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Abstract. The purpose of this work is to investigate the behavior of stable one-component delocalized nonlinear
vibrational modes in simple cubic titanium and nickel sublattices, as well as their influence on the properties
of the binary NiTi alloy. Methods. All calculations were performed using the molecular dynamics method with
many-body interatomic potentials. Results. Seventeen vibrational modes are shown to exhibit stable periodic
oscillations. Most of them demonstrate a hard type of nonlinearity, where the frequency of atomic vibrations
increases with amplitude. Stable modes are capable of accumulating energy in the range of 0.1-1.5 eV per atom
in the titanium sublattice and 0.1-1.0 eV per atom in the nickel sublattice. Excitation of vibrational modes in
the Ni and Ti sublattices leads to a decrease in specific heat for modes with hard type of nonlinearity and to
an increase for modes with soft type of nonlinearity. The presence of modes leads to the emergence of positive
compressive stresses, the magnitude of which is proportional to the atomic displacement vector. Conclusion. The
obtained results provide new insights into the complex behavior of vibrational modes and their impact on the
properties of the binary NiTi alloy.
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Introduction

Nonlinear lattices are systems in which the force of interaction between neighboring particles is
nonlinearly related to their displacement from the equilibrium position. Unlike linear lattices, where
the interaction follows the Hooke’s law, nonlinear lattices are widely observed in physical systems such
as crystals, polymers, and biological macromolecules [1,2]. Nonlinearity can be caused by anharmonic
potentials, geometric constraints, or interactions with external fields [3-5]. Such lattices play a crucial role
in studying mechanical and thermal properties, energy transport, phase transitions, and the development
of optical devices and waveguides [6-8].

An important consequence of nonlinearity is the emergence of localized vibrational modes, known as
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discrete breathers or internal localized modes [9,10]. These modes can exist in defect-free crystal lattices
and affect their macroscopic properties [11]. High-amplitude vibrational modes have been extensively
studied in nonlinear Schrodinger lattices [12,13] and Fermi-Pasta-Ulam-Tsingou lattices [14-16], as well
as in fce lattices [17-20], bece lattices [21-23], hep metals [24,25], covalent crystals [26,27] and intermetallic
compounds [28,29]. To exist, discrete breathers must have a frequency outside the phonon spectrum of
the crystal to avoid dissipating vibrational energy through interactions with lattice phonons.

Chechin and Sakhnenko developed the theory of bushes of nonlinear normal modes, also called
delocalized nonlinear vibrational modes (DNVMs). These modes are determined based on the point
group symmetry of the crystal lattice [30-32]. There is a close connection between DNVMs and discrete
breathers: the latter can arise due to the modulation instability of DNVMs with frequencies beyond the
phonon spectrum [33,34]. With the development of terahertz laser technology, it has become possible to
directly excite DNVMs, making them promising for photonic technologies [35, 36].

DNVMs can be conveniently classified according to their spatial dimension and the number of
components. In one-dimensional DNVMs, the excited atoms form chains that are delocalized in one
direction and localized in the other two. Two-dimensional DNVMs extend in two spatial directions but
are localized along the third. Similarly, three-dimensional DNVMSs occupy the entire volume of the crystal.
One-component DNVMs have only one value of atomic displacement from their equilibrium positions,
while vibrational modes with n independent parameters are referred to as n-component modes.

DNVMs affect the mechanical properties of a material, its thermal conductivity, and phase transitions.
So far, most attention has been paid to one-dimensional DNVMSs, for which their influence on the
properties of atomic chains has been studied in detail [15, 16, 37-39]. Two-dimensional DNVMs have
been widely studied in various types of crystal lattices [14,18-20,24,40,41], while the systematic study of
three-dimensional DNVMs has only recently begun and has been conducted mainly in single-component
materials [42-46].

In this regard, the purpose of this work is to study one-component DNVMs excited throughout the
volume of the binary NiTi alloy using molecular dynamics. The choice of NiTi is based on its structure,
which consists of two simple cubic lattices nested within each other, allowing for the excitation of modes
in each of them. This material has promising applications in the fields of medicine and shape-memory
materials [47-49].

