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Abstract. Chains of N unidirectionally coupled nonlinear first-order equations are considered, where the value
of the last element is determined through the first element of the chain. The aim of this work is to investigate the
local — in the neighborhood of the zero equilibrium state — dynamics of this system. Critical cases in the problem
of equilibrium state stability are identified, and normal forms determining the local behavior of solutions are
constructed. A detailed analysis is performed in the simplest cases, where N = 2 and N = 3. The most interesting
part of the research concerns the case where the value of N is sufficiently large. It is shown that the critical
cases then have infinite dimension. Methods. The standard research scheme, based on the use of the method of
local invariant manifolds and the method of normal forms, turns out to be inapplicable. A special method of
infinite-dimensional normalization developed by the author is used. The main results consist in the construction
of so-called quasi-normal forms — analogs of normal forms for the infinite-dimensional case. It is important to
emphasize that even for sufficiently large values of the number of chain elements N, the quasi-normal forms
determining the dynamics of the original system significantly depend on variations in the value of N. Note that
for certain values of the system coefficients, its dynamics can be quite complex.
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Problem statement

Let us consider one of the simplest nonlinear equations of the first order
U+ au= f(u), (1)

where a > 0, and a sufficiently smooth function f(u) has an order of smallness higher than the first one
at zero:

flu) = fou? + fu® + O(u').

A chain of N equations of the form (1) with unidirectional couplings is called a system of equations

Ilj + au; = f(Uj) + ij+1 (b 75 0), (2)
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in which j =1,..., N and at the right end of this chain for uy11(¢) the boundary condition is met

uny1 =vyur (v #0). (3)

Chains of the form (2) are important objects for research. They receive special attention. Such
chains arise in the modeling of many applied problems in radiophysics [1-8], laser physics [9-13], mathematical
ecology [14,15], neural network theory [16-21], optics [3,8,22,23], biophysics [24], etc. Relaxation oscillations
in coupled chains with finite nonlinearity and delay for a small number of elements were studied in [25,26].
We also note the work [27], which considers the dynamics of a periodic chain with a large number of
elements.

Let us set the task of investigating the behavior at ¢ — oo of all solutions of the chain (2), (3) with
initial conditions from some sufficiently small neighborhood of the zero equilibrium state.

The linearized system of equations plays an important role in this problem:

U +auj; =bujy1, ungi=yur (j=1,...,N). (4)
The characteristic equation for system (4) has the form
[+ a)p~ 'Y =, (5)
therefore, for the roots Ay, ..., Ay of this equation, the equalities are true
Iny = Infy[ +darg(v), (6)

where arg(y) = 0 for y > 0 and arg(y) = = for y < 0.

Provided that all N roots of (6) have negative real parts, all solutions of system (4) and system
(2), (3) with initial conditions from a sufficiently small neighborhood of the zero equilibrium state tend to
zero at t — oo. If (6) has a root with a positive real part, then system (4) has an exponentially growing
solution at ¢ — oo and the problem of dynamics of (2), (3) ceases to be local: its zero solution is unstable,
and there cannot be an attractor in its sufficiently small neighborhood.

Below we will consider the critical case in the stability problem when (6) has no roots with a
positive real part, but there is a root with a zero real part.

Since the parameter a is positive, for sufficiently small values of the parameter b, all the roots
of (6) have negative real parts. Using b we will denote the smallest positive value of the parameter b,
at which (6) has a root with a zero real part. If such a value does not exist, then we assume b™ = oco.
Accordingly, using b~, we denote the largest negative value of b (if it exists, otherwise we put b~ = —o0).
Thus, for b € (b—,b") all the roots of (6) have negative real parts.

Let us introduce two more values into consideration: y© and y~, which are «similar» in meaning
to b and b~ | respectively. For small values of v all the roots of (6) have negative real parts. Using y* we
will denote the smallest positive value of the parameter vy, at which (6) has a root with a zero real part.
If such a value does not exist, then we assume y© = oo. Accordingly, using Y~ , we denote the largest
negative value of y (if it exists, otherwise we put y~ = —o0). Thus, for y € (y~,y") all the roots of (6)
have negative real parts.

In sections 1 and 2, we will study two situations when N =2 and N = 3. In section 3 , we present
the results for an arbitrary N. In section 4, which is central to this work, it is assumed that the number
of equations N is large enough, that is

N> 1. (7)

In particular, the values of b* and y* will be defined for these cases. Methodologically, the studies of
local dynamics in sections 1-3 are based on the use of methods of local invariant integral manifolds and
the method of normal forms (see, for example, [28,29]). In the conditions of section 4, these methods
are not directly applicable, since the critical cases then have an infinite dimension. A special infinite-
dimensional normalization method [13,14,30] developed by the author is used. The main results consist
in the construction of so-called quasi-normal forms, analogues of normal forms for the infinite-dimensional
case.

In terms of one of the important generalizations of the chain model (2), (3), we point out that the
results obtained extend to chains of equations (1) with other unidirectional couplings

j + auj = f(u;) + b(ujpr — uy),
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in which, as for chain (2),
J=1...,N; unt1=yur.
Note that in the most interesting case (7), chains for which the «periodicity» condition is met

UN+1 = U1,

were studied in [27]. We should immediately emphasize that boundary condition (3) at y # 1 fundamentally
complicates the dynamic properties of system (2).

1. Case of N =2

This case is the simplest. A system of two equations is considered

Uy + auy =f(u1) + bus,

Ug + aug =f(ug) + byus.
For y < 0, we have b* = 4o00. Thus, for all b, the roots of (6) have negative real parts.

Let
vy > 0.

