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Abstract. The purpose of this work is studying the stability of the power grid, consisting of an arbitrary number
of synchronous generators supplying a common passive linear load, to disconnection and connection of generators.
Methods. In this paper, numerical modeling of the power grid operation and the Lyapunov direct (or second)
method are used. Results. Conditions for safe disconnection and connection of generators have been revealed,
under which a synchronous mode is established in the disturbed power grid. Conclusion. The power grid consisting
of an arbitrary number of synchronous generators supplying a common passive linear load is considered. Using the
approach based on the Lyapunov direct method, conditions on parameters are found that ensure safe disconnection
of generators, including, if any, a generator involved in the «inhomogeneous» load supply path, that differs from
the others in current and transmitted power. These estimates are validated numerically for networks of various
sizes. The evolution of the area corresponding to the safe connection of a generator to a five-generator power grid
is also numerically traced.
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Introduction

Currently, there is a continuous growth of power grids, which is accompanied by the creation of
large power systems consisting of a large number of generators, load nodes (consumers), and intra- and
inter-system connections (transmission lines). Operating such systems is a very complex task that requires
various approaches and methods, depending on the complexity and completeness of the description [1-9].

During their operation, power grids are constantly exposed to various disturbances, such as fluctuations
in generated and consumed power, short circuits, tripping of relay protection devices, and shutdowns of
transmission lines and generators, etc. The resulting transient processes can be accompanied by significant
fluctuations in currents and voltages. These fluctuations, due to further tripping of relay protection
devices, can lead to both single and short-term power supply failures affecting relatively small parts
of the system, as well as cascading failures [10, 11] with severe and widespread power outages [12—16].
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Therefore, studying the stability of power grids to various types of disturbances is an important task
from both a fundamental and applied perspective.

Previously, the effects arising from the switching of power transmission lines [17-19], generators
and consumers [20], as well as from single-time step-like (impulsive) [21-28] and long-term noise [28-33]
disturbances in the generated and consumed power, have been studied.

In our previous works [28, 34], we considered a power grid consisting of synchronous generators
operating on a common passive linear load. We have shown that in the case when one of the generators
is «closer» to the load (due to a shorter transmission line and/or longitudinal reactance compensation),
a reduced effective network model in the form of an ensemble with a hub topology (topology «stars)
can be used to describe the dynamics of such a power grid. It is found that two different types of
synchronous modes can be established in the grid: homogeneous and heterogeneous. The first one is
characterized by equal powers and currents flowing through all but one load supply path. The second one
has another additional path, which differs from the others in current and transmitted power. Moreover, the
currents flowing along the same path, but in different modes, vary. The coexistence of homogeneous and
heterogeneous synchronous modes, as well as quasi-synchronous and asynchronous modes, is demonstrated;
the corresponding regions in the parameter space are highlighted.

This paper further investigates this power grid by analyzing its stability under generator disconnection
and connection events. Using numerical modeling and the Lyapunov direct (or second) method, we
derive conditions for safe generator switching that ensure the establishment of a synchronous mode in
disturbed power grid. Note that generator disconnection may occur, for example, due to the operation
of transmission line relay protection (e.g., overcurrent protection) triggered by short circuits, or during
scheduled maintenance. Conversely, generators may be connected in response to a sharp increase in load.
In such cases, automatic transfer switch (ATS) devices activate backup generators to provide the necessary
power reserve [35].

Section 1 presents the architecture of the power grid and the model used for description of its
dynamics. Section 2 discusses general aspects of the grid’s stability in response to changes in the number
of active generators. Section 3 analyzes the resistance of the power grid to generator disconnection, while
Section 4 focuses on generator connection. Conclusion provides a brief discussion of the results.

