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Introduction
A nonlinear system of two differential equations with delay is considered
4=Au+bBu(t—T)+ F(u(t—T)) =0. (1)

Here u € R%, A and B are 2 x 2 matrices, the delay T > 0, b > 0 is some parameter. The
nonlinear vector function F'(u) has the form

F(u) = Fy(u,u) + F3(u, u,u),

where the vector functions F3 3 are linear in each argument. As the space of initial functions we
fix the space C[_1,g (R?).
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The question of the behavior of all solutions (1) with initial conditions from some sufficiently
small neighborhood of the zero equilibrium state is investigated. The main assumption that opens
the way to the application of asymptotic methods is that the parameter T is sufficiently large,
and therefore,

0<e=T"'x1. (2)

Systems of the form (1) have been studied in the works of many authors (see, for example, [1-15]).
In the works [16-19] the second order equations were considered

+tat+ax=0z(t—-T)+ f(z(t—-T)), T>1. (3)

The results from [16-19] will be used substantially.
In (1) it is convenient to replace time ¢ — Tt. As a result, we arrive at a singularly
perturbed system

et = Au+ bBu(t — 1) + F(u(t — 1)). (4)
Note that the degenerate at € = 0 system

Au+bBu(t — 1)+ F(u(t—1)) =0

does not provide information on the behavior of solutions of the system (4) at t — co. Fundamental
results [20-23] on the asymptotics of solutions of singularly perturbed equations will be used
substantially.

The behavior of solutions of the linearized (at zero) system plays an important role in
studying the local dynamics of the system (4)

el = Au + bBu(t — 1). (5)

The behavior of solutions of this system is completely determined by the location of the roots of
its characteristic quasi-polynomial

det (A + bexp(—A)B —ell) = 0.

Let A = {a;;}?, B = {b;;}* and a1 = det A, by = det B. Then the characteristic quasipolynomial
takes the form
e2\2 — cak + ay = b?by exp(—2)) + b(ehby — b3) exp(—1), (6)

Where
ba = b11 + ba2, b3 = ai1ba2 + agabi1 — aj2bar — a21bia.

In the case where all roots (6) have negative real parts and are bounded away from zero at € — 0,
all solutions of the system (5) and all solutions with sufficiently small initial conditions of the
system (4) at small € tend to zero as t — co. If the equation (6) has a root with a positive real
part bounded away from zero at ¢ — 0, then the zero solution in (5) and (4) is unstable and
there cannot be an attractor in (4) in a small neighborhood of zero. Therefore, the problem of
the dynamics of (4) becomes nonlocal.

Let us consider the behavior of all solutions (4) from the neighborhood of the zero equilibrium
state in cases close to critical, when the equation (6) has no roots with a positive and separated
from zero real part at € — 0, but has a root whose real part tends to zero at ¢ — 0. It will be
shown that in these cases infinitely many roots (6) tend to the imaginary axis at € — 0, so the
critical cases have infinite dimension.

Note that the known methods of studying local dynamics in critical cases based on the
application of the theory of invariant integral manifolds [8, 24, 25] are not applicable here.
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The methods of infinite normalization proposed in [16-19] will be used and developed. In section 1
the linear system (5) will be investigated, and in section 2 the main results will be obtained:
a special nonlinear boundary value problem of parabolic type — quasinormal form — will be
constructed. This quasinormal form plays the role of a normalized equation for the system (4).
The nonlocal dynamics of the quasinormal form determines the local structure of solutions of
the system (4). Examples will be considered in section 3.
Let us introduce one more assumption. Let all eigenvalues of the matrix A have negative
real parts. Thus
a=aj1 +ax <0 and a3 =detA > 0. (7)

For sufficiently small values of the parameter b, all roots of the characteristic equation (6) also
have negative real parts. Therefore, we will discuss finding a value of by (by > 0), for which for
b € [0,bo) all roots (6) have negative real parts, and for b = by the critical case in the problem of
stability of the zero solution (5) and (4) is realized.

1. Linear Analysis

In this section, we study the linear system (5) subject to (2). First, we determine the
coefficients in (5) for which the critical case in the stability problem is realized. Then, we find
the asymptotics at € — 0 of all those roots (6) whose real parts tend to zero at e — 0.