Then b* = +a(y/y)~! (/¥ > 0 is the arithmetic root of y). For b = b* | the linear system (4) (for N = 2)

has constant solutions
+
< t1o ) = ( b > - const.
U220 a

We arbitrarily fix the value of b; and enter the small parameter € : 0 < ¢ < 1. Let us put in (8)
b=b* +eby. (9)

Then in (6) there is one negative (and separated from zero at € — 0) root and one root of Ay(e), close to
zZ€ero:
ho(e) = ebivy + O(£?).
For small € in the phase space of system (8), there is a local invariant one-dimensional integral stable
manifold (see, for example, [31]) on which system (8) (under some condition of non-degeneracy) up to
terms of the order of O(e) takes the form of a scalar ordinary differential equation
dg

s =bivVYE+a(l+ (Vy)hE, (10)

where t = ¢t is «slow» time, and the function g(t) is related to the solutions of (8) by the asymptotic

equality
+
( e ) =a§(r>< g ) 1 0(). (a1

At by # 0, equation (10) has a nonzero equilibrium state & = —biv/y[a + (1 + (ﬂ)’l)]fl. It

is stable at b > 0 and unstable at b; < 0. Therefore, system (8) has an equilibrium state for y > 0,
provided (9) and for sufficiently small e

Uu10 b:t
(1) -en(® ) oot

which is stable (unstable) at b > 0 (by < 0). In the considered close to critical case, equation (10) is
called the normal form. The non-degeneracy condition mentioned above is that fy # 0. For fo = 0 and
f3 # 0, the changes are not significant. In normal form, the quadratic summand is replaced by a cubic
one, and the asymptotic expansion, an analog of (11), proceeds in powers of £!/2.

Thus, the study of the local dynamics of system (8) is completed.

For system (8), we give the values y* and vy~ :

a2
’Y+ = <b) y ‘Y_ = —0Q.
Kashchenko S. A.
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2. Case of N =3

System (2), (3) for N = 3 takes the form
U1 + auy =f(uy) + bug,
Us + aug =f(ug) + bug, (12)
Uz + auz =f(uz) + byu;.
For a linearized system
—-a b 0
0 =Aw, where v=(vi,v2,03), Ay = ( 0 —a b ), (13)
by 0 —a
roots A1, Ay and Az of a characteristic equation are defined by the equalities

1 1
7»1—|—a=b\3fy, 7&2—‘1-&:()\3[\{(—2"‘!‘1'?), )\3+a:b\3[\{<—2—i\é§>7 (14)

where /y is arithmetic root (¢/y > 0 for y > 0 and ¥y < 0 for y < 0).
The following equalities are true for values of y*

a 3 2a 3

(b> , ifb>0, _<b> , ifb>0,
t= 26\ 3 Y= o\ 3

(|b>’ if b <0, (b)’ if b<0.

Y

Here are the values of b*:

a . 2
N %» ify>0, —%7 ify >0,
bt = b~ =

ify <0, ify<O.

2a a

\3/'\{’ W’
Under the conditionsy € (y~,y") (b€ (b,b")) roots (14) have negative real parts, and for y € (—oo,y™)
and y € (y©,00) (b€ (—00,b7) and b € (b, 00)) among roots (14) there is a root with a positive real
part. Under the conditions y = y* (b = bi) in the solution stability problem (12), critical cases of a
zero root or critical cases of a pair of purely imaginary roots arise. Let us consider them.

2.1. The critical case of the zero root. This case occurs when b > 0 and y = y*, or when
b < 0 and y = y~. Let us limit ourselves to considering only the first of these conditions, that is, we

consider below that

b>0 and y:y+:(%>3.

Linear system (13) for y = y* has constant solutions v = dy = const, where dy = (17 ab™ T, aQb_Q).
We arbitrarily fix the value of y; and put it in (12)

v=v"+ev1, O0<exl

Then the roots Ay and A3 have negative real parts: Reks 3 = f%a + O(e) for small e, and for the root
M1 (e) holds the asymptotic equality

Me) = ewryr + O(g?), where p; = b3(3a%) 7%

It follows that in a sufficiently small and independent of € neighborhood of the zero state of equilibrium of
system (12), there exists a stable local invariant one-dimensional integral manifold on which this system
can be represented as a normal form up to O(e) (under a certain non-degeneracy condition)

dg

— 2 —
E-a%—l—ﬁ%, T = et. (15)
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To determine the coefficients o and  we substitute to (12) the solution u = (u1,us,u3) in the form of an
asymptotic series
u(t,e) = e&(t)do + *Us(t) + .. ..

By collecting the coefficients at the first degree of € in the resulting formal identity, we obtain the correct
equality, and taking into account the coefficients at 2, we arrive at a system for determining the function

UQ(’L’):

d
A, Uy = do—E

0
V4 —do - + f282do - do + by < 0 >7 (16)

1

here and below, the multiplication of vectors is coordinate-wise.

System (16) is solvable if and only if its right side is orthogonal to the vector hg = (1,ba"1,b%a™2),
a nonzero solution of the homogeneous conjugate equation A*hy = 0. Considering this, we obtain that in
(15)

_ 1
a=uwy: = 63(302) 1Y17 B= §f2(d0 - do, ho)~ (17)

The non-degeneracy condition mentioned above consists in fulfilling the inequality fo # 0. Using (17)
in (15), we get a complete picture of the behavior of solutions (15), and hence solutions (12) in a small
neighborhood of the zero equilibrium state.

