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Abstract. The purpose of this work is to analyze the effect of the polarimeter signal processing algorithm on the results of
measurements of the optical rotation angle of the polarization plane to improve the accuracy of measurements in differential
polarimetry. Methods. The paper considers the methods of polarimetry used for the analysis of optically active substances,
based on the methods of phase measurements used to calculate the optical rotation angle. The expediency of using the
Fourier transform to calculate the phase difference of differential polarimeter signals is noted. To analyze the error of the
algorithm, mathematical modeling of the measurement information processing for various signal parameters is applied.
Results. The results of the study of the effect of the bit depth of the analog-to-digital converter, the number of samples over the
period of the signal and the accumulation time on the accuracy of restoring the phase difference are presented. The influence of
the ratio of signal amplitudes and the level of amplitude and phase noise caused by the imperfection of the measuring system
has also been investigated. Conclusion. The obtained results make it possible to optimize the operating mode and improve the
accuracy of the optical rotation angle measurements using a differential phase polarimeter based on the Fourier transform.
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1.  9FB8O <;@9D9A<= G7?4 6D4M9A<S
C?BE>BEF< CB?SD<;4J<< E69F4

%D98< @9FB8B6, CD<@9AS9@OI 8?S <;@9D9A<S I4D4>F9D<EF<> BCF<K9E>< 4>F<6AOI 69M9EF6,
@B:AB 6O89?<FP 869 7DGCCO. � C9D6B= 7DGCC9 BFABESFES AG?96O9 @9FB8O, 6 >BFBDOI 8B5<64RFES
@<A<@4?PAB= <AF9AE<6ABEF< (74L9A<S) E69FB6B7B CBFB>4 CGF9@ <;@9A9A<S BFABE<F9?PAB7B G7?B6B-
7B CB?B:9A<S BCF<K9E><I Q?9@9AFB6 4 CB?SD<;4FBD4 < 4A4?<;4FBD4 [10]. !98BEF4F>4@< CB8B5AOI
@9FB8B6 S6?SRFES A9B5IB8<@BEFP <ECB?P;B64A<S 6OEB>BFBKAOI G7?B@9DAOI GEFDB=EF6, E<?PAB9
6?<SA<9 Q?9>FD<K9E><I LG@B6 < H?G>FG4J<= <AF9AE<6ABEF< <EFBKA<>4 E69F4, CBE>B?P>G @B@9AF 74-
L9A<S A9B5IB8<@B BCD989?SFP CGF9@ <;@9D9A<S @<A<@4?PAB7B GDB6AS E<7A4?4. � @9FB84I 6FBDB=
7DGCCO CD<@9ASRF @B8G?SJ<R CB?SD<;4J<< E69FB6B7B CBFB>4 [10], CD< QFB@ @B:AB <ECB?P;B64FP
>4> 4@C?<FG8AO9, F4> < H4;B6O9 I4D4>F9D<EF<>< E<7A4?B6 8?S D4EK9F4 <E>B@OI 69?<K<A.

 9FB8O, BEAB64AAO9 A4 4A4?<;9 H4;B6OI I4D4>F9D<EF<>, B5?484RF @9APL9= KG6EF6<F9?PAB-
EFPR > LG@4@ < CB?GK<?< D4;6<F<9 6 8<HH9D9AJ<4?PAB= CB?SD<@9FD<< [11], 6 >BFBDB= @B8G?SJ<R
CB?SD<;4J<< ?GK9= B5OKAB BEGM9EF6?SRF E CB@BMPR 6D4M4RM97BES E CBEFBSAAB= E>BDBEFPR
4A4?<;4FBD4. %GFP 8<HH9D9AJ<4?PAB= CB?SD<@9FD<< ;4>?RK49FES 6 CDBCGE>4A<< C9D6B7B (B5N9>F-
AB7B) @B8G?<DB64AAB7B CB?SD<;B64AAB7B ?GK4 K9D9; >R69FG E <EE?98G9@O@ 69M9EF6B@, 4 6FBDB7B
(BCBDAB7B) 4 @<AGS QFG >R69FG (D<E. 1).

