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Abstract. This paper develops the theory of modulation instability (MI) in the interaction of an electromagnetic
wave with a counterpropagating beam of unexcited electron-oscillators under the cyclotron resonance conditions.
The purpose of this study is to establish the pattern of possible wave propagation regimes in such a system.
Methods. The theoretical analysis is based on the nonlinear Schrödinger equation, which enables to determine the
conditions for occurrence of MI and obtain a simple analytical expression for the boundary between the absolute
and convective MI on the wave frequency — wave amplitude parameter plane. The theoretical conclusions about
possible regimes of wave propagation are verified by direct 3D particle-in-cell (PIC) simulation of the electron-wave
interaction. The obtained results show that above the boundary of cyclotron absorption band non-stationary self-
modulation regimes occur. These regimes are caused by absolute MI and can lead to the formation of soliton-like
pulse trains. As the frequency of the input signal increases, self-modulation is replaced by a stationary single-
frequency regime of wave propagation. This transition is due to the change of MI character from absolute to
convective. The results of 3D PIC simulation are consistent with the theoretical analysis of the averaged equations,
and the same sequence of transitions between different dynamic regimes occurs as the input frequency increases.
Conclusion. 3D PIC simulation provided an opportunity to study a model that approximates the conditions
of a potential experiment. The possibility of converting the 241.3-GHz signal into a close-to-periodic train of
nanosecond pulses was demonstrated. Such an effect is useful for the generation of microwave frequency combs.
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Introduction

In nonlinear physics, an approach based on analogies between phenomena observed in systems of
different physical nature has proven to be quite fruitful. In particular, it is well known that many effects
in systems of the «electron beam is electromagnetic field» type have analogs in nonlinear optics [1,2]. One
such effect is self-induced transparency (SIT), which arises when a short light pulse with a duration much
shorter than the relaxation times propagates in a two-level passive (non-inverted) medium [3]. Under
resonance conditions, when the wave frequency is close to the transition frequency, unexcited particles,
absorbing the field energy, make a transition to an excited level and weaken the leading edge of the pulse.
Under such conditions, the trailing edge of the pulse propagates in an already excited medium, causing
reverse transitions of the particles, accompanied by an amplification of the corresponding sections of the
pulse profile. As a result, the pulse acquires an equilibrium soliton-like shape and propagates at a constant
velocity as a stationary solitary wave [4]. Moreover, a pulse with sufficiently high energy can decay into
several SIT solitons.

As shown in [5–8], in classical microwave electronics, a phenomenon analogous to SIT occurs during
the resonant interaction of an electromagnetic wave (EMW) with a beam of unexcited cyclotron electron
oscillators. In a beam of electrons moving in a longitudinal magnetic field, the transverse motion of the
electrons is rotation with a cyclotron frequency ω𝐻 . Such an electron beam can be interpreted as a set
of cyclotron oscillators, which are non-isochronous due to the relativistic dependence of the cyclotron
frequency on energy [9]. If the beam is initially rectilinear, that is, there is no rotational velocity, then
such a medium is unexcited.

It’s important to note that in vacuum microwave electronics, unlike quantum optics, relaxation
processes such as electron-electron collisions or collisions with the ion background are generally insignificant.
Thus, new regimes arise that are impossible to observe in laser systems. In particular, numerical simulation
results show that, when electrons and waves propagate in opposite directions, a continuous signal of
constant amplitude can be transformed into a nearly periodic train of microwave solitons [6–8]. This
effect is of obvious interest from the point of view of periodic generation of short pulses with a spectrum
in the form of a frequency comb, which is relevant for a number of practical applications, in particular, in
spectroscopy [10,11]. Also, in [6–8], numerical simulations demonstrated the generation of more complex,
chaotic trains of short pulses was obtained.

In our previous studies [12,13], we showed that the generation of solitons in this system is associated
with the development of modulation instability (MI), which is the instability of a monochromatic wave
with a carrier frequency ω relative to slow modulations at the side frequencies ω ± Ω, Ω ≪ ω. MI is
observed in systems of various nature, including optical fibers, electromagnetic transmission lines, waves
on the water surface, various types of waves in plasma, etc. [14–16]. As the results of theoretical analysis
and numerical simulation have shown, the situation significantly depends on whether the MI is absolute
or convective [13]. During convective instability, growing modulation perturbations shift along the system
and leave it, resulting in the establishment of a steady-state, single-frequency signal propagation regime at
the end of the transient process. However, if the instability is absolute, these perturbations fill the entire
interaction space, resulting in the input signal being transformed into a train of traveling solitons [12,13].
Note that in quantum optics, unlike in the situation under consideration, it is impossible to observe the
MI of a continuous signal, since relaxation processes inevitably suppress such instability.