2.2. The critical case of a pair of purely imaginary roots. This case occurs under the

conditions ‘
" 2a\? _ 2a\?
b<0 and y" = W , or b>0 and vy~ =— > )

Let the first of these conditions be fulfilled

2a\*

Then A = —a + bv/y+ < 0 and hag = +i+v/3a. Linear system (13) has periodic solutions

— P14 iv3)

r-aemtetin om0
1 -\/3
—5 ti5

We arbitrarily fix the value of y; and put it in (12) and (13):

v=v"+ey, 0<e<l.

For all sufficiently small € in a sufficiently small neighborhood of the zero equilibrium state (12) independent
of €, there exists (see, for example, [31]) a two-dimensional stable locally invariant integral manifold on
which system (12) can be up to terms of the order e are represented in the form of a normal form, a
complex scalar ordinary differential equation of the first order of the form

d
d% = OE + oE[E]?, T=et. (18)
To determine the coefficients 8 and o, we substitute the solution in (12) in the form of a formal series
U(t,e) =e'/%(E(t)go exp(iav/3t) + E(t)go exp(—iaV/3t)) + eUs(t, 1)+
+ ¥ 2Us(t,t) + ...,

where the dependence on ¢ is 2m(a/3) ~!-periodic. In the resulting formal identity, we will collect coefficients
with the same degrees of . In the first step, collecting the coefficients for £/2, we arrive at the correct
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equality. In the next step, we obtain a system of equations for determining the function Us(t,T) =
UsolE|? 4 Uz1E? exp(2ia/3t) 4 Uz E exp(—2ia/3t) :

A(yt)*/3 (vYF)*P (4 + 2iV3)
AU20 = f2 ( (Y+)4/3 > s (A — 2ia\/§I)U21 = fg ( (Y+)4/3 ) .
1 1-3iV3
Hence we find that
Ayt (YH)*/3 (4 + 2iV3)
Usg = f2A1< (yF)4/3 ) Up = fo(A— 2ia\/§1)1< (yH)4/3 )
1 1-3iv3
In the third step, we collect the coefficients for £3/2. As a result, we arrive at a system of equations with
respect to the vector function Us(¢,T), which we will look for in the form

Us(t,t) = Usy(1) exp (ia\/?:t) +¢c + Uss () exp (3ia\/§t) +cc.

Here and below, ¢c is used to denote the summand that is complex conjugate to the previous one.
The expression fo Uss(t) is just found. It will not be needed further down, so we will omit it. For
Us1 (1), we obtain a system of equations

0
(Ay, —iaVBI)Usi (1) = —by (vF) /2 (1 + Nﬁ)( 0 )% - goj—f +E[E[*B, (19)
1
where B = 2f3(goUa0 + goU21) + 3390 - 9o * Go-

A necessary and sufficient condition for the solvability of this system is the condition that the
right-hand side (19) is orthogonal to the vector h, a nonzero solution of the homogeneous conjugate
equation Ay, h = —iav/3h. We find that h = ((1 +iv/3)%a?, (1 +iv/3)ab, b?).

As a result, to determine E(t), we obtain the equation (18), in which

d=0b%(6a) " (1+iV3)y1, o= (B,h)((g0,h))

For example, let us formulate one result.

-1

Theorem 1. Let the parameters v1, fo and f3 be such that Red > 0 and Reo < 0. Then equation (18)

has a stable cycle po exp(igot), where pg = (Red - (Re 0)’1)1/2, Y = V3y1 Red + p2 Imo, and system
(12) with sufficiently small € has a stable cycle

uo(t,e) = /2 (gopo exp ((iaV/3 + iy + O(e2))t) + @) + O(e).

3. The case of an arbitrary number of N

First of all, let us define the values of y*:

(ab=1)", ifb>0,
o= L (al )", ifb<0 and N isodd,
N o\ Y
(alb|™1) (COS N) , ifb<0 and N is even;
N a\V
—(ab_l) (cos N) , ifb>0 and N iseven,
—(ab~)", ifb>0 and N is odd,
v —(a|b|71)N, ifb<0 and N isodd,
N a\ Y
—(alb|™1) (cos N) , ifb<0 and N is even.

Kashchenko S. A.
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Recall that for y € (y~,y™) zero solution of system (20) is asymptotically stable, but at y <y~ or y > v+
is unstable. Critical cases in the zero equilibrium stability problem occur at y = y* or at y = y~. In this
section, we will consider the local dynamics of system (20) in cases close to critical.

Here are some formulas that will be needed later. Let yx be the arithmetic root of the Nth power
of |y|. Let us set

YN, lfY>07
Yo = YN €Xp <z]j\t[), ify <0,

and let omik
o ygexp( ;c\; ), k=1,...,N.
Note that o =y. System (2), (3) will be written as
= Au+ F(u), (20)

where

—a b 0 0

0 —a b 0

A= , Fu)=fou-u+ fsu-u-u+....

0O 0 0 . b

by 0 0 ... —a
Here and below, the multiplication of vectors is coordinate-wise, u = (u1, ..., un).

The matrix A has eigenvalues
A = —a + bog (k:L,N)

and corresponding eigenvectors

gk = (17 Ok, aiv ey allqv_l)'
Note that the matrix A* conjugate to A has corresponding eigenvectors hy = (1, a;l, a;z, - ,oc,:(N_l)).