#D< QFB@ C9D6O= ?GK CD9F9DC9649F 8BCB?A<F9?PAO= CB6BDBF C?BE>BEF< CB?SD<;4J<< <;-
;4 BCF<K9E>B= 4>F<6ABEF< <EE?98G9@B7B 69M9EF64, CBQFB@G E<7A4?O A4 HBFBCD<9@A<>4I 5G8GF
D4;?<K4FPES CB H4;9. &4><@ B5D4;B@, <;@9D9A<9 G7?4 6D4M9A<S C?BE>BEF< CB?SD<;4J<< ('�##)
E6B8<FES > D4EK9FG D4;ABEF< H4; 74D@BA<K9E><I E<7A4?B6. �?S 4A4?<;4 EC9>FD4?PAB= ;46<E<@BEF<
'�## <ECB?P;GRF <EFBKA<>< <;?GK9A<S E D4;?<KAB= 8?<AB= 6B?AO.

"8A4>B EGM9EF6GRM<9 @9FB8O 8<HH9D9AJ<4?PAB= CB?SD<@9FD<< B5?484RF A98BEF4F>4@<
6 B5?4EF< EI9@AOI D9L9A<= < D94?<;B64AAOI 4?7BD<F@B6 6OK<E?9A<S D9;G?PF4FB6 <;@9D9A<=,
CBQFB@G <I GEB69DL9AEF6B64A<9 S6?S9FES 4>FG4?PAB= ;484K9=. *9?PR 84AAB= D45BFO S6?S9FES
CB6OL9A<9 FBKABEF< 8<HH9D9AJ<4?PAB= CB?SD<@9FD<< ;4 EK9F 4A4?<;4 6?<SA<S 4?7BD<F@4
B5D45BF>< E<7A4?B6 A4 D9;G?PF4FO <;@9D9A<= '�##.

$<E. 1. %I9@4 8<HH9D9AJ<4?PAB7B CB?SD<@9FD4: 1 4 <EFBKA<> @BABIDB@4F<K9E>B7B <;?GK9A<S; 2 4 E69FB89?<F9?P;
3, 9 4 CB?SD<;4FBDO; 4 4 >R69F4 E <EE?98G9@O@ 69M9EF6B@; 5 4 6D4M4RM<=ES 4A4?<;4FBD; 6, 10 4 HBFBCD<9@A<><;
7 4 H4;B@9FD; 8 4 A9CB86<:AB9 ;9D>4?B

Fig. 1. Scheme of differential polarimeter: 1 4 source of monochromatic radiation; 2 4 beam splitter; 3, 9 4 polarizers;
4 4 cuvette with the test substance; 5 4 rotating analyzer; 6, 10 4 photodetectors; 7 4 phase meter; 8 4 fixed mirror
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2.  9FB8O H4;B6OI <;@9D9A<=

$4;D45BF4AO < L<DB>B CD<@9ASRFES D4;?<KAO9 @9FB8O H4;B6OI <;@9D9A<= [12]. � CDB-
EF9=L9@ E?GK49 <ECB?P;GRF CD9B5D4;B64A<9 D4;ABEF< H4; E<7A4?B6 6 CBEFBSAAB9 A4CDS:9A<9
<?< 6D9@9AAB= <AF9D64?. !98BEF4FB> CB8B5AOI @9FB8B6 ;4>?RK49FES 6 FB@, KFB 8?S D4EK9F4 H4;O
<ECB?P;G9FES FB?P>B @4?4S K4EFP <AHBD@4J<BAAB7B E<7A4?4 6 B5?4EFSI 97B C9D9IB84 K9D9; BCD9-
89?9AAO= GDB69AP, CBQFB@G LG@O < H?G>FG4J<< E<7A4?4 5G8GF B>4;O64FP ;4@9FAB9 6B;89=EF6<9
A4 FBKABEFP <;@9D9A<=.

�?S <ECB?P;B64A<S 6E97B @4EE<64 <AHBD@4J<< B H4;9 @B:AB <ECB?P;B64FP >BDD9?SJ<BAAO9
(<AF97D4?PAO9) @9FB8O, >BFBDO9 CD<@9ASRF 8?S 4A4?<;4 <;B5D4:9A<= [13]. 1F< @9FB8O, >4>
CD46<?B, D94?<;GRF 6 K4EFBFAB= B5?4EF< K9D9; CD9B5D4;B64A<9 (GDP9, B8A4>B ?<LP @4>E<@G@
>BDD9?SJ<BAAB= HGA>J<< EB89D:<F <AHBD@4J<R B H4;B6B@ E86<79, D4EK9F >BFBDB7B 6 8<E>D9FAB@
6<89 E 6OEB>B= FBKABEFPR CD98EF46?S9F EB5B= 8B6B?PAB E?B:AGR ;484KG [12].

