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Introduction

The Lorenz attractor, discovered in Edward Lorenz’s famous paper [1] in 1963, is probably
the best known of a large family of strange attractors. As is often the case with outstanding
discoveries, it became known to the mathematical world only more than 10 years after the
paper [1] was published. The topic turned out to be so relevant and interesting that already
in the first mathematical papers on the Lorenz attractor, see, for example, [2-5], a whole
series of fundamental results on this new dynamic phenomenon at that time were obtained.
In this case, its most diverse aspects were studied: geometric models of Lorenz attractors were
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constructed, including the famous Afraimovich model —Bykov —Shilnikov [4, 5|, bifurcation
scenarios of their occurrence [6-8] and statistical properties [9, 10| were studied, invariants of
topological equivalence, the so-called nidding invariants [11,12], etc. In general, from the point
of view of the theory of dynamical systems, the Lorenz attractor turned out to be an unusually
interesting object, which not only made a significant contribution to this theory, but also gave
rise to a number of new problems and new directions. For example, the theory of singular-
hyperbolic attractors [13,14] arose, including Lorenz attractors as its standard case, as well as a
highly advanced theory of pseudo-hyperbolic attractors [15,16], in which Lorenz attractors are
its simplest representatives — systems without homoclinic tangencies.

And in this regard, one of the most interesting, in our opinion, results obtained recently in
this direction can be attributed to the discovery of the so-called discrete homoclinic attractors [17—
21]. By this term we denote, first of all, strange attractors of multidimensional diffeomorphisms
that contain only one saddle fixed point and its entire unstable manifold (together with all
homoclinic trajectories). In this paper, we will consider three-dimensional diffeomorphisms, which
in the theory of dynamical systems are of independent interest and can also act as Poincaré maps
for four-dimensional flows.

As far as we know, the first meaningful examples of discrete homoclinic attractors in the
case of three-dimensional diffeomorphisms were given in 17|, where they were found in three-
dimensional mappings of the form

T=y, §=2z, 2:M1+B:U+M2y—z2, (1)

where M7, My and B are parameters, and B is the Jacobian of the map (1). Fig. 1 shows phase
portraits of some such attractors.

The attractors shown in Fig. 1, a, b are very similar to the classical Lorenz attractors. The
attractor in Fig. 1, c is also a discrete homoclinic attractor similar to the two-dimensional Henon
attractor. Recall that the classical Henon attractor [22| exists for the standard two-dimensional
Henon map

J=2 Z=DM + Myz—2* (2)

for My = 1.4, My = 0.3, for which the Jacobian J = —M> is negative, i.e. the corresponding
two-dimensional map is non-orientable. Since at B = 0 the three-dimensional map (1) turns into
a two-dimensional one (2), it is not surprising that at small B > 0, when it is orientable, it has
an attractor similar to the Henon attractor. On the other hand, the attractors shown in Fig.
1, a, b and d are essentially three-dimensional. In addition, the attractor in Fig. 1, d is also
non-orientable — the corresponding three-dimensional map has Jacobian B = —0.95 < 0.

In this paper, we will consider discrete attractors of the Lorenz type. Conventionally
speaking, such discrete attractors known today can be divided into 3 classes. These are (i)
standard Lorenz attractors, (ii) Lorenz attractors with axial symmetry, (iii) attractors of other
types, for example, with several fixed points. As for the standard Lorenz attractors, their first
examples were found in the paper [17], see Fig. 1, a, b, and the main elements of their qualitative
theory were constructed in the papers [18-20]. Attractors with axial symmetry were discovered
in our recent paper [23]. Such attractors, just like the standard ones, contain only one fixed
point, but some of their types (for example, twisted attractors, see section 3) bear very little
resemblance to the classical Lorenz attractors. Some examples of discrete attractors of the third
class were found in [24,25], and their geometric properties are similar to Lorenz attractors with
several equilibria. Little is known about the latter, so some results of [24,25] on discrete attractors
can be considered as a certain advance in the theory of attractors of three-dimensional flows.

Contents of the work. Section 1 considers standard discrete Lorenz attractors. Subsection 1.1
gives their geometric definition. Subsection 1.2 discusses hyperbolic properties of discrete Lorenz

Gonchenko A.S.
Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2024;32(6) 833



c d

Fig 1. Examples of homoclinic attractors for map (1) — by the paper [17]. a—b — Discrete Lorenz attractors at
B =0.7; My =0 and M = 0.85 (a), M2 = 0.815 (b). ¢ — An attractor similar to a 2D Hénon-like attractor at
B =0.1; M1 = 1.4; M> = 0.2. d — A period-2 homoclinic attractor (containing a saddle orbit (O1,O2) of period
2) at B = —0.95, M, = 1.77, My = —0.925 (color online)

attractors. Here we briefly recall the concept of a pseudohyperbolic attractor according to Turaev—
Shilnikov, and also explain its features in relation to discrete Lorenz attractors. In subsec-
tion 1.3 we discuss phenomenological scenarios of the emergence of discrete Lorenz attractors in
one-parameter families of mappings, and in subsection 1.4 we give examples of such scenarios
for specific models (three-dimensional Henon maps and the Celtic stone model). A new class
of attractors — discrete Lorenz attractors with axial symmetry — is considered in section 2.
In subsection 2.1 we distinguish a universal class of axially symmetric quadratic mappings
with constant Jacobian, for which we also construct some elements of their algebraic theory.
Subsection 2.2 considers discrete attractors of classical type, which are similar to attractors
obtained by time-discretizing a flow with a Lorenz attractor. Section 3 discusses the diversity
of discrete attractors of Lorenz type in the case of mappings with axial symmetry and presents
some new types of such attractors, in particular, having unusual homoclinic structures, which
are discussed in subsection 3.1.
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1. Standard discrete Lorenz attractors

The first examples of standard discrete Lorenz attractors were given in [17]| for three-
dimensional Henon maps of the form (1). In our work [18] with L. P. Shilnikov, it was shown
that such attractors can arise as a result of relatively simple bifurcation scenarios in one-
parameter families of three-dimensional maps, and therefore it is not surprising that they are
often encountered in various models from applications. In this section, we discuss the main
properties of standard discrete Lorenz attractors, starting with their geometric definition.

1.1. On the definition of a discrete Lorenz attractor. Let an attractor A of a
three-dimensional orientable diffeomorphism 7" have the following properties.

(i) A is a homoclinic attractor containing a saddle fixed point O with multipliers vy, A1, A2
such that y < —1, =1 <k <0 <A < 1 and |[ha| < A.

(ii) Let T'; and I's be unstable separatrices of O, i.e., connected one-dimensional components
of the set W*(O)\O. Then all the intersection points of the separatrices I'; and I'y with the disk
W .(O) belong to exactly one half of the disk, into which it is divided by the one-dimensional
strongly stable manifold W**(0).

(iii) The attractor A has a neighborhood, an open domain D, shaped like a ball with two
holes containing a saddle-focus orbit (p1, p2) of period 2 with a two-dimensional unstable and one-
dimensional stable manifold. Let L; C D, ¢ = 1,2, be a closed curve consisting of two segments:
the segment of the separatrix I'; from the point O to the point h; of the first intersection of the
separatrix I'; with W}? (O) and a simple arc on W} (O) connecting the points h; and O, see Fig.
2. It is assumed that the curve L; is homotopy noncontractible in D.