Additionally, we assume that

b1 # 0. (8)

The case when b; = 0 will be considered in section 3.
We consider equation (6) as a quadratic equation in bexp(—\A). Then we obtain that

bexp(—\) = RE(e)), 9)

where

RE(eh) = (2b1) " [bg — ehby + ((bg — ehbo)? + 4by - (€202 — agh + a1)) /).
In (9) we set A = iwe ™1, where > 0 is real, and let
R*(iw) = p™(0) exp(iQF(w)),  (p*(w) = [RF(iw)]).

We denote the smallest value of p*(w) over all @ > 0 by pg:

minp* () = p* (0%) = pi
and
min (p*(w™),p~(07)) = po(wo) = po,
where
o, if pg < pyp, pT(0h), ifpd <pg,
wWo = L n po = po(wo) = L _ i
o™, ifpy <pg, p~(07), ifpy <pg,
Qt(wh), ifpj <pg,
Q0—90(030):{ o (i i
(w7), ifpy < pg

Finally, by Ro(w) we denote the expression Ry(w) = po(w) exp(iQp(w)).
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Lemma 1. Letb < pg. Then, for sufficiently small €, all roots of the equation (6) have negative
real parts bounded away from zero as € — 0.

Lemma 2. Letb > pg. Then, for sufficiently small e, the equation (6) has a root with a positive
real part bounded away from zero as € — 0.

We omit the simple but cumbersome proofs of these statements.
Below we consider the critical case when the equalities

b() = Po, b= b() + EQbO. (10)

We find the asymptotics as € — 0 of all those roots A, (¢), My (€) (n = 0,£1,£2,...) (6) whose
real parts tend to zero as ¢ — 0.

We introduce the notation. By 6 = 0(¢) € [0, 27) we denote such a value that complements
the value of wpe™! to an integer multiple of 2x. Using standard methods of perturbation theory,
we arrive at the following statement.

Lemma 3. Let the equalities (10) hold. Then for Ay () the following asymptotic equalities hold
() = i(woe ™! + (0 — Qo + 27n)) + el + 2han + ...,

in which
hMn = —1€)(wo)po[0 — Qo + 271,

1 1
Aoy = <2pg(mo) — Qng(wo)p()) [0 — Qo + 27n)? — Q) (wo)po[0 — Qo + 2mn] + b0, .

Recall that the root A, () of the equation (6) corresponds to the Euler solution u,(t,¢) of the
system (5)
un(t,€) = gn(e) exp(hy(e)t),

where g, () = go + €91n + . .. — eigenvector of the matrix
Cr(e) = A+ by exp [iQO — eMp — 2o — . . .]B,

corresponding to the eigenvalue iwg + €i(0 — Qg + 2n) 4+ £2hiy, + 3hop + .. .

Cr(e)gn(e) = [iwo + €i(0 — Qo + 2an) + M + ... | gn(e),
and for the matrix C' = C,,(0) = A + bg exp(i€2y) we have the equality

Cgo = 100go-
Below we will need the eigenvector gg of the matrix C*:
C*qo = —iwoqo.

It is convenient to normalize this vector so that (go,qo) = 1.
The linear system of equations (5) then has a set of solutions with arbitrary coefficients &,

u(t,e) = Z Erun(t,e) = E(t,¢) Z &, exp[2mniz 4 e2(han + O(e))] - gn(e) =

= E(t,¢) Z €.(1)go - exp(2mniz) + € Z En(v)(g1n + €920 + - . .) - exp(2mniz) =

= E(t,e)&(t,z)g0 + ¢ Z En(T)(91n +€92n + .. .) - exp(2mniz).  (11)

n=—oo
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Here © = €2t is the “slow” time, E(t,&) = exp[i(woe™ + 0 — Qy — eQ)(wo)po(0 — Q0))t], = =
(1 — eQ(00)po)t, En(t) = Epexp((han + O(e))t) is the Fourier coefficients of the 1-periodic in x
function &(t, x).