This article presents the theory of MI and the formation of microwave SIT solitons in the system
«backward electromagnetic wave is beam of unperturbed non-isochronous electron oscillators». The
analysis previously conducted using the averaged equations [12,13] is supplemented by direct 3D simulation
of the electron-wave interaction using the particle-in-cell (PIC) method in the CST Studio Suite software
package [17]. This allows not only to verify the physical picture obtained using the simplified approach
but also to explore in more detail a situation close to the conditions of a possible experiment, including
determining the main quantitative characteristics of the generated microwave soliton trains.

1. Model and basic equations

The model under study is shown in Fig. 1. Annular electron beam, guided by an axial magnetic
field 𝐵0, interacts with a backward EMW in a cylindrical waveguide. Electrons are injected through the
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left boundary of the system (at the point 𝑧 = 0) with a constant axial velocity 𝑉𝑧 and zero rotational
velocity. Thus, the electron beam is initially rectilinear. A continuous harmonic signal with constant
amplitude is applied at the right boundary of the system (𝑧 = 𝑙).

Effective interaction of electrons and EMW occurs under conditions of cyclotron resonance, that
is, under the condition of synchronism of the waveguide TE𝑚𝑛-mode and the fast cyclotron wave in the
electron beam:

ω𝑟 ≈ 𝑘𝑧𝑉𝑧 + ω𝐻 , (1)

where ω𝑟 = ω𝑟(𝑘𝑧) is the wave frequency, 𝑘𝑧 is the longitudinal wave number (in the case when the wave
is backward, 𝑘𝑧 < 0), ω𝐻 = 𝑒𝐵0/ (𝑚𝑒γ) is the cyclotron frequency, γ = (1− 𝑉 2

𝑧 /𝑐
2)−1/2, 𝑒 and 𝑚𝑒 are

the charge and rest mass of an electron, respectively.
An electron beam moving in a uniform magnetic field can be treated as an ensemble of oscillators

that are non-isochronous due to the relativistic dependence of the cyclotron frequency on energy ω𝐻 =
ω𝐻(γ) [9]. An initially rectilinear electron beam can be considered a passive medium of unperturbed
cyclotron oscillators. When an electromagnetic wave propagates toward such an electron beam under
resonance conditions (1), it begins to be absorbed, causing transverse oscillations of the electrons (see
Fig. 1). As the rotational energy increases, due to the dependence of the gyrofrequency on the electron
energy, condition (1) is violated, and cyclotron absorption saturates.

If we assume that the electromagnetic wave has the form of a quasi-harmonic wave with a slowly
varying (compared to exp(𝑖ω𝑟𝑡−𝑖𝑘𝑧𝑧)) amplitude 𝐴(𝑧, 𝑡), the electron-wave interaction in the model under
consideration can be described by a system of averaged equations, well known from the literature [5–7]:

𝜕𝑎

𝜕τ
− 𝜕𝑎

𝜕𝑍
= −𝑝, (2)

𝜕𝑝

𝜕𝑍
+ 𝑖|𝑝|2𝑝 = 𝑎, (3)

where

𝑎 =

√︀
1 + β𝑧/β𝑝ℎ

2
√
2𝐺3/4β3/2𝑧 γ0

𝑒𝐴𝐽𝑚−1(ν𝑛𝑟𝑏/𝑟0)
𝑚𝑒𝑐ω𝑟

(4)

is the normalized complex amplitude of the wave field,

𝑝 =

√
µ𝑝⊥ exp(−𝑖ω𝑟𝑡+ 𝑖𝑘𝑧𝑧)

𝐺1/4𝑚𝑒𝑐γ0β𝑧
(5)
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Fig. 1. Schematic of the cyclotron resonance interaction of an initially rectilinear electron beam with a
counterpropagating electromagnetic wave. The pattern of electron trajectories was obtained by 3D PIC simulation
(see section 4 for detail) (color online)
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is the normalized complex transverse momentum of electrons 𝑝⊥ = 𝑝𝑥 + 𝑖𝑝𝑦,

𝑍 =

√
𝐺ω𝑟𝑧

𝑐
(6)

and

τ =
√
𝐺ω𝑟(𝑡− 𝑧/𝑉𝑧)

β𝑔β𝑧
β𝑧 + β𝑔

(7)

are dimensionless independent variables. Note that the introduction of the variable τ in accordance with
(7) corresponds to a transition to the reference frame moving with the beam velocity.