1. Methods

1.1. Three-dimensional vibrational modes in a simple cubic lattice. Seventeen stable
one-component DNVMs obtained based on the theory of bushes of nonlinear normal modes [30-32] are
presented in Fig. 1 for a simple cubic lattice. These DNVMs have a delocalized character, propagating
throughout the infinite crystal lattice and manifesting themselves as periodic atomic displacements.
To excite these DNVMSs, initial atomic displacements are specified. Fig. 1 shows two adjacent planes
(001), denoted as (001)" and (002)’, which are parallel to the (z,y) plane. The Az and Ay displacement
components in these planes are indicated by black arrows, while the Az component is represented by red
dots (for displacement towards the observer) and blue crosses (for displacement away from the observer).
All nonzero atomic displacement components from their equilibrium positions in the lattice have the same
amplitude A, resulting in all the modes studied in this work being one-component.

DNVMs 1, 4, 8, 12 and 23 are characterized by a single nonzero component of the displacement
vector, where only |Ay] = A or |Az| = A, while the other components are zero. The length of the
displacement vector of the atoms is equal to D = A. DNVMs 2, 5, 7, 9, 11, 13 and 24 have two nonzero
components and a displacement vector length of D = /2A. For DNVMs 3, 6, 10, 14 and 25 , there are
three nonzero components of the displacement vector, i.e., |Az| = |Ay| = |Az| = A, and the length of the
displacement vector is D = v/3A. All of these DNVMs have short wavelengths, and their wave vector lies
on the boundary of the first Brillouin zone.

The seventeen stable three-dimensional DNVMs are classified according to the number of nonzero
components of the atom displacements, as follows: group I includes modes with one nonzero component
(DNVMs 1, 4, 8, 12, 23); group II includes modes with two nonzero components (DNVMs 2, 5, 7, 9, 11,
13, 24); and group III includes modes with three nonzero components (DNVMs 3, 6, 10, 14, 25). For
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Fig. 1. Seventeen stable one-component DNV Ms used to excite simple cubic sublattices of titanium or nickel atoms
in the binary NiTi alloy. Atomic displacements are represented in two adjacent planes, labeled (001)" and (002)’,
parallel to the (z,y) plane. Red circles show only atoms of one cubic sublattice. The Az and Ay components
of atomic displacements along the corresponding axes from the equilibrium lattice positions are shown by black
arrows. The Az components of displacements directed toward or away from the observer are marked by blue dots
and green crosses, respectively (color online)
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clarity, the previously used numbering of DNVMs is retained in this work [46,50].

1.2. The method of molecular dynamic simulation. The binary NiTi alloy has an ordered
B2 structure, and the masses of the constituent elements in the alloy are close to each other: the mass
of a titanium atom is 82% of the mass of a nickel atom. In the B2 structure, nickel atoms occupy the
positions of a simple cubic lattice, while titanium atoms are located in the centers of the nickel sublattice,
forming their own cubic sublattice.

Molecular dynamics simulations were performed using the LAMMPS software package [51,52].
All calculations were performed using the interatomic potential developed within the framework of the
modified embedded atom method (MEAM) [53]. The equilibrium lattice parameters obtained using the
selected potential are a = b = ¢ = 2.97 A.

The simulation cell consists of 10 x 10 x 10 translational cells of the NiT1i lattice, which corresponds
to 2000 atoms. Periodic boundary conditions were applied in all three orthogonal directions. The time
integration step was set to 1 fs. The total simulation duration was 10000 time steps. This relatively
short simulation time is due to the focus on studying the possibility of DNVMs excitation and its impact
on the properties of the NiTi alloy, rather than analyzing the lifetime, which can reach several tens of
picoseconds under certain conditions. The stability of the DNVMs was evaluated based on their periodic
oscillations over several periods. The equations of motion were integrated using the Verlet algorithm, and
the thermal fluctuations of the atoms were not taken into account to eliminate the effect of temperature.
The simulation used the NVE thermodynamic ensemble, which assumes a constant number of atoms (N),
volume (V'), and energy (FE).

The amplitudes of the initial atomic displacements used to excite the seventeen one-component
vibrational modes (see Fig. 1), varied from 0.001 to 0.376 A in steps of 0.01 A. Initially, the atoms of
one sublattice were displaced, while the atoms of the other sublattice remained stationary. The initial
velocities of all atoms were set to zero.

