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Abstract. Purpose of the work is to research the phenomenon of the self-oscillation of the economic cycles for
the model of the network with different types of element couplings (cooperative and competitive). As the element
of the production network there are considered the typical system of automatic control of the added value, which
determines the profitability of production. Methods. The research methods of the theory of nonlinear dynamic
systems. Results. Modeling of nonlinear dynamics of small ensembles of connected production elements indicates
the significant role of connections, in particular, the antagonistic (competitive) relationships lead to the emergence
of regular and irregular economic fluctuations (cycles).
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Introduction

Modern applied nonlinear dynamics studies processes and systems with extreme complexity.
These tasks affect not only technical, physical, chemical, but also biological and socio-economic
applications. The problems of the dynamics of economic systems are largely related to the study of
economic fluctuations — cycles and primarily with their origin [1-4]. In this paper, we consider the
model dynamics of a production network consisting of nonlinear elements - industries connected
by both cooperative and antagonistic (competitive) connections. Using the example of a small
ensemble of connected production elements, the influence of the nature of the connections on
the possibility of fluctuations in the total output of the network, that is, on the occurrence of
economic fluctuations, is studied.

The work is organized as follows. The 1 section provides brief information about economic
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cycles. In the 2 section, a model of a separate production facility as an element of a production
network is proposed. Sections 3, 4 present the results of numerical experiments to study the
dynamics of ensembles of two and three connected productions. In last section, the conclusions
are given.

1. Economic cycles

An analysis of the economic development of different countries by different economists
(J. Keynes, P. Samuelson, M. Friedman, and others) led to the conclusion that the market
economy is characterized by instability and irregular fluctuations in production volumes, inflation,
and employment. It has been established that an economic upswing is always followed by a
decrease in economic activity, which indicates the cyclical nature of a market economy. Irregular
fluctuations — recurring ups and downs in the economy [5], occurring near a certain long-term
trend, characterize the basic phenomenon of a market economy — economic cycles (business
cycles). There are usually four phases (stages) of the economic cycle: rise (expansion), peak
(boom), recession (contraction, crisis), bottom (depression, stagnation). To determine these
phases, various economic indicators are used, such as GDP (gross domestic product), employment
level, profit volume of enterprises, etc., as well as their combined (composite) indicator - the
business cycle index [6].

To date, there are many theories that study the causes of economic cycles. These theories
are based on both endogenous (internal) and exogenous (external) factors, which include natural
disasters, social upheavals, technological innovations, etc. However, it should be recognized that
there is no convincing general theory of economic cycles today, nor is there a single point of
view on the causes of these cycles |7, 8]. It should be noted that the volume of actual GDP is
the most important economic indicator that determines the economic cycle, and some authors,
in particular [9], allow direct identification of fluctuations in the level of economic activity with
changes in the volume of actual GDP [8]. Several methods are used to calculate GDP, in particular
the value added method (production method). Value added is the difference between the cost of
a product (service) produced and the cost of materials spent on its production, that is, it is a
part of the cost of products added directly by the enterprise itself. Summing up the added values
for all industries at the country level allows us to obtain the value of GDP for the time interval
under consideration.

Thus, the task of studying the causes of economic fluctuations (business cycles), in principle,
can be reduced to the study of a certain dynamic model of a production network of interconnected
dynamic elements - productions, allowing an assessment of the total value added across the
network (i.e., GDP) and an analysis of the dynamics of GDP changes over time depending on
various network parameters and connections of elements in the network, which may eventually
allow us to study the conditions for the emergence of business cycles using such a model. Let’s
move on to building such a model.

2. Production model

We will consider the production network model as a model of interconnected dynamic
elements - productions. For each production, as an element of the network, we will consider a
simple model characterized by only one variable that determines the profitability of production,
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Fig. 1. Production model as a system of automatic regulation

namely the added value. As a basic model of such production, we will consider a typical automatic
control system. The approach to describing the dynamic behavior of various technical, biological,
social and other objects as automatic control systems is not new, and many examples of using
this approach can be found in the literature, in particular [10, 11].

