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Abstract. The purpose of this study is to determine the stability threshold of the dynamic modes of the ensemble
of phase Kuramoto-like oscillators, describing the behavior of a simple power grid model with a ring topology,
under the external influence of Gaussian noise and Levy noise. The results are evaluated to determine the threshold
values of noise at which the considered dynamic model is the most sensitive to noise and demonstrates a change of
the steady state. Methods. In this paper, two ensembles of Kuramoto-like phase oscillators with the same topology
but different numbers of oscillators are investigated. The ensembles consist of first-order and second-order phase
oscillators modeling the dynamics of generators and consumers in the power grid, respectively. In this work, maps
of the regimes are computed and used, from which regions with different synchronous dynamics are selected. In the
selected regions, a set of initial conditions is fixed and the ensemble under study is modeled in the presence of noise
of different types and intensities. The obtained result is evaluated with the help of calculated spatio-temporal
diagrams, values of the Kuramoto parameter, and statistical characteristics estimated from the realizations of
oscillations in time. Results. It is shown that a power grid model consisting of Kuramoto-like phase oscillators
exhibits different robustness to external noise disturbances depending on the type of noise disturbance and the
steady-state dynamic regime. It was demonstrated that the frequency synchronization mode of all oscillators,
independent of the initial conditions, is insensitive to the influence of white noise of high intensity, both Gaussian
and Levy noise. In the region of coexistence of coexistence of synchronous and asynchronous behavior, depending
on the initial conditions, a change in phase dynamics under the influence of different noise is observed. The
numerical experiment shows that the power grid model is more susceptible to Levy noise due to the noise features
associated with random bursts, which in turn can be interpreted as random impulses. Conclusion. In a power
grid model represented by two ensembles consisting of different numbers of Kuramoto-like phase oscillators of
first-order and second-order, different modes of frequency and phase dynamics of the oscillators are established. A
numerical experiment with the influence of Gaussian noise and Levy noise is carried out for the obtained modes.
It is shown that the model under study is more sensitive to Levy noise, the influence of which leads to a change
of the dynamic mode due to strong random pulses.
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Introduction

One of the priorities in the field of numerical modeling of physical processes is to consider
the dynamics of power systems of various types and complexity. The development of urban
infrastructure fully depends on the technological development of power grids. A particularly
important factor in the operation of any power grid is the resilience to external influences and
the geographical availability of electricity.

The problem of geographical availability of electricity sources lies in the impossibility of
building a power station in a given area due to the peculiarities of the terrain features, which,
in turn, entails the use of power stations located far from energy consumers. In this case, the
power grid becomes more centralized, which may affect its resistance to external influences,
such as cascading power grid failures or transmission line failures. Renewable energy sources
are used as a solution to the problem of electricity availability. This approach makes it possible
to reduce the load on a centralized power station or completely phase it out. However, the
inclusion of such elements in the power grid has difficulties related to synchronization and normal
operation [1–9]. One of the considered tasks of this study is related to solving the problems of
global sustainability and synchronization of power grids. Solutions to these problems are found
both from the standpoint of technical improvement of power grids and through mathematical
modeling. Of particular interest among scientists is the study of the effects and phenomena of
synchronization of power grids, as this approach makes it possible to approach the solution of
the problem associated with the sustainable behavior of power stations.

The dynamics of the power grid are well described using coupled nonlinear oscillators
[10–21]. Different models of nonlinear oscillators serve as different approximations to the real
behavior of power grids. For example, the Kuramoto phase oscillator model allows us to simplifies
the analysis of stability and synchronization of power grids [22,23]; however, this model does not
take into account the role and influence of inertia of electric generators, which is present in the
dynamics of non-renewable power stations and in traditional sources of electricity. To account for
inertia, the rotator model, that is, the model of phase oscillators with inertia [24–28]. Our work
uses a combined power grid model taken from the article [24]. A special feature of this model
is that generators are described taking into account inertia, that is, as rotators, and consumers
as Kuramoto phase oscillators without inertia. This approach allows us to take into account the
dynamics of not only energy generators but also consumers.

