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Abstract. The goal of this paper is to investigate the stability of a dynamical regime corresponding to the
vibrational mode with the shortest wavelength (known as the m-mode) in the Toda lattice with a cubic perturbation
of the original potential. Methods. The study is based on the standard Floquet method. The variational system for
the corresponding dynamical regime is decomposed into a set of independent two-dimensional subsystems. This
allows us to determine the m-mode stability for a chain with an arbitrary number of particles. The decomposition
is carried out both by a general group-theoretic approach and by a new method proposed in this work, which
is based on the discrete Fourier transform. Results. The resulting stability diagrams provide information about
the stability of the regime for various oscillation amplitudes and numbers of particles. A correspondence between
the perturbed Toda lattice and the Fermi-Pasta—Ulam—Tsingou model is established for large magnitude of the
perturbation. For the original (unperturbed) Toda lattice, it is observed that its integrals of motion are functionally
dependent in the vicinity of the considered dynamical regime. Therefore, the observed trajectory does not satisfy
the conditions of Poincaré’s theorem, which states that the Floquet multipliers of fully integrable systems are equal
to one. Despite this fact, the considered regime in the original Toda lattice is shown to be stable for any number
of particles and any oscillational amplitude. Conclusion. We have investigated the stability of the zone boundary
mode (m-mode) in the Toda lattice with a cubic perturbation in the interaction potential. The study has been
carried out for the decomposed variational system consisting of independent two-dimensional subsystems. The
independent subsystems are obtained by the general group-theoretic method. In addition, a new decomposition
method is proposed based on the discrete Fourier transform. The proposed approach can be further applied to
investigate the stability of any nonlinear regimes possessing temporal and spatial periodicity.
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Introduction

Nonlinear oscillatory modes in discrete systems of various physical nature have traditionally attracted
the attention of researchers [1-10]. There are two classes of such modes: localized and delocalized.
Localized modes (discrete breathers) can contribute to energy transfer processes [6, 8, 11], affect the
macroscopic properties of crystals [6,12—14], as well as change the structure of defects [6,15-17]. Delocalized
modes, in addition to the fact that they can also affect the macroscopic parameters of crystals [18,19],
are closely related to localized ones. Thus, the initial profiles of discrete breathers can be obtained
from patterns of atomic displacements of delocalized modes by superimposing a spatial localization
function [20-22]. In addition, the modulation instability of delocalized nonlinear modes can lead to
the formation of so-called chaotic breathers [4, 10,23, 24]. The formation of breathers as a result of
modulation instability was first detected in [23] for the m-mode, which is the shortest wavelength mode
in the monatomic chain. In this mode, the displacements of neighboring particles from the equilibrium
position at each moment of time have the opposite sign. This oscillatory mode is, in a certain sense, the
antipode of the mode for which the famous return phenomenon [1] was observed in the Fermi-Pasta—
Ulam—Tsingou chain (FPUT) therefore, the study of the temporal evolution of the m-mode can be called
an «anti-FPU» problem [4].

A significant number of papers have been devoted to the study of the -mode in monatomic chains
of the FPUT type [4,25-28]. On the other hand, such a monatomic nonlinear system as the Toda lattice
is widely known, which is one of the few known multiparticle complete integrable Hamiltonian systems in
the sense of Liouville. It was proposed by M. Toda [29] as an example of a system that, unlike the FPUT,
has analytical solutions. Because the Toda lattice is completely integrable, it is non-ergodic. Consequently,
thermalization and the resulting energy equipartition among the system’s modes do not occur. At the
same time, in the approximation of small amplitudes, the dynamics of the Toda lattice is close to the
dynamics of the a-FPUT.

Therefore, the natural question is how the stability of periodic regimes, in particular the m-mode,
affect the full integrability of the system and what happens to stability when this integrability is violated.
The present work is intended to shed light on this issue by studying the stability of the m-mode in the
Toda lattice with introduced perturbation into the interaction potential.

