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Abstract. Purpose of this work is to study the nonlinear dynamics and stability of the motion of a conducting thin
ring in the electromagnetic field of two circular inductors. Methods. The analysis is performed using asymptotic
methods of nonlinear mechanics. Numerical methods of bifurcation theory are used to study the average position of
a levitating body in the space of key suspension parameters over the period of a rapidly oscillating field. Results.
Assuming a slow evolution of the average position of a levitating body, the conditions for the occurrence and
parameters of drift are determined. The stability of the levitation regime is investigated in a refined asymptotic
formulation. Conclusion. It is shown that taking into account the possibility of slow evolution of the average
position of a levitating body leads to the formulation of a stability condition related to the relationship between
the dissipation of mechanical and electrical nature.
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Introduction

An electromagnetic suspension is an element of navigation, transportation, and electrical systems
[1] that operates based on the principle of electromagnetic levitation (EL) and balances the gravity
of a conducting rigid body (RB) using ponderomotive forces [2–6]. The design of EL-based devices
allows for high reliability [7], stability [8], and extended uptime [9, 10]. EL-based devices have found
applications in navigation instrumentation (micromechanical accelerometers [11], gyroscopes [12–15],
gravimeters/seismic sensors [16]), microoptoelectromechanical systems ( scanning micro mirrors) [11,
17,18], sorting manipulators [19], magnetic levitation trains [20,21], automotive suspension [22], wireless
energy transmission systems [23], devices for measuring the magnetic properties of liquids [24] and more.

When developing a non-contact suspension as an element of micromechanical inertial sensors, the
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levitation RB is usually made in the form of a simple geometric object (disk [7], ring [25], rectangular
plate [26], sphere [27]) and is made of a conductive material. The alternating electromagnetic field created
by the coil system [28, 29] induces eddy currents in the RB. Under certain conditions, the interaction of
the induction currents with the coil currents can lead to a stable levitation regime of the RB [3]. In
work [12], it is shown that in order to ensure the stability of the levitation state with respect to spatial
disturbances, it is necessary to introduce an additional inductor into the device design, which is powered
by a current that is in antiphase with the current of the main coil of a smaller radius.

Many works are devoted to analytical, numerical, and experimental studies of the regimes of
operation and characteristics of the electromagnetic suspension. In [7, 11, 13, 14, 30], the development
of an inertial sensor with a disk-shaped sensitive element based on the electromagnetic suspension
is discussed. In [31, 32], an experimental prototype of an electromagnetic suspension with volumetric
inductors (solenoids, spiral coils) is considered.

In works [33,34], analytical models of an accelerometer and a gyroscope, respectively, based on the
EL principle, are investigated. In [35], a linearized model of the oscillations of a levitating RB is studied.
In [7,36], the issues of choosing the optimal radii of the inductors and the disk-shaped RB are discussed.

In [37, 38], analytical calculations of the intrinsic and mutual inductances of wires and circuits
are performed. In [39, 40], estimates of the forces and rigidity of the sensitive element of the induction
suspension are provided. In [41], the stability of the induction suspension is investigated. The works [26,42]
are devoted to experimental and analytical studies of the collapse effect, which consists in the adhesion
of the electromagnetic suspension’s RB to the capacitor plates when the critical voltage is reached, both
for the disk-shaped and rectangular forms in terms of inertial masses. Numerical studies of the operation
regimes and force characteristics of the electromagnetic suspension device based on the finite element
method are presented in [34,43–46].

Analytical approaches to the study of the dynamics of the electromagnetic suspension of the RB
[26,33,34,42] are based on the key assumption of the constant levitating height. This assumption allows
us to linearize the system in the vicinity of the equilibrium position and obtain the stability conditions
for the conservative model. However, as the numerical analysis of the full nonlinear model shows, this
assumption is limited, and there is an unstable region of the suspension for small levitating heights. In
order to account for the significant feature of the body motion in the suspension (in reality, the averaged
levitating height over a rapidly oscillating field is a slow function of time), this paper develops an approach
with explicit modeling of the dependence of the levitating height on the slow time, which constitutes the
main scientific novelty of the study.

The main goal of this work is to analytically study the dynamics of a ring-shaped RB in the field
of two circular inductors, assuming that the levitation height is a slowly changing function of time, that
is, it drifts near its average position.

The work is structured as follows: Section 1 presents the construction of an analytical model of
RB vertical oscillations, Section 2 provides an asymptotic analysis of the dynamics of the original system
using the method of multiple scales, Section 3 presents the results of the study, and Section Conclusion
provides general conclusions about the work.

1. Mathematical model

The article considers a model of vertical movements of the RB of a non-contact inductive suspension
made in the form of a thin, non-deformable rectangular ring in an alternating electromagnetic field of
two circular inductors. A schematic representation of the device is shown in Fig. 1. A three-dimensional
model of a possible design of an electromagnetic suspension is presented in Fig. 2.