The model of production functioning as an automatic control system is shown in Fig. 1.
Let us describe the dynamics of this system in the same way as it is done in [10]. Here E is a
management object, an Estimator, which generates an estimate of the current size of the value
added V() at the output. The system input receives a signal Vg(t) — a preset planned size of
the value added. Further, for simplification, we will consider Vg(t) to be a constant value over
the time intervals under consideration, and the external noise is absent. The discriminator D
compares the signals V() and Vg(t), the signal Up from the output D passes through the filter
F, which eliminates high-frequency (small-scale) fluctuations. The signal Up from the output of
the filter F' enters the controller C', which acts on the active element F, changing the estimated
value of V() towards convergence with Vg(t).

An equation describing the dynamics of an automatic control system can be obtained by
writing equations for each element of the system. The output signal of the estimator E can be
written as

Vo =VE+AV, (1)

where VCO is an estimate of the value added at the initial moment of time with an open control
circuit, AV is a change in the value of the estimate under the action of the controller C.
Assuming the linearity and inertialess of the controller C') its equation can be written as

AV = —SUp, (2)

where S' is the slope of the controller’s characteristic, and the minus sign means that the current
value of V¢ is shifted by the controller towards Vg.
The equation for the filter F' is written using the transfer function K (p):

Ur = K(p)Up. (3)
The equation for the discriminator D is
Up = E®(Vg — Vg), (4)

where E is some reference value of the discriminator output, ® (Ve — Vg) is nonlinearity of the
discriminator.

Let us introduce the following notations: the current difference between the estimated
and planned size of value of added value V = Vo — Vg, the parameter 0 = SE is the reference
correction of the output size of added value due to the action of the control circuit, the dimensionless
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difference between the estimated and planned size of added value © = V/o, the dimensionless
initial difference y = (V3 — Vi) /0. Taking into account the introduced notations from (1)-(4) we
obtain a dynamic production model in operator form

x+ K(p)®(z) =, p = d/dt. (5)

Let us take into account the inertia of the control circuit of the model (5) in the form K(p) =
(1 4+ ap)~! and, introducing the dimensionless time T = t/a, we obtain from (5) under the
assumption of constancy y the equation

dx
— O(z) =v. 6
o) =y (0
It is logical to represent the nonlinearity of the discriminator as a one-parameter function with
saturation

®(z) = bx/(1+ |bx|) (7)

or with a descending section
®(x) = 2bx/(1 + b*z?). (8)

The presence of a saturation region in the discriminator’s characteristic seems a completely
natural assumption. As for the presence of a descending region in the discriminator’s characteristic,
such a region can be interpreted as a certain unrealistic nature of the large control signals from
the discriminator’s output and the associated mistrust of them.

Further in the numerical experiments we will take in (8) the parameter b < 4. The dynamics
of the model (6) under the assumptions made is determined by [12] the only stable equilibrium
state O(z*), the coordinate of which = 2* is found from the equation

O(z) =y —x. (9)

Note that the coordinate x = z* in the case of nonlinearity (8) can be located either on the
ascending or descending region of the nonlinearity ®(z); this does not affect the stability of the
equilibrium state. For x* > 0, production is considered profitable; for z* < 0, it is considered
unprofitable.

The following remark is appropriate here. In the operator model (5), by introducing various
K(p), one can take into account the inertia and delays of actual production. In this case, the
system of differential equations corresponding to the model (5) can be of high order and allow
for the presence of self-oscillatory modes, resulting in regular or chaotic fluctuations in the
output variable — added value z(t). Inertia and delays in production control can be caused,
in particular, by technological features or management defects in a given production facility. A
study of the production dynamics characteristics caused by inertia in control circuits is beyond
the scope of this paper. Here, the emphasis is placed on studying the influence of links between
production facilities on the network dynamics. Taking this circumstance into account, we will
further consider the dynamics of small ensembles of two or three interconnected production
units. To describe individual production units, we will use a model (6) in the form of a first-order
differential equation with extremely simple dynamics—a single stable equilibrium state. Models of
ensembles of two or three interconnected production units are represented by nonlinear dynamic
systems defined in two- and three-dimensional phase spaces. The dynamics of these models are
studied by analyzing singular trajectories (equilibrium states, separatrices, limit cycles) and their
bifurcations using the DNS software suite [13].
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3. An ensemble of two connected productions

