𝑢), (2)

where 𝐹 (𝑢) is some nonlinear differential operator. Equation (2) must be supplemented with an
initial condition

𝑢|𝑡=0 = 𝑢0 ∈ 𝐸, (3)

where 𝐸 is some Banach space. Suppose that for any 𝑢0 ∈ 𝐸 the Cauchy problem (2), (3) has a
unique solution 𝑢(𝑡), 𝑡 ⩾ 0, such that 𝑢(𝑡) ∈ 𝐸 for all 𝑡 ⩾ 0.

Consider the mappings in the space 𝐸, 𝑆(𝑡) : 𝐸 → 𝐸, 𝑡 ⩾ 0, which are defined by the
formula

𝑆(𝑡)𝑢0 := 𝑢(𝑡), ∀𝑢0 ∈ 𝐸, 𝑡 ⩾ 0, (4)

where 𝑢(𝑡) is the solution of (2), (3) with the initial condition 𝑢0. Then the pair (𝐸, {𝑆(𝑡)})
forms a dynamic system.

We will consider dissipative dynamical systems.

Definition 1. 1) A set 𝒫 ⊆ ℰ is called absorbing for a dynamical system (ℰ , {𝒮(𝑡)}) if for any
set 𝐵 ⊆ ℰ bounded in the metric of ℰ, there is a number 𝑡1 = 𝑡1(𝐵) such that 𝒮(𝑡) ⊆ 𝒫 for all
𝑡 ⩾ 𝑡1.
2) The set 𝒦 ⊆ ℰ is called attracting for the dynamical system (ℰ , {𝒮(𝑡)}), if for any 𝜀 > 0 the
set 𝒪𝜀(𝒦) is absorbing for this dynamical system.

Definition 2. The dynamical system (ℰ , {𝒮(𝑡)}) is called dissipative if it has an absorbing set
bounded in ℰ.

Remark 1. In the class of bounded sets, the existence of an attracting set is equivalent to the
existence of an absorbing set. The difference between these concepts manifests itself in the class
of compact sets, which is essential when the phase space ℰ is infinite-dimensional. There are
dissipative dynamical systems that have a compact attracting set, but they do not have a compact
absorbing set.

In applications, a bounded absorbing set is often constructed as a ball in ℰ of sufficiently
large radius:

𝒫 = 𝐵ρ := {‖𝑢‖ℰ ⩽ ρ}.
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Definition 3. A set 𝒜 ⊆ ℰ is called a global attractor of the dynamical system (ℰ , {𝒮(𝑡)}) if:

i) 𝒜 is compact in the topology ℰ ;
ii) 𝒜 is an attracting set of this dynamical system;
iii) 𝒜 strictly invariant with respect to {𝒮(𝑡)} : 𝒮(𝑡)𝒜 = 𝒜, for all 𝑡 ⩾ 0.

We formulate the main theorem on the existence of a global attractor of a dissipative
dynamical system (see [1, 2]).

Theorem 1. Let a dynamical system (ℰ , {𝒮(𝑡)}) have a compact absorbing (or compact attracting)
set 𝒫, and let a semigroup {𝒮(𝑡)} be continuous in the topology of ℰ, then there exists a global
attractor 𝒜 ⊆ 𝒫.

Remark 2. In this theorem, the continuity condition of the semigroup can be weakened by
replacing it with the closedness condition (see, for example, [5]).

Global attractors have been constructed for a large number of dissipative dynamical systems
generated by partial differential evolution equations. An important key property of such problems
was used — the unique solvability of the Cauchy problem (2), (3) in a suitable phase space of
initial conditions (see [1–3]).

2. Trajectory dynamical systems and trajectory attractors

There is a significant family of «ill-posed» equations and systems of mathematical physics
for which the uniqueness theorems of the corresponding Cauchy problem have not been proven
or do not hold. The most famous example is the inhomogeneous 3D Navier–Stokes system in a
bounded domain with no-slip boundary conditions. Other examples are the complex Ginzburg–
Landau equation with arbitrary dispersion coefficients, general reaction–diffusion sys-tems, dissipative
2D Euler equations, elliptic systems in cylindrical domains, and many others.

Efficient methods have been developed for such problems, allowing one to construct attrac-
tors. One of these methods, based on the study of trajectory dynamic systems and trajectory
attractors, was proposed in the works of M. I. Vishik and V. V. Chepyzhov [3, 6–8], and also
independently in the works of G. Sell [4].

Let there be some family {𝑢(𝑠), 𝑠 ⩾ 0} of global solutions (trajectories) of equation (2),
which we will denote by 𝒦+ and call the trajectory space. Here the time variable 𝑡, which is
involved in the evolution equation (2), is replaced by the variable 𝑠.

It is assumed that the set 𝒦+ lies in some linear function space

𝒦+ ⊂ ℱ 𝑙𝑜𝑐
+ = {𝑓(𝑠), 𝑠 ⩾ 0}.

Moreover, for each 𝑀 > 0

𝑓(𝑠) ∈ ℱ(0,𝑀), ∀𝑓 ∈ ℱ 𝑙𝑜𝑐
+ ,

where ℱ(0,𝑀) = ℱ(0,𝑀 ;𝐸) is some Banach space consisting of functions whose values belong
(everywhere or almost everywhere) to the Banach space 𝐸. Examples of such spaces are the
spaces ℱ(0,𝑀) = 𝐶([0,𝑀 ];𝐸) and ℱ(0,𝑀) = 𝐿𝑝(0,𝑀 ;𝐸). Then the spaces ℱ 𝑙𝑜𝑐

+ coincide with
𝐶(R+;𝐸) and 𝐿𝑙𝑜𝑐

𝑝 (R+;𝐸), respectively. In applications, the intersections or sums of such spaces
will also be used.

Consider the translation operators 𝑇 (ℎ), ℎ ⩾ 0, on the space ℱ 𝑙𝑜𝑐
+ :

𝑇 (ℎ)𝑓(𝑠) = 𝑓(ℎ+ 𝑠), ℎ ⩾ 0.
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Suppose that 𝑇 (ℎ) maps ℱ 𝑙𝑜𝑐
+ into itself. Then the operators {𝑇 (ℎ)} form a translation semigroup:

𝑇 (0) = Id, 𝑇 (ℎ1) ∘ 𝑇 (ℎ2) = 𝑇 (ℎ1 + ℎ2), ∀ℎ1, ℎ2 ⩾ 0.

Assume that 𝒦+ is translation invariant, that is, if 𝑢(𝑠) ∈ 𝒦+, then for all ℎ ⩾ 0, the
function 𝑇 (ℎ)𝑢(𝑠) = 𝑢(ℎ+ 𝑠) ∈ 𝒦+.

This property is usually satisfied because the equation (2) is autonomous. Therefore, the
semigroup {𝑇 (ℎ)} maps 𝒦+ to itself:

𝑇 (ℎ)𝒦+ ⊆ 𝒦+, ∀ℎ ⩾ 0.

Replace the variable ℎ with the time variable 𝑡, which was in the definition of the dynamical
system (see (1)), and consider the action of the translation semigroup {𝑇 (𝑡)} on the trajectory
space of 𝒦+.