1. The architecture of the power grid and its model

Let us consider a multi-machine power grid, the schematic diagram of which is shown in Fig. 1,
a, and the equivalent circuit of its typical part is shown in Fig. 1, b. In the grid, a group of synchronous
generators G;(i = 1,n, n > 3)) supplies one common passive linear load (represented by the impedance
Z10ad) through transmission systems. The transmission systems inside input transformers T\® (represented
by impedances ;“T ), output transformers T (represented by impedances Zf‘%t ) and transmission lines
(replaced by a standard T-shaped circuit with impedances Z'® and conductivities Y:"). Each generator
is characterized by the amplitude |E;| and the phase angle d; of its electromotive force (EMF), E; =
|E;| exp(id;); internal impedance Z"* = rivt 4 xint ot > 0: constant inertia C; of its rotating part
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Fig. 1. Architecture of power grid: a — schematic diagram; b — equivalent circuit of the i-th grid‘s part, containing
the i-th generator and a load
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(turbine and rotor); the damping coefficient D;, summing up the influence of both mechanical (friction)
and electrical (the appearance of asynchronous power) damping factors; as well as the mechanical power
of the turbine Pr ;.

Let us assume that the first generator Gy is much closer to the load than the other gemerators
Ga, Gs, ..., Gy, and/or a longitudinal rectance compensation is performed on the transmission line of
this generator. For definiteness, we shall assume that the constants of inertia and damping coefficients
of all generators are the same, i.e. C; = C, D; = D (i = 1,n), and all generators except the first one, as
well as their transmission systems, have the same parameters, i.e

Pry=Pra, |B=|El, Z"=2 Z"=23", Y"=Y5" (k=2n).

This effectively means that the generators have the same design and are connected to the load in the same
way, except for the transmission system of the first generator. In [34], it was shown that the dynamics of
such a power grid can be described using the reduced effective network model with the following equations:

(pi = Yi,
N

Ji = A —py; —sin(g; + o) — Y _sin(g; — a), (1)
j=1

i=1,N, N=n—1.

In dimensionless system (1), defined in the cylindrical phase space G = SN x R¥, the variables @i =
81 — 8,41 define the relative angles of the EMF (rotors) of the generators, the variables y; = & — ;11
are the instantaneous frequencies of change of the relative angles, and the dot denotes differentiation with
respect to time t = \/K/C't. The parameter A is proportional to the difference in the power of the turbines
of the first and (i 4+ 1)-th generators; the parameter w represents the normalized damping coefficient, and
the parameter o characterizes the passive part of the equivalent circuit. These parameters are expressed
in terms of the quantities characterizing the equivalent circuit as follows:

A1 - AQ D —1
A="2"2 u=—— a=mn/2-arg(V;3),
K u m / g( 1,2)
where
K = |E1E‘2)/172‘7 Ak = ]DTJC — |Ek‘2‘Yk,k| Sin((lk7k), O(]“k = J'IZ/2 — arg(ijli),
and

1 Zout Zin
Yii=— [1- 2 14—
YTz [ Ry < " CRRIZ;M)] ’

1 Zout Zin 1
Yii=——[1- 32 1 2 Y= —
o T ()| e G

1
Vi, ==z, j £,
2,7 CRR% .]# (2)
7’7]:2vn7
1 1 . n—1 .
Cr = (1 Ysth 1 }/sth7
R Zload+R1<+ 1 1)+7R2(+ 5> Z3")

Ry = Zi' + ™+ Y220, 230 = 2 (2 + 2y + 2,
Z3 = Zp )2+ ZR%, k= 1,2.

Here Y;; and Y; ; are the so-called intrinsic and mutual complex conductivities of the generator branches.
More information about the expressions that relate the parameters of system (1) to those of the equivalent
circuit can be found in [34].

System (1) has an absorbing region

Gr={¢p;eS", yicly ,y"], i=1,N}, (3)
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1
where y* = = [A+ (2| cos(a)| + N — 1)], which attracts all trajectories with initial conditions outside this
L

region and contains all the attractors of the system.