We will dwell separately on the case when wg = 0. Then 6 = 0, and Qg takes one of two
values: either Qp = 0 or Qo = 7. Note also that Q)(0) = a-a; ' exp(iQ0(0)), Q4 (0) = 0, ph(0) = 0.
The equality €29 = 0 holds provided that

RO(O) = po(O) exp(iQo(O)) = po(O) > 0. (12)
In this case E(t,e) = 1 and in the expression (11) &(t,z) and go are real:

u(t,e) =E&(tr,x)g0 + o(e), E&E(t,z+1) =E(t,z). (13)

The equality Qo = « in the case of g = 0 is obtained under the condition
Ro(O) = —po(O) = po(O) eXp(iQ()(O)). (14)

In this situation, the expression (11) can be represented as

u(t> 5) = Z En eXp[iTl?(Q’l’L + 1):E + O‘2n + 0(5))t]gn(€) = E(n 93)90 + 0(5)7 (15)

n=—oo

and the function g(t, z) contains only odd multiples of 7t harmonics exp(im(2n + 1)z). Therefore,
here too E(t,e) =1, and the function &(t, x) is real and

E(t,x 4+ 1) = —E(1,2).

The nonlinear analysis of the system (4) will be based on the representations (11), (13), (15).

2. Construction of quasinormal forms

Let us note right away that the justification of the statements given below follows directly
from the algorithm for constructing the asymptotics of solutions to the original boundary value
problem. We will assume that the equalities (10) are satisfied. We will separately consider the
cases wg = 0 and wg # 0.

2.1. The case wp = 0 and Qp = 0. This case is the simplest. Based on the relation (15),
we seek solutions to the nonlinear system (4) in the form

U(t, 5) - 82%(17 x)QO + 54“2(‘57 l’) T

where (1, z) and ug(t, z) are unknown 1l-periodic functions in z. We substitute this expression
into (4) and collect coefficients at equal powers of ¢. At the degree €2 we obtain the correct
equality, and by equating the coefficients of €%, we arrive at a system of equations for us:

(A + boB)UQ + Fy =0,

in which

0 1
Fo=byBgo| — % + 598(0)

T
ot 1

= —a |+ b Bgo& — Fa(go, g0)E”.
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Since (A 4 boB)go = 0, the solvability condition for this system is the fulfillment of the equality
(the condition of orthogonality to the vector gq)

o8 _ 1, 0% 108 0,1 > _
g ~ 2P0 — oo g, Thib S eET =0 (16)
o = [bo(Bgo, q0)] " (F2(g0, 90)- q0)

for a function g(t, ) periodic in z:
S(v,2+1) = &(1,2). (17)
Let us formulate the final result.

Theorem 1. Let the conditions (8), (9), (10), (12) be satisfied and let the boundary value
problem (16), (17) have a solution &(t,x) bounded as © — oo, x € [0,1] Then the function
u(t,e) = e%&(v, x)go + tus (v, z) satisfy the system of equations (4) with accuracy up to O(g%).

Note that the dynamic properties of the boundary value problem (16), (17) are simple. Its
attractor, under the condition of non-degeneracy a # 0, can only be a homogeneous stable
equilibrium state.

2.2. The case of wg = 0 and Qy = m. This case is more interesting than the previous
one. We seek solutions of the nonlinear system (4) in the form

u(t,e) = e&(t, ) go + ua (T, ) + Suz(t,z) + ..., (18)

where &(t, z) contains only odd harmonics with respect to the variable .
We substitute (18) into (4) and successively equate the coefficients at the same powers of e.
At the first power of € we obtain the correct equality. At the next step we obtain a system for
determining us:
Aug + by Buy(t, z — 1) + E%(1, ) Fa(g0, go) = 0.