When an alternating current 𝑖𝑙 = 𝐼𝑙 sinω𝑡 (𝐼𝑙 and ω are the amplitude and frequency of the current
𝑖𝑙) is applied to the levitation inductor of average radius 𝑟𝑙 and thickness 𝑡𝑙 (Fig. 1 shows it as number
3) , an alternating electromagnetic field is generated that interacts with the field of eddy currents in
the RB volume, which is shaped like a square-section ring of average radius 𝑟𝑝𝑚 and thickness 𝑡𝑝𝑚 (Fig.
1 shows it as number 1). The Ampere force between the current 𝑖𝑙 and the induced current 𝑖𝑝𝑚 can,
under certain conditions, lead to RB levitation (compensate for gravity and ensure stable motion). The
stabilizing inductor, which carries the current 𝑖𝑠 = 𝐼𝑠 sinω𝑡 (𝐼𝑠 and ω are the amplitude and frequency
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Fig. 1. Schematic view of inductive non-contact suspension; 1 — rigid body (RB), 2 and 3 — stabilizing and
levitation coils, respectively (color online)

of the current 𝑖𝑠), shown as number 2 in Fig. 1, prevents lateral and angular displacements of the RB
and ensures spatial stability. The resulting electromagnetic field is a superposition of the electromagnetic
fields generated by the levitation and stabilizing inductions. The parameter 𝐼𝑠 can take both positive and
negative values: 𝐼𝑠/𝐼𝑙 = 1 corresponds to the case of in phase currents 𝑖𝑙 and 𝑖𝑠, 𝐼𝑠/𝐼𝑙 = −1 corresponds
to out of phase currents, and, 𝐼𝑠/𝐼𝑙 = 0 corresponds to the absence of current in the stabilizing inductor.
Changing the value of 𝐼𝑠 changes both the amplitude and the direction of the current 𝑖𝑠.

The system of RB oscillation equations in dimensionless form is written as follows [47]:

ξ′′𝑙 + 𝜀2λξ′𝑙 = 𝜀2
(︀
α𝑚ξ𝑙𝑗𝑝𝑚 sin τ− 1

)︀
, 𝑗′𝑝𝑚 + 𝑟𝑗𝑝𝑚 = −𝑚 cos τ−𝑚ξ𝑙ξ′𝑙 sin τ,

(1)

where
ξ𝑙 =

𝑙

𝑟𝑙
, ξ𝑙0 =

𝑙0
𝑟𝑙
, 𝑗𝑠 =

𝐼𝑠
𝐼𝑙
, 𝑗𝑝𝑚 =

𝑖𝑝𝑚
𝐼𝑙

, τ = ω𝑡, 𝜀2 =
𝑔

ω2𝑟𝑙
, α =

𝐿𝑝𝑚𝐼2𝑙
𝑚̂𝑔𝑟𝑙

, 𝑟 =
𝑅𝑝𝑚

𝐿𝑝𝑚ω
,

λ =
λ𝑙
𝑚̂ω

, 𝑏𝑙 =
𝑟𝑝𝑚
𝑟𝑙

, 𝑏𝑠 =
𝑟𝑝𝑚
𝑟𝑠

, κ̂2𝑙 =
4𝑏𝑙

(1 + 𝑏𝑙)2 + ξ2𝑙
, κ̂2𝑠 =

4𝑏𝑠

(1 + 𝑏𝑠)2 + ( 𝑏𝑠𝑏𝑙 )
2ξ2𝑙

,

𝑚𝑙,𝑠|𝑝𝑚 =
𝑀𝑙,𝑠|𝑝𝑚

𝐿𝑝𝑚
=

𝑤𝑙,𝑠

𝐿̂

Φ(κ̂𝑙,𝑠)√︀
𝑏𝑙,𝑠

, Φ(κ̂𝑙,𝑠) =
(︂

2

κ̂𝑙,𝑠
− κ̂𝑙,𝑠

)︂
𝐾(κ̂2𝑙,𝑠)−

2

κ̂𝑙,𝑠
𝐸(κ̂2𝑙,𝑠),

𝑚 = 𝑚𝑙|𝑝𝑚 + 𝑗𝑠𝑚𝑠|𝑝𝑚, 𝐿̂ = ln(
8𝑟𝑝𝑚
𝑆𝑝𝑚

)− 2,

𝑆𝑝𝑚 = exp (ln 𝑡𝑝𝑚 +
1

3
(ln 2 + π)− 25

12
) ≈ 0.44705𝑡𝑝𝑚,

(2)