Despite the growth of renewable sources and the general decentralization of power grids,
the main problem continues to be the frequency synchronization of power generators in the
event of malfunctions and external influences disrupting the behavior of the network. The main
types of external influences in the power grid are noise and pulse effects. Interference in an
electrical network can be classified as background noise, which varies over long periods of time,
and impulsive disturbances, which are short-lived. Background noise, in turn, can be divided into
colored noise, which is mainly created by household electronic equipment such as computers,
dimmers, or hair dryers [29], and narrowband fluctuations caused by radio broadcasting and
power emissions. Connecting or disconnecting electronic devices can cause aperiodic pulse interference
of the network frequency. In other cases, due to the rectifiers included in the power supply,
periodic pulse interference may occur in the network, synchronous with the main frequency
or with a frequency of repetition of interference multiples of 50/60 Hz. The network also has
asynchronous periodic pulse noise with a repetition rate of 50-200 kHz [29–35]. According to
[36–38], interference in the electrical network can be represented as the sum of the previously
mentioned types of impacts. The presented papers [39–43] demonstrate that photovoltaic inverters,
battery chargers, energy-efficient lighting, hydropower systems, wind turbines, or chargers for
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electric vehicles, among other objects, are the main sources of high-amplitude conductive fluctuations.
Other devices, such as motors [40], lighting devices [44,45] or electronic amplifiers, produce high-
amplitude noise emissions with a wide range of spectral characteristics. The key goal of power
grid research is to identify the mechanisms for the sustainable operation of power grids and their
smooth functioning.

The purpose of this study is to consider a power grid with a ring topology and homogeneous
parameters, modeled by an ensemble of interacting rotators and first-order phase oscillators [24]
in the presence of noise sources such as Gaussian noise and Levy noise, to identify the threshold
of stability of the power grid when various noise characteristics change, and to evaluate changes
in spatial and temporal structures in a model of a power grid with dynamic consumers under
the effect of various noise characteristics.

1. The investigated model and methods of numerical research

1.1. Power grid parameters and coupling architecture. The power grid under
study consists of two types of elements; these are generators and consumers of electricity, which
are connected via transmission lines. The presented elements and transmission lines have a wide
range of characteristics to describe the operation of the power grid. Based on the methodology
presented in the article [24], the initial stage of calculating the power grid is to define a set of
physical quantities (Table 1).

Table 1. Power grid characteristics

Characteristics of generators Characteristics of consumers

𝑥′
𝑖 𝐻𝑖 𝐷𝑖 𝑃𝑔(active),𝑖 𝑃𝑔(reactive),𝑖 ω𝑅 𝑉𝑔,𝑖 𝑃𝑐(active),𝑖 𝑃𝑐(reactive),𝑙 𝑉𝑐,𝑙

0.0608 4.4𝑐 50 2 0 314.15 rad/s 1.04 2 0 1.04

Here 𝐻𝑖 is the inertia parameter of the generator, 𝐷𝑖 is the dissipation parameter, 𝑥′𝑖 is the
transient reactance of the rotor and stator windings of the generator. Each generator is characterized
by the values of the active 𝑃𝑔(active),𝑖 and reactive power 𝑃𝑔(reactive),𝑖, whereas for energy consumers
these parameters specify the consumption of active 𝑃𝑐(active),𝑙, 𝑙 = 1, ..., 𝑛𝑐, and reactive power
𝑃𝑐(reactive),𝑙, 𝑙 = 1, ..., 𝑛𝑐, respectively. The output voltages of generators and consumers are
designated as 𝑉𝑔,𝑖 and 𝑉𝑐,𝑖 respectively. The reference frequency of the power grid ω𝑅 = 314.15
rad/s (50 Hz). The parameter indexes take the values 𝑖 = 1, 2, 3..., 𝑛𝑔 and 𝑙 = 1, 2, 3..., 𝑛𝑐 for
generators and consumers, respectively, where 𝑛𝑔 is the total number of generators and 𝑛𝑐 is
the total number of consumers. Parameters 𝑥′𝑖, 𝐻𝑖, 𝐷𝑖, 𝑃𝑔(active),𝑖, 𝑃𝑔(reactive),𝑖, 𝑉𝑔,𝑖 are selected
to be identical for all generators, and parameters 𝑃𝑐(active),𝑙, 𝑃𝑐(reactive),𝑙, 𝑉𝑐,𝑙 are selected to be
identical for consumers. It is also worth noting that the presented power and voltage parameters
are dimensionless quantities, with power normalized to 100 MW and voltage to 100 kV.