Note that the matrix A + bgB is invertible, and the matrix A — bpB has a zero eigenvalue.
Since E2(t,x) is a l-periodic function, we seek the solution wus(t,z) in the form
of a 1-periodic function. Therefore
us (T, x) = Uzo?(%@»
u = —(A+boB) " Fa(go, go)-

At the next step, collecting the coefficients of €3, we arrive at a system for determining us:
Augz + by Bug(t,z — 1) — 2EE[boQ((0)po(0) Bugg — uzo|+

08 1 0%€ _,0E _
bnB| — 22 7//07 . 1Y% bobl 0¢3 19
+ bo aT+2p0()aﬂ'J2+a a, ax—i_ 0§+f§7 ( )
where f0 = —F5(go, u20) — F2(u20, 90) — F3(g0, 9o, go). We seek the function usz as the sum of two
functions ug = ug; + use, the first of which is 1-periodic in x, and the second is 1-antiperiodic.
Therefore, the system (19) is equivalent to the system of equations

(A4 boB)us1 = 2[ugo + b€ (0)po(0) Busgo] EE, (20)
o 1, 9 -
(A — bQB)U31 = boBg() a?i — ZPO(O)&TE — bobo 1% — fOE3. (21)
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From (20) we immediately find that
ug1 = 2(A + boB) " [ugo + boQ((0)po(0) Bugo EE'.

The solvability condition for the system (21) is that the condition of orthogonality of its right-
hand side to the vector qq is satisfied, that is,

0 1 0? 9] _
0% = Dl 0) 55 +aart 5% 4+ 185 €~ [b(Ban.a0)] (7% a0)E (22)

Recall that the function &(t, z) is l-antiperiodic:
E(t,x 4+ 1) = —E(1,2). (23)
Let’s summarize.

Theorem 2. Let the conditions (8), (9), (10), (14) be satisfied and let the boundary value
problem (22), (23) have a solution §(t,x) that is bounded as T — oo, x € [0, 1] Then the function
u(t,e) = €&(t,2)g0 + 2ua(t,x) + 3(u31 (v, ) + uza(v,x)) satisfies the system of equations (4)
with accuracy up to O(g*).

Thus, the boundary value problems (16), (17) and (22), (23) are quasinormal forms for the system
of equations (4) in critical cases at g = 0. Note that the dynamic properties of the latter are
richer. In (22), (23) there may be, for example, stable inhomogeneous equilibrium states.

2.3. Quasinormal forms for wy # 0. Based on the asymptotic representation (11),
we seek solutions to the nonlinear system of equations (4) in the form
u(t,e) = e(&(v, ) B(t, €)go + ec) + &2 (u20(t, 7) + uan (v, 2) E*(t, ) + c¢) +

+ g3 (U31 (‘l?, IL‘)E(t, 6) + cc + uz2 (‘l?, l‘)Eg(t, 5) + @) +.... (24)

All functions appearing in (24) are 1-periodic in z. Here and below, ¢¢ denotes the term conjugate
to the previous one.

Substituting (24) into (4) and performing standard actions, we will successively determine
the coefficients in (24). For ¢ to the first power, we obtain the correct equality. Collecting the
coefficients of £2, we arrive at a system of equations for ugg(t, ) and ug; (T, z):

(A =+ boB)Ugo(‘l?, l‘) + |§(‘IZ, :L‘)|2(F2(go, jo) + FQ(Q@, go)) = O,
(A —byB — 2i(»0])uz1(1:, $) + §2(T; $)F2(90, 90)'

Hence we have the equalities

UQQ(‘E,.CI}) = U80|§(‘E,x)‘2, u21(r7x) = u81§2(t,x),
udy = —(A+boB) " [Fa(g0, Go) + Fa(g0, 90)],
ud; = —(A+byB — 2iwol) " Fa(go, 90)-
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In the next step, we will collect the coefficients for 2. As a result, we obtain a system of equations
for determining wus; (t, ) and usa(t, x):

. 0 0
(A + bgB — Z(Do])u;J,l(‘IZ,JU) = —byBgo | — ; + A18 % ('9%

(A+boB — 3iwol )usa(t,z) + & (1, ) (Fa(udy, go) + Fo(go, udy) +
+F3(90, 90, 90)) = 0. (26)

+ Ay = + AsE| — dEE)?, (25)