Fig. 2. Three-dimensional model of inductive non-contact suspension (color online)
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𝑡 is the time, 𝑔 is the acceleration of free fall, 𝑚̂ is the mass of the RB, 𝑅𝑝𝑚 is the electrical resistance
of the RB, λ𝑙 is the coefficient of viscous energy dissipation into the environment, 𝐿𝑝𝑚 = µ0𝑟𝑝𝑚𝐿̂ is the
intrinsic inductance of the RB, 𝑀𝑙|𝑝𝑚 is the mutual inductance between the levitation coil and the RB,
𝑀𝑠|𝑝𝑚 is the mutual inductance between the stabilization coil and the RB, κ̂𝑙,𝑠 are the elliptic modules;
𝐾(κ̂2𝑙,𝑠), 𝐸(κ̂2𝑙,𝑠) are the complete elliptic integrals of the first and second kinds, respectively, κ̂𝑙,𝑠 are the
elliptic modules, ( )′ = 𝜕

𝜕τ , ( )ξ𝑙 = 𝜕
𝜕ξ𝑙

, 𝑙 is the vertical displacement of the RB, 𝑙0 is the characteristic
scale of the vertical displacement, which is taken to be equal to the coordinate of the middle position
of the RB; 𝑤𝑙,𝑠 is the number of turns in the levitation and stabilization coils, and 𝑆𝑝𝑚 is the average
geometric cross-section of the RB [37,38].

It should be noted that the right-hand sides of system (1) depend nonlinearly on the unknown
variables ξ𝑙 and 𝑗𝑝𝑚 due to the presence of terms containing mutual inductance and its derivatives.

When choosing the operating regime of the suspension, it is important to ensure that the fast
electrical and slow mechanical motions are separated. In this case, the parameter 𝜀, which represents the
ratio of the squares of the characteristic frequencies of the mechanical and electrical nature, is small. This
feature of the basic system of equations allows the use of asymptotic methods of nonlinear mechanics for
constructing approximate solutions and analyzing stability.

2. Construction of an asymptotic solution

To find a uniformly suitable solution to system (1) , we use the method of multiple scales [48]. To
do this, we represent the desired functions as the following expansions in a small parameter 𝜀:

𝑗𝑝𝑚(𝜀, 𝑇0, 𝑇1, 𝑇2) = 𝑗0(𝑇0, 𝑇1, 𝑇2) + 𝜀𝑗1(𝑇0, 𝑇1, 𝑇2) + 𝜀2𝑗2(𝑇0, 𝑇1, 𝑇2),

ξ𝑙(𝜀, 𝑇0, 𝑇1, 𝑇2) = ξ𝑙0(𝑇1, 𝑇2) + 𝜀ξ𝑙1(𝑇0, 𝑇1, 𝑇2) + 𝜀2ξ𝑙2(𝑇0, 𝑇1, 𝑇2),

𝑚(𝜀, 𝑇0, 𝑇1, 𝑇2) = 𝑚0 +𝑚𝑙(ξ𝑙 − ξ𝑙0) +
1

2
𝑚𝑙𝑙(ξ𝑙 − ξ𝑙0)2,

𝜕

𝜕τ
= 𝐷0 + 𝜀𝐷1 + 𝜀2𝐷2,

𝜕2

𝜕τ2
= 𝐷2

0 + 2𝜀𝐷0𝐷1 + 𝜀2
(︀
𝐷2

1 + 2𝐷0𝐷2

)︀
,

(3)

where 𝑇𝑛 = 𝜀𝑛τ, 𝐷𝑛 = 𝜕
𝜕𝑇𝑛

, 𝑚0 = 𝑚(ξ𝑙0), 𝑚𝑙 = 𝑚ξ𝑙(ξ𝑙0), 𝑚𝑙𝑙 = 𝑚ξ𝑙ξ𝑙(ξ𝑙0).
Substituting (3) into (1) and equating the coefficients with the same powers of 𝜀, we obtain 𝜀0

𝐷0𝑗0 + 𝑟𝑗0 = −𝑚𝑙𝐷0ξ𝑙0 sin𝑇0 −𝑚0 cos𝑇0, 𝐷2
0ξ𝑙0 = 0, (4)

𝜀1

𝐷0𝑗1 + 𝑟𝑗1 = −𝐷1𝑗0 − ξ𝑙1𝑚𝑙 cos𝑇0 − (𝑚𝑙 (𝐷0ξ𝑙1 +𝐷1ξ𝑙0) +𝑚𝑙𝑙ξ𝑙1𝐷0ξ𝑙0) sin𝑇0,

𝐷2
0ξ𝑙1 = −2𝐷0𝐷1ξ𝑙0,

(5)

𝜀2

𝐷0𝑗2 + 𝑟𝑗2 = −𝐷1𝑗1 −𝐷2𝑗0 −
(︂
𝑚𝑙ξ𝑙2 +

𝑚𝑙𝑙ξ2𝑙1
2

)︂
cos𝑇0−

− ((𝐷0ξ𝑙2 +𝐷1ξ𝑙1 +𝐷2ξ𝑙0)𝑚𝑙 + (ξ𝑙2𝐷0ξ𝑙0 + (𝐷0ξ𝑙1 +𝐷1ξ𝑙0) ξ𝑙1)𝑚𝑙𝑙) sin𝑇0,

𝐷2
0ξ𝑙2 = −2𝐷0𝐷1ξ𝑙1 − 2𝐷0𝐷2ξ𝑙0 −𝐷2

1ξ𝑙0 − λ𝐷0ξ𝑙0 + α𝑚𝑙𝑗0 sin𝑇0 − 1,

(6)