System (1) is symmetric under the permutation of any pair of elements. Consequently, all solutions
obtained through such permutations belong to the same class; for instance, if one solution is stable, then
all its permuted counterparts are also stable.

A study of system (1) showed that for parameters from the region

Sjiirom,st _ {O(,A7M’ 0<a<n/2, —f(N,a) <A< fi(N,a),pn > 0} (4)

there is a stable homogeneous steady state

O™ (¢p; = "™ y; = 0), (5)

where

f(N,a) = /N2 +2Ncos(20) + 1, fi(N,a) = 1 4 N cos(2a),

hom __ phom : A . hom __ (N — 1) sin a hom __ (N + 1) cosa (6)
@ =p —&-arcsm(}c(]\[,a)), sin 3 = W, cos f —W,

which corresponds to a homogeneous synchronous power grid mode characterized by equal powers and
currents flowing through all load paths except the first one.
Conversely, for parameters within the region

S}l\?h"gt = {a,A,u\ a; <a<ag, —g(N,1,0) <A< gi(N,a,u),n> O} (7)
there are N stable heterogeneous steady states
O;nhl((p] = —(1+T[—(Dg1)7 Qity = —a+d)§1)7 Yi :O)a .] = 17Na (8)

where

g(N,1,a) = \/(1 + N cos2a)2 4 (N —2)2sin?2a, g1 (N, a,pn) = {A L Ve 1},

TR

w=a+d+(N-2), n.=dd +(N-2)d - (N-1V,

a' = —2cos(a) cos(cl)gl) —a), b= cos(GDgl) +2a), ¢ =— cos(CD(ll) —2q), )
d' = 2cos(a) cos(@(” + a), @Y =7 — Q" 4 Bk, Qih = arcsin (W) ;
. ginh _ (V —2)sin2a inh _ N cos2a+1
by = (N La) P T (N La)

each of which corresponds to a heterogeneous synchronous mode of the power grid, in which, in addition
to the homogeneous mode, there is another <heterogeneouss (j + 1)-th load supply path that differs from
the others in terms of current and transmitted power.

In addition, the coexistence of homogeneous and heterogeneous synchronous modes, as well as
quasi-synchronous and asynchronous modes, is demonstrated.

Next, we examine the behavior of a power grid initially operating in one of the synchronous modes
subject to either disconnection or connection of generators.

2. About safe disconnection and connection of generators

We assume that generator disconnection (or connection) occurs instantaneously compared to the
characteristic time scales of the disturbed power grid’s dynamics. Consequently, its initial state is either
fully (in the case of disconnection) or partially (in the case of connection) determined by the synchronous
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mode of the initial power grid, i.e., by the coordinates of the corresponding steady state of system (1). We
also assume that any generator, expect for the first one, may be disconnected, and that the parameters
of any newly connected generators and their transmission systems are identical to those of the majority
of the initial power grid units. In this case, the dynamics of the disturbed power grid is still described by
system (1), taking into account its new size and the correspondingly redefined parameters o, A and u (see
the expression for Cr in (2)). Let us find the conditions under which we can neglect the change in the
parameters a, A, and W when we switch from the initial to the disturbed power grid. To do this, consider
a simplified transmission line equivalent circuit consisting of active and reactive resistances connected
in series. In this case, the transmission system of the i-th generator can be replaced by the impedance
Z;i = r; +ix;, so the formulas forY;; and Y;; (see (2)) take the following form

Yig = [1— ZY*] /2,

Yii=[1-21Y"]/Zy, Y1;=Y",
Yij=[Y"21]/Zs, j#i,
hj=2,m,

where Y = Zigaa/ [ZlZg—i—Zloang—i—NZloale} . Note thatY; ; and Y; j depend on the number of generators
only through Y*. Therefore, all the differences between the parameters o,A and w of the initial and
disturbed power grids are determined by Y*. Let us assume that the transmission line of the first generator
has only active resistance, i.e., Z1 = r1, which is typical, for example, for a cable line [3]. Then