We have constructed a new dynamical system (𝒦+, {𝑇 (𝑡)}) associated with the autonomous
equation (2).

The problem is to study the global attractor A of this trajectory dynamical system. Such
an attractor is called a trajectory attractor.

To describe the attraction to the attractor, it is necessary to introduce a topology in the
phase space of 𝒦+, and also to explain what we call «bounded» sets in 𝒦+.

Suppose that in the spaces ℱ(0,𝑀) there is defined some Hausdorff topology Θ(0,𝑀) for
each 𝑀 > 0. For example, if ℱ(0,𝑀) = 𝐶([0,𝑀 ];𝐸), then Θ(0,𝑀) is the topology of uniform
convergence on the interval [0,𝑀 ] in the norm of 𝐸. If ℱ(0,𝑀) = 𝐿𝑝(0,𝑀 ;𝐸), then Θ(0,𝑀) is
the strong or weak topology of the space 𝐿𝑝(0,𝑀 ;𝐸).

Then, in the space ℱ 𝑙𝑜𝑐
+ , we introduce the topology Θ𝑙𝑜𝑐

+ , which by definition is the topology
of local convergence in the topology Θ(0,𝑀) for each 𝑀 > 0. This topology is called the inductive
limit of the topologies Θ(0,𝑀) for 𝑀 → +∞. This topology is also a Hausdorff topology.

It is easy to verify that the translation semigroup {𝑇 (𝑡)} is continuous in the topology
Θ𝑙𝑜𝑐
+ . This property significantly simplifies the construction of the trajectory attractor and the

study of its properties.
Consider also the subspace ℱ𝑏

+ ⊂ ℱ 𝑙𝑜𝑐
+ consisting of functions 𝑓(𝑠), 𝑠 ⩾ 0, which have finite

norm
‖𝑓‖ℱ𝑏

+
:= sup

ℎ⩾0
‖𝑓(·+ ℎ)‖ℱ(0,1). (5)

This norm is used to define bounded sets in the trajectory space 𝒦+. It is assumed that 𝒦+ ⊂ ℱ𝑏
+.

Definition 4. A set A ⊆ 𝒦+ is a trajectory attractor if:

i) A is bounded in the norm ℱb
+ and compact in Θ𝑙𝑜𝑐

+ ;
ii) A is an attracting set in the topology of Θ𝑙𝑜𝑐

+ , that is, for any set B ⊂ 𝒦+ bounded in ℱ𝑏
+,

and for any neighborhood 𝒪(A) there exists τ = τ(B,𝒪) such that 𝑇 (𝑡)B ⊂ 𝒪(A) for all
𝑡 ⩾ τ;

iii) A is strictly invariant under {𝑇 (𝑡)} : 𝑇 (𝑡)A = A for any 𝑡 ⩾ 0.

Let us formulate the main theorem on trajectory attractors (see [3, 7]).

Theorem 2. Let the trajectory space 𝒦+ of equation (2) have an attracting set 𝒫 ⊆ 𝒦+ that
is bounded in ℱ𝑏

+ and compact in Θ𝑙𝑜𝑐
+ . Then the translation semigroup {𝑇 (𝑡)} has a trajectory

attractor A ⊆ 𝒫.
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In applications, such a compact attracting set in Θ𝑙𝑜𝑐
+ is often the absorbing set 𝒫 =

𝒦+ ∩𝐵𝑅, where 𝐵𝑅 = {𝑢 | ‖𝑢‖ℱ𝑏
+
⩽ 𝑅} is a ball in ℱ𝑏

+ of sufficiently large radius. In this case,
if the topology of Θ𝑙𝑜𝑐

+ is constructed on the basis of weak convergence, then by the well-known
Urysohn theorem on metrizability of compact sets, the ball 𝐵𝑅 with the topology of Θ𝑙𝑜𝑐

+ is a
complete metric space (see [3]). This simplifies the construction of the trajectory attractor.

In addition, the absorbing property by the ball 𝐵2𝑅0 often follows from inequalities of the
form

‖𝑇 (𝑡)𝑢‖ℱ𝑏
+
⩽ 𝐶(‖𝑢‖ℱ𝑏

+
) exp(−γ𝑡) +𝑅0, ∀𝑢 ∈ 𝒦+ (γ > 0), (6)

which in particular applications are proved using a priori estimates of the equations under study.
In the following sections, we study trajectory attractors of evolutionary equations that

depend on a small parameter 𝜀 > 0. We will investigate the convergence of these attractors at
𝜀 → 0 to the trajectory attractors of the corresponding limit equations. The following concept
of convergence of sets according to Hausdorff will be used.

Definition 5. The trajectory attractors A𝜀 are said to converge to the trajectory attractor A0

at 𝜀 → 0 in the topology Θ𝑙𝑜𝑐
+ if for any neighborhood 𝒪(A0) of the set A0 in the topology Θ𝑙𝑜𝑐

+

there exists a number 𝜀1 > 0 such that A𝜀 ⊂ 𝒪(A0) for all 𝜀 ⩽ 𝜀1. We will write this convergence
as follows:

A𝜀 → A0 (𝜀 → 0) in the topology of Θ𝑙𝑜𝑐
+ .

3. Trajectory attractor of 3D Navier–Stokes system

We consider 3D Navier–Stokes system on three-dimensional torus T3:

𝜕𝑡𝑣 = −ν𝐴𝑣 − 𝑃 (𝑣 · ∇)𝑣 + 𝑔(𝑥), ∇ · 𝑣 = 0, (7)

𝑥 ∈ T3 := [R mod 2π]3, 𝑡 ⩾ 0;

where ν > 0 is the kinematic viscosity coefficient, 𝐴 = −𝑃∆ is the Stokes operator and 𝑃 is
the Leray projector. Here 𝑣 = (𝑣1(𝑥, 𝑡), 𝑣2(𝑥, 𝑡), 𝑣3(𝑥, 𝑡)) is an unknown vector field and 𝑔(𝑥) =

= (𝑔1(𝑥), 𝑔2(𝑥), 𝑔3(𝑥)) is a known external force. These functions are assumed to have zero mean:∫︁
T3

𝑣(𝑥, 𝑡)𝑑𝑥 = 0,

∫︁
T3

𝑔(𝑥)𝑑𝑥 = 0.

Let 𝒱 be the space of trigonometric polynomials with zero divergence and mean. By 𝐻𝑠, 𝑠 ∈ R+,
we denote the closure of 𝒱 in the norm ‖ · ‖𝑠 of the space 𝐻𝑠(T3)3. Let 𝐻 = 𝐻0, and the space
𝐻−𝑠, 𝑠 ⩾ 0, be dual to 𝐻𝑠. The norm in 𝐻 is denoted by ‖ · ‖.