(iv) The saddle value 0 = |M|]y| of O is greater than 1.

(v) The attractor A is pseudohyperbolic.

Note that the domain D is an absorbing
domain of the attractor A in the case where
it has no gaps. Recall that in the case of the
Lorenz flow attractor, a (trivial) gap is an open
domain (a hole inside the attractor) containing
a saddle limit cycle whose stable manifold does
not intersect the attractor [5]. Accordingly, in
the case of the discrete Lorenz attractor, the
gap contains a saddle closed invariant curve
with the same property. Note, for comparison,
that the attractor of Fig. 1, a¢ has no gaps
(for it, the region D is absorbing), whereas the
attractor in Fig. 1, b contains a gap of the solid
torus type 13 (for it, the region D\1t3 is already
absorbing).

Of these conditions, the first three relate
more to the geometry of the attractor A,
which, due to conditions (ii)—(iii), will be
similar to the Lorenz one. In addition, the __ o )

. . Fig 2. Towards the definition of the discrete Lorenz
condition y<-1 from (1) also guarantees the attractor. The unstable separatrices I'y and I's of the

(internal) symmetry of the attractor due to point O are symmetric, T(I'1) = I's and T/(T») = I'y, and
the fact that the separatrices I'y and I'y form intersect a disk W;. N D only in one of its halves, into

a symmetric configuration: T(rl) = Ty and which the disk is divided by a one-dimensional strongly
T(Ty) =Ty stable manifold W*°(O) (color online)
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1.2. On hyperbolic properties of discrete Lorenz attractors. Conditions (iv) and
(v) are the conditions of «weak hyperbolicity» of the attractor. However, if condition (iv) is not
satisfied, i.e. 0 < 1, then the attractor A is obviously a quasi-attractor!, since the homoclinic
tangencies of the invariant manifolds of the point O will be such that their bifurcations lead to the
emergence of stable periodic trajectories and even a countable set of them [27,28]. If condition (iv)
is satisfied, then the indicated homoclinic tangencies to the point O will not generate any stable
invariant sets [29]. However, this does not yet guarantee robust chaos (here pseudohyperbolicity)
of the attractor.

Nevertheless, condition (iv) is of independent interest, since it is easily verified and is
necessary for condition (v) to hold. Therefore, an attractor A for which conditions (i)—(iv) are
satisfied will be called a standard discrete Lorenz attractor. Such attractors are, for example, those
shown in Fig. 1, a, b. However, as shown in [30], the attractor in Fig. 1, a is not pseudo-hyperbolic,
unlike the attractor in Fig. 1, b. But both of them are, of course, Lorenz-type attractors.

Conditions (i)—(iv) are easy to verify, which is not the case for condition (v), since it is a
global characteristic of the attractor and requires special methods for its verification, see [30,31].

The concept of a pseudohyperbolic attractor was introduced in the works of Turaev and
Shilnikov [15,16]. In essence, it is a certain far-reaching generalization and weakening of the
concept of a hyperbolic attractor. Recall that in the case of a hyperbolic set (attractor), the
existence of linear subspaces F° and E“ invariant with respect to the differential DT of the
mapping 7" with additional dimensions such that DT exponentially contracts and, correspondingly,
expands all vectors in E® and E" is required. In contrast, in the case of an invariant pseudohyper-
bolic set (attractor), a continuous decomposition into subspaces E** and E“ (strongly stable
and centrally unstable) is required such that DT exponentially contracts all vectors in E*S and
stretches volumes in F*. In this case, there may also be contractions in some directions in EF*,
but all of them are uniformly weaker than any contraction in £*®. Note that the hyperbolicity and
pseudohyperbolicity conditions are rough, i.e., they are satisfied for all close systems. At the same
time, for strange attractors, they automatically guarantee the existence of a positive maximum
Lyapunov exponent for any trajectory of the attractor. For example, for a pseudohyperbolic
attractor, this is a consequence of the exponential stretching of volumes in E°“.

Note that in the case of a pseudohyperbolic Lorenz attractor of a three-dimensional map
dim F% = 1, dim E“ = 2. In this case, the fixed point O itself must also be pseudohyperbolic.
For it, E®% is the eigendirection corresponding to the multiplier Ao, and E“* is the plane spanned
by the eigenvectors corresponding to the multipliers A; and vy, and on which area stretching will
take place if 0 > 1.

1.3. On Phenomenological Scenarios for the Emergence of Standard Discrete
Lorenz Attractors. One of the most interesting features of discrete homoclinic attractors
is that they can arise in one-parameter families of (three-dimensional) mappings as a result of
fairly simple universal bifurcation scenarios [18,20,21].% This fully applies to the standard discrete
Lorenz attractors. The main stages of a typical such scenario are schematically shown in Fig. 3
for the case of a one-parameter family 7}, of three-dimensional orientable mappings.

!The term «quasi-attractor» was introduced by Afraimovich and Shilnikov [26] to denote attractors that seem
strange at the physical level. Such attractors either themselves or arbitrarily close to them contain stable periodic
orbits, which, however, are not detected in experiments, since they have extremely narrow regions of attraction.

2The idea of constructing such scenarios goes back to the work of Shilnikov [32], in which he described a
phenomenological scenario for the emergence of spiral chaos in the case of three-dimensional and multidimensional
flows.
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O“ - sink OH- saddle (2,1)
a b

Fig 3. Illustration of main stages of the phenomenological scenario of the emergence of standard discrete Lorenz
attractor: (a) — a stable fixed point O, — (b) — after a period-doubling bifurcation: the point O, becomes a
saddle of type (2,1), and the attractor is now the orbit of period 2 — (¢) — the emergence of a homoclinic
structure (of the “figure-eight-butterfly” type) at the point O, and the formation of a closed invariant curve of
period 2 from the butterfly, i.e. T,(C1) = C2 and T,(C2) = C: (this curve is a saddle if 0 > 1 ) — (d) — the
discrete Lorenz attractor becomes the only attracting invariant set when the orbit (p1,p2) loses stability (as a
result of the Andronov—Hopf bifurcation) in one of two typical ways, see options [scl] and [sc2] (color online)

This scenario starts with those values of p for which the map 7|, has an asymptotically
stable fixed point (sink) O,. Then, for some p, the point O, loses stability as a result of a soft
(supercritical) period-doubling bifurcation: O, becomes a saddle of type (2,1) and a stable orbit
(p1,p2) of period 2 is born, which becomes an attractor. As the parameter changes, this orbit
loses stability, as we assume, in one of the following two typical ways:

[sc1] the orbit (p1, p2) loses stability as a result of a rigid (subcritical) Andronov—Hopf bifurcation:
the saddle invariant curve (C4, Cq) sticks to the orbit (p1, p2) and the latter becomes saddle-
focal;

[sc2] the stable orbit (pi1,p2) undergoes a soft (supercritical) Andronov—Hopf bifurcation, after
which the orbit itself becomes a saddle-focal one and a stable closed invariant curve (S7, S2)
of period 2 is born, and then the stable curve (57, S2) merges with the saddle curve (C1, C2)
and both disappear.

Note that the period 2 invariant curve (Cy, C2) is formed from the homoclinic “butterfly” configu-
ration of unstable separatrices I'y and I'; of O, at the moment when the invariant manifolds of
O, begin to intersect, see Fig. 3, c. Moreover, and this is important, the invariant curve (C1, C2)
will be a saddle curve for o > 1.3

1.4. Examples of scenarios in three-dimensional maps. The fact that standard
discrete Lorenz attractors can arise as a result of simple and realistic bifurcation scenarios shows
that they should be found in various models from applications. As far as we know, the first such
applied model was the nonholonomic model of the Celtic stone [33].