1

Z*:(Y*)1:r2<1—|— >—|—N7’1—|—i3:2<1—|— L >
Tload Tload

It is easy to see that only the real part of Z* changes when N changes. Thus, when the gemerators are
disconnected (Z* — Z*; N = N —m; N —m > 1) or connected (Z* — Z7; N — N+m; N> 1), we

have
1

Re(Zi):rg <1—|— >+N7’1:Fmr1>(r2+Nr1):Fmr1,

Tload

where m is the number of disconnected (connected) generators. From this, we can see that when
mry/[rs + Nri| < 1, (10)

Re (Z%) ~ Re(Z").

Condition (10) is satisfied when the number of generators that are being disconnected (connected) is
relatively small compared to the number of initial generators (m < N ), and also when r1 < ry. The
latter condition is satisfied when the conditions for the tramsition to a reduced effective network are
met, which is the case we are considering here. In this case, when generators are being disconnected or
connected, the values of Z* and Y* remain almost unchanged, and therefore the parameters a,A, and n
do not change significantly.

It should be noted that the connection and disconnection of generators can be safe only if a stable
synchronous mode exists in the disturbed power grid, as well as in the initial power grid. Therefore,
first of all, it is necessary to have a mon-empty intersection of the regions of existence of stable steady
states of systems (1) corresponding to the initial and disturbed power grids. It is easy to show that such
a region (let us denote it by a) exists regardless of the size ratio between the initial and disturbed power
grids, the parameters of which satisfy condition (10). In general, the region a consists of three subregions
a;,t = 1,2,3, corresponding to various combinations of stable steady states of the initial and disturbed
systems (1). Possible combinations are given in Table, where N_ and N, denote, respectively, the sizes of
the smallest and largest of the power grids, that is, when disconnected (connected), the size of the initial
power grid is Ny (N_), and the disturbed one is N = N, —m (N = N_ +m).

If the parameters of the initial and disturbed power grids belong to the region ay, then there are
only homogeneous synchronous modes corresponding to the steady states O™ (see (5)) of the respective
systems (1). If the parameters belong to the region as, then in the initial power grid, in the case of the
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Table. Combinations of stable steady states of the initial and disturbed
systems (1)

’ a; N ‘ N_>1 Ny >2 ‘
ay Ohom Ohom
as QOhom Ohom and O;.nh’l, j=1,2,..,Ny
as O™ and O}nh’l, j=1,2,...,N_ Ohom

disconnection of generators (N = N, ), there are both homogeneous and heterogeneous synchronous modes
corresponding to the steady states O1°™ and O;-nh’l (see (8)) of the respective system (1), and in the case of
connection of generators (N = N_), there is only a homogeneous synchronous mode corresponding to the

steady state O2°™. Conwversely, in the disturbed power grid, if the generators are disconnected (N = N_),

there is only a homogeneous synchronous mode, and if the generators are connected (N = N, ), there are

both homogeneous and heterogeneous synchronous modes. Finally, in the region of as, the combination of

synchronous modes of the initial and disturbed power grids is completely opposite to as. Thus, the safe

disconnection of generators is always associated with the establishment of a homogeneous synchronous

mode in the disturbed power grid, while the safe connection of generators can be associated with the

establishment of both homogeneous and heterogeneous synchronous modes in it.

Fig. 2 shows the division of the parameter plane (o, A) into subregions a; for the case of disconnection
of a generator from the power grid of 6 generators (or, accordingly, connecting a generator to the
grid of 5 generators). Note that due to the specifics of the curves g and g1, the regions as and asg
shrink with decreasing parameter w and disappear with some wvalues of this parameter. Also, each of
the regions a;,i = 1,2,3, decreases with an increase in the number of generators that are simultaneously
disconnected/connected. At the same time, there are thresholds for the number of such generators, depending
on the parameter w, at which the regions as and as completely disappear.