Let the external force 𝑔 ∈ 𝐻. As the trajectory space 𝒦+ we consider the family of all
weak solutions {𝑣(𝑥, 𝑡), 𝑡 ⩾ 0} 3D Navier–Stokes systems (7) with the following properties:

i) 𝑣(·) ∈ 𝐿loc
2 (R+;𝐻

1) ∩ 𝐿loc
∞ (R+;𝐻);

ii) 𝑣(𝑡) satisfies the energy inequality

1

2

𝑑

𝑑𝑡
‖𝑣(𝑡)‖2 + ν‖∇𝑣(𝑡)‖2 ⩽ (𝑔, 𝑣(𝑡))𝐻 . (8)

Such solutions are called Leray–Hopf solutions (see [3, 9]).
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Note that any solution 𝑣(𝑡), 𝑡 ⩾ 0, of the Cauchy problem for the NS system (7) with
the initial condition 𝑣(0) ∈ 𝐻, which is constructed using the Galerkin approximation method,
belongs to 𝒦+. Hence, the trajectory space 𝒦+ is not empty and is sufficiently wide (see [3, 9]).

Remark 3. In recent years, works have appeared that to some extent confirm the hypothesis
of the possible non-uniqueness of solutions of the Leray–Hopf 3D Navier–Stokes system with the
same initial data for some external forces. For example, in the work [10] such solutions are
constructed for the case of external forces of a special type that depend on time. This once again
justifies the usefulness of studying trajectory attractors for the 3D Navier–Stokes system and for
other similar equations.

It follows from the NS system (7) that 𝜕𝑡𝑣 ∈ 𝐿loc
4/3(R+;𝐻

−1) for all 𝑣 ∈ 𝒦+ (see [9]).
Introduce the Banach space

ℱb
+ =

{︁
𝑣(·) | 𝑣 ∈ 𝐿b

2(R+;𝐻
1) ∩ 𝐿∞(R+;𝐻), 𝜕𝑡𝑣 ∈ 𝐿b

4/3(R+;𝐻
−1)

}︁
with the norm

‖𝑣‖ℱb
+
= ‖𝑣‖𝐿b

2(R+;𝐻1) + ‖𝑣‖𝐿∞(R+;𝐻) + ‖𝜕𝑡𝑣‖𝐿b
4/3

(R+;𝐻−1).

We recall that

‖𝑣‖𝑝
𝐿b
𝑝(R+;𝐸)

= sup
𝑡⩾0

∫︁ 𝑡+1

𝑡
‖𝑣(𝑠)‖𝑝𝐸𝑑𝑠.

Proposition 1. The space 𝒦+ ⊂ ℱb
+, and for any trajectory 𝑣(·) ∈ 𝒦+ the following inequality

holds:
‖𝑇 (ℎ)𝑣(·)‖ℱb

+
⩽ 𝐶0‖𝑣(·)‖2𝐿∞(0,1;𝐻) exp (−νλ1ℎ) +𝑅0, ∀ℎ ⩾ 0, (9)

the quantities 𝐶0, 𝑅0 depend only on ν, λ1 and ‖𝑔‖0, λ1 = λ1(𝐴) is the first eigenvalue of the
Stokes operator 𝐴.

Consider space

ℱ loc
+ =

{︁
𝑣(·) | 𝑣 ∈ 𝐿loc

2 (R+;𝐻
1) ∩ 𝐿loc

∞ (R+;𝐻), 𝜕𝑡𝑣 ∈ 𝐿loc
4/3(R+;𝐻

−1)
}︁
.

In this space, we introduce the topology Θloc
+ generated by the following convergence: the

sequence {𝑣𝑛} ⊂ ℱ loc
+ converges to 𝑣 ∈ ℱ loc

+ in Θloc
+ , if 𝑣𝑛 → 𝑣 in 𝐿2(0,𝑀 ;𝐻), that is,∫︁ 𝑀

0
‖𝑣𝑛(𝑡)− 𝑣(𝑡)‖2𝑑𝑡 → 0 ∀𝑀 > 0.

Note that the topology Θloc
+ is metrizable, ℱb

+ ⊂ Θloc
+ , and any ball

𝐵𝑅 =
{︁
𝑣 ∈ ℱb

+ | ‖𝑣‖ℱb
+
⩽ 𝑅

}︁
in ℱb

+

is compact in the space Θloc
+ (see [3]).

On the trajectory space 𝒦+ of the 3D NS system, there is a translation semigroup {𝑇 (ℎ), ℎ ⩾
0}, which maps 𝒦+ into itself: 𝑇 (ℎ)𝒦+ ⊂ 𝒦+ for all ℎ ⩾ 0.

We study the trajectory attractor of the semigroup {𝑇 (ℎ), ℎ ⩾ 0} in the space 𝒦+ in the
topology Θloc

+ . Bounded sets are taken according to the norm of the space ℱb
+.
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It follows from inequality (9) that the ball

𝐵2𝑅0 =
{︁
𝑣(·) ∈ ℱb

+ | ‖𝑣‖ℱb
+
⩽ 2𝑅0

}︁
in ℱb

+ is an absorbing set of the semigroup {𝑇 (ℎ)}|𝒦+ in the topology Θloc
+ . Recall that the set

𝐵2𝑅0 is compact in this topology.

Theorem 3. The 3D Navier–Stokes system (7) has a trajectory attractor A, which is bounded
in ℱb

+ and compact in Θloc
+ .

The proof is given in [3].

4. Trajectory attractor of the Leray α-model and its limit at α→ 0

The following smoothed 3D system is considered:

𝜕𝑡𝑣 = −ν𝐴𝑣 − 𝑃 (𝑢 · ∇)𝑣 + 𝑔(𝑥), ∇ · 𝑣 = 0, (10)

𝑣 = 𝑢+ α2𝐴𝑢, ∇ · 𝑢 = 0, 𝑥 ∈ T3. (11)

The unknown function 𝑢 = (𝐼 + α2𝐴)−1𝑣 is a «smoothed» function (for 𝑣). For α = 0, an exact
3D NS system is obtained. The system (10), (11) is called the Leray α-model (see [11–13]). The
number α ⩾ 0 is a small parameter of the problem.

The Cauchy problem for the system (10), (11) with the initial condition 𝑢(0) ∈ 𝐻2 has a
unique solution (see [11,12])

𝑢 ∈ 𝐿2(0,𝑀 ;𝐻3) ∩ 𝐿∞(0,𝑀 ;𝐻2) and 𝜕𝑡𝑢 ∈ 𝐿2(0,𝑀 ;𝐻1), ∀ 𝑀 > 0.

For the corresponding function 𝑣 = (𝐼 + α2𝐴)𝑢 we have

𝑣 ∈ 𝐿2(0,𝑀 ;𝐻1) ∩ 𝐿∞(0,𝑀 ;𝐻) and 𝜕𝑡𝑣 ∈ 𝐿2(0,𝑀 ;𝐻−1), ∀ 𝑀 > 0.

The energy inequality (8) becomes an energy identity:

1

2

𝑑

𝑑𝑡
|𝑣(𝑡)|2 + ν‖𝑣(𝑡)‖2 = ⟨𝑔, 𝑣(𝑡)⟩ , 𝑡 ⩾ 0. (12)

Using the energy identity (12), we prove the following a priori estimate for solutions of the
Leray α-model.