The transmission line of the power grid (Table 2) has the same set of values of physical
quantities. Depending on the type of connection, these values are individual. The transmission
line is represented as a π-model in which the active resistance 𝑟 is connected to the inductive
element 𝑥 in series. Two capacitances equal to 𝑏 are connected in parallel to the series connection
of the resistance and inductance, which form a P-link with all elements. The values of the elements
in the π-model are normalized to values of 1 Ohm/m for active resistances, for inductors at 1
H/m, and for capacitances at 1 F/m. The parameter τ is the voltage transformation coefficient,
and ψ is the phase shift of the voltage. According to the methodology proposed in [24], the
generator is divided into two elements: the generating part and the external generator node,
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Table 2. Transmission line characteristics

Connection type 𝑟 𝑥 𝑏 τ ψ

generator — external generator node 0 0.0576 0 1 0

external generator node — consumer 0.0085 0.072 0.149 1 0

which have a purely inductive coupling between each other, as shown in Table 2. The studied
topology is a ring of alternating elements of generators and consumers. Such a coupling between
the elements is presented in the connection type «external generator node — consumer» in Table
2.

The grid characteristics presented in Tables 1 and 2 are used by the MATPOWER program
[46] to calculate the power grid admittance matrix Y. This matrix is used to calculate the right
parts of the phase oscillator equations. In turn, the parameters of the right-hand of equations
(1) and (4) are calculated in the program provided by the authors of the article [24]. The data
presented in Tables 1 and 2 are based on test data from the New England power supply system
with 10 generators, the characteristics of which are described in the article [47]. We carried
out changes to the test data of the initial power supply system, selecting the average values
for each presented element of the power grid in order to obtain an idealized power grid in
which the physical parameters of the network elements were homogeneous and the power grid
itself represented a simple ring topology. The purpose of this approach is to consider the phase
dynamics of a complex model of phase equations presented in [24] using simpler examples of
power grids.

1.2. Kuramoto-like phase oscillators of first and second order. The studied model
of a power grid with dynamic consumers [24] is represented in the form of Kuramoto-like phase
oscillators of the first and second order. The equation for a power grid generator is represented
as a phase oscillator with inertia or a rotator and is written as

2𝐻𝑖

ω𝑅
δ̈𝑖 +

𝐷𝑖

ω𝑅
δ̇𝑖 = 𝐴𝑔

𝑖 −𝐾𝑔
𝑖,𝑖+𝑛𝑔

sin(δ𝑖 − δ𝑖+𝑛𝑔) + σξ𝑖(𝑡), 𝑖 = 1, · · · , 𝑛𝑔, (1)

𝐴𝑔
𝑖 = 𝑃𝑔(active),𝑖, (2)

𝐾𝑔
𝑖,𝑖+𝑛𝑔

= |𝐸𝑖𝑉𝑖/𝑥
′
𝑖|. (3)

For consumers, the equation of the model looks like the equation of a first-order phase oscillator:

𝐷𝑙

ω𝑅
δ̇𝑙 = 𝐴𝑙 −

𝑁∑︁
𝑗=𝑛𝑐,𝑗 ̸=𝑙

𝐾𝑙𝑗 sin(δ𝑙 − δ𝑗 − γ𝑙𝑗) + σξ𝑙(𝑡), 𝑙 = 𝑛𝑐, · · · , 𝑁, (4)

𝐴𝑙 = −𝑃𝑐(active),𝑙 − |𝑉𝑙|2𝐺𝑙𝑙, (5)

𝐾𝑙𝑗 = |𝑉𝑙𝑉𝑗𝑌𝑙𝑗 |, (6)

γ𝑙𝑗 = α𝑙𝑗 −
π
2
, (7)

Y = |𝑌𝑙𝑗 |𝑒𝑗α𝑙j , j =
√
−1, (8)

|𝐸𝑖|2 =
(︂
𝑃𝑔(active),𝑖𝑥

′
𝑖

|𝑉𝑖|

)︂2
+

(︂
|𝑉𝑖|+

𝑃𝑔(reactive),𝑖𝑥
′
𝑖

|𝑉𝑖|

)︂2
, (9)

The parameters and variables in the equations are defined as follows: ω𝑅 is the reference
angular frequency of the system (in rad/s); δ̇𝑖 is the instantaneous rotation frequency of the 𝑖-th
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oscillator relative to ω𝑅; 𝐻𝑖 (in seconds) and 𝐷𝑖 are inertia parameters and the dissipation of
the 𝑖-th generator, respectively. The parameters 𝐴𝑔

𝑖 and 𝐴𝑖 in equations (2) and (5) represent
the dimensionless capacity parameters of the generator and consumer, respectively, taking into
account dissipative losses. 𝑃𝑔(active),𝑖 is the dimensionless active generated power of the generator,
𝑃𝑐(active),𝑙 is the dimensionless active power of the consumer, |𝐸𝑖| and 𝑉𝑖 are the dimensionless
voltages of the generator and the consumer (including the output nodes of the generators). G
is the real part of the dimensionless admittance matrix Y. The parameter 𝐾𝑖𝑗 in equation (6)
defines the coupling strength between oscillators numbered 𝑖 and 𝑗, expressed as the product of
the dimensionless voltages 𝑉𝑖, 𝑉𝑗 of two coupled generating nodes and the complex admittance
matrix Y between them. In the case of the coupling strength of the generator (equation (3)) the
parameter 𝐾𝑔