In expressions (4)–(7)

µ =
β𝑧(1− β−2

𝑝ℎ )

2(1 + β𝑧/β𝑝ℎ)
(8)

is the non-isochronism parameter; β𝑧 = 𝑉𝑧/𝑐, β𝑝ℎ = 𝑉𝑝ℎ/𝑐 and β𝑔 = 𝑉𝑔/𝑐 are the unperturbed axial
velocity of electrons, phase and group velocities of the wave, normalized to the speed of light 𝑐, respectively;

𝐺 =
𝑒𝐼𝑏
𝑚𝑒𝑐3

2µ(1 + β𝑧/β𝑝ℎ)2

γ0β
−1
𝑝ℎ β

3
𝑧

𝐽2
𝑚−1(ν𝑛𝑟𝑏/𝑟0)

𝐽2
𝑚(ν𝑛)(ν2𝑛 −𝑚2)

(9)

is the parameter characterizing the coupling of electrons with the waveguide mode TE𝑚𝑛; γ0 = (1− β2𝑧)−1/2

is the Lorentz factor of unperturbed electrons; 𝐼𝑏 is the electron beam current; 𝐽𝑚(𝑥) is the Bessel function
of order 𝑚, ν𝑛 is the 𝑛-th root of the equation 𝑑𝐽𝑚(𝑥)/𝑑𝑥 = 0, 𝑟𝑏 and 𝑟0 are the beam injection radius
and the waveguide radius, respectively.

Equation (2) describes the excitation of a wave by an electron beam, and equation (3) is the
equation of electron motion averaged over the period of cyclotron oscillations 𝑇𝐻 = 2π/ω0

𝐻 , where
ω0
𝐻 = 𝑒𝐵0/(𝑚𝑒γ0) is the unperturbed cyclotron frequency. A detailed derivation of the main equations

is presented in [5].
Since we are an initially rectilinear electron beam considering a rectilinear electron beam, the

electrons have no rotational velocity at the entrance to the interaction space, i.e.,

𝑝(𝑍 = 0) = 0. (10)

This allows us to describe the motion of all electrons using a single equation (3). As is well known, the
equations for the resonant cyclotron interaction of electrons with a traveling wave allow for an integral
of motion

|𝑝⊥||𝐴|sinθ = const, (11)

where θ = ω𝑟𝑡−𝑘𝑧𝑧+2+α, 2 = 𝑎𝑟𝑔(𝑝⊥) and α = 𝑎𝑟𝑔(𝐴) (see, for example, [18]). From (10) it follows that
|𝑝⊥||𝐴|sinθ = 0. During the interaction, electrons acquire a nonzero transverse momentum. Therefore,
for condition (11) to be satisfied, it is necessary that sinθ = 0 for all electrons. This means that the
transverse momenta of all electrons change equally during the interaction. For comparison: in cyclotron
resonance masers (gyrotrons, gyro-TWTs, etc.), the wave interacts with initially rotating electrons, i.e.,
𝑝⊥(𝑧 = 0) = 𝑝0𝑒

𝑖20 , where the rotation phases 20 = 2(𝑧 = 0) are uniformly distributed from 0 to 2π.
Thus, electrons with different 20 move differently, and it is necessary to solve separate equations of motion
(3) for each electron.

At the right boundary of the system, at 𝑍 = 𝐿, an external continuous harmonic signal is applied,
i.e.

𝑎(𝑍 = 𝐿) = 𝑎0 exp(𝑖δτ), (12)

where 𝑎0 is the normalized signal amplitude, and

δ =
1 + β𝑧/β𝑝ℎ − ω0

𝐻/ω𝑟

β𝑧
√
𝐺

(13)
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Fig. 2. Qualitative picture of the dispersion diagram. Asymptotes are the dispersion characteristic of the fast
cyclotron wave ω = ω𝐻 + 𝑘𝑧𝑉𝑧 (line 1 ) and the approximation of the dispersion characteristic of the waveguide
mode ω = ω0 − (𝑘 + 𝑘0)𝑉𝑔 (line 2 ). Dashed lines illustrate the shift of the dispersion characteristic down in
frequency with increasing the wave amplitude (color online)

is the normalized detuning of the carrier frequency ω𝑟 from the resonant frequency.
An analysis of the solutions of equations (2), (3) in the form of monochromatic waves shows that

there is a stopband associated with the complete cyclotron absorption of the incident wave [12, 13]. The
stopband arises due to the interaction of the waveguide mode with the fast cyclotron wave in the electron
beam (see the cyclotron resonance condition (1)), which is qualitatively demonstrated in the dispersion
diagram shown in Fig. 2.