Let us consider the interaction of two productions. We will focus further analysis on
studying the influence of connections on the dynamics of interacting systems. Based on this,
we will make simplifications: we will assume that for both systems the planned values Vg1 =
Vgo = Vg are the same, the discriminator nonlinearities are identical, the control circuit inertias
Ki(p) = Ka(p) = K(p) = (1 + ap)~! are the same, the parameter 0; = 02 = o. Then the
dynamics of two connected (by exchanging control signals) systems will be described by the

equations
dz
d—; + 21 + O(z1) = y1 + 091 D(2), (10)
dx
75 + x9 + ¢‘($2) =v9 + 612(13(1‘1).

Here 991 is the coefficient of the connection from the second system to the first, 819 is the
coefficient of the connection from the first system to the second. We will further consider
cooperative and competitive (antagonistic) connections. As an example, let us take two unidirectionally
connected productions P1 and P2, let P2 affect P1. We assume that both productions are
profitable, that is, the values x7 > 0 and x5 > 0. If the effect of profitable P2 on P1 leads to an
increase in the profitability of P1, then such a connection can logically be called cooperative. If
the effect of profitable P2 on P1 leads to a decrease in the profitability of P1 or its transition to
an unprofitable one, then such a connection is called competitive (antagonistic). Thus, in the case
of profitable production, with positive signs of the coefficients of the connections 812, d21, the
interaction between the systems is cooperative in nature; with negative 812, d21, the interaction
is antagonistic. The connection will be called strong if the modulus of the connection parameter
is greater than one, weak otherwise.

The coordinates x] and x5 of the stable equilibrium state determine the added value sizes
of the first and second productions, respectively, and the sum S = 27 425 reflects the equilibrium
total gross product of two linked productions. In an ensemble of connected productions, the sizes
of added values and the total gross product are determined by both the states of the interacting
productions and the parameters of the connections. The influence of a neighboring system on the
size of added value x] depends on the state z5 of the neighboring system. If the value =5 > 0,
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Fig. 2. Dependences of added values z7 (solid lines), x5 (dashed lines) (a) and the value of the equilibrium aggregate
gross product S = x] + x5 (b) on the link parameter k21 for nonlinearity (7) with y1 = 0.5,y2 = 0.2,812 = 0.5 —
lines 1; y1 = 0.5,y2 = —0.3,812 = 0.5 — lines 2 (color online)
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then the cooperative connection improves the achieved value of added value, but if 25 < 0, then
it worsens. In the case of an antagonistic connection, the situation is reversed. Here, a positive
effect is observed when 23 < 0 and a negative one when x5 > 0. Fig. 2 illustrates the situations
described above: lines 1 correspond to the case when z7 > 0, 25 > 0, lines 2 — z7 > 0, =5 < 0.
The system (10) is invariant under the substitutions Ay : (y1, Y2, 021, 812, 1, 2) = (—Y1, —V2,

021,012, —x1, —x2), A2 : (y1,Y2,021,012,21,22) = (—Y1,Y2, =021, =012, —x1,22), Az : (y1,
Y2, 021,012, 21, 22) = (Y1, —Y2, —021, —012, %1, —22), therefore it is sufficient to consider the
dynamics of the ensemble when both connections are cooperative and when one connection
is antagonistic and the other is cooperative, for example, 821 < 0,012 > 0.