6 0
4 Si(Ny, @) 1]
fi(N= @)
2 fi(N= )
-2 1 —g(N-, 1, )
AN R T N S A aq G (N=, a, )

0 a,

/@b 3
-2 A
41 —f(N=, @) -4
5 = f(Nypa) i (L R

TT/2 1 11 12 13 14 15 7/2
a 0 07 / b «

Fig. 2. Partition of the (a,A)-parameter plane — a and its enlarged fragment — b into the subregions a; € a,
corresponding to various combinations of stable steady states of the initial and disturbed systems (1), describing
the power grids before and after disconnection / connection generator. The parameter values: N = 4, Ny =
5, w= 3 (color online)
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3. Conditions for safe disconnection of generators

Let us now consider in more detail disconnection of generators from the power grid. In general, three
different disconnection scenarios are possible. First, the initial power grid can operate in a homogeneous
synchronous mode (regions a1 — az at N = N, ), before disconnection, corresponding to the steady state
of OY™(N,). Then the disturbed power grid (N = N_) will be in the following homogeneous state
immediately after disconnection:

7t = {CPl = cphom(NJr)7 yi =0, i= LT} : (11)

Secondly, the power grid can initially operate in one of the heterogeneous synchronous modes (region
ay at N = N, ). Let us assume that before disconnection, the power grid was in synchronous mode
corresponding to the steady state O}nh’l(N_i_). As noted in section 1, in this mode of the power grid, there
is another <heterogeneous» (j+1)-th load supply path, including (j + 1)-th generator, which, like the first
one, differs from the others in current and transmitted power. Therefore, the state of the power grid after
disconnection depends on a set of disconnected generators. If the set includes (j + 1)-th generator, which
is part of an additional <heterogeneouss load supply path, then after disconnection, the power grid will be

in the following homogeneous state:
7 = {(pi = —a+ 0N, yi=0, i= 1,N_} . (12)

If the (j + 1)-th <heterogeneous» generator is not included in the set, then after disconnection, the power
grid will be in one of the following heterogeneous states:

T = {cPk =—a+m-— qjgl)(NH, yr =0,

cpi:—a+<1>§1)(N+), y; =0, izl,N_,z';Ak;}, (13)
k=1,N_—1.

Note, however, that due to the permutation symmetry of the system (1), the modes established in the
disturbed power grid from any of these states have identical stability characteristics. Therefore, it is
sufficient to analyze the behavior of the power grid using only one of the states 17,?; as the initial one.

Next, we sequentially determine the parameter conditions under which a synchronous mode is
established in the disturbed power grid from each of the initial states T* — > ; these represent the conditions
for the safe disconnection of generators in the corresponding initial grid.

Note that for homogeneous initial states v and ©2, explicit analytical estimations of the regions of
synchronous mode establishment can be obtained. Indeed, due to the presence of permutation symmetry

in system (1), any solution for homogeneous initial conditions should have the form

@i(t) = @(t), vi(t) =y(t), i=1,N_, (14)

where the functions @(t) and y(t) obey the following system:

=Y,
. _ (15)
§=A—py— f(N_,a)sin(p — " (N_,a)).
After the transformations
Thew = fl/Q‘Ua Pnew = ¢ — Bhom(vaa% Ynew = y/f1/27 Y= A/f12/25 A= “’/fl/Qa
where f1/2 = +/f(N_,a), we get a system on the cylinder (G =8! x Rl) of the form
cpncw = Ynew;
(16)

ynew =Y—- )\ynew — sin Pnew
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where the dot indicates the derivative with respect to Tnew. System (16) describes, in particular, the
dynamics of a damped pendulum subject to a constant external torque (y) with a damping coefficient (\),
as well as the dynamics of a point superconducting Josephson junction. The dynamics of system (16) has
been studied in detail and is widely represented in the literature (see, for example, [36-38]).