Proposition 2. If 𝑢(𝑡) is a solution of the Leray α-model (10), (11), then the function 𝑣(𝑡) =
(𝐼 + α2𝐴)𝑢(𝑡) belongs to ℱb

+ and

‖𝑇 (ℎ)𝑣(·)‖ℱb
+
⩽ 𝐶1‖𝑣(0)‖2 exp (−νλ1𝑡) +𝑅1. (13)

The constants 𝐶1, 𝑅1 do not depend on α.

Similarly to the trajectory space 𝒦+ of the NS system, we define the trajectory space 𝒦+
α

for the Leray α-model. The space 𝒦+
α consists of all functions

𝒦+
α = {𝑣α(𝑡) = (𝐼 + α2𝐴)𝑢α(𝑡) | 𝑢α(0) ∈ 𝐻2},

where 𝑢α(𝑡) is a solution of the Leray α-model with an arbitrary initial condition 𝑢α(0) ∈ 𝐻2.
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Recall that any trajectory from the space 𝒦+
α satisfies the energy identity (12).

The translation semigroup {𝑇 (ℎ)} acts on 𝒦+
α . From inequality (13) it follows that 𝒦+

α ⊂
ℱb
+, and there exists an absorbing set of the semigroup {𝑇 (ℎ)} in 𝒦+

α that is bounded in ℱb
+ and

compact in Θloc
+ .

Then, similarly to Section 3, the existence of a trajectory attractor Aα for the Leray α-
model for α > 0 is established, that is, Aα ⊂ 𝒦+

α , Aα is bounded in ℱb
+ and compact in Θloc

+ ;

𝑇 (ℎ)Aα = Aα ∀ℎ ⩾ 0,

dist𝐿2(0,𝑀 ;𝐻)(𝑇 (ℎ)𝐵α,Aα) → 0 (ℎ → +∞), ∀𝑀 > 0,

for any bounded (in ℱb
+) set 𝐵α ⊂ 𝒦+

α .
Finally, from the a priori estimate (13) it follows that the trajectory attractors Aα are

uniformly (in α ∈ (0, 1]) bounded in the space ℱb
+.

Theorem 4. The trajectory attractors Aα of the Leray α-model converge to the trajectory
attractor A of the 3D-system of the NS for α→ 0+ :

Aα → A (α→ 0+) in Θloc
+ , (14)

that is, for every 𝑀 > 0
dist𝐿2(0,𝑀 ;𝐻)(Aα,A) → 0 (α→ 0+).

This theorem is proved in [12], and in the paper [13] other α-models of the Navier–Stokes
system are considered, for which some classification is also proposed depending on the strength
of convergence of trajectory attractors at α→ 0.

5. Ginzburg–Landau equation in a perforated domain

Let 𝐺0 be a domain in 𝑌 = (−1
2 ,

1
2)

3 such that 𝐺0 is a compact set diffeomorphic to a ball.
For multi-indices 𝑗 ∈ Z3, we define points and sets:

𝑃 𝑗
𝜀 = 𝜀𝑗, 𝐺𝑗

𝜀 = 𝑃 𝑗
𝜀 + 𝜀3𝐺0,

where 𝜀 > 0 is a small parameter of the problem. We define the domain ̃︀Ω𝜀 =
= {𝑥∈Ω : ρ(𝑥, 𝜕Ω) >

√
3𝜀} ⊂ Ω and the set of admissible multi-indices

Υ𝜀 =
{︁
𝑗 ∈ Z𝑛 : 𝐺𝑗

𝜀 ∩ ̃︀Ω𝜀 ̸= ∅
}︁
.

Note that |Υ𝜀| ≃ 𝑑𝜀−3, where 𝑑 > 0 is some constant.
Let a bounded domain Ω ⊂ R3 have a piecewise smooth boundary 𝜕Ω. Consider the

following perforated domain:

Ω𝜀 = Ω ∖𝐺𝜀, where 𝐺𝜀 =
⋃︁

𝑗∈ϒ𝜀

𝐺𝑗
𝜀.

We study the initial boundary value problem for the complex Ginzburg–Landau equation in the
perforated domain Ω𝜀⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝜕𝑢𝜀
𝜕𝑡

= (1 + αi)∆𝑢𝜀 +𝑅𝑢𝜀 − (1 + βi) |𝑢𝜀|𝑝−2𝑢𝜀 + 𝑔(𝑥), 𝑥 ∈ Ω𝜀, 𝑡 ⩾ 0

𝜕𝑢𝜀
𝜕ν

+ 𝜀3𝑏𝑗𝜀(𝑥)𝑢𝜀 = 0, 𝑥 ∈ 𝜕𝐺𝑗
𝜀, 𝑗 ∈ Υ𝜀,

𝑢𝜀 = 0, 𝑥 ∈ 𝜕Ω,

𝑢𝜀 = 𝑈(𝑥), 𝑥 ∈ Ω𝜀, 𝑡 = 0.

(15)
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Here 𝑢 = 𝑢1 + i𝑢2 ∈ C, α, β, 𝑅 are real numbers, degree 𝑝 ⩾ 2, ν is unit vector of the normal to
the boundary of the cavities 𝐺𝑗

𝜀, function 𝑔(𝑥) ∈ 𝐿2(Ω;C), in the 3rd boundary condition there
is coefficient

𝑏𝑗𝜀(𝑥) = 𝑏
(︁
𝑥,

𝑥− 𝑃 𝑗
𝜀

𝜀3

)︁
,

where 𝑏(𝑥, 𝑦) ∈ 𝐶(Ω×R3), and 0 < 𝑏0 ⩽ 𝑏(𝑥, 𝑦) ⩽ 𝐵0 for some constants 𝑏0, 𝐵0, and the function
𝑏(𝑥, 𝑦) is 1-periodic in the variable 𝑦.

We denote the spaces H := 𝐿2(Ω;C) and H𝜀 := 𝐿2(Ω𝜀;C) with norms ‖ · ‖0 and ‖ · ‖0,𝜀,
as well as V := 𝐻1

0 (Ω;C) and V𝜀 := 𝐻1(Ω𝜀, 𝜕Ω;C) are the spaces of functions with zero trace
on 𝜕Ω and with norms ‖𝑣‖1 and ‖𝑣‖1,𝜀. Likewise L𝑝 := 𝐿𝑝(Ω;C) L𝑝,𝜀 := 𝐿𝑝(Ω𝜀;C) are spaces
with norms ‖𝑣‖𝑝L𝑝

and ‖𝑣‖𝑝L𝑝,𝜀
.

Let V′ := 𝐻−1(Ω;C) and V′
𝜀 := 𝐻−1(Ω𝜀;C) be the spaces dual to V and V𝜀. Recall that

L𝑞 and L𝑞,𝜀 are dual to L𝑝 and L𝑝,𝜀, where 𝑞 = 𝑝/(𝑝− 1). Most often, GL equations with degree
𝑝 = 4 are considered and then 𝑞 = 4/3.