3.1. Dynamics of a two-production model with saturation nonlinearity. The
study of the equilibrium states of the model (10) can be carried out by analyzing the principal
isoclines with subsequent calculation of the Poincaré index at the points of their intersection to
determine the type of singular point. As a result, it was established that for strong cooperative
couplings at zero values of y; = 0,y2 = 0 and 1 < b < 4, the model (10) has three equilibrium
states, two of which are stable, and one saddle. An idea of the sizes and locations of the regions
of existence of the three equilibrium states of the model (10) in the parameter space is given
by Fig. 3. In it, the regions of existence of the three equilibrium states are marked in gray of
varying intensity depending on the values of fixed parameters of the model. From the presented
pictures it follows that the bistable behavior regime in the model (10) is realized with cooperative
couplings, when at least one coupling is strong. The region of existence of the bistable regime is
located in the area of small values of y. In the case of competitive connections 821 - 812 < 0 in the
phase space of the model (10) there is one stable equilibrium state; in numerical experiments, no
bistable behavior regimes were identified.
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Fig. 3. Regions of existence of three equilibrium states of model (10) with nonlinearity (7) when 821 = 1.7,
812 = 2.3, b=4.0, 2.0, 1.1 (a); y1 = 0, b= 4.0, 812 = 2.3, 1.8, 1.3, 1.05 (b); y1 = y2 =0, 0.5, 1.0, b = 4.0 (c)

3.2. Dynamics of a two-production model with nonlinearity (8). A distinctive
feature of nonlinearity (8) is the presence of a descending section, which leads to the existence
of three equilibrium states in the model (5) for b > 4.

We considered the boundary value b = 4, when the system (5) has only one equilibrium
state. Although the original model (5) with nonlinearity (8) contains only one stable equilibrium
state, combining two such models into an ensemble yields a system with rich dynamics. In
particular, an analysis of the behavior of the principal isoclines shows that model (10) can have
up to seven equilibrium states in phase space. In Fig. 4 shows the structures of the parameter
plane (y1,v2) of the model (10) for cooperative connections, when both links are strong (Fig. 4,
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a), one connection is strong and the other weak (Fig. 4, b) and when both connections are weak
(Fig. 4, c). Here, regions with different numbers of equilibrium states are highlighted; the total
number of equilibrium states is characterized by a number enclosed in a circle. Moreover, the
number of stable equilibrium states increases as the total number of equilibrium states increases
and is equal to 1, 2, 3 and 4 for regions with 1, 3, 5 and 7 equilibrium states, respectively.
From the presented diagrams it follows that for strong cooperative connections, the ensemble
demonstrates high multistability in the region of small initial deviations y of the estimated sizes
of added value from the planned ones. A decrease in the strength of the couplings reduces the
degree of multistability in the region of small v, even to the point of complete disappearance. At
the same time, at large deviations of vy, zones of bistable behavior are preserved.

Possible phase portraits of the model (10) with nonlinearity (8) are shown in Fig. 5. Let
us pay attention to Fig. 5, b and Fig. 5, ¢, where phase portraits from the parameter domain
with five equilibria and close parameter values are presented. Here, despite the proximity of the
parameters, the basins of attraction of the equilibrium states 5 and 7 differ significantly. In Fig.
5, b the stationary regime determined by the equilibrium state 5 cannot be realized under the
initial conditions from the fourth quadrant of the phase plane, and in Fig. 5, ¢ the stationary
regime determined by the equilibrium state 7 cannot be realized under the initial conditions from
the second quadrant. The redistribution of phase flows to the equilibrium states 5 and 7 occurs
as a result of the coincidence of the outgoing separatrix s of saddle 4 and the incoming separatrix
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Fig. 4. Partitioning the plane (y1,Yy2) of parameters of model (10) with nonlinearity (8) into regions with different

numbers of equilibrium states when b = 4.0, 821 = 1.7,012 = 2.3 (a); 821 = 0.9, d12 = 2.3 (b); 821 = 0.9,
812 = 0.9 (¢) (color online)
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Fig. 5. Phase portraits of the model (10) with nonlinearity (8) at 821=1.7,812=2.3,b=4 v1=y2=0 (a);
vi= —0.4,v2=0 (b); yi= —0.5,v2=0 (¢); y1= —0.9,y2= —0.7 (d); yi= —0.95,y2=0 (e); y1= —1.1,y2=0 (f) (color
online)

r of saddle 6. The bifurcation curves responsible for the formation of heteroclinic trajectories are
drawn by dashed lines in Fig. 4, a.