�E?< :9 6AB6P B5D4F<FPES > @9FB84@ B5D45BF>< <;B5D4:9A<=, FB @B:AB <ECB?P;B64FP
5B74FO= BCOF 6 B5?4EF< D4EL<HDB6>< <AF9DH9DB7D4@@, 4 ;484KG <;@9D9A<S D4;ABEF< H4; 74D@B-
A<K9E><I E<7A4?B6 D9L4FP E CB@BMPR @9FB8B6 J<HDB6B= <AF9DH9DB@9FD<<. �?S 6OK<E?9A<S
H4;O 6B?AB6B7B HDBAF4 CD< 4A4?<;9 <AF9DH9DB7D4@@ B5OKAB <ECB?P;GRF @9FB8 H4;B6OI L47B6
<?< @9FB8, BEAB64AAO= A4 CD9B5D4;B64A<< (GDP9 (HGDP9-@9FB8) [14].

 9FB8 H4;B6OI L47B6 6 D4;?<KAOI @B8<H<>4J<SI S6?S9FES 69EP@4 CBCG?SDAO@, B8A4>B
FD95G9F 4A4?<;4 >4> @<A<@G@ FD9I <AF9DH9DB7D4@@, 6 E6S;< E K9@ 97B FDG8AB CD<@9ASFP 8?S
D45BFO E 5OEFDBCDBF9>4RM<@< CDBJ9EE4@<. (GDP9-@9FB8 CB;6B?S9F D4EEK<FO64FP D4;ABEFP H4; CB
B8AB= <AF9DH9DB7D4@@9, AB E @9APL9= D4;D9L4RM9= ECBEB5ABEFPR, KFB E6S;4AB E B7D4A<K9A<9@
EC9>FD4 E<7A4?4 [15]. "8A4>B, CBE>B?P>G <;@9D<F9?PAO9 E<7A4?O 8<HH9D9AJ<4?PAB7B CB?SD<@9FD4
B5?484RF BK9AP G;><@ EC9>FDB@, FB 8?S D4EK9F4 D4;ABEF< H4; J9?9EBB5D4;AB CD<@9ASFP <@9AAB
HGDP9-@9FB8 < <ECB?P;B64FP 4A4?B7B-J<HDB6B= CD9B5D4;B64F9?P (�*#) 6@9EFB H4;B@9FD4.

3. �?7BD<F@ 6OK<E?9A<S H4;B6B7B E86<74
CB E<7A4?4@ 8<HH9D9AJ<4?PAB7B H4;B6B7B CB?SD<@9FD4

$4EE@BFD<@ CDBJ9EE CB?GK9A<S <;@9D<F9?PAB= <AHBD@4J<< E CB@BMPR 8<HH9D9AJ<4?PAB7B
H4;B6B7B CB?SD<@9FD4 (E@. D<E. 1). � 8<HH9D9AJ<4?PAB@ H4;B6B@ CB?SD<@9FD9 8?S @B8G?SJ<<
?GK4 <ECB?P;G9FES 6D4M4RM<=ES E CBEFBSAAB= E>BDBEFPR CB?SD<;4FBD, CD< QFB@ <AF9AE<6ABEFP
E69F4 A4 97B 6OIB89 BC<EO649FES ;4>BAB@  4?RE4 [16]. &B784 E<7A4?O A4 HBFBCD<9@A<>4I @B:AB
BC<E4FP GD46A9A<S@<

S1(t) = M1 + σ1η(t) +A1 cos(ω0t+ σφ1ηφ(t) + φ01), (1)

S2(t) = M2 + σ2η(t) +A2 cos(ω0t+ σφ2ηφ(t) + φ02), (2)