The behavior of such a perturbed Toda lattice was numerically investigated in [30], where the
interaction potential between particles was given in the form

V=Vr(e)+0,e", n=3. (1)

Here € is the dimensionless deviation of the distance between neighboring particles from the equilibrium
position, Vp is the interaction potential in the classical Toda lattice, determined by

Vr =exp(—¢) +e—1.

Specifically, in [30] it is shown that energy thermalization occurs in the perturbed Toda lattice, and
without the recurrence phenomenon observed in the FPUT lattice [1].

In this paper, we used a perturbation of the form (1) at n = 3, the strength of which was
regulated by the value of the coefficient 63. This made it possible to investigate how the stability of the
studied regime changes over a wide range of amplitudes, depending on the magnitude of the introduced
disturbance.

The Floquet method is a standard tool for studying the stability of periodic regimes, but using
this method for a chain of N particles requires the construction of a monodromy matrix of size 2IN x 2.
It is clear that for N > 1, the study of the stability of the periodic regime by this method turns out to
be extremely difficult.

On the other hand, in [3,31] a universal method has been proposed based on the theory of
representations of symmetry groups, which makes it possible to study the stability of periodic regimes by
calculating a monodromy matrix of finite size, independent of the number of particles in the system N.
Previously, this method was used to study the stability of periodic modes in the FPUT chains [3] and
the so-called LC-chain [32,33].

This method was also used in the present work to study the stability of the st-mode in the classical
and perturbed Toda lattice. In addition, a similar approach based on the discrete Fourier transform has
been proposed.
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The work is organized as follows. Section 1 describes the analytical form of the solution corresponding
to the m-mode in the system under consideration. Section 2 describes a method for studying stability.
Section 3 presents the results of a study of the stability of the classical Toda lattice, and Section 4 presents
the results of the stability analysis of the perturbed Toda lattice. Conclusion summarizes the results of
this work.

1. Oscillatory m-mode in a perturbed Toda lattice

A nonlinear homogeneous chain of pairwise interacting particles is described by the following
equations of motion:

i (1) = exp (Up—1 — Up) — exp (Up, — Upy1) + O <(Un+1 — un)2 — (Up—1 — un)z) ) (2)

Here u,, is the dimensionless displacement of the m-th particle from its equilibrium position, t is the
dimensionless time, the dot denotes the time derivative, a is a coefficient that allows us to control the
cubic component of the interaction potential between particles, n € {1... N} and N is the total number
of particles in the chain. For a = 0, system (2) takes the form corresponding to the classical Toda lattice.
Further we refer to the system with a nonzero coefficient a as the perturbed Toda lattice. The boundary
conditions are assumed to be periodic, i.e., uny; = u;.

In this work, we study the stability of the m-mode, which has the form

un (1) = (=1)"U(1). 3)

Substituting (3) into (2) reduces the system of second-order ordinary differential equations to a single
ordinary differential equation for U(t):

U = —2sinh (20). (4)

For this equation, an exact solution can be found in the form:
sn (r\/vg + 4’ Ti/vg)

V1+4/v3 ’

Here, arctanh is the hyperbolic arctangent, and sn is the Jacobi elliptic sine. Solution (5) is periodic:

1K (i)

UF+T)=U (1), T=——27 (6)
where K is the complete elliptic integral of the first kind. The derivation of the solution (5) is given in the
Appendiz. Note that after substituting given in the (3) into (2), resulting equation (4) and its solution
(5) do not depend on the coefficient a.. Thus, introducing a cubic term to the Toda lattice potential does
not affect the form of the solution corresponding to the m-mode oscillation. However, as will be shown
later, the value of a affects the stability of this periodic mode.