𝑖,𝑖+𝑛𝑔
is expressed in terms of the ratio of the product of the dimensionless voltage

of the generator 𝐸𝑖 and the dimensionless voltage of the output node of the generator 𝑉𝑖 to the
transient reactance 𝑥

′
𝑖. The parameter γ𝑖𝑗 in equation (7) characterizes the phase shift in the

coupling chain. The additive noise in the studied model is introduced into all the oscillators of
the ensemble and is represented by independent normalized sources ξ𝑖(𝑡) for generators and ξ𝑙(𝑡)
for consumers. The parameter σ sets the noise intensity. The dimensionless matrix Y, obtained
from the characteristics of the studied power grid, is used to compute the parameters 𝐴𝑖, 𝐴

𝑔
𝑖 ,

𝐾𝑖𝑗 , 𝐾
𝑔
𝑖,𝑖+𝑛𝑔

, γ𝑖𝑗 in the right-hand sides of equations (1), (4) and is the conduction matrix of the
elements of the network. The calculated parameter matrices of the right part of the equation
for the studied power grid have the following dimensions: Ag(1×𝑛𝑔), A(1×𝑛𝑐), Kg(𝑛𝑔×𝑛𝑔),
K(𝑛𝑐×𝑛𝑐), γ(𝑛𝑐×𝑛𝑐).

In this paper, we will use two ensembles modeling the power grid, described by equations
(1)–(9) but with different numbers of elements. The first ensemble of the power grid consists
of 𝑁 = 40 elements, of which 10 are generators, 10 are the output nodes of generators, 10 are
consumers with zero active and reactive power consumption and 10 are consumers with non-zero
active and reactive power consumption. The output nodes of the generators are connected to
consumers with zero active and reactive power. Consumer nodes with zero active and reactive
power, in turn, are connected to ordinary consumers, forming a ring topology. The second
ensemble of the power grid includes 𝑁 = 30 network elements, of which 10 are generators,
10 are the output nodes of generators, and 10 are consumers. In this case, the output nodes of
the generators are connected to ordinary consumers, forming a ring topology. In the presented
ensembles of power grids, generators will be described by the differential equation (1), while the
rest of the network elements, such as the output nodes of generators and various consumers, will
be described by the differential equation (4).

2. Research results

The study of the phase dynamics of two power grids under various noise effects is divided
into two tasks. In the first task, a regime map is calculated for the phase and frequency dynamics
of the model and the obtained regimes are analyzed. The second task is to study the various noise
effects on the obtained regimes in order to determine the threshold values of the intensities of
various types of noise and assess the sensitivity of the model to external influences. The presented
regime maps were obtained by integrating the system of equations (1)–(9) by the Heun’s method
of the 2nd order with an integration step of ℎ = 0.01 on the dimensionless time of the system
𝑇 = 11000. At the same time, integration at the time of setting the first 1000 units was not
taken into account to eliminate the transition process in the model. All the presented regime
maps were obtained using 50 different random normally distributed initial conditions.
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2.1. Analysis of phase and frequency dynamics in ensembles of phase oscillators
of different sizes. To conduct a numerical experiment with the noise effect on the power grid,
we will perform a numerical calculation of the frequency and phase maps of the regimes for
the two studied ensembles of phase oscillators. All the mode maps given in the article were
constructed for a random spread of initial conditions, where the initial values of the variables
are normally distributed quantities with zero mean and variances 𝑑δ̇ and 𝑑δ of the distributions
for instantaneous frequencies and phases of the oscillators, respectively. In Fig. 1 (a, d) the
regimes based on the calculation of the average frequencies of the oscillators (1) and (4) are
presented. The phase synchronization regions for ensembles of 30 and 40 oscillators are identical
and have almost identical boundaries. On the presented maps, you can see that the spread of
the initial phases of the oscillators significantly affects the phase synchronization. Thus, with
the value of the variance of the initial phases 𝑑δ ≈ 0.8 there is a wide area of coexistence of
synchronous and asynchronous dynamics. Synchronous or asynchronous behavior depends on
the initial conditions. It is also worth noting that the phase synchronization mode is always
observed in region 1, regardless of the initial conditions. In Fig. 1 (b, c, e, f) maps of the values
of the Kuramoto order parameter [48] is presented. The order parameter characterizes the degree
of phase coherence of the ensemble’s oscillators and is calculated using the formula