789 S1(t) 4 E<7A4? E B5N9>FAB7B HBFBCD<9@A<>4; S2(t) 4 E<7A4? E BCBDAB7B HBFBCD<9@A<>4;
M1, M2, σ1, σ2 4 ED98A<9 ;A4K9A<S < ED98A<9 >648D4F<K9E><9 BF>?BA9A<S (%�") CBEFBSAAB=
EBEF46?SRM9= E<7A4?B6; A1, A2 4 4@C?<FG8O E<7A4?B6; η(t) 4 488<F<6AO= 4@C?<FG8AO= LG@,
6O;O649@O= A9CBEFBSAEF6B@ <AF9AE<6ABEF< <EFBKA<>4 <;?GK9A<S; ω0 = 2π/T 4 J<>?<K9E>4S K4-
EFBF4 E<7A4?4 (BCD989?S9@4S C9D<B8B@ T ); σφ1, σφ2, ηφ(t) 4 %�" H4; < H4;B6O= LG@, 6O;O649@O9
A9D46AB@9DABEFPR 6D4M9A<S CB?SD<;4FBD4; φ01, φ02 4 A4K4?PAO9 H4;O; t 4 6D9@S.

#D98CB?4749FES, KFB LG@O η(t) < ηφ(t) <@9RF ABD@4?PAB9 D4ECD989?9A<9, AB > H4;B6B@G
LG@G CD<@9A9A4 A<;>BK4EFBFA4S H<?PFD4J<S.
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"C<L9@ QF4CO B5D45BF>< E<7A4?B6 E CB@BMPR CD98?4749@B7B 4?7BD<F@4.

1) �EIB8AO9 BCBDAO= < B5N9>FAO= E<7A4?O (1) < (2) G@AB:4RFES A4 4CB8<;<DGRMGR HGA>J<R:
@B8<H<J<DB64AAB9 B>AB �?9>@9A43)4DD<E4 K9F69DFB7B CBDS8>4 [17], <@9RM97B 4A4?<F<K9-
E>B9 CD98EF46?9A<9 6 6<89:

w(n) = a0 − a1 cos(2πn/N) + a2 cos(4πn/N)− a3 cos(6πn/N), 0 ⩽ n ⩽ N, (3)

789 a0 = 0.3635819, a1 = 0.4891775, a2 = 0.1365995, a3 = 0.0106411, N 4 B5M99 K<E?B
BFEK9FB6.

2) �OCB?AS9FES CDS@B9 CD9B5D4;B64A<9 (GDP9.
3) �OCB?AS9FES CB?BEB64S H<?PFD4J<S C9D6B7B CBDS8>4 6 EC9>FD9 CB?GK9AAOI E<7A4?B6 A4
QF4C9 2 H<?PFDB@ �4FF9D6BDF4 CSFB7B CBDS8>4, BC<EO649@4S GD46A9A<9@

F (ω) =
1

1 +

(

ω− ω1

∆ωc

)2k
, (4)

789 ωc = 0.1ω1 4 K4EFBF4 ED9;4, k 4 CBDS8B> H<?PFD4.
4) �OCB?AS9FES B5D4FAB9 CD9B5D4;B64A<S (GDP9 BF H<?PFDB64AAOI E<7A4?B6.
5) �OK<E?S9FES D4;ABEFP H4; ∆φ(t) BCBDAB7B < B5N9>FAB7B E<7A4?B6 CB HBD@G?9

∆φ(t) = arg[S‘

1 · S‘∗

2 ], (5)

789 ;A4> ∗ B;A4K49F >B@C?9>EAB-EBCDS:ёAAB9 ;A4K9A<9; arg 4 HGA>J<S 6OK<E?9A<S 4D7G@9A-
F4 >B@C?9>EAB7B K<E?4; S‘

1
, S‘

2
4 E<7A4?O, CB?GK9AAO9 A4 QF4C9 4.

6) �OK<E?S9FES ED98A99 ;A4K9A<9 CB?GK9AAB7B H4;B6B7B D4ECD989?9A<S ∆φ(t), >BFBDB9 CD98-
EF46?S9F EB5B= <E>B@B9 ;A4K9A<9 '�##.