We consider weak solutions of the problem (15), i.e. the functions 𝑢𝜀 = 𝑢𝜀(𝑥, 𝑡), 𝑥 ∈ Ω𝜀,
𝑡 ⩾ 0,

𝑢𝜀 ∈ 𝐿𝑙𝑜𝑐
∞ (R+;H𝜀) ∩ 𝐿𝑙𝑜𝑐

2 (R+;V𝜀) ∩ 𝐿𝑙𝑜𝑐
𝑝 (R+;L𝑝,𝜀) ,

satisfying the corresponding integral identity. Then by Sobolev’s embedding theorem 𝜕𝑢𝜀
𝜕𝑡 ∈

𝐿𝑞 (0,𝑀 ;H−𝑟
𝜀 ), where 𝑟 = max{1, 3(1/2− 1/𝑝)}

Proposition 3. For a fixed 𝜀, for any 𝑈(·) ∈ H𝜀 there exists a weak solution 𝑢(𝑥, 𝑡) of the
problem (15) such that 𝑢(𝑥, 0) = 𝑈(𝑥). Moreover 𝑢𝜀(𝑥, 𝑡) ∈ C𝑏 (R+;H𝜀) and the energy identity
holds

1

2

𝑑

𝑑𝑡
‖𝑢𝜀(·, 𝑡)‖20,𝜀 + ‖∇𝑢𝜀(·, 𝑡)‖20,𝜀 + ‖𝑢𝜀(·, 𝑡)‖𝑝L𝑝,𝜀

−𝑅

∫︁
Ω𝜀

|𝑢𝜀(𝑥, 𝑡)|2 𝑑𝑥+

+ 𝜀3
∑︁
𝑗∈ϒ𝜀

∫︁
𝜕𝐺𝑗

𝜀

𝑏𝑗𝜀(𝑥)𝑢𝜀 · 𝑢̄𝜀𝑑𝑥 =

∫︁
Ω𝜀

Re(𝑔(𝑥)𝑢̄𝜀(𝑥, 𝑡))𝑑𝑥

for almost all 𝑡 ∈ R+.

A similar theorem for a reaction-diffusion system in a region without perforation is proved in [3].
For brevity, we will omit the index 𝜀 in the notations of spaces where this will not cause

ambiguity.
We will construct a trajectory attractor for the Ginzburg–Landau equation (15) in a domain

with perforation.
To describe trajectory space 𝒦+

𝜀 problems (15), we define Banach spaces

ℱ0,𝑀 := 𝐿𝑝(0,𝑀 ;L𝑝) ∩ 𝐿2(0,𝑀 ;V) ∩ 𝐿∞(0,𝑀 ;H) ∩
{︂
𝑣
⃒⃒⃒ 𝜕𝑣

𝜕𝑡
∈ 𝐿𝑞

(︀
0,𝑀 ;H−𝑟

)︀}︂
with the norm

‖𝑣‖ℱ0,𝑀
:= ‖𝑣‖𝐿𝑝(0,𝑀 ;L𝑝) + ‖𝑣‖𝐿2(0,𝑀 ;V) + ‖𝑣‖𝐿∞(0,𝑀 ;H) +

⃦⃦⃦⃦
𝜕𝑣

𝜕𝑡

⃦⃦⃦⃦
𝐿𝑞(0,𝑀 ;H−𝑟)

.

Let’s introduce space

ℱ 𝑙𝑜𝑐
+ = 𝐿𝑙𝑜𝑐

𝑝 (R+;L𝑝) ∩ 𝐿𝑙𝑜𝑐
2 (R+;V) ∩ 𝐿𝑙𝑜𝑐

∞ (R+;H) ∩
{︂
𝜕𝑣

𝜕𝑡
∈ 𝐿𝑙𝑜𝑐

𝑞 (R+;H
−𝑟)

}︂
.

Recall that the space ℱ 𝑙𝑜𝑐
+ = ℱ 𝑙𝑜𝑐

𝜀,+ depends on 𝜀.
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Denote by 𝒦+
𝜀 the family of all weak solutions 𝑢(𝑥, 𝑡) of problem (15). For any 𝑈 ∈ H

there exists a trajectory 𝑢(·) ∈ 𝒦+
𝜀 such that 𝑢(𝑥, 0) = 𝑈(𝑥). Therefore, the trajectory space 𝒦+

𝜀

of problem (15) is not empty and is quite large (see [3]).
Consider the translation semigroup {𝑇 (ℎ), ℎ ⩾ 0}, acting on the space 𝒦+

𝜀 , (𝑇 (ℎ)𝑢(𝑥, 𝑡) =
= 𝑢(𝑥, ℎ+ 𝑡)). Note that

𝑇 (ℎ)𝒦+
𝜀 ⊆ 𝒦+

𝜀 , ∀ℎ ⩾ 0.

We define the metrics ρ0,𝑀 (·, ·) in the spaces ℱ0,𝑀 using the norms in these spaces:

ρ0,𝑀 (𝑢, 𝑣) = ‖𝑢(·)− 𝑣(·)‖ℱ0,𝑀
, ∀𝑢(·), 𝑣(·) ∈ ℱ0,𝑀 .

These metrics generate the topology Θ𝑙𝑜𝑐
+ in ℱ 𝑙𝑜𝑐

+ , which is metrizable. Sequence {𝑣𝑛} ⊂ ℱ 𝑙𝑜𝑐
+

converges to 𝑣 ∈ ℱ 𝑙𝑜𝑐
+ in Θ𝑙𝑜𝑐

+ , if for any 𝑀 > 0

‖𝑣𝑛(·)− 𝑣(·)‖𝐿𝑝(0,𝑀 ;Lp) + ‖𝑣𝑛(·)− 𝑣(·)‖𝐿2(0,𝑀 ;V)+

+‖𝑣𝑛(·)− 𝑣(·)‖𝐿∞(0,𝑀 ;H) + ‖𝜕𝑡𝑣𝑛(·)− 𝜕𝑡𝑣(·)‖𝐿𝑞(0,𝑀 ;H−𝑟) → 0 (𝑛 → ∞)

To define bounded sets in the space of trajectories 𝒦+
𝜀 we use the norm of the Banach

space

ℱ𝑏
+ = L𝑏

𝑝(R+;L𝑝) ∩ 𝐿𝑏
2(R+;V) ∩ 𝐿∞(R+;H) ∩

{︂
𝜕𝑣

𝜕𝑡
∈ L𝑏

𝑞(R+;H
−𝑟)

}︂
,

which is a subspace of the space ℱ 𝑙𝑜𝑐
+ .

Proposition 4. For fixed 𝜀 > 0, the problem (15) has a trajectory attractor A𝜀 in the strong
topology of Θ𝑙𝑜𝑐

𝜀,+. The set A𝜀 is uniformly (in 𝜀 ∈ (0, 1)) bounded in ℱ𝑏
𝜀,+ and compact in Θ𝑙𝑜𝑐

𝜀,+.

A similar statement is proved in [14] for the general reaction–diffusion system.

6. Averaging the Ginzburg–Landau equation for 𝜀 → 0+

Let us study the limiting behavior of the trajectory attractors A𝜀 of the Ginzburg–Landau
equation (15) for 𝜀 → 0+ and their connection with the trajectory attractor of the corresponding
averaged equation in the region Ω without perforation, but which contains some additional
“strange” term.