U(t) = arctanh U@0)=0, U(0)=uvp. (5)

U U(t) u(m)
0.05F 2 ‘ T 09F e ]

N
N
T

3n/4 T

/4 /2 3m/4 T 0 /4 /2 3n/4 b 0 /4 /2
a T b T c T

Fig. 1. Plot of the solutions (5) for various values of vg: vo = 0.1 (a); vo =2 (b); vo =10 (¢)
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2. Study of the stability of the oscillatory n-mode

2.1. Variational system and Floquet multipliers. A classical method for determining the
stability of a nonlinear periodic mode is to study the stability of the zero solution of the corresponding
variational system of linear equations obtained by linearizing the original system around the oscillatory
mode under consideration. If u®, n€{1... N} is a solution of the system i, =F, (u1, ua ... un), n€{l... N},
then the corresponding variational system of equations linearized around this mode will be defined by
the following equations:

0

a—Fn(ul,ug...ul) ,
Um wi=ud(1),i=1... N

én:ZAnm(T)em, n e {1...]\[}7

0
Up = Uy, + €y, Anm (T) =

where €, = g,(t) are small quantities compared to u that depend on time.

The stability of the zero solution of such a variational system is determined by calculating the
Floquet multipliers u, which are the eigenvalues of the monodromy matrix [34] of this system. For the
stability of the solution u!, it is necessary that are not greater than one: |u| < 1 (for autonomous
Hamiltonian systems, only |u| = 1 is possible in the case of stability). More information about the

monodromy matrix and Floquet multipliers can be found in [34,35].

2.2. Variational system for the perturbed Toda lattice. Variational system obtained by
linearizing (2) about solution 3, has the form

éQn = C€2p—1 — (C + 071)8271 + 07182n+1 + 40((7(82”,1 — 82n+1),
Boni1 = ¢ Yoo, — (¢4 ¢ Heanrn + ceanio — 4ab(e2, — €2n12), (8)
c=exp(2U(1)), b=U(t), ne{l..N}

Note that the right-hand side of the resulting system (8) contains, in addition to the unknowns eg,, and
€an,41, also terms proportional to €9, 1 and €g,19, i.e., it is a system of coupled differential equations.
To determine the stability of the m-mode in a chain of N particles, one has to to construct a 2N x 2N
monodromy matrix. It is clear that for chains with a large number of particles, the application of this
method becomes difficult.

Consider a way to bring the variational system (8) to a form such that the study of the stability
of its zero solution is possible for any arbitrarily large number of particles N. Let

A11 AlN
e=[er,....en]’, A= , (9)
ANt ... ANN

where A,,,,, are the coefficients of the linear system defined by (7). In this work, we use unitary transformations
€ = Se, that bring the matrix A = SASH of the system under consideration to a block-diagonal form.
Then, the transformed variational system

tn =3 Apm(t)m (10)

consists of independent subsystems, and the stability of the zero solution of each subsystem can be studied
independently.

2.3. Decomposition of a variational system using a general group-theoretic method.
The first method that we used is based on the theory of irreducible representations of symmetry groups.
This method was proposed and described in the work of G. M. Chechin and K. G. Zhukov [31]. To use
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this method, it is necessary to know the discrete spatial group G of the symmetry of the regime under
study, that is, a group of spatial transformations such that for any element a € G it is valid

aud =ud, n=1..N, Va € G. (11)

n’

In other words, the action of all the elements of G transforms the mode in question into itself.

In [31], it is proved that a variational system corresponding to a certain periodic regime can be
decomposed into independent subsystems of finite size using a unitary transformation, the matrix S of
which is composed of the basis vectors of irreducible representations of the spatial symmetry group G of
this mode.

In this work, the symmetry group of the m-mode was taken to be the group G = (as), consisting
of all possible powers of the operator as, where the action of the operators a and s is defined as follows:

AUy = Upt1, SUp = —Up. (12)

The works [3,31,33] describe in detail the procedure for finding the basis vectors of irreducible representations
and constructing the matrix S. In particular, in work [33], this procedure is described for the same
symmetry group that is used in this paper. Based on this procedure, the following decomposed variational
system can be obtained:

= 1\ . - . 1 . -
€og = —2 (c—i— c) sink - €9y, + 1 (c - 8ab> sin 2k - €241,
(13)
2 . 1 . ~ 1 2 ~
€g41 = —1 | C— . 8ab | sin2k €3, — 2| c+ p cos“k - €941,

where k = I%L/qz, q is an index taking values ¢ € {1...N/2}. Note that for each value of the index ¢,

expression (13) represents a closed system of differential equations with respect to the variables €, and
€24+1. The stability of system (13) for different values of the parameters k, vo and o will be investigated
in Sections 3 and 4 by analyzing the calculated values of the Floquet multipliers (see 2.1).