3.1. The case of an arbitrary number of N. Here we assume that N > 2 and the matrix A
has a zero eigenvalue, that is

b>0 and y=y" = (ab™ ")V, (21)
or
b<0, y=y = (ap| ™Y and N is odd.
Let us briefly focus only on case of (21). The eigenvalues Ag,...,Ay have negative real parts. The
eigenvalue A; = 0 corresponds to the eigenvector ¢° = (1,a/b,a?/b?,...,aV~1/bN~1). We arbitrarily

fix y1 and put it in (1)
g=g" +ey1, where 0 <e< 1. (22)

To find the coefficients a and f of the normal form in this case, a scalar equation

d§ _ 2 _
P ag + 6|E| , T=et, (23)

we will search for solutions u(t,€) of system (1) in the form of a formal series
u(t,e) = e&(t)go + *Us (1) + ...

Then, to find Us(t), we obtain a system of equations

d :
AU, = —90£ + by : E+ f28%¢% - ¢°.

Kashchenko S. A.
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For this system to be solvable, it is necessary and sufficient that its right side is orthogonal to the vector

RO = (1,b/a,b?/a?, ..., 6N "1 /aN 1), From this we conclude that in equation (23)
1—yt

N(1—ab-1)

_an _
G_NY_‘_v B_

(24)

So, it is shown that for sufficiently small ¢, the dynamic properties of solutions (20) with initial conditions
from some sufficiently small and independent of € neighborhood of the zero equilibrium state are described
by equation (23) with coefficients (24).

3.2. The critical case of a pair of purely imaginary roots. Here we assume that the matrix
A has a pair of purely imaginary eigenvalues +iw (0 > 0), and all other of its eigenvalues have negative
real parts, that is, the conditions are met

N
b<0, vF = (a|b|—1)N <Cos JT\[/_) and N is even, (25)
or
A\ N
b>0, v~ = (abl)N<cos N> and N is even,
or
A\ N
b<0, v~ = —(ab|_1)N(cos N) and N is even.
Let’s focus only on the case (25). The matrix A then has eigenvalues \* = +iw, where o = a tg %+ They
are answered by the eigenvectors go and go, respectively, and go = (1, oy 2, oc?\,/z, e 70(%/_21).

Let the equality (22) be fulfilled for y. The normal form describing the dynamic properties of
system (20), provided (22) and (25), is the scalar complex equation (18). To find the coefficients of this
equation, consider the formal series

Ul(t,e) =e'/%(E(t)go exp(iot) + ) + e ([E[*Uzo + E2Ua exp(2imt) + o)+
+ %2 ((Usy exp(iot) + ec) + c¢ + E3Usp exp(3iot) + ) + ... (26)

Let us substitute (26) into (20) and collect coefficients with the same degrees of . With £!/2, we get the
correct equality. In the next step, we find that

Uso = 2f2A7 g0 - Go, Us1 = falA —2i0l) g0 - go.

By collecting the coefficients for £'/2, we obtain the equations for Us; and Usy. The expression for Usg
is simply defined. It will not be needed below, so we will not give it. To determine Us;, we come to the
system

(A—i(l)I)Ugl :B, (27)
where
0
dg : _ _
B = —g0- +v1b 0 €+ 2f290U20 + 2f290U21 + 3390 - go - Go-
1
For the solvability of system (27), it is necessary and sufficient that the vector B becomes orthogonal
to the vector hg, the solution of the homogeneous conjugate equation A*h = —iwh. As a result, for the
coefficients of equation (18), we obtain the equalities
&= —by: (yH)MNTUNT, (28)
1
o= {2f2((90U20, ho) + (GoUs1, ko)) + 33(g0 - 9o - Go, ho)] (29)

Under the conditions of non-degeneracy Red # 0 and Reo # 0 equation (18) with coefficients (28),
(29) completely determines the local dynamics of equation (20). Using (26), we obtain an asymptotic
representation of the solutions of (20) through the solutions of (18).

Kashchenko S. A.
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4. The case of sufficiently large values of N

The constructions for this case are much more complicated than the previous ones. Here we assume
that the value of N is large enough, that is, the value is small enough

e=N'l«1.

Let us examine the local dynamics of system (20) in this case.
First, we formulate one simple statement following from formula (6) for the roots of characteristic
equation (5).

Lemma 1. Let the inequality be fulfilled
alb| ™t < 1. (30)

Then for all sufficiently small €, all the roots of (6) have negative real parts that are separated from zero
fore — 0. If
alb| ™t > 1, (31)

then, for sufficiently small values of e, the root of equation (5) is found, the real part of which is positive
and separated from zero for e — 0.

In case of (30) at small e solutions of (20) with initial conditions from small and independent of
€ at ¢ — 0, the neighborhood of the zero equilibrium state tends to zero at ¢ — oo. In case of (31), the
null solution of (20) is unstable and the problem of dynamics of (20) becomes non-local. Therefore, we
assume below that

|b] = a. (32)

In particular, b = a 4+ O(g), b= = —a + O(g). Under condition (32), (5) has no roots with a positive
real part separated from zero at € — 0, but there are infinitely many roots whose real parts tend to zero
at ¢ — 0. Thus, in the problem of stability of the zero state of equilibrium (20), a critical case of infinite
dimension is realized. Let us consider separately the case when b = ¢ and when b = —a.

Let us note the works of the author of [13,14,17,32], in which, in other situations, the dynamic
properties of systems in infinite-dimensional critical cases were studied.

It is convenient to redefine the elements of u;(t) using a function of two variables u;(t) = u(t, z;),
where z; € [0,1) are points z; = 2mj/N = 2miej (j = 0,1,...,N) evenly distributed on the segment
[0, 1].