𝑟(𝑡)𝑒𝑖χ(𝑡) =
1

𝑛

𝑁∑︁
𝑗=1

𝑒𝑖θ𝑗(𝑡), (10)
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Fig. 1. Maps of ensemble modes depending on the variance of initial phase values and instantaneous frequencies:
a, d — by the mean value and variance of oscillator frequencies (blue color — synchronization mode, yellow —
mode of coexistence of synchronous and asynchronous dynamics), b, e — order parameter 𝑟 maps (angular view)
and c, f (side view). The a, b, c maps are obtained for an ensemble of 30 oscillators, and the d, e, f maps are
obtained for an ensemble of 40 oscillators (color online)
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where θ𝑗(𝑡) is the instantaneous phase of the 𝑗-th oscillator, 𝑁 is the total number of oscillators,
and χ(𝑡) is the average phase of the oscillators. The time-averaged parameter 𝑟 = ⟨𝑟(𝑡)⟩𝑡 is also
used in the work. The presented maps of the order parameter (see Fig. 1 (b, c, e, f)) were
calculated separately for each of the 50 initial condition distributions with specified dispersions,
and, accordingly, 50 values of the parameter 𝑟 were calculated for each point on the plane, where
different values of the order parameter correspond to different colors. It can be seen from the
obtained images (Fig. 1 (a, d)) that the mode maps for different ensembles have almost identical
regime boundaries. In the synchronization region, the parameter 𝑟 reaches a value equal to one,
which means that there is no phase difference between the oscillators. The differences are seen in
Fig. 1 (c, f) in the region of the coexistence of synchronous and asynchronous dynamics, where
it is seen that the ensembles are characterized by a variety of values of the order parameter 𝑟.

For a more visual comparison of regimes with different levels of phase coherence (see Fig.
1 (b, c, e, f)) pie charts were constructed showing the percentage of regimes with different values
of the order parameter, calculated for all samples of initial conditions with all dispersion values.
In Fig. 2 (a, b) pie charts for quantifying percentages of various values of the order parameter
for ensembles of 30 and 40 oscillators, respectively, are presented. From the diagrams presented,
it can be seen that in both cases the most typical value of the order parameter is 𝑟 ≃ 1, which
corresponds to the synchronized behavior of the oscillators. In the case of an ensemble of 40
oscillators, where 10 oscillators with zero active and reactive power consumption were added as
an intermediate link between the output nodes of generators and consumers, there is a decrease
in the percentage of common-mode dynamic regimes. In the considered ensemble, we can observe
the appearance of a large variety of values of the order parameter 𝑟. So, in the diagram (see Fig.
2 b) there is an increase in the percentage of asynchronous regimes with parameter values of the
order of 0.49 ⩽ 𝑟 ⩽ 0.87.

Now let us look at how the values of the order parameter are distributed in the individual
segments of the mode maps shown in Fig. 1 (b, c), that is, when the dispersions of the distributions
of the initial values of the instantaneous phase and frequency change in small intervals. Recall
that 50 different random samples with specified dispersions were considered. The points 𝑑δ =
0.49, 𝑑δ̇ = 0.49 (region 1) and 𝑑δ = 1.835, 𝑑δ̇ = 2.69 (region 2), were selected, which correspond
to the points in the blue and yellow regions of the mode map in Fig. 1, (a, d). From the
data shown in Fig. 3 (a, d), it can be seen that at the point 𝑑δ = 0.49, 𝑑δ̇ = 0.49 regardless
of the selected ensemble, there is always complete coherence of all oscillators and no phase
difference between all oscillators. Thus, region 1 in Fig. 1 (a, d) is characterized not only by
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Fig. 2. Distribution of order parameter 𝑟 values in the form of a pie chart: a — for an ensemble of 30 oscillators,
b — for an ensemble of 40 oscillators (color online)
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equal instantaneous oscillator frequencies but also by the same instantaneous oscillator phases,
and the resulting mode does not depend on the choice of initial conditions. In the coexistence
region (Fig. 1 (a, d)), multiple dynamic modes can be observed: synchronization of instantaneous
frequencies and phases, synchronization of frequencies with constant phase differences, and fully
asynchronous behavior. In this case, the number of oscillators considered in the ensemble affects
the degree of coherence of the instantaneous phases. This can be seen from Fig. 3 (b, e) and Fig.
3 (c, f). It can be seen from the presented figures that for an ensemble of 30 oscillators (Fig.
3 (b, e)) the most common mode exhibits near-coherence with an 𝑟 = 0.96 (the probability of
observation is 39% for all considered random initial conditions). However, with an increase in the
ensemble to 40 oscillators (Fig. 3 (c, f)) the closest coherence mode 𝑟 = 0.99 has a probability
of about 4%. The most probable values for this ensemble are 𝑟 = 0.18, 𝑟 = 0.5 and 𝑟 = 0.87, for
which the probabilities are 18%, 14% and 14% respectively. It is also worth noting the variety
of phase dynamics modes in the presented ensemble of oscillators. The obvious disadvantage
of the presented value maps of the Kuramoto order parameter 𝑟 is that they characterize the
degree of common-mode oscillators, but do not allow us to identify the area of synchronization
of instantaneous frequencies. Only in the case of 𝑟 = 1, when the phases of all oscillators are the
same, can it be argued that the instantaneous frequencies of all oscillators coincide. Thus, maps
of the order parameter values cannot provide a complete picture of dynamic modes.