An idea of the structure of the parameter plane (y1,v2) of the model (10) with nonlinearity
(8) under competitive connections is given by Fig. 6. It shows pictures when both connections are
strong (Fig. 6, a), one connection is strong, the other weak (Fig. 6, b) and when both connections
are weak (Fig. 6, c).

The figures show that parameter regions with multistable ensemble behavior exist in the
presence of at least one strong coupling, and they are located in the region of large v. In the case
of weak couplings, an ensemble of two coupled industries can exhibit bistable behavior, which is
also observed at large y. Multistable behavior of the system (10) leads to hysteresis phenomena.

Fig. 6. Partitioning the plane (y1,v2) of parameters of model (10) with nonlinearity (8) into regions with different
numbers of equilibrium states when b = 4.0, 821 = —1.83, 812 = 2.3 (a); 621 = —0.9, 812 = 2.3 (b); 621 = —0.9,
012 = 0.9 (c¢) (color online)
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Fig. 7. Examples of dependencies of the value of the equilibrium aggregate gross product S, calculated using the
model (10) with nonlinearity (8) at b =4, 821 = 1.7,812 = 2.3, y2 =0 (a) u y2 = 0.7 (b); 821 = —1.83,812 = 2.3,
v2 = —0.5 (¢) and y1 = 0.2 (d) (color online)

Examples of ambiguous behavior of the model of two coupled industries are shown in Fig. 7.
Here, the solid lines reflect changes in the equilibrium aggregate gross product S, dashed lines
reproduce stepwise changes in the gross product, and arrows indicate the direction of parameter
change.

As for self-oscillatory modes in the ensemble of two coupled industries, they were not
detected during numerical experiments with the model (10).

4. An ensemble of three connected productions

Let us consider the interaction of three
productions (Fig. 8). Further we will assume
that for all systems the planned values Vg =
Vso = Vg3 = Vg are the same, the discriminator
nonlinearities are identical, the control circuit
inertias Ki(p) = Ka(p) = K(p) = (1 +ap)~!
are the same, the parameter 07 = 03 = 03 = 0.

Fig. 8. Scheme of interaction of three productions

Then the dynamics of the three coupled
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systems will be described by the equations

dx

di‘lil +x1 + (D(l‘l) =v1+ 621(13(1‘2) + 631(13(1‘3),

diL‘Q

e + zg + P(22) = v2 + 012P(x1) + 932P(x3), (11)
dl’3

It + x3 + ®(x3) = v3 + 013P(x1) + d23P(z2),

where 9;; are the coefficients of connections from the i-th system to the j-th.

An ensemble of three elements can be viewed as a union of three intersecting pairs:
{1,2},{1,3},and{2,3}. Each pair, depending on the parameters of the connections, has its own
partition in the plane of parameters corresponding to .

4.1. Dynamics of a three-production model with saturation nonlinearity (7).
Let us take a pair {1,2} with nonlinearity (7) and parameters b=3.7, y1=0.6, y2=0.5, 812=2.6,
021 = 4.6. In this case, the structure of the phase portrait of the model (10) is determined by three
equilibrium states: O1(z]; = 3.72, x5, = 2.04), O3(z}3 = —2.14, 35 = —1.02) — stable nodes
and Oz(z7y = —0.12, 25, = —0.077) — saddle. We connect the pair {1,2} by unidirectional links
with the third element at ys = 0.54, the dynamics of which is determined by the stable equilibrium
state with coordinate x3 = 0.16. The ensemble constructed in this way inherits the structure of
the phase space of the pair {1,2} model. In the case of cooperative connections 813 = 0.75, 823 =
4.6 the structure of the phase portrait of the model (11) is determined by the stable equilibrium
states Oy (27,=3.72, 25, =2.04, 25,=2.71), O3(273=—2.14, 253=—1.02, x5;,=—1.42) and the saddle

Oz(z7y = —0.12, 23, = —0.077, 25, = —0.08). For antagonistic connections 813 = —0.75,
023 = —4.6 the model (11) also has two stable equilibrium states O; (23, = 3.72, 2%, = 2.04, 2%, =
—1.68), O3(z]3 = —2.14,23;, = —1.02,253 = 2.44) and a saddle Oz(z], = —0.12,23, =

—0.077, 235 = 0.66).