4. �A4?<; 6?<SA<S D4;?<KAOI C4D4@9FDB6
A4 CB7D9LABEF< 4?7BD<F@4

#D<6989@ D9;G?PF4FO BJ9A>< 6?<SA<S A4 CB7D9LABEFP 4?7BD<F@4 6OK<E?9A<S H4;B6B7B
E86<74 CB E<7A4?4@ 8<HH9D9AJ<4?PAB7B H4;B6B7B CB?SD<@9FD4 E?98GRM<I C4D4@9FDB6: D4;DS8-
ABEF< GDB6A9= >64AFB64A<S, >B?<K9EF64 BFEK9FB6 ;4 C9D<B8 < 8?<F9?PABEF< A4>BC?9A<S E<7A4?4,
EBBFABL9A<S 4@C?<FG8 E<7A4?B6, 4@C?<FG8AB7B LG@4 < H4;B6B7B LG@4, 6O;64AAB7B A9D46AB@9DAB-
EFPR 6D4M9A<S 4A4?<;4FBD4.  4F9@4F<K9E>B9 @B89?<DB64A<9 CDB6B8<?BEP 6 ED989 MATLAB [18].
*9?PR 84AAB7B @B89?<DB64A<S S6?S9FES 6O5BD C4D4@9FDB6 EI9@O CB?SD<@9FD4 < BCF<@4?PAB7B
D9:<@4 97B D45BFO.

�A4?<; CB7D9LABEF< 4?7BD<F@4 CDB6B8<?ES E?98GRM<@ B5D4;B@.

1) �48464?<EP B5N9>FAO= < BCBDAO= E<7A4?O CB HBD@G?4@ (1) < (2) E D4;?<KAO@< C4D4@9FD4@<.
#D< QFB@ H4;B6O= E86<7 @9:8G <EIB8AO@< E<7A4?4@< 8?S 6E9I D94?<;4J<= CBEFBSA9A,
∆φ0 = φ01 − φ02, 789 φ01 = 0◦ < φ02 = 45◦ 4 A4K4?PAO9 H4;O B5N9>FAB7B < BCBDAB7B
E<7A4?B6, EBBF69FEF69AAB.

2) �OK<E?S?ES H4;B6O= E86<7 ∆φ(t) @9:8G E<7A4?4@< E CB@BMPR CD98?B:9AAB7B 4?7BD<F@4.
3) �5EB?RFA4S CB7D9LABEFP 4?7BD<F@4 BJ9A<64?4EP CB D4;ABEF< @9:8G ;484AAO@ < 6OK<E?9A-
AO@ H4;B6O@ E86<7B@: ∆φ = ∆φ(t)− ∆φ0(t). �BCB?A<F9?PAB 6OK<E?S?BEP %�" σ∆φ.
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4.1. �?<SA<9 D4;DS8ABEF< GDB6A9= >64AFB64A<S. #D< BJ<HDB6>9 E<7A4?B6 6B;A<>49F
CB7D9LABEFP >64AFB64A<S (LG@ >64AFB64A<S), >BFBD4S ;46<E<F BF >B?<K9EF64 GDB6A9= >64AFB64A<S,
E6S;4AAOI E D4;DS8ABEFPR CD<@9AS9@B7B �*#. #BQFB@G 8?S 6O5BD4 BCF<@4?PAB7B ;A4K9A<S
GDB6A9= >64AFB64A<S D4EE@BFD<@ 97B 6?<SA<9 A4 CB7D9LABEFP <;@9D9A<S. #4D4@9FDO @4F9@4F<K9-
E>B= @B89?< E<7A4?B6 CD<6989AO 6 F45?. 1, 789 Q 4 @4>E<@4?PAB9 ;A4K9A<9 E<7A4?4 6 ;484AAB=
D4;DS8ABEF< E<EF9@O.

$9;G?PF4FO @B89?<DB64A<S CD<6989AO A4 D<E. 2, a, b.
�4> E?98G9F <; 4A4?<;4 CB?GK9AAOI ;46<E<@BEF9=, D4;DS8ABEFP GDB6A9= >64AFB64A<S B>4;O-

649F A9;A4K<F9?PAB9 6?<SA<9 A4 CB7D9LABEFP < %�", < 8?S BJ<HDB6>< E<7A4?4 8<HH9D9AJ<4?P-
AB7B CB?SD<@9FD4 @B:AB <ECB?P;B64FP A98BDB7<9 12-D4;DS8AO9 �*#.