2.4. Decomposition of the variational system using discrete Fourier transform. Second
method that we used to transform variational system (8) into block-diagonal form is based on the use of
discrete Fourier transform. We introduce new variables:

wn = €op, q)n = €2p+41- (14)
Then the system of equations (8) takes the form

'l'bn =chp_1 — (C+ cil)WTL + Cilq)n + 4ab(¢n—1 - (I)n),

i} (15)
Pn = cPpp1 — (c+ Cil)‘bn + Cilwn —4ab(Yn — Pni1)-
We apply a discrete Fourier transform for the variables ,,, ¢,, independently of each other:
1 N/2
(k) = —= > exp(—ikn)yn,
VR 2
(16)

N/2

1 .
o(k) = Vi ; exp(—ikn)dn,

where k£ = J%,L/‘IQ, g € {1...N/2}. Note that variable transformation (16) is linear and unitary. The

variational system after the Fourier transformation will take the form

ﬁ) =—(c+c "))+ (4ob (1 — exp(—ik)) + cexp(—ik) + ¢ ') P,

. (17)
¢ = (4ab (1 — exp(ik)) + cexp(ik) + ¢ 1) — (c+ ¢ ).
System (17) is closed with respect to the variables 1 and ¢. As for system (13), its zero solution is not
difficult to investigate for stability for any value of ¢ by the standard Floquet method.
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2.5. A numerical investigation method. The Floquet multipliers for the variational systems
(13) and (17) were found numerically. For specific values of the parameters a, vy and k, the calculation
procedure was performed in 2 steps.

1. Numerical construction of the monodromy matrix. For the variational systems (13) and (17), the
monodromy matrix has a size of 4 x 4, where each column is composed of the solution of the Cauchy
problem x,, at time T (see formula (6)) with initial conditions z,,(0) = &,,,, where x,, is the state
variable of the variational system under consideration n € {1...4}, m is the column number of
the monodromy matrix, and 8,,, is the Kronecker delta. The Cauchy problem was solved using
the Dormand-Prince adaptive integration step method [36]. The relative error was less than 10710
(i.e., 10 significant digits of accuracy).

2. The calculation of the Floquet multipliers, which are the eigenvalues of the monodromy matrix
obtained in the previous step, was performed numerically using the LAPACK library [37].

The zero solution of the variational system for specific values of a, vy, and k was considered stable if each
of the four calculated Floquet multipliers deviated from the unit circle by no more than 10~":

il — 1] <1077, (18)

The studied m-mode was considered to be stable for some specific a and vy if the zero solution of
the corresponding variational system was stable for any value of k = ]%,L/‘IQ, where ¢ € {1... N/2}. The
calculations used the value N = 2000.

During the stability study, it was found that the decomposed variational systems (13) and (17)

lead to the same results for the same values of a and vg.

3. Stability of the m-mode in the classical Toda lattice

It is known that the unperturbed Toda lattice (i.e., when o = 0) is a complete integrable Hamiltonian
system (see, for example, [29]). In Poincaré’s work [38] (see also [39]) a relationship was established
between the number of constants of motion and the values of the Floquet multipliers. The theorem proved
in [38] states that if there are M functionally independent constant of motion F(qi,p; ...qn, pn) = const,
near the trajectory of a periodic regime, then at least 2M Floquet multipliers for that periodic mode will
be identically equal to one:

w; =1, 1e{l..2M}. (19)

Note that complete integrability implies the existence of IV constant of motion, which means that,
according to the theorem, all Floquet multipliers for a certain periodic regime must be equal to one if
these constants turn out to be functionally independent in the vicinity of such a periodic regime. This
statement is stronger than the necessary condition for the non-asymptotic stability of the periodic regime
il = 1.