From the definition of the region a = {ay, az,a3} it follows that |A| < f(N_,a), therefore, consider
system (16) at |y| < 1. It is known that the system in this case has two steady states:

Ol (anew = @1, Ynew = 0) and 02 (cpnew = @2, Ynew = 0)7

where @1 = arcsiny, ¢y = 1w — arcsiny. The steady state Oy is a stable node (or focus) and corresponds
to a homogeneous synchronous mode of the disturbed power grid, and Oy is a saddle.
If at the same time

A >\ = 1.22 [that is p > A f(N_,a)} (17)

LS A and |y < yT (V) |that is w < W /F(N_, @) and |A| < f(N_,a)yT<u/\/f(N_,(x))], (18)

where YT (\) is the Tricomi curve, then the steady state Oy is globally asymptotically stable and is
established in system (16) from any initial conditions, including those corresponding to the states ¥+
and 2. Therefore, disconnecting of the generators in this case is safe, regardless of the synchronous mode
iatially established in the initial power grid.

If the conditions (17) and (18) are not fulfilled, then on the phase cylinder of system (16), along
with the steady state O1, there is a rotational limit cycle corresponding to the asynchronous mode of the
disturbed power grid. In this case, the steady state of O is established in the system only from a part of
the initial conditions, and therefore disconnection of the generators may be unsafe. It is known that the
function

y2 Pnew .
Vo ) = 252 4 [ (sins - v) e (19)
P1

is a Lyapunov function for system (16) [39]. It is known that along the trajectories of system (16), that is,
with increasing time Thew, the level curves V(Qnew, Ynew) = C = const decrease. Let us take advantage of
this fact and estimate the area of attraction of O1. Fig. 3, a shows several level curves of V(®new, Ynew ),
with arrows indicating the vector field orientation of system (16). It can be seen that on the phase plane
of system (16) there is the region QV, which contains the steady state Oy and inside which all the level
curves are closed. Consequently, all trajectories of system (16) with initial conditions from the region QT
tend to the steady state O1. Note that the boundary of the region QT is determined by the part enclosed
between the points ¢o and @z of level curve V(Qnew, Ynew) = V (935,0), passing through the saddle Oy (see
Fig. 3, a), namely

2
Ynew

2

o+ = {cpnewv ynew|¢0 < Pnew < P2, — COS Pnew — YPnew = — COS P2 — Y¢2}a

where g is the smallest root of the equation cos +y@ = cos @ +Y@ps. Thus, in order for the synchronous
mode to be established after the generators are disconnected in the power grid, which is in state v'

(o = Q"™ (Ny), see Fig. 3, a) or #* (¢, = —a+ <I>§1)(N+)), the following conditions must be met

Po(N-) < g"™(N) < g2(N-) (20)

and .
@o(N_) < —a+ ®V(N,) < @a(N_). (21)
Fig. 3, b, ¢ shows estimates of the regions (agyy,) obtained from conditions (20) and (21) for safe
disconnection of one generator from the power grid of 4 generators (Ny = 4, N_ = 3), which is initially

in homogeneous and heterogeneous synchronous modes, respectively. Note that the conditions (20) and
(21) do not depend on the parameter w. Therefore, in the above areas, disconnection of the generator is
safe for any n > 0.
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Fig. 3. Disconnection of generators associated with the establishment of homogeneous states in the disturbed
power grid: a — qualitative form of the Lyapunov function for the disturbed power grid; b and ¢ — analytical
estimates of the regions of establishment of synchronous modes (a5, highlighted in green) from states 7' and 72,
respectively; d — numerically found regions corresponding to the establishment of synchronous (asyn, highlighted
in green) and asynchronous modes (@asyn, highlighted in red) from state @ for w = 0.5. To compare the subregions

ag%y and ag, the latter in (c) is depicted for p = 3.0. The parameter values: Ny =4, N_ = 3 (color online)