To determine this “strange term” (the potential of the limiting equation), consider the
following external problem in the variable 𝑦:⎧⎪⎪⎪⎨⎪⎪⎪⎩

−∆𝑦𝑣 = 0, 𝑦 ∈ R3 ∖𝐺0,

𝜕𝑣

𝜕ν𝑦
+ 𝑏(𝑥, 𝑦)𝑣 = 𝑏(𝑥, 𝑦), 𝑦 ∈ 𝜕𝐺0,

𝑣 → 0, |𝑦| → ∞.

In this problem, the (fixed) variable 𝑥 plays the role of a slow parameter. The limit potential
𝑉 (𝑥) is determined by the formula

𝑉 (𝑥) =

∫︁
𝜕𝐺0

𝜕

𝜕ν𝑦
𝑣(𝑥, 𝑦) 𝑑σ𝑦. (16)
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The averaged (limit) problem has the following form:⎧⎪⎨⎪⎩
𝜕𝑢

𝜕𝑡
= (1 + αi)∆𝑢+𝑅𝑢− (1 + βi) |𝑢|𝑝−2𝑢− 𝑉 (𝑥)𝑢+ 𝑔(𝑥), 𝑥 ∈ Ω,

𝑢 = 0, 𝑥 ∈ 𝜕Ω,
𝑢 = 𝑈(𝑥), 𝑡 = 0.

(17)

For any initial condition 𝑈(·) ∈ H, the problem (17) has a weak solution 𝑢 = 𝑢(𝑥, 𝑡), 𝑡 ⩾ 0,
which satisfies the following energy identity:

1

2

𝑑

𝑑𝑡
‖𝑢(·, 𝑡)‖20 + ‖∇𝑢(·, 𝑡)‖20 + ‖𝑢(·, 𝑡)‖𝑝L𝑝 −𝑅

∫︁
Ω

|𝑢(𝑥, 𝑡)|2 𝑑𝑥+

+

∫︁
Ω

𝑉 (𝑥)|𝑢(𝑥, 𝑡)|2 𝑑𝑥 =

∫︁
Ω

Re(𝑔(𝑥)𝑢̄(𝑥, 𝑡))𝑑𝑥, ∀ 𝑡 ∈ R+.

The trajectory space 𝒦+ consists of all weak solutions of the problem (17).
The trajectory space 𝒦+ belongs to space

ℱ 𝑙𝑜𝑐
0,+ = 𝐿𝑙𝑜𝑐

𝑝 (R+;L𝑝) ∩ 𝐿𝑙𝑜𝑐
2 (R+;V) ∩ 𝐿𝑙𝑜𝑐

∞ (R+;H) ∩
{︂
𝜕𝑣

𝜕𝑡
∈ 𝐿𝑙𝑜𝑐

𝑞 (R+;H
−1)

}︂
,

Where H := 𝐿2(Ω)𝑁 , V := 𝐻1
0 (Ω)

𝑁 , and L𝑝 := L𝑝(Ω) do not depend on 𝜀. There are no cavities
in the domain Ω. The space is introduced, as usual,

ℱ𝑏
0,+ = 𝐿𝑏

𝑝(R+;L𝑝) ∩ 𝐿𝑏
2(R+;V) ∩ 𝐿∞(R+;H) ∩

{︂
𝑣
⃒⃒⃒ 𝜕𝑣

𝜕𝑡
∈ 𝐿𝑏

𝑞(R+;H
−𝑟)

}︂
for defining bounded sets in 𝒦+.

Proposition 5. Problem (17) has a trajectory attractor A in the topology Θ𝑙𝑜𝑐
0,+. The set A is

bounded in ℱ𝑏
0,+ and compact in Θ𝑙𝑜𝑐

0,+.

The following theorem is proved similarly to the main theorem in [14] for the general
reaction–diffusion system.

Theorem 5. The following limit relation holds in the topology Θ𝑙𝑜𝑐
0,+, which corresponds to the

limit equation in the domain without perforation

A𝜀 → A for 𝜀 → 0+,

that is, for any 𝑀 > 0 in the space ℱ0,0,𝑀 we have

distℱ0,0,𝑀
(Π0,𝑀A𝜀,Π0,𝑀A) → 0 (𝜀 → 0).

Remark 4. Note that the functions in A𝜀 are defined on the perforated domains Ω𝜀. However,
all these functions can be extended into the cavities so that the norms in the spaces H,V and
L𝑝 (without perforation) remain (almost) the same as in the spaces with perforation H𝜀,V𝜀 and
L𝑝,𝜀. Therefore, in the theorem 5 all distances are measured in spaces without perforation.

Chepyzhov V.V.
Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2024;32(6) 869



7. 2D-Navier–Stokes and Euler systems with Ekm friction

We consider a 2D-Navier–Stokes system with friction{︃
𝜕𝑡𝑢+ (𝑢,∇)𝑢+∇𝑝+ 𝑟𝑢 = ν∆𝑢+ 𝑔,

𝑢
⃒⃒
𝑡=0

= 𝑢0, div 𝑢 = 0,
(18)

which in the limit of zero viscosity at ν→ 0+ transitions into a 2D-Euler system with friction{︃
𝜕𝑡𝑢+ (𝑢,∇)𝑢+∇𝑝+ 𝑟𝑢 = 𝑔,

𝑢
⃒⃒
𝑡=0

= 𝑢0, div 𝑢 = 0.
(19)

The unknowns are the velocity vector 𝑢 = 𝑢(𝑥, 𝑡) = (𝑢1(𝑥, 𝑡), 𝑢2(𝑥, 𝑡)) and the pressure 𝑝 =

= 𝑝(𝑥, 𝑡). The external force 𝑔 = 𝑔(𝑥) = (𝑔1(𝑥), 𝑔2(𝑥)) is known. The viscosity coefficient ν ⩾ 0

is a small parameter of the problem.
The systems are considered on the torus 𝑥 ∈ T2 = [−π,π]2 with periodic boundary

conditions. The term 𝑟𝑢, where 𝑟 > 0, parameterizes the Ekman friction, and the (18) system
becomes dissipative for all ν ⩾ 0, including the (19) system for ν = 0.

Systems of the form (18) and (19) describe plane spatially periodic flows of viscous and
inviscid fluids, respectively, in a reservoir over a rough bottom. Such equations are used, in
particular, in mathematical geophysics to describe large-scale processes occurring in the atmos-
phere or in the ocean (see [15]). The −𝑟𝑢 term models the main large-scale dissipation that
occurs in the planetary boundary layer. The term containing the viscosity ν is responsible for
small-scale dissipation.

The behavior of attractors of the 2D Navier–Stokes system with friction (18) is studied for
ν→ 0+.

Let us introduce Sobolev spaces:

ℋ𝑠 := {𝑢 ∈ 𝐻𝑠(T2)2, div 𝑢 = 0}.