In the present study, it was found that in the unperturbed Toda lattice for the number of particles
N > 4, the constants of motion of the system (explicit expressions for which are given in [40]) are
functionally dependent near the periodic regime under consideration (5). In particular, for N = 4, only 2
of the 4 constants of motion are functionally independent (this can be verified by determining the rank
of the Jacobian matrix composed of the integrals of motion), which is confirmed by the calculated values
of the Floquet multipliers w;:

W1 =2 =U3 =y ~ 1,
(20)
Us = Ug = Ws = pug ~ 0.47 + 0.88:.
Namely, according to the Poincaré theorem, with 2 functionally independent constants of motion, only 4
Floquet multipliers equal to one n; = 1 are guaranteed to exist, which corresponds to the results obtained
in (20).

We note that as the number of particles N increases, the number of functionally independent
constants of motion appears to remain equal to 2. This was verified by a direct calculation of the Floquet
multipliers for the monodromy matrix of the full variational system at N = 10, 100, 500. At all these
values of N, only four Floquet multipliers were found to be equal to one.
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Thus, despite the complete integrability of the unperturbed Toda lattice, the stability of the
n-mode in it does not follow from the above-mentioned Poincaré theorem. However, this stability can be
determined by calculating the Floquet multipliers for the systems (13) and (17), which was done in this
work.

The stability of the m-mode in the unperturbed Toda lattice was studied for all values of k in
the range k = ]%,L/qz (¢ € {1...N/2}, N = 2000) and values of vy € [0,20]. The step between different
values of vy was 0.02. The maximum deviation from the unit circle among all Floquet multipliers was
2.6 x 102, which corresponds to the numerical accuracy of integrating the equations (13). Therefore, it
can be concluded that the m-mode in the classical Toda lattice (i.e., when a = 0) is stable for all values
of vg.

4. Stability of the m-mode in a perturbed Toda lattice

This section presents the results of the study of the stability of the m-mode in the perturbed
Toda lattice (i.e., when a # 0). Generally speaking, for different values of the coefficient a, the Floquet

a=0.>
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Fig. 2. The stability diagram of the zone boundary mode for various values of k, vo and a. White and black colors
correspond to the stable and unstable periodic regimes of the investigated mode respectively
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Fig. 3. The stability diagram of the zone boundary mode for various values of a and the initial velocity vo. White
corresponds to the a and v for which the regime is stable for all values of k. Black corresponds to the a and wvg
for which the regime is unstable for at least one value of k

multipliers for each pair of values of vy and k are different. For this reason, it is interesting to study the
stability for different values of vy and k for a fixed value of a, as well as the stability of the system for
pairs of values of vy and o for an arbitrary value of k. The criteria and methodology for determining
stability are described in subsection 2.5.

The results of the study of the stability of the w-mode for different values of k, vy, and o are
presented in Fig. 2. This figure shows the stability diagrams, where white color corresponds to the
stability of the zero solution of the corresponding systems (13) and (17), and black color corresponds to
instability. Each diagram shows the results of calculations for all values of £ in the range k = ]%[L/qz, where
g € {1...N/2} and N = 2000, and values of vy € [0,20], taken in increments of 0.02. It is worth noting
that for a = 2.9, the stability diagram of the Toda lattice shows a region of values of k and vy that is
similar to the stability diagram of the m-mode in the FPUT-a chain obtained in [3].

The results of the study of the stability of the sm-mode for various values of the parameter o
and initial values of vy are shown in Fig. 3. As mentioned in subsection 2.5, the regime under study was
considered stable for certain values of a and vy if the zero solution of the corresponding variational system
was stable for any value of k. As in the previous figure, white color corresponds to stability, and black
color corresponds to instability. The figure shows that even for large values of the oscillation amplitude
and large positive values of a, the chain under study can exhibit stable oscillations corresponding to the
m-mode. However, for negative values of a, the nonlinear mode remains stable only for sufficiently small
values of the oscillation amplitude.