The regions of safe disconnection of one generator associated with the establishment of homogeneous
initial states in the disturbed power grid v' and ¥?, were also found numerically at different values of
the parameter w for the initial power grids of Ny = 43,54 and 65 generators. For this purpose, at fived
parameter values and the initial state, the corresponding system (1) was integrated at N = N_ = N; —1
and it was determined whether its trajectory tended to a steady state corresponding to synchronous mode,
or to some kind of attractor corresponding to the asynchronous mode. It has been established that for
w = 1.5 in all the considered power grids, disconnection is safe for any values of the parameters o and
A from the corresponding regions a and ao, that is, the areas of simultaneous existence of synchronous
modes in the initial and disturbed power grids. When the parameter W is decreased, subregions appear
in which asynchronous mode is set in the disturbed power grid, that is, disconnection becomes unsafe.
Fig. 3, d shows the partition of the parameter plane (a,A) at @ = 0.5 into regions corresponding to the
establishment of synchronous (asyn, highlighted in green) and asynchronous modes (aqsyn, highlighted in
red), for Ny = 4, N_ = 3 and the initial state of 7. A similar partition for the initial state of ¥ is not
given due to the smallness of the corresponding subregion of asynchronous behavior (unsafe disconnection,).
With a further decrease in w, the subregion of unsafe disconnection increase, reducing the region of safe
disconnection to analytically evaluated regions of agf,ﬁl (see Fig. 3, b, c).

The case of inhomogeneous initial states 0> of the disturbed power grid was analyzed numerically.
It is established that for each fixed value of n there are two critical values of the size of the initial power
grid. If the power grid is less than the minimal critical size, then at any values of the parameters a
and A from the corresponding regions as, synchronous mode is set in the changed power grid, that is,
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Fig. 4. Disconnection of generators associated with the establishment of one of the inhhomogeneous states ¥s, k =
1, N_ — 1, in the disturbed power grid: a—c¢ — numerically found regions corresponding to the establishment of

synchronous (asyn, highlighted in green) and asynchronous modes (@qsyn, highlighted in red) for Ny =4, N_ = 3,
Ny =5,N_ =4, and Ny = 6, N_ = 5, respectively. The parameter values: @ = 1.5 (color online)

disconnection of generators will always be safe. On the contrary, if the size of the power grid is greater
than the mazimal critical one, then for any values of the parameters from as, asynchronous mode is set in
the disturbed power grid, that is, disconnection of generators will always be unsafe. If the power grid has
some intermediate size, then the corresponding region as is divided into two subregions, corresponding
respectively to the safe and unsafe disconnection of generators. Fig. 4, a—c shows the division of the
parameter plane (o, A) at w = 1.5 into regions corresponding to the safe and unsafe disconnection of one
generator in the power grid of Ny = 4,5 and 6 generators.

4. Conditions for the safe connection of generators

Let us now consider connection of generators to the power grid. We assume that the rotors of the
connected generators are pre-accelerated to a rotation frequency close to the reference frequency of the
power grid. In general, two different connection scenarios are possible. First, the initial power grid can
operate in a homogeneous synchronous mode (regions a1 —as at N = N_ ) before connection, corresponding
to the steady state O}°™(N_). Then the disturbed power grid (N = Ny ) will be in the following state
immediately after connection

64 = {(pl = (phom(N_)’yi = O,Z = LN—;(Pk = cpgayk = y]g,k =N_+ 17N+}7 (22)
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where the coordinates ¢} = 81(0) — 89 and yQ = 8,(0) — &) are determined by the states of both
connected generators, so did the initial first generator. Since the rotor of the connected generators was
pre-accelerated, we assume that these coordinates have random values from the intervals cpg € [—m, x| and
y? = [y~,y"], where y* are calculated using the formula (3) for N = Ny.