Due to the dependence of the cyclotron frequency on the electron energy ω𝐻 = ω𝐻(γ), cyclotron
absorption is saturated. This is equivalent to the fact that the boundaries of the stopband shift downward
in frequency with increasing wave amplitude. If the input signal frequency lies within the stopband
and the input power is sufficiently low, the incident wave is completely absorbed. As the signal power
increases, the critical frequency decreases, and when it becomes equal to the signal frequency, undamped
wave propagation becomes possible. However, as shown in [12, 13], MI occurs, this is the corresponding
monochromatic solution is unstable. The development of a MI usually leads to the formation of envelope
solitons. Let us consider this process in more detail.

2. Nonlinear Schrödinger Equation

The most well-known example of envelope solitons is the soliton solutions of the nonlinear Schrödinger
equation (NSE) [4,15,16]. The NSE is a reference equation describing the propagation of a quasi-harmonic
wave in a cubic nonlinear medium. Using the NSE, one can approximately describe the dynamics of the
system under consideration near critical frequencies, where the dispersion characteristic is approximated
by a parabola (see Fig. 2).

We derive the NSE for the model under consideration using the well-known multiscale method [4].
Solutions to (2) and (3) are sought in the form of power series

𝑎 = ε𝑎1 + ε2𝑎2 + ε3𝑎3 + ...,

𝑝 = ε𝑝1 + ε2𝑝2 + ε3𝑝3 + ...,
(14)

where ε is a small parameter. The expansion coefficients 𝑎𝑗 , 𝑝𝑗 , 𝑗 = 1, 2, ..., are functions of the variables
𝑍𝑛 = ε𝑛𝑧 and 𝑇𝑛 = ε𝑛𝑡, 𝑛 = 0, 1, 2, ..., corresponding to different spatial and temporal scales.

After substituting (14) into equations (2) and (3), we extract terms of the same order of smallness
in ε. Terms of order ε yield a linearized system of equations

𝜕𝑎1
𝜕𝑇0

− 𝜕𝑎1
𝜕𝑍0

= −𝑝1,

𝜕𝑝1
𝜕𝑍0

= 𝑎1,

(15)
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which can be transformed into the form

𝐿̂𝑎1 = 0,

𝑝1 =
𝜕𝑎1
𝜕𝑍0

− 𝜕𝑎1
𝜕𝑇0

.
(16)

A linear operator is introduced here

𝐿̂ =
𝜕

𝜕𝑍0

(︂
𝜕

𝜕𝑍0
− 𝜕

𝜕𝑇0

)︂
− 1. (17)

The solution of equations (16) should be chosen in the form of quasi-harmonic waves, the amplitude of
which depends on the slow variables:

𝑎1 = 𝐴𝑒𝑖θ + c.c.,

𝑝1 = −𝑖(ω+ 𝑘)𝐴𝑒𝑖θ + c.c.,
(18)

where 𝐴=𝐴(𝑍1, 𝑍2, ..., 𝑇1, 𝑇2, ...) is the slowly varying complex amplitude, c.c. is the complex conjugate
expression, θ = ω𝑇0 − 𝑘𝑍0 is the carrier wave phase, and 𝑘 and ω are related by the linear dispersion
relation

(ω+ 𝑘)𝑘 = −1. (19)

Recall that all variables are dimensionless, and by introducing the variable τ (7), we have effectively
switched to a reference frame moving with the electrons.

Terms of order ε2, after a series of transformations, lead to equations

𝐿̂𝑎2 = − 𝜕𝑝1
𝜕𝑍1

− 𝜕2𝑎1
𝜕𝑍0𝜕𝑍1

+
𝜕2𝑎1

𝜕𝑍0𝜕𝑇1
, (20)

𝑝2 =
𝜕𝑎1
𝜕𝑍0

− 𝜕𝑎1
𝜕𝑇0

+
𝜕𝑎2
𝜕𝑍0

− 𝜕𝑎2
𝜕𝑇0

. (21)

Substituting expressions (18) into (20) and requiring the elimination of secular terms proportional to
exp(𝑖θ) on the right-hand side, we obtain an equation for the variable 𝐴:

𝜕𝐴

𝜕𝑇1
+ 𝑣𝑔

𝜕𝐴

𝜕𝑍1
= 0, (22)

where 𝑣𝑔 = −1 + 1/𝑘2 is the group velocity. In this case, equation (20) takes the form 𝐿̂𝑎2 = 0, which
allows us to set 𝑎2 = 0. Also from equation (22) we obtain