As a first example, consider bifurcation scenarios with a discrete Lorenz attractor, observed
in the three-dimensional Henon map of the form

T=y, §=2 ZzZ=Bx+Cy+Az—2% (3)
where A, B and C' are parameters. This map is obtained from the map (1) if one of its fixed
points is shifted to the origin.

3For 0 < 1, the homoclinic butterfly also arises, but it can form either a stable period 2 invariant curve or a
symmetrical double-length stable “figure-eight” invariant curve. In this case, further development of the attractor
can follow the path of destruction of these invariant curves and formation of a quasi-attractor of the “torus—chaos”
type according to Afraimovich—Shilnikov [26]. For this reason, the condition ¢ > 1 is very important for the
implementation of scenarios with Lorenz-type attractors.
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The pictures of the numerically found attractors of the map (3) with B = 0.7 are shown in
Fig. 4, which also shows a fragment of the Lyapunov exponent map on a certain range of values
of the parameters A and C.

Here we have traced two routes marked by arrows I and II on the Lyapunov exponent
diagram on the parameter plane (A, C), see Fig. 4. The colors on this diagram correspond to the
following stable regimes: green — stable periodic trajectory; turquoise — quasi-periodic (closed
invariant curve); yellow and purple — strange attractor. Yellow corresponds to a strange attractor
(quasi-attractor) separated from the fixed point O, and purple — the standard discrete Lorenz
attractor. In this case, areas with interspersed yellow and purple pixels apparently correspond to
quasi-attractors of the Lorenz type, and the solid purple color indicates the region of existence
of the pseudo-hyperbolic discrete Lorenz attractor [17,24].

In Fig. 4 the final attractor (at A = —1.025, C' = 0.81) is pseudo-hyperbolic, but the Lorenz-
type attractor at the beginning of scenario II (at A = —1.025, C' = 0.952) is obviously a quasi-
attractor. Moreover, it is such that when varying the parameters, it is easy to find clearly visible
stability windows in it, two of which are marked. For the corresponding values of the parameters,
the attractor in them is either a closed invariant curve of period 2 (at A = —1.025,C = 0.965)
or an eight-figure invariant curve (at A = —1.025, C' = 0.94). The latter plays an important

Main scenario (path I):

A scenario (path I1):
"Sink -> Lorenz-like attractor”

"Lorenz-like quasiattractor -> Lorenz-like attractor"

Ois a sink
o

P  Oisasaddle
[ ]

y
/=

A=-0.975
C=0.81

A=-0.988
C=0.81

A=-0.995 w

C=0.81

Fig 4. Pictures of numerically found attractors of map (3) with B = 0.7 with varying parameters along paths I
and II with the same end point A = —1.025;C = 0.81. Path I (—1.025 < A < —0.87;C = 0.81) is actually an
illustration of the basic scenario of the emergence of standard discrete attractor (with the [sc2| option) described
in subsection 1.3. Path II (A = —1.025;0.81 < C < 0.952) illustrates a somewhat unusual scenario with the
beginning near the Lorenz quasi-attractor (shown at A = —1.025;C = 0.952) (color online)
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E=7425
d e f

E=7425 E=743.3

Fig 5. An example of a scenario in the Celtic stone model from [35] when varying one of parameters (the stone
energy E) (color online)

role in scenario II, since it generates a cascade of bifurcations, including bifurcations of doubling
invariant curves?, leading to the formation of a pseudo-hyperbolic discrete Lorenz attractor.

Let us give another example of the scenario, see Fig. 5, observed in the Celtic stone model
[35], in which the option [scl] is realized: the orbit (p1,p2) loses stability as a result of a rigid
(subcritical) Andronov—Hopf bifurcation, when the saddle invariant curve (C4, Cs) sticks to the
orbit (p1,p2), which becomes a saddle-focal one, and the discrete Lorenz attractor becomes the
only attractor in the model®.

It is interesting that in the indicated model of the Celtic stone one can also trace rearrange-
ments in the asymptotic behavior of the separatrices of the fixed point O when passing through a
very narrow zone of formation of the homoclinic butterfly, Fig. 5, a—c. In the case of the mapping
(1) such a rearrangement, even if it exists, is very difficult to catch.

2. Discrete Lorenz Attractors
with Axially Symmetrical Model

The main results of this paper concern the study of those properties of discrete Lorenz
attractors that make them similar to attractors of three-dimensional flows. However, there are
fundamental differences between them. First of all, this concerns the features of their homoclinic
structures. The Lorenz attractor is singular-hyperbolic and has no homoclinic tangencies.

4For more details on bifurcations of doubling invariant curves, see our article [34]. In particular, it was shown
there that such bifurcations can be of two types: of the «doubling of components» type and of the «doubling of
length» type. In particular, with the figure-eight invariant curve, Fig. 4 (at A = —1.025, C = 0.94), a bifurcation
of doubling components occurs: it becomes a saddle, and in its neighborhood two stable invariant curves of
approximately the same length are born, Fig. 4 at A = —1.025, C' = 0.92.

5This bifurcation is analogous to the bifurcation of rigid loss of stability of two equilibria symmetric to each
other in the Lorenz model, after which multistability disappears and the Lorenz attractor becomes the only
attractor of the system.
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The discrete Lorenz attractor admits homoclinic tangencies and, accordingly, the mapping in
which it exists belongs to the Newhouse domain [36, 37|, i.e., an open domain in the space
of dynamical systems in which systems with homoclinic tangencies are dense. Bifurcations of
the Lorenz attractor can theoretically be studied completely, since it has exactly one continuous
invariant of topological equivalence, the so-called nidding invariant 12|, which completely charac-
terizes the structure of the attractor. Maps with discrete Lorenz attractors have infinitely many
such invariants, including the so-called Q-modules [38,39], and therefore a complete bifurcation
analysis is impossible here [29, 39, 40].

There are also obvious differences in their geometric structures. Thus, for the Lorenz
attractor, the unstable separatrices I'1 and I'y of the saddle equilibrium O are invariant sets —
these are two different trajectories of the flow, and in the holes of the attractor lie the equilibrium
states O1 and Os. For the standard discrete Lorenz attractor, unstable separatrices I'y and I'y are
sets consisting of a continuum of trajectories that are semi-invariant in the sense that T'(I'1) = I'y
and T'(I'y) =T, and points from one separatrix sequentially jump to the other and back during
the iterations of the mapping, and, in addition, the holes of the standard discrete Lorenz attractor
contain an orbit (p1,p2) of period 2.

In this regard, we can consider the question of the existence of discrete Lorenz attractors
for three-dimensional mappings for which the separatrices I'y and I's are invariant separately,
that is, T(I'1) = T’y and T'(I'2) = 'y, and its holes contain fixed points. As shown in the paper by
Shilnikov and Turaev [29], such attractors exist for three-dimensional Poincaré maps in the case
of periodically perturbed systems with Lorenz attractors. However, specific simple examples of
such maps were not known until recently. In this regard, the paper [23] considered the problem
of constructing three-dimensional maps that would be maximally simple and maximally similar
in dynamics and bifurcations to three-dimensional Lorenz-type systems. First of all, such a map
(Z,9,z) = F(z,y,2z) must be symmetric with azial symmetry {x — —z,y — —y,z — z} the
same as that of the Lorenz model, and must also have constant Jacobian J — analogous to the
fact that the Lorenz system has constant divergence.