𝜀3

𝐷0𝑗3 + 𝑟𝑗3 = −𝐷1𝑗2 −𝐷2𝑗1 − (𝑚𝑙(𝐷2ξ𝑙1 +𝐷1ξ𝑙2 +𝐷0ξ𝑙3)+

+𝑚𝑙𝑙ξ𝑙1(𝐷2ξ𝑙0 +𝐷1ξ𝑙1 +𝐷0ξ𝑙2) +𝐷0ξ𝑙0𝑚𝑙𝑙ξ𝑙3+

+𝑚𝑙𝑙ξ𝑙2(𝐷1ξ𝑙0 +𝐷0ξ𝑙1)) sin𝑇0 − (𝑚𝑙ξ𝑙3 +𝑚𝑙𝑙ξ𝑙1ξ𝑙2) cos𝑇0,

𝐷2
0ξ𝑙3 = −2𝐷0𝐷1ξ𝑙2 − 2𝐷0𝐷2ξ𝑙1 −𝐷2

1ξ𝑙1 − 2𝐷1𝐷2ξ𝑙0−

−λ(𝐷0ξ𝑙1 +𝐷1ξ𝑙0)− α(𝑚𝑙𝑗1 +𝑚𝑙𝑙ξ𝑙1𝑗0) sin𝑇0.

(7)
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The partial solution of equation (4) can be represented as

ξ𝑙0 = ξ𝑙0(𝑇1, 𝑇2), 𝑗0 = −𝑚0 cos γ sin(𝑇0 + γ), (8)

where tan γ = 𝑟.
Note that the expression for ξ𝑙0 does not include a linearly growing, obviously secular term of the

general solution of the homogeneous equation; the expression for the current 𝑗0 also does not include the
aperiodic transition term in the solution.

The solution of system (5) is written as

ξ𝑙1 = 0, 𝑗1 =
1− cos 4γ

4
𝑚𝑙𝐷1ξ𝑙0 cos𝑇0 +

sin 4γ
4

𝑚𝑙𝐷1ξ𝑙0 sin𝑇0. (9)

Taking into account (9), the second equation in (6) is written as

𝐷2
0ξ𝑙2 = −𝐷2

1ξ𝑙0 −
α cos2 γ

2
𝑚0𝑚𝑙 − 1 +

α cos γ
2

𝑚0𝑚𝑙 cos(2𝑇0 + γ). (10)

In order to get rid of the secular terms in the equation for ξ𝑙2, let us put

𝐷2
1ξ𝑙0 = −α cos

2 γ
2

𝑚0(ξ𝑙0)𝑚𝑙(ξ𝑙0)− 1, (11)

where from
ξ𝑙2 = −α cos γ

8
𝑚0𝑚𝑙 cos(2𝑇0 + γ). (12)

Equation (11) defines the slow evolution of the levitation height ξ𝑙0.
Multiply (11) by the value 𝑑ξ𝑙0, integrate the displacement ξ𝑙0 in the range [ξ𝑠𝑡 ξ𝑙0], and obtain

𝑑𝑇1 = ± 1√
2

𝑑ξ𝑙0√︁
ℎ(𝑇2) + ℎ0 − ξ𝑙0 − α cos2 γ

4 𝑚2
0

, (13)

where ℎ0 = ξ𝑠𝑡 + α cos2 γ
4 𝑚2

0(ξ𝑠𝑡), ℎ(𝑇2) is an integration constant, and ξ𝑠𝑡 is the equilibrium position of
the dynamic system, which is determined by setting the right-hand side of the equation to zero (11):

α cos2 γ
2

𝑚0(ξ𝑠𝑡)𝑚𝑙(ξ𝑠𝑡) + 1 = 0. (14)

The stability of the equilibrium position ξ𝑠𝑡 is determined by

𝜕

𝜕ξ𝑙0

(︂
𝑚0(ξ𝑠𝑡)𝑚𝑙(ξ𝑠𝑡) +

2

α cos2 γ

)︂
> 0 ⇒ 𝑚2

𝑙 (ξ𝑠𝑡) +𝑚0(ξ𝑠𝑡)𝑚𝑙𝑙(ξ𝑠𝑡) > 0, (15)

which agrees with the results obtained from studying small oscillations of the electromagnetic suspension
near the average position of the RB ξ𝑠𝑡 [35].

Assuming that the RB oscillates near its average position ξ𝑠𝑡, we expand the radical in a Taylor
series and rewrite (13) as

𝑑𝑇1 = ± 1√
2

𝑑𝑦√︀
ℎ(𝑇2)− 𝑏𝑦2

, (16)

where 𝑦 = ξ𝑙0 − ξ𝑠𝑡, 𝑏 = α cos2 γ
4

(︀
𝑚0(ξ𝑠𝑡)𝑚𝑙𝑙(ξ𝑠𝑡) +𝑚2

𝑙 (ξ𝑠𝑡)
)︀
.