System (2), (3) for x = z; can then be written as an equation

0
371: +au=bu(t,z +¢)— f(u) (33)
with boundary conditions
u(t, 1) = yu(t, 0), (34)
and for the equation (33) linearized at zero, we obtain the expression
0
D= bu(t,z +¢), (35)
ot
v(t, 1) = you(t,0). (36)

Equations (33) and (35) cannot be considered for the continuous argument x € [0, 1], since the expressions
u(t,x+¢) and v(t,z+¢€) for x+¢ > 1 are undefined. The exception is when y = 1. It was reviewed in [27].
Then we assume that x € (—o0,00), and the functions u,v were considered periodic in  with a period
of 1. For the roots Ag(e) (k = 0,£1,£2,...) of characteristic equation for (35) at y = 1 has the formula

M (e) = —a + bexp(2nkic),
and for the corresponding eigenfunctions @i (¢, x,€), we get the expression

@ (t, x, ) = exp(hg(e)t) exp(2mkic).

Kashchenko S. A.
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Note that under the condition (32) there are infinitely many roots of A () tends to zero at € — 0.
It is important to emphasize that for b = a + o(¢) functions g (t, z, &) smoothly depends on ¢ and, which
is the same thing, the condition of regularity is fulfilled

_ g (t,z,0) 1 ,0q(t, ,0) 5
o (t,z,6) = @i (t,2,0) + € 5 + —¢ 92 + o(e%).

[\)

If b = —a + o(e), then for those integers k for which Ay (¢) tends to zero at ¢ — 0, we get that
ot 2, ) = expline  x) Yy (t, z, ),

where Yy (¢, z, €) regularly depends on ¢.
Let us return to the case of an arbitrary y. For the roots h;(g) of equations (35) there is a formula

he(e) = —a+ bexp (e(Iny + 2mki)), (37)

in which the number k takes the values k =0, +1,+2,....
We arbitrarily fix the value of b1, and let either

b=a+eby, (38)

b= —a(l+eb). (39)

In case of (38), we apply the regularity condition in (35)

ov(t, x)

2
O + O(e%).

v(t,x +¢e) =v(t,x) +e

Then, with accuracy up to O(g2) we arrive at the equation

v v
i ebiv + gazy v(t, 1) = yu(t,0).

In the irregular case, when condition (39) is fulfilled, we obtain that
v(t,x) = exp(ine™'x)v + c¢

and
v _ 0v _ _ ) o _
rri ebv + ays (o(t,1) 4+ cc) exp(inN) = yo(t,0) + cc.

Let us put in (37) A () = ehg1(g). The real parts of all kg1 (g) has an asymptotic
by +1In|y| + O(e).

From this we obtain a criterion for the stability of the zero equilibrium state: at by + In|y| > 0, the
equilibrium state is unstable, and at by + In|y| < 0, it is stable.

Note that in case of (6), all solutions of (33) (on condition (9)) from some sufficiently small and
independent of € neighborhood of the zero equilibrium state tend to zero at ¢t — oo, and in case of (7),
the problem of local dynamics of (33), (34) is not local. Below we will consider the critical case when the
parameter y = yq is selected so that

|'vo| exp (ailbl) =1.
Let’s consider separately the cases when the parameter b is close to the parameter a and when it

is close to the parameter —a. In the first case, in sections 4.1 and 4.2 we will talk about regular solutions,
and in the second case, in section 4.3, about irregular ones.
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4.1. The case when the parameter b is close to the value of ¢ and the parameter v is
positive. In this section, we assume that equality (38) holds and

vy>0 and fo#0.
Then, for each integer k, the asymptotic equality holds
M (€) = g[by + a(lny + 27ki)] + O(e?), (40)
and the eigenfunctions vy (t, ) corresponding to the root Ag(¢) can be represented as
vg(t, ) = exp(2mikx + g (£)1). (41)
Let us consider regular solutions of the boundary value problem (33), (34), that is, we assume

ou(t, )
Ox

Using t1, we denote the «slow» time t; = et and replace u(t,x) = euq(t1,x). Then, discarding terms of
the order of €2, we arrive at the boundary value problem

0 0
8%11 = CL% + blul - fQU%7 Uzl(tlv 1) = 'Y’U,l(tl, O) (42)

u(t,x+¢) =u(t,z)+e + O(e?).

In (42), there is a zero equilibrium state of u; = 0 and possibly non-zero
ur = ug(x) = [~ faby ' + coexp(bra™ @)™, co = foby My — D)(yexp(bra™t) — 1),

if the conditions y > 0,y # 1, — fa + coby exp(bja~'z) # 0 are met for z € [0, 1].

Boundary value problem (42) is a quasi-normal form for boundary value problem (33), (34). This
means that according to the restricted solution uq(t1,x) for t1 — oo,z € [0, 1], the function u(t, x,¢) =
euy(et, ) is defined, which satisfies (33), (34) accurate to O(g?).

We study the behavior of all solutions of (42) (and hence (33), (34)) from a certain sufficiently
small neighborhood of the zero equilibrium state.

Let us formulate a simple statement.

Lemma 2. Under the condition exp(—bia=t) > v (< y), the zero equilibrium state in (42) and in (33),
(34) is asymptotically stable (unstable).