𝑝2 =

(︂
𝜕𝐴

𝜕𝑍1
− 𝜕𝐴

𝜕𝑇1

)︂
𝑒𝑖θ. (23)

In a similar treatment of terms of order ε3, the requirement to eliminate secular terms leads to the
NSE:

𝑖

(︂
𝜕𝐴

𝜕𝑇2
+ 𝑣𝑔

𝜕𝐴

𝜕𝑍2

)︂
=
χ
2

𝜕2𝐴

𝜕𝑍2
1

+ β|𝐴|2𝐴, (24)

where χ = −2𝑘−3 and β = 𝑘−4 are the linear parameters of the group velocity dispersion and nonlinearity.
In a frame of reference moving with group velocity 𝑣𝑔, (24) is simplified:

𝑖
𝜕𝐴

𝜕𝑇2
=
χ
2

𝜕2𝐴

𝜕𝑍2
1

+ β|𝐴|2𝐴. (25)
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Equation (25) has a solution in the form of a wave with constant amplitude and a nonlinear
frequency shift:

𝐴 = 𝐴0 exp
(︁
−𝑖β |𝐴0|2 𝑇2

)︁
. (26)

As is known (see, e.g., [4, 15]), when the condition

χβ > 0 (27)

is satisfied the solution (26) is unstable, i.e., MI takes place. The nonlinearity parameter β is obviously
always positive. This means that as the wave amplitude increases, the dispersion characteristic shifts
toward lower frequencies. The group velocity dispersion parameter χ = 𝜕2ω/𝜕𝑘2 is positive on the upper
branch of the dispersion characteristic and negative on the lower one (see Fig. 2). Thus, the upper branch
exhibits MI, which is consistent with the conclusions obtained in the works [12, 13] by analyzing the
nonlinear dispersion relation. At the same time, the lower branch corresponds to stable wave propagation.

As noted above, the nature of the instability (absolute or convective) plays a fundamental role.
For the NSE (24), the nature of the instability was analyzed in the works [19, 20], where a criterion for
absolute instability was obtained:

|𝐴0|2 >
𝑣2𝑔
8χβ

. (28)

Substituting the expressions for 𝑣𝑔, β, and χ here, we obtain

|𝐴0|2 > −𝑘7

16
(−1 + 𝑘−2)2. (29)

Together with the dispersion relation (19), inequality (29) parametrically defines the boundary of
the change in the nature of the MI on the parameter plane (ω, 𝐴0), shown in Fig. 3. In [13], a similar
problem was solved based on an analysis of the asymptotic form of unstable perturbations using the
saddle-point method. This approach is more rigorous, but the position of the saddle points in the complex
plane must be calculated numerically. In this case, we obtain a simple analytical relation. The results
obtained using these approaches are quite close to each other, and in the region of small amplitudes, they
practically coincide.

Thus, on the parameter plane (ω, 𝐴0), we have the following picture (see Fig. 3). In region 1,
cyclotron absorption of the wave occurs. The stopband boundaries are constructed according to the
formulas obtained in [12]. Note that the upper boundary of the stopband corresponds to the dependence

|𝐴0|2 = 2(2− ω), (30)

-2 0 2
0.0

0.5

1.0

1.5

2.0

ω

|A |0

1

2

3

4

Fig. 3. Domains of different regimes of the wave propagation on the frequency – amplitude parameter plane: 1 —
non-transmission, 2 — absolute MI, 3 — convective MI, 4 — no MI. The dashed line is the boundary of changing
character of MI according to the condition (29). The dashed dotted line represents the boundary obtained by the
analysis of the asymptotic form of unstable perturbations [13] (color online)
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which exactly coincides with the frequency dependence of the amplitude of an immobile soliton (for more
details, see section 3). In region 2, absolute MI occurs, and the signal is broken down into a train of
envelope solitons. However, as the frequency increases, the MI changes from absolute to convective. In
this case, after the transient process ends, stationary single-frequency signal propagation is established
(region 3).