Conclusion

In this paper, the stability of the m-mode in the Toda lattice and its perturbed version with the
addition of a cubic term to the potential is investigated. The study was carried out by decomposing the
initial variational system of arbitrary dimension into subsystems of two equations. The decomposition
was carried out using both the general group-theoretic method based on the apparatus of irreducible
representations of symmetry groups, and the proposed alternative approach using the discrete Fourier
transform. The proposed approach can be applied to study the modulation instability of other nonlinear
modes.

The m-mode of the completely integrable Toda lattice is shown to be stable for all the considered
amplitudes for any number of particles in the system. When a cubic perturbation is introduced into the
potential, the stability of the nonlinear mode under study is generally altered: instability intervals appear
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that depend on the amplitude of the periodic solution and magnitude of the disturbance coefficient.
However, even for a perturbed Toda lattice, there are amplitude values at which the m-mode is stable for
any number of particles in the chain.

Appendiz

Al. Obtaining an exact solution corresponding to the n-mode. This appendix describes a
method for solving equation (4). Replacing the variables V' = U allows one to represent U in the following

form:
d. . dUﬂ B VdV

V=%V ~"@wa ~Var 1)
Then equation (4) becomes separable with respect to the variables V' and U:
V dV = —2sinh (2U) dU,
V' dV = —2 | sinh (2U) dU,
J J sinh (2U) (22)

V2 =(C —2cosh (2U),

V =+4/C —2cosh (2U).

Here C' is the integration constant. It follows from the type of expression obtained that for the initial
conditions U(0) = V(0) = vo:
C=uvd+2. (23)

By substituting back U = V, we get the final expression:

dU
)—— |
V3 +2 — 2cosh(20)

dt = sign(vg

(24)

U
dU
t=D+ sign(vo)/ .
5 \/vd — 4sinh*(U)
For the initial condition U(0) = 0 obviously D = 0, then the resulting expression can be reduced to

elliptic functions:
U
1

T_7/ dU
v 14 % sin? (i)

(25)

iU
g = [ =10
RV 1}4—3 sin?(iU)
The last expression can be written in terms of the Jacobi amplitude function am(u|m) [41, p. 16.1.3-4]:

_;‘2) . (26)

iU = am (i‘tvo
0

A2. Numerical representation of the solution. Expression (26) depends on complex arguments,
and the value of the parameter m is negative. Most software packages allow you to calculate elliptic
functions only for real arguments and the parameter m € [0, 1]. For this reason, the resulting solution is
reduced to the form without complex arguments and m € [0, 1].

Let us rewrite (5) in the following form:

sn(iw| — k)

4
U = —iarctan ( > ;W =1y, k= —, (27)
Yo

en(iw| — k)
where sn, cn is elliptic sine and cosine functions defined by the following expressions:

sn(ulm) = sin(am(ulm)), cn(u|m) = cos(am(u|m)). (28)
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First, let us move on from the negative parameter m = —k into u = L’ﬁ—k, w e [0,1] [41, p. 16.10]:

sn (u| — k) = u%sd (uuf%

u) , cn (u] — k) = cd (uu;% u) , (29)

where @ = H%k Also from the definition of the functions sd, c¢d (see [41, p. 16.3]) it follows that

sd (um)  sn(u|m)

= . 30
cd (ulm)  cn(ulm) (30)
Substituting (29), (30) into (27), we get the following expression:
4 sn (iwu;% u)
U = —iarctan | uf (31)

_1
cn (iwul 2

The transition from the imaginary argument is carried out by the following transformation [41, p. 16.20]:

. _sn (w|myq) . 1
sn (tw|n) = i ——, cn (twlw) = ———, 32
(iwly) =15 2 (1) = s (32)
where w1 = v/1 — p2. Total:
1 it
U = arctanh (uf sn (wul 2 M)) . (33)
Using (27) to express w and k via the original variables t, vg, we get
sn (I\/’U(Q) + 4‘ ﬁ)
U = arctanh L4/ (34)

V1+4/02

It was expression (34) that was used in the work to calculate the values of U.
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