Equation (16) gives a quadrature solution for the oscillations of an equivalent linear oscillator.
After integrating the left and right sides of (16), we obtain

𝑇1 =
1√
2

1√
𝑏
arcsin

√︃
𝑏

ℎ(𝑇2)
(ξ𝑙0 − ξ𝑠𝑡), (17)

from which
ξ𝑙0 = ξ𝑠𝑡 +

√︂
ℎ(𝑇2)

𝑏
sin

√
2𝑏𝑇1. (18)
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Solution (18) indicates the fact of slow oscillations (drift) of the levitation height ξ𝑙0 near the

equilibrium position ξ𝑠𝑡 with an amplitude of
√︁

ℎ
𝑏 and a frequency of

√
2𝑏.

Substituting (8), (9), (12) into the second equation in (7), we obtain

𝐷2
0ξ𝑙3 = −2𝐷1𝐷2ξ𝑙0 −

(︂
λ− α sin 4γ

8
𝑚2

𝑙

)︂
𝐷1ξ𝑙0+n.s.t., (19)

where n.s.t. stands for non-secular terms [48].
The condition for the absence of secular terms in (19) leads to the following relationship

𝐷1𝐷2ξ𝑙0 = −1

2

(︂
λ− α sin 4γ

8
𝑚2

𝑙

)︂
𝐷1ξ𝑙0. (20)

After substituting (18) into (19), we obtain

𝐷2

√
ℎ = −1

2

(︂
λ− α sin 4γ

8
𝑚2

𝑙

)︂√
ℎ. (21)

Equation (21) describes the slow change of the total mechanical energy of the nonlinear oscillator
(11), measured from the minimum of its potential energy.

The equilibrium state ℎ* (21) is determined from the equality of its right-hand side to zero:

ℎ* = 0, (22)

which corresponds to ξ𝑙0 = ξ𝑠𝑡.
The stability of the equilibrium state ℎ* is determined by

λ− α sin 4γ
8

𝑚2
𝑙 (ξ𝑠𝑡) > 0 (23)

or, taking into account (14)

λ+ cos 2γ tan γ
𝑚𝑙(ξ𝑠𝑡)
𝑚0(ξ𝑠𝑡)

> 0. (24)

Inequality (24) defines the regions in the parameter space of the system in which total mechanical
energy (21) ℎ does not increase with time. It can be seen that condition (24) expresses the relationship
between the mechanical λ and electrical cos 2γ tan γ𝑚𝑙(ξ𝑠𝑡)

𝑚0(ξ𝑠𝑡)
dissipation, the sign of which determines the

stability of the RB levitating motion.
Thus, the asymptotic approximation of the solution to the initial problem (1) takes the form

ξ𝑙 = ξ𝑠𝑡 +

√︂
ℎ(𝜀2τ)

𝑏
sin

√
2𝑏𝜀τ+

𝜀2

4 cos γ
cos(2τ+ γ), 𝑗𝑝𝑚 = −𝑚0 cos γ sin(τ+ γ), (25)

where ℎ(𝜀2τ) is determined from solution (21).
The steady state solution, when condition (24) of no drift of the RB average position is satisfied,

has the form

ξ𝑙 = ξ𝑠𝑡 +
𝜀2

4 cos γ
cos(2τ+ γ), 𝑗𝑝𝑚 = −𝑚0(ξ𝑠𝑡) cos γ sin(τ+ γ), (26)

where the relationship between α and ξ𝑠𝑡 is taken into account according to (14). The stability of ξ𝑠𝑡 is
determined from (15).

3. Results

Next, we compare the analytical results according to (26) with the data from a numerical calculation
performed in the Matlab software package (system (1) was integrated using the built-in ode45 function
with the initial conditions [ξ𝑙, ξ′𝑙, 𝑗𝑝𝑚]τ=0 = [0.4, 0, 0] [49]). The parameters used for the calculation are
listed in Table 1.
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Table 1. System’s parameters

Parameter λ 𝜀 𝑏𝑙 α γ 𝑤𝑙 𝑤𝑠 𝑟𝑙 𝑟𝑠 𝑡𝑝𝑚 𝑗𝑠

Value 10 0.01 1.2 0.2534 0.61 14 12 1 mm 1.9 mm 0.1 mm −0.5

0 20 40 60 80 100 120
0.38

0.39

0.4

0.41

0.42

0 20 40 60 80 100 120

-0.5

0

0.5

a b
Fig. 3. Graph comparing dimensionless value of a — RB displacement, b — induced current from dimensionless
time 𝑇0 in case of direct numerical calculation (black solid lines) and analytical equations (26) (dotted red line)
(color online)

Fig. 3 shows the graph comparison of the RB oscillations and induced current in the case of
numerical calculation and analytical expressions (26).