As a result, in the paper [23| a rather interesting class of axisymmetric three-dimensional
mappings with constant Jacobian was identified. Of primary interest here are the simplest such
mappings — quadratic mappings; we will discuss the main elements of the theory in the next
section.

2.1. On three-dimensional axisymmetric quadratic mappings with constant
Jacobian. Let us recall some definitions.
Consider the mapping T : R? — R? of the general form

T: z= Q1($,y,z), Y= Q2($7y7 Z)) zZ= Q3(x7y7 Z)‘
The mapping 7" has axial symmetry
S:x——x, y— -y, z— 2, (4)

if Q1,2(x7y7 Z) = _QI,Q(_x7_yvz)v Q?;(x,ya Z) = Q?)(_xa _yvz) for all (x,y,z) € Rg' The
mapping T is called splitting if it can be represented as a direct sum of mappings of lower
dimension (like the mapping # = 2,9 = y + x,Z = M + z + %2, in which the = coordinate is
separated).

The following lemma shows what universal form quadratic axisymmetric three-dimensional
mappings with constant Jacobian have.
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Lemma 1. Let T : R> — R3 be a quadratic map with axial symmetry and constant Jacobian.
Then either by some linear change of coordinates T can be reduced to the form

T:Z=y, J=viz+voy+yz, z= M +v3z+ ay?, (5)
where o = +1 and vi,ve,vs, M are parameters (with M =0 for v3 # 1), or T is a split map.
Proof. The linear axisymmetric 3D mapping has the form

T=ax+by, y=cr+dy, zZ=M+ez, (6)
where a, ...,e and M are some coefficients. Suppose that the condition
b + [c] # 0. (7)
Then the mapping (6) can be reduced to the form
T=vy, Y=viTz+vey, z=DM+v3z. (8)
For this, for example, if b # 0, we introduce a new coordinate Ynew, = azx + by and set vi =
bc—ad, vo =a+d, vg =e (for b=0,c# 0 we swap = and y and do the same).
Now for the map (8) we consider its axisymmetric quadratic extension

T =Y+ arz+ ayz,
Ty : < §=wvix + Voy + asxz + auyz, (9)
Z =M 4 v3z + bia? + boxy + b3y + by2?

and find conditions under which this map has a constant Jacobian.
To do this, we first calculate its Jacobian at x =y = 0. We get

a1z 14+ asz 0
J(13)g=y=0 = det | vi+azz vy +asz 01,
0 0 v3 + 2byz

and thus
J(Tg)x:yzo = (Vg + 2()42) [—Vl + z(v2a1 — asg — Vlag) + 22(a1a4 — agag)] .

From the condition J = const we obtain that by = 0, ajag—asas = 0, and also voa; —ag—vias =0
for all vi and vs. Then we obtain that a; = as = as = by = 0 and, thus, the mapping T5 takes
the form

T=y, §=wZ+Voy—+asyz, Z= M +v3z+ bz + by + bsy?, (10)

This map has Jacobian J = —viv3+a4y(2b1x+boy). It will be constant if ag = 0 or by = by = 0. If
as = 0, then the z and y coordinates are separated in (10). Therefore, we assume that by = by = 0
and, consequently, the map 75 takes the form

T=vy, J=viz+voy+asyz, z=M +vsz+bsy’, (11)

in which we assume that asbs # 0 (for ay = 0, z and y are separated, and for b3 = 0, z is
separated).
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We introduce new coordinates x = BX,y = BY, z = yZ, where § and y are some coefficients.
Then the mapping (11) can be rewritten as

_ _ M 2
X=Y, Y= X+wY+ayYZ, Z=—+v3Z+ b3EY2. (12)
Y Y

Set aqy = 1. Then b3p2y~! = asb3P?. Set B2 = |agbs| ™', then asbsp? = a = sign (asb3). This
gives us the desired formula (5) for the mapping T5.

It remains to consider the case when the condition (7) is not satisfied, that is, when
b = ¢ =0 and the original mapping 75 has the form

T=ar+ a1xz+ agyz, Y=dy+ azxz+ asyz,

13
M + ez + bia® + boxy + bay? + byz?, (13)

Z
and its Jacobian for x =y = 0 will be:
Jo—y—0 = (e + 2b42) (ad + (a1d + aga)z + (ar1a4 — CL2(13)22) .

From the condition J = const we immediately obtain that by = 0, ayjas — azasz = 0, and also

a1d + aqa = 0 for arbitrary a and d. This gives that a; = a4 = 0 and asaz = 0. If as = 0, then,

since a1 = 0, the equation for Z takes the form Z = ax, that is, the x coordinate is separated.

Similarly, for ag = 0, the y coordinate is separated. (I
Thus, by Lemma 1, of greatest interest are essentially two such mappings

T_: Z=y, J=viz+vay+yz, zZ=v3z—1y>° (14)
and

Ty: Z=y, §=vix+voy+yz, Z=vsz+y’, (15)
in which, unlike (5), we excluded the parameter M. By Lemma 1 this can always be done, except
for the degenerate case v3 = 1 (when the symmetric fixed point of the map (5) goes to infinity
for M # 0). Therefore, the maps (14) and (15) can be considered as universal axisymmetric
quadratic maps with constant Jacobian.

Note that the maps T_ and T are, of course, different, but there is an unusual “dual”
relationship between them, which is reflected in the following lemma.

Lemma 2. The map T2 is invariant under the following change of coordinates and parameters

Y —> —Yy, Z——2, Vg — —Vo, O — —C. (16)

Proof. Consider the mapping Ty in the form (5). Its second iteration, the 77> map, can be
represented as

T = vz + voy + ¥z,
Y =v1y + Vo + T(v3z + ay?),
Z = v3(v3z + ay?) + o

Then it is easy to see that the transformation of coordinates and parameters (16) does not change
the form of this map. O
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2.2. Discrete Lorenz attractors of classical type in the case of the mapping 7 .
The lemma (2) shows that the squares of the mappings 7_ and T demonstrate exactly the same
dynamics if vy is replaced by —vs. However, the dynamics and bifurcations of the mappings T
and Ty themselves are different, as shown by their bifurcation diagrams in Fig. 6, which, by
virtue of the lemma (2), are symmetric with respect to the replacement of vy by —va.

We will assume below that 0 < v3 < 1. Then the symmetric fixed point O(0,0,0) of the
map Ty (simultaneously for 7 and T’ ) is asymptotically stable for (vi,ve) € Ag, where

As={(vi,v2)lv1 =1 <vy<1—vy, =1 <vy <1}
The boundaries of the stability triangle As on the plane (vq,vg) are three bifurcation curves

L+1:V2:1—V1, -1 <v <1,
L i:vo=vi—1, —-1<vyi<1,
Ly: vi=—1, =2<vy <2

such that the point O has a multiplier A = +1 for (v1,v2) € Ly, multiplier A= — 1 for (vq,va) €
L_; and multipliers A o = e for (vi,vo) € L (the third multiplier is always A3 = v3).