Consider the critical case when y = vy, where
Yo = exp(—bia™"), (43)
and let us repeat the normalization scheme. We arbitrarily fix the value of by and put
b=a+ b + &by, (44)
For regular solutions of u(t, z + ), we take into account terms of the order €2 in (33). As a result, we get

that
Ouy Ouq 1 9%y

(97151 = CIE + (b1 + eba)us + 5&6@ + fo% + 6f3u:1)), u (t1,1) = yuy(t1,0). (45)
The boundary value problem linearized at zero at € = 0 has the form
Bul 8u1
— =a—+Db t1,1) = t1,0). 46
ot~ “ox +brur, wui(ty, 1) = yui(t1,0) (46)

Its characteristic equation
d
(h—b)v = adi’, (1) = y(0), (47)
T

by virtue of (43), it has infinitely many roots Ay = 2rwkia (k = 0,£1,42,...).
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The root A, corresponds to its eigenfunction vy(r) = exp(—bia=1z)exp(hya=tx). Let us put y =
=t; —a 'z and wi(y) = exp(hyy). Then v (t1, ) = exp(—bia~'z) exp(hpy) = exp(—bra~ x)wy(y).
Therefore, an arbitrary linear combination of functions

+o00
w(z,y) = exp(—bra”'x) - Z crwi(y)

k——o0

is also a solution of (46).
Based on the algorithm of the method of constructing quasi-normal forms [13, 14,17, 32], we are
looking for solutions to the nonlinear boundary value problem (45) in the form of a formal series

Ui (1:7 z, 5) = 5w(T, y) exp(fblailx) + €2U2(‘lf, z, y) + .. ’ (48)

where T = €ty, and for the variable y the condition of 1-periodicity is fulfilled.

Let us substitute (48) into (45) and collect coefficients with the same degrees of €. In the first step,
collecting the coefficients at zero degree £, we obtain the correct equality. In the next step, we will collect
the coefficients for 2. As a result, we obtain the ratio

0Us

a% + b1U2 = Cp('[?, xay)7 UQ(]-) = YU2(0)

Here

ow 1 0%w ow 9 1 1
o(t,x,y) = [ o + iaa—?ﬂ — bla—y + (b7 (2a)" " + bg)w] exp(—bja” x)+

+ fowexp(—2bia~ ). (49)
Let us use the following simple statement.

Lemma 3. Let the function @(x) be continuous. Then, for the solvability of the boundary value problem

0
as by =oe), (1) = 10p(0) +

in the class of continuous functions, it is necessary and sufficient that the equality holds

/cp(s) exp(biats)ds = a - ay. (50)
0

Considering the equality of (49) in (50), we arrive at the boundary value problem for determining the
function w(r,y)

w_1, 0w, ou
ot 2 0Oy? Yoy

w(t,y+1) =w(t,y). (52)

+ (b%(QG,)_l + bg)w + f2(1 - y)bl_lalwz, (51)

Let us formulate the main result of this section.

Theorem 2. Let boundary value problem (51), (52) have a bounded solution wy(t,y) for Tt — oo,y €
[0,1]. Then the function u(ty,z) = e2wo(e2t,y) exp(—bra~1x) satisfies boundary value problem (33), (34)
accurate to o(g3).

Note that in the case when f = 0 (or y = 1), cubic nonlinearity appears in (51) instead of quadratic
nonlinearity. It is important to emphasize that a stable solution to the boundary value problem (51), (52)
can only be a homogeneous equilibrium state.
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4.2. The case when the parameter b is close to ¢ and the parameter vy is negative. Here
we assume that

vy < 0. (53)

Repeating the constructions of the previous section, that is, taking into account formulas (40)—(41), we
also come to boundary value problem (42). Under condition (53), (42) has only a zero equilibrium state.
Let us examine its stability.

Lemma 4. Under the condition exp(—bia™t) > |y| (< |y]), the zero state of equilibrium in (42) and in
(33), (34) is asymptotically stable (unstable).

Consider the critical case when
Y| = vo = exp(—bra™"). (54)

Let equality (44) hold. For regular solutions of u(t,z + €) we take into account terms of the order &2
in (33). Then we come back to boundary value problem (45). For linearized boundary value problem
(46), we study the characteristic equation (47). Unlike the previous case, it has infinitely many roots
M = mi(2k + 1) (k= 0,+1,£2,...).
As above, let us assume y = t; — a~ 'z, wi(y) = exp(Ayy). Then vy (t, 2) = exp(—bra™ )wy(y).
Solutions to nonlinear boundary value problem (45) in case of (53) are sought in the form

U1 (1:7 xz, y) = 51/21”(1:7 y) exp(fblail) + EUQ(Tv z, y) + 53/2U3(1:7 xz, y) + ... ) (55)

where t = €ty, and the function w(t,y) has the structure

o0

w(t,y) = Z cr(T)wi(y)-

k=—o00

Let us substitute formal expression (55) into (45) and collect coefficients with the same degrees €. In the
first step, collecting the coefficients for £'/2, we get the correct equality. In the next step, we will collect
the coefficients at the first degree of €. As a result, we come to the boundary value problem for finding
U2 (1:7 z, y)
Uy -1 2
a% +bU2 = fQ exp(—2b1a ZE)U} (1:72'/)7 UQ(t717y) = YUQ(T,O,Z/).

Hence we find that
Us = exp(—bia™ ') [c(r,y) + fow?(t,y) - aby (1 — exp(—bla_lx))}7

where
(v y) = afa(bi(y — 1) w?(ty) yI(1 = |v]).

In the third step, we obtain the equation for determining Us(t, z,y). From the condition of its solvability
(according to lemma 3), we obtain a boundary value problem for finding the function w(r,y):

ow 1 0%w ow 2 -1 3
o~ 3l g, T (01207 Fb)wtow?, (56)

w(Tvy + 1) = —’LU(‘C, y)) (57)

in which
& =23 (b7%) [2av(1 +v)* + 3a(|y[* — 1)].

Here is the main result.

Theorem 3. Let boundary value problem (56), (57) have a bounded solution wq(t,y) for T — 0o,y €
(—00,00). Then the function u(ty,z,e) = £3/%wo(2t1,t, + a~'%) satisfies boundary value problem (33),
(34) accurate to o(£?).