3. Soliton solutions

In the papers [5–8], soliton solutions to equations (2), (3) were found for the case of exact cyclotron
resonance, that is, for δ = 0. Since we will further investigate the dynamic regimes observed when the
input signal frequency changes, it is necessary to consider more general solutions with a non-zero detuning
from the resonance frequency. Thus, we will seek a solution in the form

𝑎(𝑍, τ) = 𝑎(ζ)𝑒𝑖δτ,

𝑝(𝑍, τ) = 𝑝(ζ)𝑒𝑖δτ,
(31)

where ζ = 𝑍−𝑈τ, 𝑈 is the wave propagation velocity. Substituting (31) into the original system of partial
differential equations (2), (3) reduces it to a system of ordinary differential equations:

𝑠
𝑑𝑎

𝑑ζ
− 𝑖δ𝑎 = 𝑝,

𝑑𝑝

𝑑ζ
+ 𝑖|𝑝|2𝑝 = 𝑎,

(32)

where 𝑠 =
√
𝑈 + 1. Equations (32) can be represented in Hamiltonian form

𝑑𝑎

𝑑ζ
= 𝑖

𝜕𝐻

𝜕𝑎*
,

𝑑𝑝

𝑑ζ
= −𝑖

𝜕𝐻

𝜕𝑝*
,

(33)

where

𝐻 = δ𝑠|𝑎|2 +
|𝑝|4

2
+ 𝑖(𝑎𝑝* − 𝑎*𝑝) (34)

is the Hamiltonian, δ𝑠 = δ/𝑠. In addition to the Hamiltonian, which is always an integral of motion, the
system (33) has another obvious integral

𝑠2|𝑎|2 − |𝑝|2 = const, (35)

which reflects the fact that energy is transferred between the EMW and the transverse oscillations of the
electrons in the system.

Suppose that 𝑝(ζ0) = 0 and |𝑎(ζ0)|2 = 𝐼0 at some point in space ζ = ζ0. Given this condition, it
follows from (35) that

|𝑝|2 = 𝑠2(𝐼 − 𝐼0). (36)

Here 𝐼 = |𝑎|2. Also, in accordance with the boundary condition, we have 𝐻 = δ𝑠𝐼0. Then from (34) it
follows that

sinψ =
2δ𝑠(𝐼 − 𝐼0) + 𝑠3(𝐼 − 𝐼0)

2

4
√︀

𝐼(𝐼 − 𝐼0)
, (37)

where ψ = arg(𝑎)− arg(𝑝). Taking into account relations (36) and (37), the system of equations (32) can
be reduced to a single first-order ordinary differential equation:

𝑑𝐼

𝑑ζ
= ± 1

2𝑠

√︀
𝐼 − 𝐼0

√︀
16𝐼 − (𝐼 − 𝐼0)(2δ𝑠 + 𝑠3(𝐼 − 𝐼0))2. (38)
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Solutions of equation (38) can be expressed in terms of Jacobi elliptic functions (for more details,
see [12]). For δ > −2𝑠, setting 𝐼0 → 0, we can obtain solutions in the form of a soliton [12]

𝐼 =
8− 2δ2𝑠

𝑠3δ𝑠 + 2𝑠3cosh
[︁
𝑠−1(ζ− ζmax)

√︀
4− δ2𝑠

]︁ , (39)

where ζmax denotes the position of the soliton maximum. Note that for δ = 0, the solutions (39) coincide
with those obtained in [5–8]. Examples of solutions for different values of δ and 𝑠 are shown in Fig. 4.

The soliton amplitude 𝐼max = 𝐼(ζmax) is equal to

𝐼max = (4− 2δ𝑠)/𝑠3. (40)

We define the soliton width as 𝐷 = 2ζ1/2, where at ζ = ζmax ± ζ1/2 the intensity is half of the maximum
value, that is, 𝐼(ζmax ± ζ1/2) = 𝐼max/2 = (2− δ𝑠)/𝑠3. Taking into account (39), we can obtain that

𝐷 =
2𝑠√︀
4− δ2𝑠

arccosh
(︂
4 + δ𝑠

2

)︂
. (41)

A solution (39) exists when the frequency detuning parameter satisfies the inequality −2𝑠 < δ < 2𝑠.
For δ→ 2𝑠, 𝐼max tends to zero, and the characteristic soliton width tends to infinity. For δ→ −2𝑠, 𝐼max

reaches its maximum value 𝐼max → 8/𝑠3, and the width, accordingly, reaches its minimum, 𝐷 = 𝑠.
The case 𝑠 = 1 corresponds to an immobile soliton. An immobile soliton solution exists for −2 <

δ < 2, that is, when the input signal frequency lies in the linear stopband (see Fig. 3). According to (40),
the amplitude of an immobile soliton is

𝐼max = 2(2− δ). (42)

As shown in section 2, this expression defines the upper boundary of the stopband in the frequency-
amplitude plane of the input signal (see (30)).