In (25) the following notation is used:
d = Fy(u3, 90) + Fa(go, udo) + Fa(ud1, go) + Fa(Go, 1) + F3(9o, g0, Go) +
+F3(90, 9o, 9o) + F3(5o, g0 go),
A1 = 3 (phlon) — 96 (@0)po(00).
As = —Qq(wo)po(wo) — 2iA1(0 — Qo(wo)),
Az = boba1 — iQ{(00)po(00) (0 — Qo (wp))-

From (26) we immediately find uga(t, x):

, —1
uga(t,z) = —E* (A + boB — 3iwgl ) (Fa(udy, go) + Falgo, udy) + F3(90, 90: 90))-

Consider the system (25). The matrix A + bgB — iwpl has a zero eigenvalue, which corresponds
to the eigenvector gg. Therefore, the solvability criterion (25) consists in the fulfillment of the
condition of orthogonality of the right-hand side (25) to the vector go:

98 0% 08

_9 2 _
5t A3 5, T AsE| +(d,q)E[E]

bo(Bgo, qo) + A=

From this we finally obtain that the equality
2
Ok _, O O
ot Loz2 ox
and for &(t, z) the periodic boundary conditions are satisfied

E(t,z+1) =¢&(t, ). (28)

Before formulating the main result, we introduce the notation. We fix an arbitrary 6y € [0, 2x).
We denote by &, = ¢,(0p) a sequence such that £,(6g) — 0 as r — oo and 6(e,(6¢)) = 6o.

+ Ao = + A3E+ (d, 90)[bo(Bgo, 90)] " E[E?, (27)

Theorem 3. Let conditions (7), (8), (10) be satisfied and wg # 0. We fiz an arbitrary 0y €
[0, 27). Let E(t,z) be a solution to the boundary value problem (27), (28), bounded ast — oo, x €
[0,1], for 6 = 0g. Then the function

u(t,e) = 5(%(1, x)E(t,e)go + @) + &2 (u20('c, x) + u91 (T, m)EQ(t, )+ &)4—
+ &% (ug1 (v, 2) E(t, €) + ¢ + uga (v, 2) E*(t,€) + @) + ...

at T = e%t, z = (1 — eQ)(wo)po(wo))t, € = &,(60) satisfies the system of equations (4) with
accuracy up to O(e?).

This statement says that under the formulated conditions the boundary value problem
(27), (28) is a quasi-normal form for the system of equations (4).
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3. Examples

In the first two examples, a simplifying assumption is made that
by =det B =0. (29)
In this case, the equation (6) takes the form
b(ehby — b3) exp(—L) = %A% — cak + a;. (30)
We will consider separately the cases when by = 0 and when bs # 0.

3.1. The case b; =0 and by = 0. Note that under the conditions (29) and
by = b11 +bao =0
both eigenvalues of the matrix B are zero. We will assume that the non-degeneracy condition is
satisfied
by = a11b2 + azz2bi1 — a12b21 — aa1biz # 0.
The equality (30) then takes the form
—b - bgexp(—L) = e%\? — cal + a;. (31)
Here we set A = iwe ! (w > 0) and consider the expression
p(w) = b- bz exp(—iwe 1),
where p(0) = a1 — 0? — ian = |p(w)| exp(iQ(w)). From (31) we obtain that |p(w)| = b - |bs|.
Let
min ()] = |p(wo)|.
Then we find that

0, if a® > 2ay,
wo =

(2a1 — a®)V/?, if a® < 2a;.
(32)
a, if a2 > 2aq,

po = |p(wo)] {621(4a1 —a®)Y?, if a® < 2a1.

For b < po|bs|~!, all roots (31) have negative real parts bounded away from zero at ¢ — 0, and
for b > pg|b3|~!, (31) has a root with a positive real part bounded away from zero at ¢ — 0.
Note that under the stated conditions, the linear system (5) reduces to a second-order equation
with delay

% — cai + (det Az = bPx(t — 1).
Here we assume that the critical case is realized, when

b=0by+e* and by = polbs|~ .

Let us present the final quasinormal forms. Under the condition a? > 2a; we have pg (0) = 2.
For b3 < 0 and a # 0 the boundary value problem (16), (17) is a quasinormal form; solutions
(4) and solutions (16), (17) are related by the formula u = £2£2(t,x) + O(e*). For b3 > 0, the
quasinormal form is the boundary value problem (22), (23), and its solutions and solutions (4)
are related by the formula (18).