Note that boundary value problem (56), (57) may have an inhomogeneous stable equilibrium state.
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4.3. The case when the parameter b is close to the parameter —a. Let condition (39)
be fulfilled for an arbitrarily fixed value of b;. Consider linearized boundary value problem (35), (36).
Its characteristic equation (37) under condition (39) has infinitely many roots Ax(e) (k = 0,£1,£2,...),
which tend to the imaginary axis at € — 0. Thus, the critical case of infinite dimension is realized. To
the root of Ax(e) is answered by its eigenfunction (¢, z, ), which oscillates asymptotically rapidly over
the spatial variable z. This means that the relevant solutions have an irregular structure.

In (35), (36) we assume

u(t, ) = v(t, z) exp(ine " 'x) + ce. (58)
Considering that u(t,1) = v(t, 1) exp(inN) + ¢¢ and that e = N~1, we get the equality
o(t, 1) +3(t, 1) = y(=1)™ (v(t,0) + (t, 0)). (59)
Then, for v(t,x), we arrive at the equation
0
8—: +av=—-bv(t,z +¢). (60)

Using equality (39), we conclude that the function v(t, x) is regular, that is

ov(t 1,02
vtz) 120

v(t,x +¢)=v(t,x)+e¢

ot 27 Ox?
Let us substitute this expression in (33), (34). Then, based on (58), we arrive at the equation
0 0
871}1 + a% + bivy = exp(—bra” ') fo(vy exp(ine'z) + E)Q (61)
1

with boundary condition (59). Here t; = et, v = ev;. For this boundary value problem, there is a
statement similar to lemma 2.

Lemma 5. On condition exp(—bia™') > |y| (< |y|) the zero equilibrium state in (61), (59) and in (33),
(34) is asymptotically stable (unstable).

Let us consider the critical case when equalities (54) are fulfilled. In this case, linearized boundary
value problem (60), (59) it has infinitely many solutions that are periodic in y, v1x = exp(—bia~'z)ws(y),
where y = t; —a~ 'z, wi(y) = exp(hyy), where A, = 2mika, if y(=1)Y > 0 and A, = mia(2k + 1), if
y(-DN <o.

Let us put

b= —(a+eb +e%by) and v=1vo+ ey (62)
Let us consider the behavior under conditions (54) and (62) of all solutions of (33), (34) from some
sufficiently small neighborhood of the zero equilibrium state.

Let us introduce the formal expression

v(ty, z) =¢(w(t,y) exp(—bia™'z) exp(ine~'z) + c)+
+ &2 |:U2()(t, x,y) + ¢ + exp(imz)uay (¢, T, y) + co+
+ exp(2imz)ugs(t, z,y) + co+

+ exp(3imz)uas(t, z,y) + E} +..., (63)
o0
where z = ze™! ui(t1,2,y) = w(t,y)exp(—bra '), T = ety,w(t,y) = >, cx(t)wr(y), and for the
k=—o00
variable y all functions from (63) are periodic.
Let us consider two cases separately. In the first case, we assume that

(=1)Nyo >0, (64)
and in the second case, the inequality holds

(=1%o <0. (65)
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4.3.1. Constructing the asymptotics of solutions under condition (64). Let condition
(64) be fulfilled. Substitute (63) into (33), (34) and collect the coefficients with the same powers of €. As
a result, we obtain the following equalities

8U1

— +bju; =0 66
K + b1u1 ) (66)
2aug = folur|?,  2aug = foui, (67)
Ouoy 9 1 ow ad*w ow
brus, = [— by + b2(2 _gw agrw gy, gw
a7 + byuay (b2 +b1(2a) " )w 8‘c+28y2 Yoy X
x exp(—bra" ) + [nggo + 2fougs + 3f3] -w|w|? exp(—3bia~ '), (68)
ou _
052 o bruzs = [~ f3 + fui. (69)
From the boundary conditions, we obtain the following relations
(=)™ (uy +e) =vo(u1 +cc) (70)
r=1 =0
(U20 + @+ (—1)Nug1 + € + ugg + 2 + (—1)Nuag +&) =
= Yo(UQ() + €C + u21 + CC + Uz + €C + u23 +@)‘ _0 +vi(uwr +@)‘ 0 (71)
Equations (66) and (70) are satisfied by the definition of w;. From (67) and (68), we find that
ugo = (20) ' folur|?,  wgz = (2a) " foud, (72)

and from (69),we obtain that

Uz = —(2b1) 1 (f2 + afs) [exp ( - ?)aﬂx) — exp ( - l;—lx)]wg. (73)

Consider the question of solvability with respect to wua1(t,z,y) of equation (68) with the boundary
condition (71). According to lemma 3, the necessary and sufficient conditions for the solvability of this
boundary value problem are the fulfillment of the equalities

0 02 0
371: = ga—;} —bla—Z+clw+02\w|2+02w2+03w3+04w|w|2, (74)

w(t,y+1) = w(t,y), (75)
where

c1 = —(ba + (2a)7'03) + avgya,
L,
Co = §Yof2(1 - Yo), C3 = Cg,

cs = —a(2b1) N (fF +afs)vg(vg — 1), ¢s =3(2b1) alyg — 1) - [fs +a ' f3].

Let us formulate the main statement that follows from the above algorithm for constructing the asymptotics
of solutions.

Theorem 4. Let conditions (62) and (64) be fulfilled. Let function w(t,y) be bounded for T — oo, y €
[0,1] to boundary value problem (74), (75). Then the function

u(t,z,y) =¢(w(t,y) exp(—bia~'z) exp(ine'z) + c€)+
+e2 |:U,20 (t,x,y) + ¢ + exp(inz)uoy (t, x,y) + cc+
+ exp(2imz)uga(t, x,y) + cc+
+ exp(3inz)ugs(t, z,y) + ec| + ...,
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satisfies boundary value problem (33), (34) accurate to O(g*).