These bifurcation curves correspond to bifurcations of point O, which will be different for
mappings 7_ and T (except perhaps bifurcations through L, which are infinitely degenerate
and uninteresting here).

e Bifurcation on Li; is a non-degenerate symmetric pitch-fork bifurcation, which is soft
(supercritical) for T_ and hard (subcritical) for T'y. Here point O loses stability upon
exiting Ag as follows: in case of mapping T_ it becomes a saddle point and a pair of
symmetric stable fixed points O and Os is born; in the case of the mapping 7', a pair of

Fig 6. Bifurcation diagrams on the (vi,vz2)-parameter plane for fixed 0 < vz < 1 in the cases: a — the map T_;
b — the map Ty. The most interesting fragments of the diagrams of Lyapunov exponents for v3 = 0.8 are also
shown (color online)
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symmetric saddle fixed points sticks to the stable point O, it becomes a saddle point, and
there are no attractors here.

e The bifurcation on L_; is a non-degenerate symmetric period-doubling bifurcation, which
is hard for T_ and soft for Ty. Here, the point O loses stability upon exiting A as follows:
in the case of the mapping T, a saddle orbit of period 2 sticks to the stable point O,
the point O becomes a saddle point, and there are no attractors here; in the case of the
mapping 77, the point O becomes a saddle point and a stable orbit py, po of period 2 is
born.

e Note that, by Lemma 2, the bifurcation on L for the mapping T2 and the bifurcation on
L_; for T_%_ will be absolutely the same — this is a soft bifurcation «forks. The bifurcations
on L_; for T? and on Ly, for T_% will also be the same — in both cases this is a hard
bifurcation «forks.

As can be seen from Fig. 6, the development of chaotic dynamics in the T_ and T maps
occurs differently. In particular, in the case of the T map, the first bifurcation of the loss of
stability of the point O is the «fork» bifurcation, and in the case of the T map, it is the
period-doubling bifurcation.

In the case of the T_ map, the point O is an attractor at (vi,ve) € As. When leaving A
through the boundary L1, the point O softly loses stability as a result of a symmetric bifurcation
of the fork: O becomes a saddle and a pair of stable fixed points O; and O, symmetric to each
other, is born. In this case, at the saddle O its unstable manifold W*(O) is one-dimensional
and consists of two invariant separatrices I'y and I's such that I'y tends to Oq, and I'y to Os.
With further changes in the parameters, the points O; and Oy simultaneously and symmetrically
undergo a supercritical (soft) Andronov—Hopf bifurcation on the curve [23]

1
AHfQ tvo=1—vy + 5(1 +V1)(1 +V1V3).

As a result, the points O and Os become saddle-foci with two-dimensional unstable manifolds,
and in their neighborhoods two stable invariant curves S; and Sy are born, symmetric to each
other, while the separatrix I'y is wound on the curve Sy, and I's — on S5. Thus, a completely
suitable configuration of trajectories is created, so that in the future (after the loss of stability
of the curves S and S, the appearance of homoclinics to O, etc.) a discrete Lorenz attractor
is formed. However, this attractor must differ from the standard one (see paragraph 1), since it
will contain a fixed point O, whose unstable multiplier is positive, and the separatrices 'y and
[’y of the point O are invariant: T (I';) = I';. In addition, fixed points — the saddle-foci Oy and
Oy — will lie in the holes of the attractor.

In Fig. 7, a—d we illustrate perhaps the simplest version of the scenario in the 7_ map,
leading to a discrete Lorenz attractor of the «classicaly type. Here we set v3 = 0.95, vi = —0.85
(that is, J = —v1vg = 0.8075) and consider the path v; = —0.85 on the parameter plane (vi,v2)
as vo changes.

At first, for —1.85 < vo < 1.85, point O is stable, it undergoes a “fork” bifurcation for
vo = 1.85 and two fixed points O7 and Oz, symmetric to each other, are born. These points
are stable for 1.85 < vy < v’24H = 1.8644375; for vo > v‘24H they lose stability and a pair of
stable closed invariant curves S; and Ss, again symmetric to each other, are born, Fig. 7, a.
In this case, separatrices I'y and I'y of point O are wound onto curves S; and Sy, respectively,
Fig. 7, a. As vo increases, the separatrices I'y and I'y are reconstructed and leave the basin of
attraction of the curves S; and Sy, resulting in multistability, Fig. 7, b, since the discrete Lorenz
attractor coexists with the attractors Sy and Sa. Then the invariant curves S; and So merge with
some saddle invariant curves and both disappear, after which the only attractor of the mapping
becomes the discrete Lorenz attractor, Fig. 7, c—d.
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Fig 7. Top row: illustration of main stages of the formation of discrete Lorenz attractor in map 7T— with fixed
vz = 0.95, vi = —0.85 and with varying v2. Bottom row: illustration of main stages of the formation of the Lorenz
attractor in the Shimizu—Morioka model (17) at s; = 0.45 and varying s; (color online)

We will call such an attractor discrete Lorenz attractor of classical type. These attractors
are very similar to the classical Lorenz attractors, and even more so to their discretization in
time. For comparison, Fig. 7, a’-d’ (bottom row) shows an illustration of the scenario with the
Lorenz attractor in the Shimizu—Morioka [41] model

t=y, Yy=x—5Yy—xz i=—52+a> (17)
with sg = 0.45 and varying s;. Here we see almost complete coincidence with Fig. 7, a—d.

Remark 1. By lemma 2 on the identity of the dynamics of the mappings T? and T?, when
replacing vo — —va, the development of chaos for the mapping Ty for fived v4 = 0.95,v; = —0.85
and when varying ve will be similar (if vo is replaced by —va), but it begins with the loss of stability
of the point O as a result of the period-doubling bifurcation and the subsequent Andronov—Hopf
bifurcation of the stable orbit (p1,p2) of period 2. At the end of the scenario, we get a symmetric
standard discrete Lorenz attractor.’

Everywhere below, for definiteness, we will consider only the 7_ map.

2.3. On the embedding of the 7_ map into the Shimizu—Morioka flow. It should
be noted that the Shimizu—Morioka system (17) plays an important role in the mathematical
theory of Lorenz attractors. The fact is that it serves as a local flow normal form for a series
of bifurcations of equilibrium states with three zero eigenvalues [42]. Since in the system itself
(17) there is a Lorenz attractor for certain ranges of parameter values 43|, this makes it possible

6Tn this case, the phase pictures, compared to Fig. 7 will be inverted along the z axis, the points O; and O
will be the points of the orbit of period 2, etc., see [23].
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to obtain effectively verifiable criteria for the birth of a Lorenz attractor as a result of local
bifurcations [17,19].

This fully applies to the T mapping. In particular, below in section 2.3 we will show that
for parameter values close to vi = —1,vo = 2,v3 = 1, when the fixed point O has a triplet
(+1,4+1,+1) of multipliers, the 7 mapping can be approximated with any accuracy by the
trajectory shift mapping of the Shimizu—Morioka system. It follows from this, by the Turaev
—Shilnikov [16] theorem, that the T mapping for close parameter values will have a chain-
transitive and pseudo-hyperbolic discrete Lorenz attractor (of classical type).

Lemma 3. In the parameter space (v1,v2,Vv3), there is a neighborhood in the region (vi< —1,
vy < 2,v3 < 1) adjacent to the point M(vi = —1,vo = 2,v3 = 1), in which the mapping T—
near the fized point 0(0,0,0) can be embedded in the Shimizu—Morioka flow (17) with greater
accuracy, the closer the parameter value is to the point M.