If a? < 2a1 and (d, qo) # 0, then the boundary value problem (27), (28), in which pg(wg) =
= po|bs| ™!, and py and wq are defined in (32), is in quasinormal form. In this case, the solutions
(27), (28), and (4) are related by the asymptotic equality (24).
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3.2. The case by = 0 and b2 # 0. Under these conditions, only one eigenvalue of the
matrix B is zero. From the equation (30) we then obtain that

bexp(—A) = (A% — eak + ay)(ehby — b3) L.
Let us put here A = iwe ™! (0 > 0). Then
bexp(—ime 1) = p(w)(ibyw — b3) L.
The critical values pyp and wg are determined from the equality
min (Ip(w)] - [ibyo> — b3| 1) = po = [po(wo)] - [ibawo — bs| ™"

After the values of py and wy are determined, we repeat the above algorithm for finding the
coefficients of the quasinormal form (27), (28).
In the following two examples, the inequality

b1 :detB#O.

3.3. Case B = I. Let the matrix A have a pair of complex eigenvalues a + iff, where
a < 0, f > 0. Then the roots of the characteristic equation for the system

et = Au+ bu(t — 1)
satisfy the equalities
eh=oa+ i + bexp(—1),
eh = a — i + bexp(—A\).

Here we set
A =0 (w>0) and b= by + 20"

The critical values for the parameters wg and by are determined from the relations
bexp(—ine 1) = i(w — B) — a,
bexp(—ioe ) = i(w +B) — a.

Hence, taking into account that o > 0, > 0, we obtain

bo = min(w —B)> +a’]'/? = |o|, wo=p.

The quasinormal form in this case is

2
98 _ 2195

9 0g
81:_( 0) Oz2

(i0(208) " + bgl)% + (i0by ' — 0%(203) 71 4 6%, 1)E+
+ (da QO)[bO(Bg(]a qO)]_1§’§|2a

E(t,x 4+ 1) = &(t,x).

The connection between the solutions of this quasinormal form and the system (4) is defined in
theorem 3.
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3.4. Case A = B. Let the matrix A have eigenvalues a + iff, where a < 0, f > 0. Then
we have the equations

eh = (a+if)(1 + bexp(—h)),
eh = (a—if)(1 + bexp(—L)).

1 we arrive at the relations

(—o+i(w = B))(a+iB) 7",
bexp(—iwe 1) = (—a+i(w + B))(a+ip) .

Assuming here A = iwe™

bexp(—iwe 1)

For critical values of parameters b, ® and Q we obtain equalities
bo = min[(a® + (0 — B)*(o* + p*) 7"* = Ja| - (a® + B*) 71/,
0o =B, exp(iQ) = —(a+ip)(a® + %)%,

The resulting quasinormal form is of the form

2
05 L0 ot onp(i90)) 25 4 895 — i(0 — Q0)b5 Y& + (d. q0) bo(Boo, a0))~E[EP.

ot 2022 Ox
E(r,z+1) =&(t,2).

Conclusions

For a system of two equations with delay, critical cases in the problem of stability of the
equilibrium state are identified. It is shown that these critical cases have infinite dimension.
In each of them, quasinormal forms are constructed, the nonlocal dynamics of which determines
the asymptotic behavior of the solutions of the original system in the neighborhood of the
equilibrium state. Quasinormal forms are boundary value problems of the Ginzburg—Landau
type, the study of which is devoted to the works of many authors. From this we can conclude
that the structure of solutions in the obtained quasinormal forms, and therefore in the original
system, can be quite complex. In many cases, quasinormal forms contain an “internal” parameter
0, which infinitely many times runs from 0 to 1 as the small parameter tends to zero. This
indicates a high sensitivity of the dynamic properties of the original system to changes in its
parameters. In methodological and purely technical terms, the presented constructions are more
complex than in the case of one second-order equation with a large delay.

The results obtained here form the basis for considering equations of the form (1) of
arbitrary dimension.
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