The phase space for the Navier–Stokes (18) and Euler (19) systems is the space ℋ1 with the
standard scalar product and the Sobolev norm:

(𝑢, 𝑣)1 := (𝑢, 𝑣)ℋ1 = (𝑢, 𝑣) + (∇𝑢,∇𝑣), ‖𝑢‖21 = ‖𝑢‖2 + ‖∇𝑢‖2.

Proposition 6. Let 𝑢0, 𝑔 ∈ ℋ1. Then for ν > 0 and for any 𝑇 > 0 the system (18) has a
unique solution 𝑢 ∈ 𝐶([0, 𝑇 ],ℋ1) ∩ 𝐿2(0, 𝑇 ;ℋ2) and the following energy and enstrophy balance
equation is satisfied:

1

2

𝑑

𝑑𝑡
‖𝑢(𝑡)‖21 + ν

(︀
‖∇𝑢(𝑡)‖2 + ‖∆𝑢(𝑡)‖2

)︀
+ 𝑟‖𝑢(𝑡)‖21 = (𝑔, 𝑢(𝑡))1. (20)

The proof is quite similar to the classical case 𝑟 = 0 (see, for example, [1, 2]).
Consider the operators

𝑆(𝑡)𝑢0 = 𝑢(𝑡), 𝑡 ⩾ 0, 𝑆(𝑡) : ℋ1 → ℋ1,

where 𝑢(𝑡) is a solution of the system (18) with the initial condition 𝑢0. The operators {𝑆(𝑡), 𝑡⩾0}
form a semigroup in the space ℋ1.
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Attractors for the classical 2D Navier–Stokes system (without friction, for 𝑟 = 0) were
constructed in the pioneering works of O. A. Ladyzhenskaya, M. I. Vishik, A. V. Babin, R.
Temama (see [1,2]). A global attractor for the two-dimensional Navier–Stokes system with friction
(18) (for 𝑟 > 0) was constructed in the work [16] in the phase space ℋ0(R2). To construct
the attractor, the method of energy identities from the work [17] was used. However, having
the energy and enstrophy balance equation, using the R.Rosa method, a global attractor is
constructed in the phase space ℋ1(T2) .

Theorem 6. The semigroup {𝑆(𝑡)} corresponding to the system (18) (for 𝑟 > 0) has a global
attractor 𝒜ν in the space ℋ1. Global attractors 𝒜ν are uniformly bounded in the norm ℋ1, and

sup
𝑢∈𝒜ν

‖𝑢‖1 ⩽
‖𝑔‖1
𝑟

∀ν ⩾ 0. (21)

The following Lipschitz inequality is proved using the identity (20).

Proposition 7. For any 𝑢0, 𝑢1 ∈ ℋ1, ‖𝑢0‖1, ‖𝑢1‖1 ⩽ 𝑅, the inequality

‖𝑆(𝑡)𝑢0 − 𝑆(𝑡)𝑢1‖1 ⩽ 𝐶(𝑅, 𝑡)‖𝑢0 − 𝑢1‖1, ∀𝑡 ⩾ 0, (22)

where 𝐶(𝑅, 𝑠) is a monotonically increasing function in arguments 𝑅 ⩾ 0 and 𝑠 ⩾ 0.

We will now construct a trajectory attractor for the (18) system and establish its connection
with the global attractor 𝒜ν of this system. As the space of trajectories we consider

𝒦+
ν =

{︀
𝑢(𝑡) = 𝑆(𝑡)𝑢0, 𝑡 ⩾ 0 | 𝑢0 ∈ ℋ1

}︀
,

and as the ambient space we choose

ℱ 𝑙𝑜𝑐
+ = 𝐶(R+;ℋ1),

where the topology of Θ𝑙𝑜𝑐
+ in ℱ 𝑙𝑜𝑐

+ will be the topology of local uniform convergence in the norm
ℋ1, that is, by definition the sequence {𝑣𝑛(𝑠), 𝑠 ⩾ 0} ⊂ ℱ 𝑙𝑜𝑐

+ converges to 𝑣(𝑠) ∈ ℱ 𝑙𝑜𝑐
+ in Θ𝑙𝑜𝑐

+ if
for any 𝑀 > 0

‖𝑣𝑛(𝑠)− 𝑣(𝑠)‖𝐶([0,𝑀 ];ℋ1) = max
𝑠∈[0,𝑀 ]

‖𝑣𝑛(𝑠)− 𝑣(𝑠)‖1 → 0(𝑛 → ∞).

Then the space ℱ𝑏
+ = 𝐶𝑏(R+;ℋ1) with the norm

‖𝑣‖ℱ𝑏
+
= sup

𝑠∈R+

‖𝑣(𝑠)‖1,

which is used to define bounded sets in the trajectory space 𝒦+
ν ⊂ℱ 𝑙𝑜𝑐

+ (see Section 2).
The following theorem follows directly from the existence of the global attractor 𝒜ν and

from the Lipschitz inequality (22).

Theorem 7. The trajectory attractor of the system (18) in the space of trajectories 𝒦+
ν in the

topology Θ𝑙𝑜𝑐
+ is the set

Aν = {𝑢(𝑡) = 𝑆(𝑡), 𝑡 ⩾ 0 | 𝑢0 ∈ 𝒜ν} ,

and the mapping
Φ : 𝒜ν → Aν, Φ(𝑢) = 𝑆(𝑡)𝑢, 𝑡 ⩾ 0,

is homeomorphism in the corresponding topologies of the spaces ℋ1 and Θ𝑙𝑜𝑐
+ .
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We now consider the (19) system without viscosity, that is, for ν = 0.

Proposition 8. Let 𝑢0, 𝑔 ∈ ℋ1. Then for any 𝑇 > 0 the (19) system has at least one solution
𝑢(𝑡) ∈ 𝐶([0, 𝑇 ];ℋ1) and for any such solution the real function ‖𝑢(𝑡)‖21 = ‖𝑢(𝑡)‖2 + ‖∇𝑢(𝑡)‖2 is
absolutely continuous in the time variable 𝑡 and the identity for the energy and enstrophy

1

2

𝑑

𝑑𝑡
‖𝑢(𝑡)‖21 + 𝑟‖𝑢(𝑡)‖21 = (𝑢(𝑡), 𝑔)1. (23)

The proof of the existence of a solution of the system (19) is quite standard and uses the
method of Galerkin approximations (see [9]). The key identity (23) is proved using the work
of [18] (see also [19,20]).

Remark 5. Note that the question of the validity of the uniqueness theorem for the two-dimensi-
onal Euler system in the space 𝐶([0, 𝑇 ];ℋ1) provided that 𝑢0, 𝑔 ∈ ℋ1 remains open. The remar-
kable theorem of V. Yudovich on the uniqueness of the solution of the Euler system is proved for
smoother assumptions 𝑢0, 𝑔 ∈ 𝒲1,∞ and in a smoother space 𝐿∞(0, 𝑇 ;𝑊 1,∞) (see [21]).

Turning to attractors, we must first generalize the definition of a global attractor for Navier–
Stokes (18) systems with uniqueness to the case of the Euler (19) system, whose solutions in the
class 𝐶([0, 𝑇 ];ℋ1) may not be unique.