Proof. Rewrite the mapping T_ as follows:

r—r=y—u,
Y—y=viz+Vvay — y +yz, (18)
Z—z=v3z—z— 1y
Assume that
vi=—14¢€1, vo=2+4¢e9, vy=1—¢3

and g; are small. Note that for ¢; = 0,7 = 1,2, 3 the point O(0,0,0) has a triple multiplier +1.
Then near this point for small &; we can write the following flow approximation of the mapping
(18):

T=Yy—x,
g=(1+e)z+ (1+e)y+yz, (19)
2= —e32 —y>

We introduce a new coordinate ype,, = y — x. When the system (19) is rewritten as

=y,
Y= (e1 +e2)r+ ey + (z+y)z, (20)
= —e32— (v +y)2

We introduce a new «fast» time ¢ — et with small € > 0. Then the system (20) takes the form

. 1
r =Yy,
e+ .
€1 +e¢€ €
= - 2x+§y+g(w+y)z, (21)
1
é:—ejz—f(a:—i-y)?
€ €

We introduce a new coordinate again yneyn = %y. Then the system (21) is rewritten as

T =y,
€1+ €2 £9 1
= 62 $1+ ?y + ?(w + Ey)Z, (22)
15
p= - Z(wtey)?
g g
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Now we normalize the coordinates as follows:
r=BX, y=BY, z2=vZ7

and set
€1+ €2 €9 €3
D) = 1, — = —81, — = 82.
€ €

€
We choose s; and sz as new parameters. Then the system (22) takes the form

X =Y,

o Y

- p2 2
Z2=—s9z— —(X +¢eY)".
Ye

Since € > 0 is arbitrarily small, we take small normalizing coefficients § and y such that

Y B2
==L 3=1b

and remove the terms €Y from (23). Then we obtain the following system

X =Y,
Y=X—-51Y+XZ, (24)
Z =—s97 — X2

If we now make the substitution Z — —Z, we obtain exactly the Shimizu—Morioka system (17).
O

3. Variety of discrete Lorenz-type attractors
in the case of the T_ mapping

In section 2 we gave a positive answer to the question of whether the 7_ map has attractors
that imitate with high accuracy the attractors obtained by time-discretizing the Lorenz attractors
of three-dimensional flows. However, the T_ map, as well as T, can be non-orientable (when
J = —viv3 < 0), and then, as shown in [23|, the Lorenz-type attractors here are always very
unusual: their unstable separatrices I'y and I's and the line of symmetry (the z axis) will be
intertwined in an irremovable way.

In this section we will continue these studies and consider the question of the existence
of discrete Lorenz attractors of the T_ map in both the orientable and non-orientable cases,
which have no analogues at all among three-dimensional flows. For this purpose, we will set, for
example, vg3 = 0.8 and construct on the plane of parameters vi and vs the so-called Lyapunov
diagram, the most interesting fragment of which (on the domain @ : (—1<v;<0.2;1.4<v9<2.3))
is shown in Fig. 8.

About the Lyapunov diagram itself. This is a kind of map-scheme on @), consisting of regions
of different colors, characterizing the spectrum A; > Ao > As of the Lyapunov exponents on the
attractor. However, the scheme in Fig. 8 is not quite ordinary. In its construction, following [21],
we pursued the main goal of finding homoclinic strange attractors (containing a fixed point O),
among which there should be Lorenz attractors. Accordingly, the colors on the map correspond
to the attractors of the following types:

e almost all orbits go to infinity (no attractors) — white;
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Fig 8. Lyapunov diagram for map 7_ on the (vi,vs)-parameter plane for vs = 0.8. a—f — Phase portraits of
discrete Lorenz-like attractors for different values of parameters vi and va. Attractors in Fig. a, b, ¢ and f are
orientable (J = —v1vs > 0), the attractor in Fig. d is non-orientable (J < 0), and Fig. e shows the attractor for
3D-endomorphism (J = 0) (color online)

point O is stable — light green;

periodic orbit (A; < 0) — green;

closed invariant orbit (quasiperiodic regime, A; = 0, Ay < 0) — pink;

strange homoclinic attractor containing point O (A; > 0 and distance d from attractor
points to O is not greater than 0.001) — dark gray;

e strange attractor with A; > 0 and d > 0.001 — yellow.

The first thing that attracts attention when looking at the diagram in Fig. 8 is the existence
of two separated dark gray zones A and A, . For parameter values from zone A; , the Jacobian
J of the T_ map is close to 1, while for a sufficiently large zone A, , the Jacobian J takes
comparatively small positive, negative, and even zero values.

Note that the dark gray region in zone A] corresponds to symmetric discrete Lorenz
attractors, such as those in Fig. 7, d. The attractors from zone A5, examples of which are shown
in Fig. 8, b—e, are significantly different. These are Lorenzian attractors of new types, which have
an unusual homoclinic structure (their separatrices I'y and I'y are intertwined). We analyze them
in more detail in the 3.1 section.

Note that the attractor in Fig. 8, d is a non-orientable attractor of Lorenzian type. The
possibility of such attractors for general mappings was established in [21], but there were no
good examples. Such examples in the case of axisymmetric mappings T, were found in [23]. Now
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Fig 9. Illustration of main stages of the formation of a symmetric non-orientable discrete Lorenz attractor in the
map T- for fixed v = 0.8,v1 = 0.1 and varying vz (color online)

we can trace how such attractors can appear in three-dimensional non-orientable mappings with
axial symmetry.

As an example, let us consider the scenario of their appearance in the T_ mapping for
vz = 0.8, vi = 0.1 (here J = —0.08) and a change in vs. The main stages of the scenario
with an increase in vo are shown in Fig. 9. For vo = 0.9, the fixed point O undergoes a «fork»
bifurcation, during which two symmetric fixed points O; and Os are born. For vo = 1.494,
the Andronov—Hopf bifurcation with points O; and Oy occurs and two stable closed invariant
curves are born, Fig. 9, a. Then, as vy increases, these curves lose smoothness, become resonant,
and collapse, Fig. 9, b—c. As a result, two symmetric quasi-attractors of the «torus—chaos» type
appear, Fig. 9, c¢. Then these attractors merge into one Lorenz-type attractor, Fig. 9, d. At the
moment of «mergings, the attractor is obviously a quasi-attractor, but there is no reason to
remain so forever. In particular, in [23] it is numerically shown that the attractor of Fig. 9, d is
a symmetric non-orientable pseudo-hyperbolic discrete Lorenz attractor.

It is also possible to trace how the orientable attractors of the Lorenz type arise and develop
from the zone A, in the case of the mapping 7. As an example, consider the path vi = —0.2
(here J = 0.16) on the Lyapunov diagram in Fig. 8. An illustration of the main stages of the
formation of orientable discrete attractors LA;, LAy and LAg (existing for the parameter values
from the three corresponding branches of the dark gray region in the zone A5 ) is shown in Fig. 10.

3.1. On homoclinic structures of 3D mappings with axial symmetry. As is
known, one of the main bifurcations involved in the formation of discrete Lorenz attractors
are global bifurcations of the formation of discrete homoclinic “eight-butterflies” of the point
O. As shown in the work [23], the corresponding homoclinic structures in the case of different
discrete Lorenz attractors, such as those in Fig. 8, will also be different. The simplest high-quality
pictures of homoclinic “eight-butterflies” for different cases are shown in Fig. 11.