Fig. 3 shows that the analytical solution (26) coincides with the numerical results to a sufficient
degree of accuracy in the case of steady state RB oscillations.

To study the bifurcations of the equilibrium states of dynamic system (11) depending on the system
parameters, the MatCont software package of numerical algorithms for bifurcation theory is used [50].
Fig. 4, a – 6, a show the dependence of the average position of the RB ξ𝑙0 on the parameters α, 𝑗𝑠, γ. The
solid lines represent stable equilibrium positions, while the dotted lines represent unstable equilibrium
positions. The pink circles indicate the bifurcation points, which separate the region of no equilibrium
states in the parameter space from the region of two (or one in the case of bifurcation) non-trivial
equilibrium positions. The calculated and averaged values of the levitation height of system (1) using the
ode45 function are denoted by square symbols. Fig. 4, b – 6, b show the characteristic zones where an
equilibrium position exists (II) / or does not exist (I) depending on the system parameters.

Fig. 4, a, b shows the dependence of the average position of RB ξ𝑙0 on the parameter α, which
is directly proportional to the square of the amplitude of the current of the levitation coil 𝐼𝑙, when the
parameter 𝑗𝑠 is varied. It can be seen that there are «critical» values of the parameter α = α𝑐𝑟𝑖𝑡 (the

a b
Fig. 4. a — Dependence of the average position of RB ξ𝑙0 on the parameter α at 𝑗𝑠 = −0.5, 0, 0.5 (red, blue, black
lines, respectively); the pink line (LP) indicates the zone of separation of stable (solid lines) and unstable (dashed
lines) branches when varying the parameter 𝑗𝑠 = [−1; 1]; b — depiction of characteristic zones of existence and
nonexistence of equilibrium positions at 𝑗𝑠=0, 𝜀 = 0.001, 𝑟𝑙 = 1 mm, 𝑟𝑠 = 1.9 mm, 𝑡𝑝𝑚 = 0.1 mm, 𝑤𝑙 = 14,
𝑤𝑠 = 12, λ = 10, γ = 0 (color online)
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a b

Fig. 5. a — Dependence of the average position of RB ξ𝑙0 on the parameter 𝑗𝑠 at α = 5, 10, 15 (red, blue, black
lines, respectively); the pink line (LP) indicates the zone of separation of stable (solid lines) and unstable (dashed
lines) branches when varying the parameter α = [0.38; 74.14]; b — depiction of characteristic zones of existence
and nonexistence of equilibrium positions at α=5, 𝜀 = 0.001, 𝑟𝑙 = 1 mm, 𝑟𝑠 = 1.9 mm, 𝑡𝑝𝑚 = 0.1 mm, 𝑤𝑙 = 14,
𝑤𝑠 = 12, λ = 10, γ = 0 (color online)

minimum magnitude of the current amplitude of the levitation coil 𝐼𝑙) and the corresponding «critical»
values of the parameter ξ𝑙0 = ξ𝑐𝑟𝑖𝑡, indicating the case of fusion (with subsequent disappearance) of
equilibrium states such as «saddle» and «center». As the parameter 𝑗𝑠 increases, the value of α𝑐𝑟𝑖𝑡
decreases, and ξ𝑐𝑟𝑖𝑡 increases. The boundary separating the zones of stable and unstable equilibrium
branches is represented by a pink line (LP). Pink diamonds indicate the boundary values of the variation
of the parameter 𝑗𝑠 in the range [−1; 1].

Fig. 5, a, b shows the dependence of the average position of RB ξ𝑙0 on the parameter 𝑗𝑠, which
denotes the ratio of the amplitudes of the currents of the levitating and stabilizing coils for different values
of the parameter α. With an increase in the amplitude of the stabilizing current, which is antiphase to
the current of the levitation coil, the equilibrium position disappears. This is explained by the fact that
with an increase in the amplitude of the current of the stabilizing coil, the stabilizing and levitation coils
compensate for the magnetic flux through the RB, which leads to a decrease in the induced current,
which leads to the disappearance of the average position of the RB. This in turn causes the RB to be
attracted to the coils. The dividing line of stable/unstable equilibrium positions is represented when the
parameter α varies in the range of [0.38; 74.14].

Fig. 6, a, b shows the dependence of the levitation height ξ𝑙0 on the parameter γ, which denotes the
phase difference between the currents 𝑖𝑙, 𝑖𝑠 and 𝑖𝑝𝑚. It can be seen that ξ𝑙0 decreases and as it approaches
the «critical» value of γ = γ𝑐𝑟𝑖𝑡, the levitation regime disappears. This follows from the fact that when
the phase difference between the currents 𝑖𝑙, 𝑖𝑠 and 𝑖𝑝𝑚 increases to the value γ𝑐𝑟𝑖𝑡 they can begin to
attract, which leads to a malfunction of the device. At 𝑗𝑠 = 1, that is, if in phase currents are applied to
the levitating and stabilizing coils, it can be seen that at γ𝑐𝑟𝑖𝑡 ≈ π/2 levitation is not observed.