The influence of feedbacks from the third element to the first two is illustrated in Fig. 9.
Here line l; corresponds to the merging of the equilibria O3 and Og; line I3 — the emergence of
two new equilibria O4 and Ojs. Line I3 contains the neutrality point n1, which divides this line into
two sections. The section of the curve marked by the solid line corresponds to the merging of the
stable and saddle equilibria, and the section of the curve marked by the dashed line corresponds

25+ 25 [}
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154 312] 1Z
-204
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Fig. 9. Parametric portrait of the (11) when b=3.7, y1=0.6, y2=0.5, y3=0.54, 812=2.6, d21 = 4.6 at d13 = 0.75,
d23 = 2.7 (a) and 813 = —0.75, 823 = —2.7 (b) (color online)
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Fig. 10. Example of bistable self-oscillatory behavior of the model (11) and the corresponding dependence S(t) =
xr1+x2 at b:3.7, “{1:0.6, ‘\{2:0.57 Y3:O.54, 612:2.6, 021 = 4.6, 613 = —0.75, 623 = —2.7, 631 = 10, 632 = —4.72183
(color online)

to the merging of unstable equilibria. Point n; is the endpoint for curve hi of the Andronov—Hopf
bifurcation curve (dash-dotted line). At points k; on line hp, the first Lyapunov value vanishes.
Points k; divide the hq curve into regions of soft and hard oscillation excitation. The regions of the
curve with hard oscillation excitation in Fig. 9 are marked in red, while those with soft oscillation
excitation are marked in black. The mechanism of hard oscillation excitation is preceded by a
tangential bifurcation (on line [3), resulting in the appearance of stable and unstable limit cycles
in the phase space of the model (11).

Thus, the lines 3 — I3,hy divide the plane of parameters (831,032) into regions with
different numbers of equilibrium states and dynamic behavior. In Fig. 9, the selected regions
are characterized by a pair of numbers, where the first number reflects the total number of
equilibrium states in a given region, and the number in square brackets is the number of stable
equilibrium states. Here, the regions with one stable equilibrium state are also highlighted in
yellow, the regions with two stable equilibrium states are highlighted in blue, and the region
C1 of existence of self-oscillatory modes is marked by hatching. It is established that in the
region C two self-oscillatory modes can simultaneously exist. Fig. 10 shows the projections of
simultaneously existing stable limit cycles. The region of the bistable self-oscillatory mode is
small, therefore it is not marked in Fig. 9.

4.2. Dynamics of a three-production model with nonlinearity (8). Let us take
a pair {1,2} with nonlinearity (8) and parameters y;=0.6, y2=0.5, d21=4.6, 812=2.6, b=3.7 and
connect it with a unidirectional positive connection to the third element, where 813 = 0.75,
093 = 2.7. For the chosen parameter values, the phase portrait is determined by three stable
equilibrium states: 01(3.87,0.12,2.4258), O3(—1.26, —0.07, —0.18) and O5(—0.16, —1.45, —0.19),
as well as saddles O2(—0.038,—0.027,—0.025), O4(—0.53, —1.22, —0.23) with separatrices. For
zero constraints 813 = 893 = 0, the third element of the ensemble has one stable stationary
equilibrium state at the point x3 = 0.68. Next, we will analyze the influence of the feedback
parameters 031 and 0390 from the third element to the first and second elements of the ensemble.