Here, by the homoclinic “figure-eight butterfly” for a mapping with axial symmetry we
mean first of all the configuration formed by the unstable separatrices I'y and I's of the point
O with respect to W#(O) and the invariant z-axis, the line of axial symmetry lying entirely on
W#(0). For diffeomorphisms with axial symmetry, such configurations are topological invariants,
since the separatrices I'1 and I'y cannot intersect the z-axis.

Homoclinic structures for standard symmetric Lorenz attractors, such as in Fig. 8, a, look
quite ordinary: in Fig. 11, a schematically shows how the separatrices I'y and I's can intersect the
two-dimensional area IT; C W}? (O) in this case. It shows two initial segments of the separatrices
I'1 and I'g, each of which has four intersection points with IT;. These 8 homoclinic points are

divided into four pairs of points: {hi, T'(hd)}, {hd, T (A1)}, {h3, T(h?)} and {h3, T(h3)}, belonging
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Fig 10. Illustration of main stages of formation of orientable discrete Lorenz-like attractors LA;, LAs and LAg

in the map 7_ for fixed v3 = 0.8, vy = —0.2 and varying v2. a — Attractors are invariant curves. b — Attractors
S1 and S2 coexist with the Lorenz attractor LA;. ¢c—d — LA; is the only attractor. e — A stability window:
the attractor is the symmetric invariant curve Si2. f — the LAs-attractor: it appears when the curve Sio

is destroyed (according to Afraimovich—Shilnikov [26]) and then it is formed as a pseudo-hyperbolic Lorenz-
like attractor. ¢ — LAs-attractor is destroyed and two symmetric quasiattractors «torus-chaos» are formed.
h — These quasiattractors are combined into one Lorenz-like attractor LAs (color online)

Fig 11. Hlustrations of symmetric homoclinic “figure-eight butterflies” of Lorenz type in the case when a point
has multipliers A1, A2, hgsuch that Ay > 1,|h23| <1, 0 < k2 < 1 and |A3| < |A2| (as for map T_). Figures a—b show
the simplest types of homoclinic “figure-eight butterflies” for the orientable case (0 < Az < A2 < 1 < A1), and
Figure ¢ — for the non-orientable case (—1 < k3 < 0 < Az < 1 < A1) (color online)

to different one-round homoclinic orbits. In the case of the T mapping, two such orbits lie on
I'1 and two more on I'y, Fig. 11, a. As can be seen, in this case the separatrices I'y and I's are
necessarily symmetrical to each other, and also intersect the area Il in its different halves, into
which I1; is divided by the z axis.

Note also that on the separatrix I'y (symmetrically on I'y) between two of its successive
points of one homoclinic orbit, for example, points hi and T'(h}), there necessarily lies a point
h} of another homoclinic orbit. In the case of Fig. 11, a, this point lies in the same half of TI,
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as the points h} and T'(h}). However, one can imagine a situation where the point hJ lies in the
other half of Il;. Then we obtain a rather unusual homoclinic structure, shown in Fig. 11, b. In
this case, the curves I'y and I'y are not simply tied together, but each of them also wraps around
the z axis. Homoclinic configurations of this type are typical for symmetrically orientable Lorenz
attractors, such as LAy and LA3 (Fig. 10). Therefore, we will call such axisymmetric attractors
twisted discrete Lorenz attractors.

In the non-orientable case, the behavior of the separatrices I'1 and I's always looks somewhat
unusual. We will illustrate this using Fig. 11 for the case when the point O has multipliers A; > 1,
0 <Xl <1, —1<Xks <0 and |A3] < |h2], as for the 7_ map with v; > 0. Obviously, here the
homoclinic points h% and T(h%) on I'y lie in different halves of Ilg, since A3 < 0. Then the
configuration of the separatrices I'y and I'y can be as in Fig. 11, ¢ (in particular, as shown in [23],
such a configuration takes place in the case of a non-orientable attractor in Fig. 8). In this case,
the separatrices I'y and I's turn out to be unrelated to each other, unlike in the orientable case.
However, the three invariant curves I'y, I'o and the z axis together turn out to be topologically
intertwined in an irremovable way.

References

1. Lorenz EN. Deterministic nonperiodic flow. Journal of the Atmospheric Sciences. 1963;20(2):
130-141. DOI: 10.1175/1520-0469(1963)020<0130:dnf>2.0.co;2.
2. Guckenheimer J. A strange, strange attractor. In: The Hopf Bifurcation Theorem and its
Applications. Applied Mathematical Sciences, vol. 19. New York: Springer, 1976. P. 368—
381. DOI: 10. 1007/978-1-4612-6374-6 _25.
3. Williams RF. The structure of Lorenz attractor. Lecture Notes in Math. 1977;615:94-112.
4. Afraimovich VS, Bykov VV, Shilnikov LP. The origin and structure of the Lorenz attractor.
Sov. Phys. Dokl. 1977;22:253-255.
5. Afraimovich VS, Bykov VV, Shilnikov LP. On attracting structurally unstable limit sets
of Lorenz attractor type. Trans. Mosc. Math. Soc. 1982:44:153-216.
6. Kaplan JL, Yorke JA. Predturbulence: a regime observed in a fluid flow model of Lorenz.
Comm. Math. Phys. 1979;67(2):93-108. DOI: 10.1007/BF01221359.
7. Shilnikov LP. Bifurcation theory and the Lorenz model. In: Marsden JE, McCracken M.
The Hopf Bifurcation and Its Applications. New York: Springer; 1976. P. 317-336.
8. Shilnikov LP. Bifurcation theory and quasihyperbolic attractors. Usp. Mat. Nauk. 1981;
36(4):240.
9. Bunimovich LA, Sinai YaG. Stochasticity of attractor in Lorenz model. Nonlinear Waves.
Moscow: Nauka; 1979. P. 212-260.
10. Bunimovich L. Statistical properties of Lorenz attractors. Nonlinear Dynamics and Turbu-
lence / G.I. Barenblatt (ed.) — Boston etc.: Pitman. 1983: 1-22.
11. Rand D. The topological classification of Lorenz attractor. Math. Proc. of Cambridge Phil.
Soc. 1978;83(3):451-460.
12.  Malkin MI. On topological conjugacy of discontinuous maps of interval. Ukrainian Math.
J. 1980;32(5):610-616.
13. Morales CA, Pacifico MJ, Pujals ER. On C1 robust singular transitive sets for three-
dimensional flows. C. R. Acad. Sci. Ser. I Math. 1998;326:81-86.
14. Sataev EA. Some properties of singular hyperbolic attractors. Sb. Math. 2009;200(1):35-76.
15. Turaev DV, Shilnikov LP. An example of a wild strange attractor. Sb. Math. 1998;189:
291-314.
16. Turaev DV, Shilnikov LP. Pseudo-hyperbolicity and the problem on periodic perturbations
of Lorenz-like attractors. Doklady Mathematics. 2008; 77(1): 17-21.