We also note that a soliton solution (39) exists under the condition 𝑠 > 0, that is, for 𝑈 > −1.
Thus, solitons can move in both the positive (𝑈 > 0) and negative (−1 < 𝑈 < 0) directions. As follows
from (40), for the same carrier frequency δ, solitons traveling in the opposite direction have a higher
intensity than solitons propagating along the electron beam, see Fig. 4, b.

The condition 𝑈 > −1 means that the soliton velocity must not (in absolute value) exceed the
phase velocity of linear waves (for more details, see [12,13]). Indeed, it is well known [21] that the soliton
propagation velocity cannot coincide with the phase velocity 𝑣𝑝ℎ(ω). If 𝑣𝑝ℎ(ω) = 𝑈 at some frequency,
then the soliton is unstable: it decays, emitting waves at the frequency ω, which can be interpreted as an
analog of Cherenkov radiation.

I
δ = -2.0

0.0

1.0

-4 -2 0 2 4

0

2

4

6
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s = 0.8

1.0

1.2

ζ-ζmax-4 -2 0 2 4

0

2

4

6

I

a b

Fig. 4. Bright solitons (39) at different values of δ and 𝑠 = 1 (a) and at different values of 𝑠 and δ = 0 (b) (color
online)
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Fig. 5. Example of the spatio-temporal pattern of the normalized field amplitude in the regime of soliton train
generation (𝑎0 = 1 and δ0 = 1.48), calculated by numerical integration of the averaged equations (color online)

As numerical simulations show, when the input signal frequency reaches the upper boundary of
the stopband, the development of absolute-type MI causes the continuous input signal to disintegrate
into a nearly periodic train of traveling solitons. An example of this process is illustrated in Fig. 5. It can
be seen that the solitons form near the right end of the system and propagate in the opposite direction,
that is, toward the electrons. Upon reaching the left end of the system, they are partially reflected and
begin to move in the positive direction. The intensity of solitons moving toward the beam is significantly
greater than that of reflected solitons, which is consistent with the analytical solution (39).

4. Three-dimensional PIC Simulation of Microwave SIT Soliton Formation

The most rigorous approach to studying electron-wave interaction is direct 3D Particle-in-Cell
(PIC) simulation. This section presents the results of 3D PIC simulations using the CST Studio Suite
software package [17]. This software package allows for the direct numerical integration of Maxwell’s
equations in conjunction with the relativistic equations of particle motion, taking into account the actual
geometry of the interaction space.

A schematic of the system simulated using CST Studio Suite is shown in Fig. 1. A continuous
harmonic signal of constant amplitude is applied from the right end of the system (port 2). Near the
right boundary of the interaction space, the magnetic field gradually decreases to zero, and electrons are
deposited on the inner walls of the waveguide, which acts as a collector. The output signal is taken at the
left end of the system (port 1). Fig. 1 shows an image of electron trajectories in the interaction space,
obtained in a 3D PIC simulation at a fixed point in time.

The simulation was performed for a cylindrical waveguide with a radius of 𝑟0 = 0.4 mm and an
interaction space length of 𝑙 = 26 mm at a longitudinal magnetic field of 𝐵0 = 8.9 T. A rectilinear
electron beam with an injection radius of 𝑟𝑏 = 0.1 mm, an initial energy of 𝐸 = 1.828 keV, and a current
of 𝐼𝑏 = 0.1 A propagates along the system. A signal of constant power 𝑃0 = 140 W with a frequency
varying in the range of 240...242 GHz is fed into the system from the collector end.

The electron beam interacts with the circularly polarized TE11 mode of the cylindrical waveguide.
The cyclotron frequency is 𝑓𝐻 = ω𝐻/2π = 248.5 GHz, the cutoff frequency of the waveguide TE11-mode
𝑓𝑐 = 𝑐/(3.41𝑟0) = 219.8 GHz. The axial velocity of electrons at the entrance to the interaction space is
𝑉𝑧 =

√︀
2𝐸/𝑚𝑒 = 2.5 · 107 m/s (Lorentz factor is γ = 1.0036). Fig. 6 shows the dispersion characteristic
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Fig. 6. Dispersion diagram of the fast cyclotron wave of the electron beam and the TE11 waveguide mode at
parameters used in 3D PIC simulations. Point of the exact cyclotron resonance is shown by circle (color online)

of the TE11 mode

𝑓2 = 𝑓2
𝑐 +

𝑐𝑘𝑧
2π

2

(43)

and the dispersion characteristic of the fast cyclotron wave

𝑓 = 𝑓𝐻 + 𝑉𝑧
𝑘𝑧
2π

. (44)

The cyclotron resonance condition corresponds to the intersection of the beam line (44) and the dispersion
curve (43). With the chosen parameters, the resonant frequency is 𝑓0 = 240.3 GHz.