Fig. 11 shows a map of the dynamic regimes of the model (11) on the plane (831, d32). Here,
the regions where the system (11) has a different number of stable equilibrium states (stationary
regimes) are painted in different colors. In addition, each color of the region is associated with a
number that reflects the number of stable equilibrium states in this region. The structure of the
partition is determined by the solid lines I; — l1g, corresponding to the bifurcation of two-fold
equilibrium states (saddle-node bifurcation), as well as the dash-dotted lines hy — h7, reflecting
the Andronov—Hopf bifurcations. The bifurcation curves hy — hy adjoin the curves l; — lg at
the neutrality points n;. The lines marked in black correspond to a soft transition from stable
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Fig. 11. Parametric portrait of the (11) when y1 = 0.6, 821 = 4.6, 812 = 2.6, y2 = 0.5, d23 = 2.7, d13 = 0.75,
vz = 0.54, b = 3.7 (a), enlarged fragment of parametric portrait (b) (color online)

equilibrium to stable limit cycles in the phase space. The red dash-dotted curve characterizes
a hard transition from stable equilibrium to stable limit cycles, where stable limit cycles do
not arise. The dots separating the differently colored sections correspond to the vanishing of
the first Lyapunov value. The dashed lines [5 and lg reflect the merging and disappearance of
unstable equilibrium states. These bifurcations do not significantly affect the attractor dynamics
of the model (11); lines [5 and [g are included to provide a more complete understanding of the
bifurcation transitions. From the analysis of the presented partition of the plane (831, 832), taking
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into account that the remaining connections are cooperative !, it follows:

e the combination of three elements with a single stationary state through cooperative
connections leads to an increase in the number of stable steady-state regimes. In the case
under consideration, the number of simultaneously existing stable equilibrium states can
reach six. The largest regions of multistable behavior are regions with two, three, and four
stable equilibrium states;

e in an ensemble of three elements connected by cooperative connections, regular self-oscillatory
modes can be realized;

e in an ensemble of three elements linked by competitive connections, the number of simultaneously

existing stable stationary modes can reach eight. There are also connection parameter
values where stable stationary modes are absent from the ensemble; in this case, a self-
oscillatory mode is realized.

In Fig. 11, the regions of existence of self-oscillatory modes C1—Cy are marked with shading.
Region C', located in the first quadrant of the parametric portrait, is bounded by the curves of
the supercritical Andronov-Hopf bifurcation (dash-dotted line) and the double limit cycle (the
lower boundary of region C1). From above, region C; is bounded either by bifurcation lines of
separatric loops of varying bypass strength or by crisis lines of the chaotic attractor. The chaotic
attractor arises as a result of a cascade of period-doubling bifurcations for large values of 3;.

Region C5 is located in the first quadrant. Its boundaries are the Andronov-Hopf bifurcation
curves (dash-dotted line) and the double limit cycle bifurcation curve (solid line, adjacent to the
point where the first Lyapunov value vanishes). The self-oscillatory regime realized for parameter
values from region C5 is regular and does not bifurcate with parameter variations within the
region.

Due to its small size, region C is shown in fragment 11, b. Its boundaries are the Andronov-

Hopf bifurcation curves, the double limit cycle (tangent bifurcation), and the saddle-node separatrices.

In the fragment, the first Lyapunov value vanishes at points k1 and ko.

Region Cy is the largest region. It is located in the third quadrant, that is, where the
coupling parameters 037 and 832 are antagonistic. Note that for large values of 831 and d32, the
self-oscillatory regime becomes globally stable; with decreasing 031 and 832, the global stability
of the limit cycle is violated by stable equilibria, and the limit cycle itself can lose stability
through period-doubling bifurcations, turning into a chaotic attractor (Fig. 12). In Fig. 11, the
bifurcation curve characterizing the first period doubling is drawn by the dotted line. The region
of existence of chaotic oscillations in the third quadrant is somewhat larger than in the first, but
still small. Region Cy, where the self-oscillatory regime is globally stable, is highlighted in dark
gray.