Definition 6. A set 𝒜 ⊂ ℋ1 is called a (generalized) global attractor of the (19) system if:

i) 𝒜 is compact in ℋ1;
ii) 𝒜 is attractive: for any subset of ℬ = {𝑢(𝑡), 𝑡 ⩾ 0} bounded in 𝐶𝑏(R+;ℋ1) consisting of

solutions of the system (19), we have

distℋ1(ℬ(𝑡),𝒜) → 0 for 𝑡 → ∞;

iii) 𝒜 is minimal with respect to inclusion among all compact attracting sets.

Here ℬ(𝑡) is the section at time 𝑡 ⩾ 0 of the set ℬ:

ℬ(𝑡) = {𝑢(𝑡), 𝑢 ∈ ℬ} ⊂ ℋ1.

The question of constructing a generalized global attractor 𝒜0 ⋐ ℋ1 of a two-dimensional
Euler system with friction (19) on a plane in the strong topology ℋ1 was solved in the work [20],
where the energy and enstrophy balance equation also played a significant role, which is proved
using the methods of the well-known work [18] on transport equations.

Theorem 8. The (19) system has a generalized global attractor 𝒜0 in the space ℋ1, and the
inequality

sup
𝑢∈𝒜0

‖𝑢‖1 ⩽
‖𝑔‖1
𝑟

. (24)

We proceed to construct the trajectory attractor of the (19) system. Consider the trajectory
space 𝒦+

0 , which consists of all weak solutions 𝑢(𝑡), 𝑡 ⩾ 0, of this system. The space 𝒦+
0 belongs

to ℱ 𝑙𝑜𝑐
+ = 𝐶(R+;ℋ1) with the topology Θ𝑙𝑜𝑐

+ introduced above for the case ν > 0. As above,
ℱ𝑏
+ = 𝐶𝑏(R+;ℋ1).

The translation semigroup {𝑇 (ℎ)} acts on 𝒦+
0 . It follows from the identity (23) that 𝒦+

0 ⊂
⊂ ℱb

+ and there exists an absorbing set of the semigroup {𝑇 (ℎ)} in 𝒦+
0 that is bounded in ℱb

+
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and compact in the corresponding weak topology Θloc,w
+ . However, this semigroup does not have

a compact absorbing set in the strong topology Θloc
+ . This was the main difficulty of this problem.

In [20], for the case of a system on the whole plane, it was proved that the semigroup {𝑇 (ℎ)}
in 𝒦+

0 is asymptotically compact in the topology of Θloc
+ and, therefore, there exists a strong

trajectory attractor. The following theorem is proved similarly for the 2D Euler system with
friction on the torus.

Theorem 9. The (19) system has a trajectory attractor A0 in the trajectory space 𝒦+
0 with the

topology Θloc
+ , and the inequality

sup
𝑢∈A0

‖𝑢‖ℱ𝑏
+
⩽

‖𝑔‖1
𝑟

. (25)

Moreover, the set
A0(0) = A0|𝑡=0 := {𝑢(0) | 𝑢 ∈ A0} ⋐ ℋ1

is a generalized global attractor of this system, A0 = 𝒜0.

Remark 6. Note that, unlike the case of ν > 0, we cannot speak of the homeomorphism of
the attractors A and 𝒜0, since for the case of ν = 0 we do not have a natural mapping along
the trajectories of the equation due to the absence of a uniqueness theorem for solutions of the
Cauchy problem for the Euler system with friction.

8. Zero viscosity limit

We formulate two main theorems on the zero viscosity limit of global and trajectory
attractors for the 2D Navier–Stokes system with friction.

Thus, for each ν > 0, the Navier–Stokes system (18) has a global attractor 𝒜ν, while the
limit Euler system (19) for ν = 0 also has a generalized global attractor 𝒜0, and the family of
sets {𝒜ν}ν⩾0 is uniformly bounded in ℋ1:

sup
𝑢∈𝒜ν

‖𝑢‖1 ⩽
‖𝑔‖1
𝑟

∀ν ⩾ 0.

Let us formulate the first main result.

Theorem 10. Let 𝑔 ∈ ℋ1. Then the attractors 𝒜ν in ℋ1 depend strongly upper semicontinuously
on ν as ν→ 0+:

lim
ν→0+

distℋ1(𝒜ν,𝒜0) = 0. (26)

A similar theorem was proved in [22] for the Navier–Stokes and Euler systems with friction
in the entire plane R2, as well as in [23] for systems in a bounded region with stress-free boundary
conditions.

Let us formulate the second main result.

Theorem 11. Under the conditions of the theorem 10 the trajectory attractors Aν of the 2D
Navier–Stokes system with friction converge in the topology Θloc

+ to the trajectory attractor A0 of
the 2D Euler system with friction, that is,

dist𝐶([0,𝑀 ];ℋ1)(Π0,𝑀Aν,Π0,𝑀A0) → 0 (ν→ 0).

In the proof of the theorem 11, as in the proof of the theorem 10, the method of energy identities
(see [17]) is used, while strong local convergence in the space 𝐶([0,𝑀 ];ℋ1) is achieved using the
method of [20]. A detailed proof is not given here.
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Conclusion

In this paper, the method of trajectory attractors is applied to problems of perturbation of
dissipative partial differential equations. The theory of trajectory dynamic systems and trajectory
attractors was developed in the joint works of M. I. Vishik and V. V. Chepyzhov. It is especially
useful in studying dissipative nonlinear equations of mathematical physics for which the correspon-
ding initial-boundary value problem has a global-in-time (weak) solution, but the theorem of
uniqueness of this solution is either not established or does not hold. An important example
of such equations is the three-dimensional inhomogeneous Navier–Stokes system in a bounded
domain with no-slip boundary conditions, for which the uniqueness theorem has not been proven.
Another example is a general reaction–diffusion system in which the nonlinear interaction function
does not satisfy the Lipschitz condition, and in particular the three-dimensional complex Ginzburg–
Landau equation. For such problems, one cannot directly apply the classical theory of dissipative
dynamical semigroups acting in the phase space of the initial data of the problem and construct a
global attractor for them. However, for such equations, one can consider a trajectory dynamical
system, construct a trajectory attractor of the corresponding time translation semigroup and
study its properties. This universal approach can be applied to study various types of dissipative
equations, namely: for general reaction–diffusion systems, for the three-dimensional Navier–
Stokes system, for dissipative wave equations, for nonlinear elliptic equations in cylindrical
domains and for many other complex problems. The article pays special attention to the method
of trajectory attractors in problems of approximation and singular perturbation in some models of
mathematical physics that depend on a small parameter. The paper considers the Leray α-model,
which approximates the 3D Navier–Stokes system, and studies the behavior of its trajectory
attractor when the small parameter α tends to zero. In addition, the complex Ginzburg–Landau
equation in a perforated domain, in which the small parameter 𝜀 is the perforation step, and the
averaging of its trajectory attractor, when 𝜀 → 0, are investigated. The strong limit at viscosity
ν → 0 of attractors of 2D Navier–Stokes systems with Ekman friction is studied, when in the
limit at ν = 0 the attractor of the 2D Euler system with friction is obtained.
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