2. Results

DNVMs 1-14 and 23-25 are stable, since they provide stable periodic oscillations over the entire
volume of the simulated NiTi crystal when excited in both the nickel sublattice and the titanium
sublattice, while the atoms of the adjacent sublattice remain stationary in their equilibrium positions.
Note that in the unstable DNVMs 15-22, which are not considered in this work, there is a transfer of
vibrational energy from one initially excited sublattice to another at all initial amplitudes.

Fig. 2, a shows the dependence of the displacement of the atoms Ar on the simulation time for a
stable DNVM 4 excited in the nickel sublattice with initial amplitudes A, = 0.051 and A, = 0.151 A.In
the interval from 0 to 3 ps, periodic oscillations of nickel atoms are observed with the preservation of the
initial amplitude. The titanium sublattice atoms remain unexcited, which is confirmed by the horizontal
lines in Fig. 2, which overlap for two initial amplitudes. Fig. 2, b shows the same dependence, but in
this case, the DNVM 4 is excited in the titanium sublattice. As can be clearly seen, the titanium atoms
oscillate periodically, while the nickel atoms in the neighboring sublattice do not oscillate. This indicates
that the stable DNVMs excited in one sublattice, even at significant initial amplitudes, does not transfer
vibrational energy to the atoms in the neighboring sublattice. Similar results were obtained when other
stable DNVMs 1-14 and 23-25 were excited in both sublattices.

The dependence of the oscillation frequency on the initial amplitude for the seventeen stable
DNVMs in groups I, II, and III is shown in Fig. 3. In general, the different DNVMs exhibit qualitatively
similar frequency characteristics. DNVMs 1 and 23 (group I), 2 and 24 (group II), and also 3, 6, 10, 14
and 25 (group III) exhibit a hard type of nonlinearity, where the frequency of atomic vibrations increases
with increasing amplitude. DNVMs 5, 7, 9, 11 and 13 (group II) demonstrate a rather weak dependence
of frequency on amplitude in a wide range of initial amplitudes. DNVMs 4, 8 and 12 (group I) show a soft
type of nonlinearity when both sublattices are excited. DNVM 10 for the nickel sublattice and DNVMs
9, 13 and 25 for the titanium sublattice begin to exhibit soft nonlinearity at amplitudes A > 0.3 A, which
is due to significant deviations of the atoms from their equilibrium positions. This is due to the presence
of two or three nonzero components of the displacement vector in the modes of groups II and III, which
causes larger atomic displacements compared to those in group I, resulting in a soft nonlinearity. In
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Fig. 2. The dependence of the displacement of an oscillating atom on simulation time for a stable DNVM 4 excited
in nickel (@) and titanium (b) sublattices of the binary NiTi alloy. Calculations are given for two initial amplitudes
A =0.051 and A =0.151 A (color online)

addition, this behavior is explained by the decrease in the duration of stable periodic oscillations as the
amplitude increases, which leads to the transfer of energy to neighboring atoms and the destruction of
the displacement pattern characteristic of DNVMs.

As shown in Fig. 3, at small amplitudes, the frequency responses for the Ni and Ti sublattices are
divided into four groups. Previous studies of one-component vibrational modes in the fcc lattice have
shown that different phonon frequencies correspond to different points in the Brillouin zone [42]. The
frequencies of all the studied DNVMs are in the intervals of 4.3-5.3 THz for the nickel sublattice and
5.3-6.1 THz for the titanium sublattice. When the nickel sublattice is excited, the DNVMs 23-25 have
the lowest frequencies (4.3 THz), and the DNVMs 12-14 have the highest frequencies (5.3 THz).

Fig. 4 shows the dependence of the total energy (the sum of the potential and kinetic components)
per atom on the initial amplitude for seventeen stable one-component DNVMs. Over the entire range
of initial amplitudes, the total energy increases proportionally to the square of the displacement of the
atoms from their equilibrium positions in the lattice. The absolute values of the displacement vectors for
groups I, II, and III are related as 1 : v/2 : v/3, which determines the corresponding proportion of the
total energy as 1 : 2 : 3. Therefore, group III modes have the highest energy, followed by group II modes
with lower energy, and group I modes have the lowest energy.