Fig. 4–6 shows that the «saddle–center» bifurcation corresponds to the boundary value of the
variable parameter and defines the region of parameters at which the equilibrium position RB exists. A
further stage of the investigation of the bifurcation, which corresponds to one of the pairs of the parameter
set (α*, γ*, 𝑗*𝑠 ), consists in continuing consideration of the equilibrium position ξ𝑐𝑟𝑖𝑡 according to one of
the active parameters (α, γ or 𝑗𝑠) [50]. To determine the area of existence of the equilibrium position on
the planes of the parameters (α, 𝑗𝑠), (γ, 𝑗𝑠), (α, γ) let us carry out the continuation by the parameter of
the bifurcation point. The point of confluence of stable and unstable equilibria is chosen for continuation.
It is this point that continues above the studied planes and gives the boundary of the area of existence
of the average position of the RB. Fig. 7, а shows the continuation of the bifurcation point (pink line),
Fig. 7, b–d denote the zones of absence (I) and presence of two equilibrium states (II) in the parameter
space of the system under study.

Fig. 8, a–d shows the stability regions (gray area) of the middle position of RB ξ𝑙0 according to
(15) (black lines), (24) (red lines) at γ = 0.2, λ = 0.4. The blue crosses indicate the results of direct
integration of system (1).

Fig. 8 shows the stability regions of the middle position of RB.
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a b
Fig. 6. a — Dependence of the average position of RB ξ𝑙0 on the parameter γ at α = 5, 10, 15 (red, blue, black
lines, respectively); the pink line (LP) indicates the zone of separation of stable (solid lines) and unstable (dashed
lines) branches when varying the parameter α = [0.38; 47.56]; b — depiction of characteristic zones of existence
and nonexistence of equilibrium positions at α = 5, 𝜀 = 0.001, 𝑟𝑙 = 1 mm, 𝑟𝑠 = 1.9 mm, 𝑡𝑝𝑚 = 0.1 mm, 𝑤𝑙 = 14,
𝑤𝑠 = 12, λ = 10, 𝑗𝑠 = 0 (color online)

a b

c d
Fig. 7. a — Dependence of ξ𝑙0 at the saddle-center bifurcation point on parameters α, 𝑗𝑠 (pink line); red, blue,
black lines — manifold of solutions of ξ𝑙0 at varying parameters α, 𝑗𝑠 respectively; b–d — image of zones in the
parameter space of the system corresponding to the conditions of the absence and presence of equilibrium states
(color online)
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a b

c d
Fig. 8. Evolution of the stability region (gray areas) of the average position of RB ξ𝑙0 at: a — 𝑗𝑠 = 0, b —
𝑗𝑠 = −0.5, c — 𝑗𝑠 = −0.75, d — 𝑗𝑠 = −1, 𝑟𝑙 = 1 mm, 𝑟𝑠 = 1.9 mm, 𝑡𝑝𝑚 = 0.1 mm, 𝑤𝑙 = 14, 𝑤𝑠 = 12, λ=0.4,
γ=0.2, 𝑏𝑠 = 𝑟𝑙

𝑟𝑠
𝑏𝑙 according to the formulas (15) (black lines), (24) (red lines); blue crosses — results of direct

integration of the system (1) (color online)

Fig. 9, a–c shows graphs comparing RB oscillations in the case of numerical calculation for various
system parameters (ξ𝑙0, 𝑏𝑙), corresponding to the cases: a — stable oscillations (gray area in Fig. 8), b —
unstable oscillations based on a violation of condition (15), c — unstable oscillations under the assumption
of violation of condition (24).

Fig. 9, a–c shows that if all inequalities are met in (15), (24) RB oscillations are steady state; if
at least one of the inequalities (15), (24) RB movements are divergent.

Fig. 10 shows the dependence of the RB levitation height on time 𝑇0, obtained as a result of
numerical calculation in violation of condition (24) in the range 𝑇0 = [1200; 1250]. The black line (1)
indicates the numerical solution, and the red line (2) indicates the analytical estimate of the drift of the
average position of sin

√
2𝑏𝜀τ, corresponding to expression (25).

As a numerical example, let us estimate the natural frequency and stiffness of an RB made in the
form of a thin ring. The physical parameters taken from [51] and accepted for analytical evaluation are
shown in Table 2. Here ρ, ρ𝑒𝑙 are the density and electrical resistivity of the RB material.