If the initial power grid operates in one of the inhomogeneous synchronous modes (region as at
N = N_), then due to the symmetry of system (1), the coordinates of any of them can be used when
composing the vector of the initial state, for example, corresponding to the steady state O;"h’l(N_). In
this case, the disturbed power grid (N = N, ) will be in the following state immediately after connection

)7 Yj :O,
)

7 ={ @ =—a+a-o(N
—)s y1:07 i:LN—flal’#ja (23)

i = —a+ (N

Pk =9 Ye=yp k=N_+1,Ng }

To obtain the safe connection region, the following procedure was employed. For fized parameter
values based on (22) and (23), sets of initial states for the disturbed power grid were generated by randomly
sampling the coordinates cpg and yg, These states served as initial conditions for the numerical integration
of system (1) with N = N, to identify the resulting disturbed power grid behavior. The fraction of
trajectories converging to stable steady states was then calculated to estimate the probability of establishing

Psyn
-1.9 1
_ 1 Asyn,
1.95 0.8
2 as
Qprob 0.6
A-2.05
0.4
21
-2.15 1 0.2
22— : ‘ ‘ 0
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c o d (0%

Fig. 5. Connection of generators: a—c — probability Psy, of establishing a synchronous mode in the disturbed
power grid from a homogeneous state of the initial power grid for p = 1.50, p = 1.25 and p = 1.00, respectively;
d — probability of establishing a synchronous mode from an inhomogeneous state of the initial power grid for
w = 1.00. The parameter values: N_ =4, Ny =5 (color online)
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a synchronous mode (denoted as Pyyy ). Based on values of Pyyn, two distinct types of parameter subregions
are identified. The first type includes the subregions in which Psyn = 1, which we denote by asyn. With
the parameters of these subregions, connection of the generator is safe, since synchronous operation is
guaranteed in the disturbed power grid. The second type includes subregions where 0 < Py < 1, which
we denote by apron. For parameters from these subregions, the establishment of a synchronous mode is
probabilistic, so connection of the generator is unsafe.

Figure 5 shows the results for the case when one generator (N = 5) is connected to a power
grid containing five generators (N_ = 4). It was found that for the initial states v* and w > 2.00, the
subregion asyn completely coincides with a, which guarantees the safe connection of the generator to the
initial power grid. Otherwise, there are both types of subregions asyn and apron. The mutual arrangements
of these subregions at @ = 1.50,1.25 and 1.00 are shown in Fig. 5, a—c. When the parameter n is reduced,
the size of the subregion asyn decreases. The total size of the subregions aprob increases, and the mazximum
probabilities of Psyn in these subregions decrease. In turn, for the initial states U° and the parameter
values p > 1.25 the subregion agyy completely coincides with as, which guarantees a safe connection of the
generator to the initial power grid. If w < 1.25 (see Fig. 5, d), then along with the subregion asy, there is
a subregion apron, that is, the connection of the generator becomes unsafe. At the same time, it was found
that for parameters from the subregions asyn, a homogeneous synchronous mode is always established in
the disturbed power grid. In parts of the subregions aprob, where heterogeneous modes can coexist in the
disturbed power grid, the probability of their establishment does not exceed 0.13.

Conclusion

In this paper, we consider a power grid of an arbitrary number of generators operating on a common
passive linear load, in the case when one of the generators is «electricallys closer to the load (due to
a shorter transmission line and/or longitudinal reactance compensation). To describe the dynamics of
this network, a reduced effective network model in the form of an ensemble with a hub topology (the
«stars topology) is used. The problem of the stability of the power grid, initially operating in one of the
synchronous modes, to disconnection and connection of generators is studied. Using an approach based
on the Lyapunov direct (or second) method, conditions were found for the parameters that ensure the safe
disconnection of generators, including, if any, a generator involved in a <heterogeneouss load supply path,
which differs from the others in current and transmitted power. These estimates are validated numerically
for metworks of various sizes. The evolution of the area corresponding to the safe connection of a generator
to a five-generator power grid is also numerically traced.
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