Gonchenko A.S.
Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2024;32(6) 851


https://doi.org/10.1175/1520-0469(1963)020<0130:dnf>2.0.co;2
https://doi.org/10.1007/978-1-4612-6374-6_25
https://doi.org/10.1007/BF01221359

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

852

Gonchenko S, Ovsyannikov I, Simo C, Turaev D. Three-dimensional Henon-like maps and
wild Lorenz-like attractors. Int. J. of Bifurcation and Chaos. 2005; 15(11): 3493-3508
Gonchenko AS, Gonchenko SV, Shilnikov LP. Towards scenarios of chaos appearance in
three-dimensional maps. Rus. J. Nonlinear Dynamics. 2012;8:3-28 (in Russian).
Gonchenko SV, Gonchenko AS, Ovsyannikov II, Turaev DV. Examples of Lorenz-like
Attractors in Henon-like Maps. Math. Model. Nat. Phenom. 2013;8(5):48-70. DOI: 10.1051/
mmnp/20138504.

Gonchenko AS, Gonchenko SV, Kazakov AO, Turaev D. Simple scenarios of onset of chaos
in three-dimensional maps. Int. J. Bif. and Chaos. 2014;24(8):25.

Gonchenko A, Gonchenko S. Variety of strange pseudohyperbolic attractors in three-
dimensional generalized Henon maps. Physica D. 2016;337:43-57.

Hénon M. A two-dimensional mapping with a strange attractor. In: Hunt BR, Li TY,
Kennedy JA, Nusse HE. (eds) The Theory of Chaotic Attractors. New York: Springer,
1976. P. 94-102. DOI: 10.1007/978-0-387-21830-4 8.

Gonchenko S, Gonchenko A. On discrete Lorenz-like attractors in three-dimensional maps
with axial symmetry. Chaos. 2023;33(12):123104. DOI: 10.1063/5.0172243

Gonchenko S, Gonchenko A, Kazakov A, Samylina E. On discrete Lorenz-like attractors.
Chaos. 2021;31(2):023117. DOI: 10.1063/5.0037621.

Gonchenko S, Karatetskaia E, Kazakov A, Kruglov V. Conjoined Lorenz twins - a new
pseudohyperbolic attractor in three-dimensional maps and flows. Chaos. 2022;32(12):121107.
DOTI: 10.1063/5.0123426.

Aframovich VS, Shilnikov LP. Strange attractors and quasiattractors. In: GI Barenblatt,
G Tooss, DD Joseph (eds) Nonlinear Dynamics and Turbulence. Boston: Pitmen; 1983.
P. 1-34.

Gonchenko S, Turaev D, Shilnikov L. Dynamical phenomena in multidimensional systems
with nontransversal Poincare homoclinic orbits. Rus. Math. Docl. 1993:330(2):144-147.
Gonchenko S, Shilnikov L, Turaev D. Dynamical phenomena in systems with structurally
unstable Poincare homoclinic orbits. Chaos. 1996;6(1):15-31.

Gonchenko SV, Shilnikov LP, Turaev DV. On dynamical properties of multidimensional
diffeomorphisms from Newhouse regions. Nonlinearity. 2008;21(5):923-972. DOI: 10.1088/
0951-7715/21/5/003.

Gonchenko AS, Gonchenko SV, Kazakov AQO, Kozlov AD. Elements of Contemporary
Theory of Dynamical Chaos: A Tutorial. Part I. Pseudohyperbolic Attractors. Int. J.
Bifurcation and Chaos. 2018;28(11):1830036. DOI: 10.1142/S0218127418300367.
Gonchenko SV, Kazakov AO, Turaev D. Wild pseudohyperbolic attractors in a four-
dimensional Lorenz system. Nonlinearity. 2021;34(4):2018-2047.

Shilnikov LP. Bifurcation theory and turbulence. Selecta Mathematica Sovietica. 1991;
10(1):43-53.

Gonchenko SV, Gonchenko AS, Kazakov AO. Richness of chaotic dynamics in nonholonomic
models of a Celtic stone. Regular and Chaotic Dynamics. 2013;18(5):521-538. DOI: 10.1134/
S1560354713050055.

Gonchenko AS, Gonchenko SV, Turaev D. Doubling of invariant curves and chaos in three-
dimensional diffeomorphisms. Chaos. 2021;31(11):113130. DOI: 10.1063/5.0068692.
Gonchenko A, Samylina E. On the region of existence of a discrete Lorenz attractor in the
nonholonomic model of a Celtic stone. Radiophys. Quantum Electron. 2019;62(5):369-384.
DOI: 10.1007/s11141-019-09984-9

Newhouse SE. The abundance of wild hyperbolic sets and non-smooth stable sets for diffeo-
morphisms. Publ. Math. Inst. Hautes Etudes Sci. 1979;50:101-151.

Gonchenko A.S.
Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2024;32(6)


https://doi.org/10.1051/mmnp/20138504
https://doi.org/10.1051/mmnp/20138504
https://doi.org/10.1007/978-0-387-21830-4_8
https://doi.org/10.1063/5.0172243
https://doi.org/10.1063/5.0037621
https://doi.org/10.1063/5.0123426
https://doi.org/10.1088/0951-7715/21/5/003
https://doi.org/10.1088/0951-7715/21/5/003
https://doi.org/10.1142/S0218127418300367
https://doi.org/10.1134/S1560354713050055
https://doi.org/10.1134/S1560354713050055
https://doi.org/10.1063/5.0068692
https://doi.org/10.1007/s11141-019-09984-9

37.

38.

39.

40.

41.

42.

43.

Gonchenko SV, Turaev DV, and Shilnikov LP. On the existence of Newhouse regions in
a neighborhood of systems with a structurally unstable homoclinic Poincaré curve (the
multidimensional case). Doklady Akademii Nauk. 1993;329:404-407.

Gonchenko SV, Shilnikov LP. Invariants of Q-conjugacy of diffeomorphisms with a nongene-
ric homoclinic trajectory. Ukr. Math. J. 1990;42:134-140.

Gonchenko SV, Turaev DV, Shilnikov LP. Homoclinic tangencies of an arbitrary order in
Newhouse domains. J. Math. Sci. 2001;105:1738-1778.

Gonchenko SV, Shil’'nikov LP, Turaev DV. On models with non-rough Poincare homoclinic
curves. Physica D. 1993;62(1—4):1-14. DOI: 10.1016/0167-2789(93)90268-6.

Shimizu T, Morioka N. On the bifurcation of a symmetric limit cycle to an asymmetric one
in a simple model. Phys. Lett. A. 1980;76:201-204. DOI: 10.1016,/0375-9601(80)90466-1.
Shilnikov AL, Shilnikov LP, Turaev DV. Normal forms and Lorenz attractors. Int. J. of
Bifurcation and chaos. 1993;3:1123-1139.

Shilnikov AL. On bifurcations of the Lorenz attractor in the Shimuizu-Morioka model.
Physica D. 1993;62:338-346.

Gonchenko A.S.
Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2024;32(6) 853


https://doi.org/10.1016/0167-2789(93)90268-6
https://doi.org/10.1016/0375-9601(80)90466-1

	Standard discrete Lorenz attractors
	On the definition of a discrete Lorenz attractor.
	On hyperbolic properties of discrete Lorenz attractors.
	On Phenomenological Scenarios for the Emergence of Standard Discrete Lorenz Attractors.
	Examples of scenarios in three-dimensional maps.

	Discrete Lorenz Attractors with Axially Symmetrical Model
	On three-dimensional axisymmetric quadratic mappings with constantJacobian.
	Discrete Lorenz attractors of classical type in the case of the mapping T-.
	On the embedding of the T- map into the Shimizu – Morioka flow.

	Variety of discrete Lorenz-type attractors in the case of the T- mapping
	On homoclinic structures of 3D mappings with axial symmetry.