2.2. The effect of external noise on the selected dynamic regimes in two ensembles
of phase oscillators. Having analyzed the key dynamic modes of the power grid modeled by
an ensemble of phase oscillators (1)–(9), and using previously obtained mode maps characterizing
the synchronicity of oscillator frequencies (Fig. 1 (a, d)) at the points 𝑑δ = 0.49, 𝑑δ̇ = 0.49 and
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Fig. 3. Maps of the order parameter values plotted for selected segments of the mode maps shown in Fig. 1, a, d
and the corresponding pie charts of the phase coherence degree (𝑟 values): a, d — map segment and corresponding
pie chart at 𝑑δ = 0.49, 𝑑δ̇ = 0.49 for ensembles of 30 and 40 oscillators, b, e — map segment and corresponding
pie chart at 𝑑δ = 1.835, 𝑑δ̇ = 2.69 for ensembles of 30 oscillators, c, f — map segment and corresponding pie chart
at 𝑑δ = 1.835, 𝑑δ̇ = 2.69 for ensembles of 40 oscillators (color online)
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𝑑δ = 1.835, 𝑑δ̇ = 2.69, we investigate the effect of Gaussian noise and Levy noise on the obtained
network modes. Levy noise is understood as white non-Gaussian noise, which is a derivative of
the Levy process (a process with independent non-Gaussian increments) in time. The difference
between Gaussian noise and Levy noise lies in the different form of the probability density
function. The probability density of Levy noise is characterized by three parameters: α, β and
µ. The stability parameter α ∈ (0, 2] is responsible for the presence of large outliers (it affects
the tails of the probability density curve). The parameter β ∈ [−1, 1] characterizes the skewness
of the distribution. The parameter µ defines the probability density shift. For distributions that
have an average value (that is, for 1 ⩽ α ⩽ 2), the parameter µ is the average value. For three
values of the parameter α, there is an explicit form for probability density functions: for α = 2,
the probability density is Gaussian (or normal); for α = 1, there is a Cauchy distribution, and for
α = 1/2, there is a Levy distribution. In the case of Levy noise (α < 2), the probability density
tails are heavier compared to the Gaussian distribution.

Let us consider the frequency and phase synchronization mode of the oscillators at the
point 𝑑δ = 0.49, 𝑑δ̇ = 0.49 and apply an external noise effect in the form of Gaussian noise and
Levy noise to each oscillator of the ensemble. The noise sources in the oscillators are independent.
The numerical experiment shows that the studied region is resistant to extremely high intensity
values of both Gaussian and Levy noise. As an example, we will demonstrate spatio-temporal
diagrams of an ensemble of 40 oscillators exposed to Levy noise with noise parameter values
α = 1, β = 0, µ = 0 and intensity σ = 1. In Fig. 4 (a, b) the spatio-temporal diagrams of the
instantaneous phases and frequencies of an ensemble of 40 oscillators under the influence of Levy
noise are presented. For clarity, the first 100 units of the dimensionless time of the established
regime were demonstrated. It can be seen from the spatio-temporal diagram of the instantaneous
phases that at the initial moment of time all the instantaneous phases of the oscillators were equal
to each other. This is confirmed by Fig. 4 c, where the instantaneous value of the Kuramoto order
parameter 𝑟inst at the initial moment is 𝑟inst = 1, while the time-averaged value of ⟨𝑟inst⟩𝑡 = 0.19.
The spatio-temporal diagram of instantaneous frequencies demonstrates extreme spikes in the
amplitudes of instantaneous frequencies caused by Levy noise. Despite such effects, the oscillators
maintain frequency synchronization despite noise, with instantaneous frequencies returning to
baseline values. Thus, frequency synchronization is observed in an ensemble of oscillators under
the influence of Levy noise, while the phase difference between the oscillators continuously
changes under the influence of noise. In the case of exposure to high-intensity Gaussian noise
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σ > 0.1 a change in the instantaneous phases and frequencies of the oscillator is observed in the
ensemble; however, when noise ceases to affect the ensemble, a sharp synchronization of oscillator
frequencies is observed. The results obtained for this area were also observed in the case of a
long numerical count time 𝑇 = 10000.