The analysis of the curves for the nickel sublattice revealed that the minimum and maximum total
energies are (.11 eV for DNVM 8 and 0.98 eV for DNVM 14, respectively. For the titanium sublattice, the
maximum energy reaches 1.02 eV for DNVM 3, and the minimum energy reaches 0.10 ¢V for DNVM 8.
DNVM 14 exhibits a maximum energy of 0.98 eV, followed by DNVM 3 (0.95 ¢V) and DNVMs 6 and
10 (0.81 eV). When DNVM 3 is excited in the titanium sublattice, its energy reaches 1.02 ¢V, while
DNVM 14 and DNVM 25 reach 0.86 and 0.89 eV, respectively. Unlike the binary alloy NizAl, where
a clear separation of energy dependencies into groups [46], was previously observed, there is no such
separation for NiTi. Modes from adjacent groups often have similar energy values. In addition, there can
be significant differences in energy per atom within the same group, for example, between DNVM 14 and
25 (0.98 and 0.65 €V for nickel) and DNVM 3 and 10 (1.02 and 0.70 €V for titanium). These results for
NiTi differ from those obtained earlier for one-component DNVM excited in the aluminum sublattice for
the NizAl alloy, where modes of the same group accumulate similar energy values [46].

The nonlinearity of the DNVMs was estimated by determining the ratio of the total energy of the
system Eio to the average kinetic energy over a period of oscillation Ej, namely C = Fioal /Ek =
1 + E,/E}, where E, is the average potential energy over a period. In harmonic systems, the equality
E) = E, holds, which leads to C' = 2. However, in nonlinear systems, the average kinetic energy over
a period of oscillation is not equal to the average potential energy over the same period, resulting in
C # 2. Thus, the deviation of the value of C' from 2 serves as a characteristic of the nonlinearity of the
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Fig. 3. Frequency characteristics of seventeen stable one-component DNVMs excited in simple cubic sublattices of
nickel (left) and titanium (right) in the binary NiTi alloy. For convenience, the data are divided into three groups
(I, 11, III) by the number of nonzero components of the displacement vector (see text for details). The symbols
“Ni” and “T1” indicate the sublattice with excited atoms (color online)

vibrational modes and is related to the heat capacity of the crystal, as it represents the proportion of
kinetic energy in the total energy of the system.

Fig. 4 shows the dependence of the ratio C' on the initial amplitude for seventeen stable one-
component DNVMs excited in the nickel and titanium sublattices. At small initial amplitudes A < 0.06 A
the nonlinearity of the DNVMs is weak for both sublattices, and the values of C' change by less than 1%.
However, as the amplitude increases, the DNVMs with a hard nonlinearity type show a decrease in the
C ratio, while the modes with a soft nonlinearity type show an increase. In addition, as noted earlier,
some DNVMs can change the type of nonlinearity as the amplitude increases, and the C ratio responds
to these changes accordingly.

This behavior of the C'(A) dependence is explained by a simple mechanism. As the amplitude of the
DNVMs oscillations with a hard type of nonlinearity increases, the frequency of the oscillations increases,
which leads to an increase in the average kinetic energy Ej. Since the ratio C' is inversely proportional
to the kinetic energy, an increase or decrease in Ej causes an increase or decrease in C, respectively.
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A similar behavior of the C'(A) dependence is observed for other vibrational modes in various crystal
lattices, including one-dimensional chains of particles [15,39,54], as well as two- and three-dimensional
crystals [41,44].

The application of periodic boundary conditions and the NVE (constant volume) thermodynamic
ensemble during the excitation of the DNVMs leads to the generation of internal mechanical stresses in
the computational cell. These stresses vary in time with a period equal to half the DNVMs oscillation
period, so their time-averaged values are used for the analysis. The dependence of the hydrostatic pressure
on the initial amplitude for seventeen stable DNVMs excited in the nickel and titanium sublattices is
presented in Fig. 4. It is interesting to note that the hydrostatic pressure is very insignificant at low
amplitudes and begins to increase significantly at initial amplitudes above A > 0.05 A. As the amplitude
increases further, the hydrostatic pressure on the walls of the computational cell increases, following an
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Fig. 4. Total energy per atom, the ratio C', and hydrostatic pressure as functions of the initial amplitude calculated
for seventeen stable one-component DNV Ms excited in the nickel and titanium sublattices in the binary NiTi alloy.
The symbols “Ni” and “Ti” indicate the sublattice with excited atoms (color online)
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approximately quadratic dependence. The maximum and minimum values of the hydrostatic pressure are
197 kPa for DNVM 3 and 17 kPa for DNVM 8 in the nickel sublattice, and 191 and 16 kPa respectively,
in the titanium sublattice. As in the case of the total vibrational energy (see Fig. 4), there is no clear
separation into mode groups. In general, there is a correlation between the vibrational energy of the
modes and the generated hydrostatic pressure. The pressure values for DNVMs within the same group
can vary significantly. For example, for DNVMs 3 and 6 (group III), the values in the nickel sublattice are
197 and 105 kPa, while in the titanium sublattice they are 191 and 106 kPa, respectively. Some modes
from different groups, such as DNVM 2 (group II) and DNVM 25 (group III) for nickel, and DNVM 24
(group II) and DNVM 14 (group III) for titanium, generate similar values of hydrostatic pressure. In
general, the one-component DNVMs excited in the nickel and titanium sublattices generate very similar
values of hydrostatic pressure in the binary NiTi alloy.