4.3.2. Constructing the asymptotics of solutions under condition (65). Let inequality
(65) be fulfilled. In this case, the corresponding constructions become more complicated. Let us again
consider asymptotic expression (63), but we will represent the function wus; (T, z,y) appearing in it as the
sum of two functions

U21(T>337y) = Ul('[,x, y) + U2(1:7xuy)' (76)

The first of them is l-antiperiodic in y, like the function w(t,y), that is, it contains only harmonics with
odd numbers exp(in(2k+1)) (k = 0,+1,+2,...). The second function, vs(t, z,y), 1-periodic in y, that is,
its Fourier series expansion contains only harmonics exp(2ink) (k = 0,£1,+2,...). Let us substitute (63)
with (76) in (33), (34) and perform the standard actions. As a result, we get equalities (66), (67), (69),
(70). Equalities (66), (70) define function us(t,x,y) = w(t,y) exp(—bia~'z), and from (67) and (69) we
find ws0,u22 and wugz according to formulas (72), (73). The equation for v; is obtained by replacing the
function wue; and vq in the left part of equation (68), and the equation ve has the form

ov
aa—; + byvg = 0. (77)

Based on the formula for boundary conditions (71), we define the boundary conditions for the functions
v1 and vy :

()N

= —(—1)NU23L=1 + [YOUI + Youas + YOYIUJI} L:o’ (78)

=1

(—1)N vy

L U22‘ » + Yo {Uz + ugg + U22} ‘ . (79)

= —U20
1

r= r=

From the boundary value problem (77), (79) we find that

1
vz = va(t,2,) = (2aly0]) " fovo(1 = Yo)w|w = Jw] exp(~bra~'a).

For the solvability of boundary value problem (68) (with the replacement of us; by v1), (78), as follows
from lemma 3, it is necessary and sufficient that the equality holds

ow  ad*w b ow n 4 eaw® + w2
— =7 —bi— taw+cw +cqwjlw
ot 2 0y? Yoy ! 3 :
and l-antiperiodic boundary conditions
w(t,y+1) = —w(t,y). (80)

Let us formulate the main result

Theorem 5. Let conditions (62) and (65) be fulfilled. Let the function w(t,y) be bounded for v —
00, y € [0,1] by solving boundary value problem (74), (75). Then the function

u(t,z,y) =¢(w(t,y) exp(—bia'z) exp(inc ') + c2)+
+ €2 [uzo(t, x,y) + ¢ + exp(inz)ug (¢, x, y) + cc+
+ exp(2inz)ugs(t, x,y) + e+

+ exp(3imz)ugs(t, x,y) + E} +...,

satisfies boundary value problem (33), (34) accurate to O(g?).
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Remark 1. We can consider a problem in which the boundary conditions vary: instead of boundary
conditions (3), the equality is fulfilled

un (t) = vun(t),
where M (M < N) is an integer. Of the greatest interest is the study of the effect of these boundary
conditions at sufficiently large values of N.

First, we note that under condition M ~ const (for e — 0) , the problem of the dynamics of the
system under consideration is reduced to the case of a small perturbation of the parameter vy in problem
(33), (34).

Significant changes may occur in cases where the M number is also large enough. For example,
let M = =N, where m and n are natural numbers and m < n. Then the multiplier exp(inN) and
exp (in2N) appear in boundary conditions (70), (71). It follows that for e — 0 (N — oo) there are about
n different and alternating boundary conditions for N — oco. Thus, the dynamic properties of solutions
are described with an increase of N by alternating n scenarios.

Conclusion

The problem of the local dynamics of a system of N unilaterally coupled simplest nonlinear first-
order equations in the vicinity of an equilibrium state is considered. Critical cases in the problem of
stability of the equilibrium state are highlighted. It is shown that already at N = 2 a critical case of a
zero root can occur, and at N = 3 critical cases of a single zero root or a pair of purely imaginary roots
can occur. In these cases, the corresponding normal forms are constructed and bifurcation problems are
considered. Constructions for an arbitrary value of NV are given. In section 4, which is the main one, cases
are considered when the value of N is large enough, that is, the parameter ¢ = N~! is small enough. In
this case, a transition is made from a discrete system of IV equations to a spatially continuous problem.

The values of the parameters at which critical cases can occur are determined. The main feature is
that the critical cases have infinite dimension, that is, infinitely many roots of the characteristic equation
of the linearized problem tend to the imaginary axis at ¢ — 0.

Using the infinite-dimensional normalization method (the method of quasi-normal forms) developed
in the works of the author [13,14,17,32], it was possible to construct special nonlinear partial differential
equations of parabolic type with boundary conditions. These boundary value problems do not contain
a small parameter, and their nonlocal dynamics determines the behavior of all solutions of the initial
system from a sufficiently small neighborhood of the equilibrium state.

Under certain conditions, the corresponding equations may have a non-standard form and contain
both quadratic and cubic nonlinearities. The dynamics of such boundary value problems can be quite
complex (see, for example, [33]).

The asymptotics of the main terms of the asymptotic representation of solutions is constructed.

It is important to note that the solutions of the initial system may have a special «sensitivity» of
dynamic properties to changes in the small parameter €. This follows from the fact that the change in
quantity (large) of N by just 1 can significantly change even the appearance of the corresponding partial
differential equations and change periodic boundary conditions to antiperiodic ones.
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