Consider the point 𝑑δ = 1.835, 𝑑δ̇ = 2.69, in which a mode of coexistence of synchronous
and asynchronous dynamics are observed. Let us select the initial conditions under which asynchronous
dynamics is observed in the studied ensembles, that is, at least one of the oscillators rotates with
a natural frequency different from the frequency of the oscillators of the cluster. Let us perform
a numerical experiment with the effect of Gaussian noise on the studied ensembles of oscillators.
The noise sources in the oscillators, as in the previous case, are independent. The numerical
result showed that a high degree of resistance to external Gaussian effects is demonstrated in
the area of the studied mode of the power grid model. For example, for an ensemble of 30
oscillators, a change in spatio-temporal dynamics was observed at an extreme noise intensity of
σ = 0.1833 (Fig. 5 (a, b, c)), whereas for an ensemble of 40 oscillators, this value was observed at
σ = 0.2732 (Fig. 5 (d, e, f)). It is also worth noting that changes in the spatio-temporal dynamics
of ensembles were observed with a sufficiently long numerical integration time 𝑇 = 10000. For
both ensembles, there was a breakdown in the frequency synchronism of oscillators modeling
energy consumers (oscillators from 𝑖 = 11 to 𝑖 = 30 or 𝑖 = 40 simulate energy consumers,
while the remaining oscillators belong to energy generators in both ensembles considered). The
instantaneous frequency of desynchronized oscillators converges to the value of the instantaneous
frequency of the oscillator already in asynchronous mode prior to external perturbation.

Next, we will consider the same area of the initial modes, replacing the external effect with
Levy noise, and conduct a numerical experiment when changing noise parameters such as α and
β. The results obtained are shown in Fig. 6 and Fig. 7. In the diagrams shown in Fig. 6, the
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threshold values of Levy noise intensity relative to the parameters α and β are shown, at which
a change in the spatio-temporal dynamics of ensembles was observed. Consider the case of the
zero value of the skewness parameter (β = 0). In this case, at α = 1, the threshold noise intensity
in the studied ensembles of 30 and 40 oscillators has the values σ = 2.84 ·10−6 and σ = 2.2 ·10−6

respectively. Further, with an increase in the parameter α, the threshold values of Levy noise
monotonously increase, and with a value of α = 1.9, a sharp jump in the threshold noise intensity
occurs for both cases of ensembles. The observed behavior of noise intensity thresholds is related
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to the Levy noise feature. When α increases, the probability of sudden impulse bursts decreases,
and the frequency of such bursts also decreases, and when the value of α = 2 is reached, the
high-amplitude effects disappear. Thus, the obtained values of the threshold intensity σ at α = 2
are σ = 0.199 and σ = 0.3135 for ensembles of 30 and 40 oscillators, respectively. In the presence
of an asymmetry in the probability distribution of Levy noise in the range −1 ⩽ β ⩽ 0.5 there
is a slight increase in the threshold intensity for the parameter 1 ⩽ α ⩽ 1.8 for both studied
oscillator ensembles. For the parameter β = 1 in the range 1 ⩽ α ⩽ 1.8, the threshold intensity
is highest for β = 1; however, as α approaches 2, the threshold intensities are close to the value
obtained at β = 0. This means that the presence of non-zero asymmetry in Levy noise has an
effect only if there are sharp high-amplitude random noise values. So, in Fig. 6 it can be seen that
the considered oscillator ensembles are less sensitive to Levy noise at β = 0.5 and β = 1. This
suggests that oscillators in ensembles are more resistant to sudden increases in instantaneous
frequency due to high-amplitude random effects.

In the considered area of the coexistence of synchronous and asynchronous dynamics, the
phenomenon of oscillator synchronization under the influence of Levy noise was observed. As an
example, in Fig. 7 illustrates the phenomenon in which a high-amplitude pulse effect of Levy
noise synchronizes an oscillator that is in asynchronous mode at the initial moment of integration
time. As can be seen from Fig. 7, c, at time 𝑇 ≈ 4195 there is a sharp jump in the instantaneous
frequency towards an increase in the oscillation frequency, followed by the establishment of the
instantaneous frequency near the reference value of ω𝑅 (Table 1). It is also worth noting that
after frequency synchronization is established, phase coherence of the oscillators is also observed
in the ensemble; the time-averaged order parameter approaches 𝑟inst ≈ 1.