To achieve circular polarization of the incident wave, two orthogonal linearly polarized TE11 modes
with identical amplitudes and a phase difference of 90∘ were excited at port 2. The average input signal
power was fixed at 𝑃0=140 W. Modern sub-THz gyrotrons are capable of delivering a power of this order
in continuous-wave regime [22].

In numerical experiments, the input signal frequency 𝑓 was increased, starting from a value 𝑓0
corresponding to the exact cyclotron resonance. Fig. 7 illustrates the characteristic oscillation regimes
for different values of 𝑓 . It shows the time dependences of the output signal at port 1 and the reflected
signal at port 2. These signals, like the input signal, are the sum of two linearly polarized TE11 modes.
For clarity, Fig. 7 shows oscillograms for the electric field component linearly polarized along the 𝑥 axis.

At precise cyclotron resonance, when 𝑓 = 𝑓0 = 240.3 GHz, wave absorption is observed (see
Fig. 7, a). In this case, the input signal, passing through the system, is almost completely attenuated,
and the output signal power at port 1 after the transient process tends to zero. As the input signal
frequency increases, wave absorption is replaced by non-stationary self-modulation. The generation of a
nearly periodic pulse train is demonstrated in Fig. 7, b. According to the theoretical analysis, this wave
propagation regime corresponds to absolute MI. The duration of the generated pulses is 3–4 ns. Note
that the peak amplitude of the pulses exceeds the amplitude of the input signal (dashed lines in Fig. 7).
The peak power of the output signal is approximately 200 W with an input power of 140 W.

Finally, at even higher frequencies, a transition from absolute instability to convective instability
occurs. Figure 7, c shows that after several damped oscillations, steady-state wave propagation is established.
The steady-state output power is approximately 75 % of the input signal power, since part of the signal
is reflected (see the oscillogram of the reflected signal in Figure 7, c). The output signal spectrum in
steady-state regime contains only the input signal frequency (Figure 8, a).

At the same time, during absolute instability, when self-modulation regime, i.e., multi-frequency
oscillation regime, is established, the output signal spectrum is enriched with new independent spectral
components, as shown in Figure 8, b. The modulation frequency, that is, the distance between adjacent
peaks in the signal spectrum, is 0.19 GHz, which is approximately equal to 1/𝑇 , where 𝑇 ≈ 5.25 ns is
the pulse repetition period (see the output signal oscillogram in Fig. 7, b).
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Fig. 7. Results of 3D PIC simulation. Waveforms of the output signal in port 1 (red curves) and the reflected signal
in port 2 (blue curves) in different regimes of the wave propagation: a — 𝑓 = 240.3 GHz (the exact cyclotron
resonance), the regime of cyclotron absorption; b — 𝑓 = 241.3 GHz, the regime of soliton train generation (absolute
MI), c — 𝑓 = 241.65 GHz, the regime of stationary signal transmission (convective MI). Horizontal dashed lines
show the input signal level (color online)
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Fig. 8. Spectra of the output signal in port 2: a — the regime of stationary transmission of the wave (𝑓 =
241.65 GHz), b — the regime of soliton train generation (𝑓 = 241.3 GHz)

Conclusion

This paper develops a theory of MI for the interaction of EMW with a counterpropagating of
unexcited electron oscillators under cyclotron resonance conditions. NSE is derived that describes the
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dynamics of a slowly varying wave amplitude whose frequency lies near the stopband boundary. Analysis
shows that MI occurs near the upper boundary, which can lead to the formation of envelope solitons. Also,
by analogy with the results of [19,20], a simple analytical expression is derived for the transition boundary
from absolute instability to convective instability. Studying the nature of MI allows us to determine the
conditions for the transformation of a continuous signal of constant amplitude into a train of SIT solitons.

The results of direct 3D PIC simulation of electron-wave interaction are consistent with the
conclusions obtained from the analysis of the averaged system of equations. In particular, as the input
signal frequency increases, the same sequence of transitions between different dynamic regimes is observed.
Above the stopband boundary, non-stationary self-modulation regimes occur, associated with the development
of absolute-type MI, which can lead to the formation of soliton-like pulse trains. As the input signal
transmission frequency increases, self-modulation gives way to a stationary, single-frequency signal, due
to the change in the nature of the MI from absolute to convective. 3D PIC simulation demonstrates the
possibility of converting a harmonic signal into a nearly periodic train of nanosecond pulses. This effect
is of interest for generating frequency combs in the microwave range.
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