It is not possible to directly compare the results obtained with those of other authors, as there
are currently almost no publications dedicated to the study of one-component DNVMs in the sublattices
of binary alloys. Perhaps the only exception is our previous work [55], which extensively investigated
twenty-five one-component DNVMs excited in the simple cubic sublattice of aluminum throughout the
binary alloy NigAl. Therefore, further comparisons are approximate.

In the work [55] it was found that only sixteen DNVMs 1-4, 6, 7, 9, 12-15, 18, 20, 23-25, support
stable periodic oscillations, while nine DNVMs 5, 8, 10, 11, 16, 17, 19, 21, 22 are unstable. Thus, unlike
the NiTi alloy, NigAl has a different set of stable and unstable vibrational modes, which is due to the
differences in the symmetry of the crystal lattice affecting the dynamics of atoms for some DNVMs. It
should be noted that DNVMs 1-4, 6, 7, 9, 12-14, 23-25 are stable, and DNVMSs 16, 17, 19, 21, 22 are
unstable in both binary alloys.

The values of the total vibrational energy accumulated by the DNVMs in NigAl are comparable to
those for NiTi. However, unlike in NizAl, the differences in total energy within a single mode group are
significantly higher in NiTi. The DNVMs excited in NiTi cause significant deviations in the C' parameter,
indicating a more pronounced nonlinearity and a greater contribution to the specific heat capacity of the
crystal. It is important to note that the present study and the publication [55] used a computational
cell of the same size, making this comparison valid. Therefore, the same DNVMs excited on structurally
equivalent sublattices of different binary alloys may exhibit different amplitude-frequency characteristics
and have varying effects on the properties of the crystal. At this stage of the research, it is not possible to
conclude that the DNVMs studied will behave similarly in any binary alloy with a similar crystal lattice.
This issue requires further investigation.

The study of DNVMs in binary alloys using molecular dynamics methods with multi-particle
interatomic potentials remains a relatively narrowly specialized field, and detailed data for other alloys
is extremely limited. A significant part of previous studies relied on simplified pairwise interatomic
potentials, such as the Morse or f-Fermi—Pasta—Ulam—Tsingou (B-FPUT) potentials, which do not fully
account for the complexity of bonds in real materials, especially in metal alloys, where multi-particle
effects and angular dependencies play a key role [14,16,41,43,55-60]. This significantly limits the ability
to quantitatively compare the results of these studies with the present work.

Conclusion

Using the molecular dynamics method, one-component three-dimensional DNVMs were excited
in the cubic nickel and titanium sublattices of a binary NiTi alloy. These seventeen vibrational modes
support stable periodic oscillations. When the modes are excited in one sublattice, their energy is localized
in that sublattice and is not transferred to the other sublattice. In the investigated range of amplitudes,
stable DNVMs can accumulate vibrational energy ranging from 0.11 to 0.98 eV in the nickel sublattice
and from 0.10 to 1.02 eV in the titanium sublattice per atom. The amount of accumulated energy is
determined by the number of nonzero components of the atomic displacement vector and is proportional
to the square of the initial displacement. The excitation of DNVMs leads to a decrease in the specific heat
capacity of the crystal (the ratio of total energy to kinetic energy) for modes with a hard nonlinearity,
while the heat capacity increases for modes with a soft nonlinearity. The excitation of stable DNVMs in
the nickel and titanium sublattices results in a hydrostatic pressure that is proportional to the length
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of the atomic displacement vector. The pressure caused by DNVMs from group III is greater than the
pressure caused by modes from groups I and II.
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