Conclusion

This study investigates a power grid with a ring-shaped topology, which was represented as
two independent ensembles of 30 and 40 elements, respectively. The network elements represent
generators and consumers of energy and are described by first- and second-order phase oscillators
[24]. Ensembles of 40 oscillators are distinguished by the presence of consumers with zero active
and reactive power. To compare the spatio-temporal dynamics of two different ensembles, mode
maps for the frequency and phase dynamics of the ensembles were constructed. The mode maps
were obtained with unchangeable control parameters of the model and variable random initial
conditions, which are set using a normal distribution with different values of variance of random
variables. The dispersion for initial phases and frequencies was varied independently, and the
mode maps themselves were constructed with 50 random samples of initial conditions.

The mode maps obtained in this way demonstrated a wide variety of spatio-temporal modes
without changing any control parameters. For example, the mode maps obtained as a result of
the instantaneous frequency analysis is identical for the two ensembles considered and contains
areas of synchronization, complete synchronization of phases and frequencies of oscillators, and
asynchronous mode. The area of complete synchronization under all the considered initial conditions
was observed at small values of the dispersion of the initial phases of the oscillators, whereas all
of the above modes were observed with an increase in the dispersion of the initial phases. The
resulting area on the mode map was designated as the area of coexistence of synchronous and
asynchronous dynamics, where the appearance of a particular mode was determined by a set of
random variables.

Maps of the order parameter values were constructed to assess the degree of phase coherence
in the ensemble. The magnitude of phase coherence is a Kuramoto order parameter 𝑟 averaged
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over the simulation time. The mode maps obtained in this way for the studied ensembles showed
varying degrees of coherence. Thus, the greatest variety of levels of phase coherence was observed
in an ensemble of 40 oscillators. This is due to the presence of oscillators in the ensemble that
simulate consumers with zero active power, whose natural frequencies [24] are different from
generators and other consumers in the power grid. Such a variety of natural frequency values
complicates the establishment of complete phase coherence in the ensemble and contributes to the
emergence of new levels of phase coherence. However, in the area of complete synchronization,
complete phase coherence 𝑟 = 1 was observed under any initial conditions, regardless of the
ensemble under study.

A study with noise influences of various types, such as Gaussian noise and Levy noise,
was conducted in two areas of the mode map, demonstrating the frequency synchronization of
oscillators. The area of the mode map in which exceptionally complete synchronization existed
demonstrated strong resistance to Gaussian and Levy noise, regardless of the noise intensity
values, including extreme values. The observed stability in the studied mode consisted in the
establishment of frequency synchronization of the ensemble after the cessation of noise exposure,
while the phase difference between the oscillators became non-zero; that is, complete synchronization
in the ensemble after exposure to various types of noise was not observed. If noise affects the area
of coexistence of synchronous and asynchronous dynamics, switching between synchronization
and asynchronous behavior of ensembles is possible under the influence of Gaussian noise and
Levy noise. In the case of Gaussian noise, mode switching was observed at extreme values of
noise intensity, whereas in the case of Levy noise, the required noise intensity for mode change
depended on the parameter α. So, with the parameter α = 1 the Levy noise intensity could be
10−6, and with α = 2, no more than 0.5. Such different threshold noise intensities in the case of
Gaussian exposure and Levy noise are related to the Levy noise feature, which is characterized
by high-amplitude random bursts. With decreasing parameter α, the probability of such outliers
increases. The effect of the Levy noise asymmetry parameter β slightly changes the noise intensity
thresholds and only at β = 1 does the threshold intensity increase. The results obtained in the
study area of the coexistence of various synchronous and asynchronous modes indicate that the
studied ensembles of phase oscillators are more sensitive to pulsed external influences than to
conventional noise.

The numerical results of the model under study can be of practical importance in determining
the conditions of stable operation of real power systems. In particular, the influence of noise
effects can have practical application in the development of mechanisms to counteract internal
and external disturbances exerted on the power grid. The results obtained when Gaussian noise
and Levy noise are applied to the power grid indicate that power grids can be quite resistant
to ordinary, normally distributed noise and are highly vulnerable to impulsive disturbances and
sudden disturbances, which corresponds to Lévy noise with α < 2. Thus, in real power grids,
special attention should be paid to pulsed disturbances in order to maintain stable network
operation.
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