From the analysis of self-oscillatory modes it follows:

e In cooperative constraints, there are several regions in the parameter space where self-
oscillatory modes are realized—regions C7, Cs, and Cs. The regions where self-oscillatory
modes exist are small, and the self-oscillatory modes themselves are not globally stable. In
region Co, the self-oscillatory mode can be either regular or chaotic.

e In the case of competitive connections, the region of existence of the self-oscillatory regime
Cy is significantly larger than the regions C7, Cs, and Cs. The self-oscillatory regime can
be either regular or chaotic, and the regular self-oscillatory regime can be globally stable.

IThe first quadrant reflects the case when the elements of the ensemble are united only by cooperative
connections — all connections are positive, in the remaining quadrants the connections are competitive.
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Fig. 12. Projections of chaotic attractors of (11) when y1 = 0.6, 621 = 4.6, d12 = 2.6, y2 = 0.5, d23 = 2.7,
613 = 0.75, Y3 = 0.54, b= 3.7, 631 = 74.5, 632 = —2.87

Now let us consider a pair {1,2} with nonlinearity (8) with competitive (antagonistic)
connections 997 = —4.6, 0120 = —2.6, b = 3.7 and connect it with unidirectional negative
connections to the third element, where 813 = —0.75, 823 = —2.7. For y; = 0.6, y2 = 0.5, the
phase portrait of the model (11) defines three stable equilibria: O;(—0.1, 1.84, 0.028), O3(1.63, —0.04, 0.18)
and O5(—3.0, 0.14, —1.07), as well as saddles 02(0.02, 0.01, 0.02), O4(—1.35,0.99, —0.18) with
one-dimensional outgoing separatrices. The influence of feedbacks from the third element of the
ensemble to the pair {1,2} is reflected in Fig. 13, which represents a partition of the plane
of parameters 037 and 032 into regions with different numbers of stable equilibria, which are
marked with different colors, as well as a number reflecting the number of stationary regimes.

The boundaries of the selected regions are the curves of the bifurcations of the double equilibrium

Fig. 13. Parametric portrait of the (11) when y1 = 0.6, 821 = 4.6, 612 = —2.6, y2 = 0.5, 823 = —2.7, 813 = —0.75,
v3 = 0.54, b = 3.7 (color online)
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state — solid lines and the Andronov—Hopf — dash-dotted lines. The shading marks the regions for
which a regular self-oscillatory regime exists for the parameter values. These regions are bounded
by the dash-dotted line of the soft Andronov—Hopf bifurcation, as well as by the dash-dotted line
with two dots, which includes the bifurcation curves of the separatrices loop, the double limit
cycle, and the period-doubling bifurcation. Note that for the considered values of the parameter,
the period-doubling bifurcation is hard, which does not lead to a doubling of the periods of the
self-oscillatory regimes. The existence of chaotic oscillations has not been established.

Thus, the conducted analysis allows us to conclude that the connections in ensembles of
interconnected production elements are important. The collective behavior of elements in an
ensemble is determined both by the number of elements in the ensemble and by the evaluation
rule for the compared added value sizes (the type of nonlinearity ® of the discriminator D). It can
be concluded that increasing the number of elements in an ensemble with initially unambiguous
stationary behavior leads to the emergence of zones of multistable behavior in the parameter
space of model models, leading to the emergence of self-oscillatory regimes, both regular and
chaotic.

Conclusion

This paper examines the dynamics of an endogenous production network model depending
on the type of connections between production elements. Network elements were modeled as
automatic control systems. The economic indicator, value added, was adopted as the controlled
variable, allowing us to study the model dynamics of gross value added across the entire network
and, consequently, the dynamics of GDP change. Numerical experiments with small ensembles
of elements demonstrated that the inclusion of cooperative and competitive connections between
network elements leads to the emergence of regular and chaotic fluctuations in GDP dynamics,
that is, to the emergence of economic cycles. Naturally, our proposed model cannot be used as a
basis for forecasting specific data on real economic cycles; however, it allows us to conclude that
the proposed model and approach are promising for further experiments studying the qualitative
characteristics of economic fluctuations, their causes, and the nature of their dependence on
economic connections between market participants.
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