Table 2. Physical and geometric parameters of the suspension

Parameter 𝑟𝑙 𝑟𝑠 𝑟𝑝𝑚 𝑡𝑝𝑚

Value 1000 µm 1900 µm 1600 µm 25 µm

Parameter 𝑤𝑙 𝑤𝑠 ρ ρ𝑒𝑙

Value 20 12 2700 kg/m3 0.026 µΩ m

Parameter ω 𝐼𝑙 𝐼𝑠 𝑚̂

Value 12 MHz 0.11 A −0.106 A 5.4×10−7 kg

Parameter 𝑅𝑝𝑚 𝑔 µ0 𝐿𝑝𝑚

Value 0.42 ohm 9.8 m/s2 4π× 10−7 H/m 10.14 nH
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Fig. 9. Graphs of dependence of dimensionless RB displacement on dimensionless time 𝑇0 in the case of direct
numerical calculation for: a — (𝑏𝑙, ξ𝑙0) = (1, 1), b — (2, 0.2), c — (1, 0.2); 𝑗𝑠 = 0, 𝑟𝑙 = 1 mm, 𝑟𝑠 = 1.9 mm,
𝑡𝑝𝑚 = 0.1 mm, 𝑤𝑙 = 14, 𝑤𝑠 = 12, λ = 0.4, γ = 0.2

In [35] , we analytically obtained an estimate for the dimensionless natural frequency ω𝑙:

ω̂𝑙 = 𝜀

√︃
−
𝑚2

𝑙 +𝑚0𝑚𝑙𝑙

𝑚0𝑚𝑙
, (27)

from where the dimensional natural frequency ω𝑙 and stiffness 𝑐𝑙 are calculated as

ω𝑙 = ωω̂𝑙, 𝑐𝑙 = 𝑚̂ω2
𝑙 . (28)

As can be seen from Fig. 10, violation of condition (24) leads to a drift of the average position
ξ𝑙0, which is superimposed by oscillations with a dimensionless frequency equal to two. Fig. 11 shows the
dependence of the stiffness of the system 𝑐𝑙 from the height of levitation RB 𝑙 (25).

Fig. 11 shows that there are three characteristic zones of dependence of stiffness 𝑐𝑙 on the height
of levitation 𝑙. In the zone of small values of 𝑙 (red area (I)), the value of 𝑐𝑙 takes on negative values (they
are not shown in Fig. 11). In the purple region (II), there is a monotonous increase in 𝑐𝑙 until reaching a
maximum of 𝑐𝑙=𝑐𝑚𝑎𝑥

𝑙 , in the green region (III), with an increase in 𝑙, the value of 𝑐𝑙 decreases.
Summarizing the above, we emphasize the key features of the RB levitation regime in induction

suspension, identified during the study:
Original model (1) has no equilibrium position, only a «fast» oscillatory solution that can be stable

or unstable. The oscillation has an «average position», defined as the result of averaging the coordinate
on a time scale that is significantly longer than the oscillation period but significantly shorter than other
(«slow») time scales of the system dynamics.

The dynamics in slow time 𝑇1, described by equation of the conservative nonlinear oscillator (11),
may or may not have one or more equilibrium positions ξ𝑠𝑡, each of which may be stable or not, depending
on the fulfillment of stability condition (15). If the equilibrium position ξ𝑠𝑡 is stable, then system (11)

T0

1200 1210 1220 1230 1240 1250

ξ l

0.15

0.2

0.25

1

2

Fig. 10. Graph of the dependence of the dimensionless displacement of the RB on the dimensionless time 𝑇0 in
the case of direct numerical calculation for (𝑏𝑙, ξ𝑙0) = (1, 0.2); 𝑗𝑠 = 0, 𝑟𝑙 = 1 mm, 𝑟𝑠 = 1.9 mm, 𝑡𝑝𝑚 = 0.1 mm,
𝑤𝑙 = 14, 𝑤𝑠 = 12, λ = 0.4, γ = 0.2. Range 𝑇0 = [1250 1240] (color online)
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Fig. 11. Graph of dependence of stiffness 𝑐𝑙 of the system on the levitation height 𝑙 (color online)

has a «slow» oscillatory solution (18) in its vicinity; This oscillatory solution is an approximation of slow
motion («drift») the «average position» of the original model.

The amplitude dynamics 𝐴 =
√︀
ℎ(𝑇2)/𝑏 of oscillatory solution (18) in an even slower time 𝑇2 is

described by 1st order equation (21) having an equilibrium state of ℎ = 0. The stability of this state, in
turn, is determined by condition (24). If condition (24) is fulfilled, then the slow oscillations («drift of
the average position») fade (the total asymptotic solution is stable), otherwise they increase (the total
solution is unstable).

Conclusion

In this paper, an analytical model of one-dimensional nonlinear oscillations of a sensitive element
of an electromagnetic suspension made in the form of a thin ring made of a conductive material is
constructed. An approximate solution to the dynamics issue has been found using asymptotic methods
of nonlinear mechanics. Assuming a slow evolution of the average position of the RB, the conditions for
the occurrence and parameters of the drift of a levitating rigid body are determined. The stability of the
stationary levitation regime is investigated in a refined asymptotic formulation. It is shown that taking
into account the possibility of a slow evolution of the average height of levitation leads to the formulation
of a stability condition related to the relationship between the dissipation of mechanical and electrical
nature.
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