&45?<J4 1. �A4K9A<S C4D4@9FDB6 @4F9@4F<K9E>B= @B89?< E<7A4?B6

Table 1. Parameters values of the mathematical model of signals

#4D4@9FD �A4K9A<9

$4;DS8ABEFP �*# 8...16

%D98A99 ;A4K9A<9 B5N9>FAB7B E<7A4?4 Q/2

%D98A99 ;A4K9A<9 BCBDAB7B E<7A4?4 Q/2

�@C?<FG84 B5N9>FAB7B E<7A4?4 Q/2

�@C?<FG84 BCBDAB7B E<7A4?4 Q/2

#9D<B8 E<7A4?4, E 0.1

�B?<K9EF6B BFEK9FB6 A4 C9D<B8 1000

�?<F9?PABEFP A4>BC?9A<S E<7A4?4, E 20

$<E. 2. �?<SA<9 D4;DS8ABEF< �*# R A4 CB7D9LABEFP ∆φ (a) < %�" σ∆φ (b) 6BEEF4AB6?9AAB= D4;ABEF< H4;

Fig. 2. The effect of the analog-to-digital converter bit rate R on the error ∆φ (a) and the standard deviation σ∆φ (b)
of the restored phase difference
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4.2. �?<SA<9 >B?<K9EF64 BFEK9FB6 ;4 C9D<B8 < 8?<F9?PABEF< A4>BC?9A<S E<7A4?4.
�4?99 D4EE@BFD<@ 6?<SA<9 >B?<K9EF64 BFEK9FB6 ;4 C9D<B8 < 8?<F9?PABEF< A4>BC?9A<S E<7A4?4
(D<E. 3, a, b). #4D4@9FDO @4F9@4F<K9E>B= @B89?< E<7A4?B6 CD<6989AO 6 F45?. 2.

�4> E?98G9F <; D<E. 3, a < 3, b, A4<5B?PL99 6?<SA<9 A4 CB7D9LABEFP < %�" B>4;O649F 6D9@S
A4>BC?9A<S E<7A4?4 (FB 9EFP >B?<K9EF6B 4A4?<;<DG9@OI C9D<B8B6). #D< QFB@ ;A4K9A<S 84AAOI
C4D4@9FDB6 E?45B <;@9ASRFES CBE?9 6D9@9A< A4>BC?9A<S 5B?PL9 30 E9>GA8 (<?< 300 C9D<B8B6),
CBQFB@G @B:AB B7D4A<K<FP B5N9@ CB?GK49@B= <AHBD@4J<< E GK9FB@ QF<I D9;G?PF4FB6.

$<E. 3. �?<SA<9 >B?<K9EF64 BFEK9FB6 A4 C9D<B8 nT < 6D9@9A< A4>BC?9A<S E<7A4?4 τ A4 CB7D9LABEFP ∆φ (a) < %�"
σ∆φ (b) 6BEEF4AB6?9AAB= D4;ABEF< H4; (J69F BA?4=A)

Fig. 3. The effect of the number of samples for the period nT and the time of accumulation of the signal τ on the error ∆φ (a)
and the standard deviation σ∆φ (b) of the restored phase difference (color online)

&45?<J4 2. �A4K9A<S C4D4@9FDB6 @4F9@4F<K9E>B= @B89?< E<7A4?B6

Table 2. Parameters values of the mathematical model of signals

#4D4@9FD �A4K9A<9

$4;DS8ABEFP �*# 12

%D98A99 ;A4K9A<9 B5N9>FAB7B E<7A4?4 2048

%D98A99 ;A4K9A<9 BCBDAB7B E<7A4?4 2048

�@C?<FG84 B5N9>FAB7B E<7A4?4 2048

�@C?<FG84 BCBDAB7B E<7A4?4 2048

#9D<B8 E<7A4?4, E 0.1

�B?<K9EF6B BFEK9FB6 A4 C9D<B8 100...1000

�?<F9?PABEFP A4>BC?9A<S E<7A4?4, E 5...100

4.3. �?<SA<9 EBBFABL9A<S 4@C?<FG8 E<7A4?B6. #BE>B?P>G <AF9AE<6ABEFP B5N9>FAB7B <
BCBDAB7B ?GK9= @B:9F 5OFP A9B8<A4>B6B=, D4EE@BFD<@ 6?<SA<9 EBBFABL9A<S 4@C?<FG8 E<7A4?B6
A4 CB7D9LABEFP < %�". �?S QFB7B @B:AB CDB69EF< @B89?<DB64A<9 CD< D4;?<KAOI ;A4K9A<SI
>BQHH<J<9AF4 BE?45?9A<S 4@C?<FG8O E<7A4?B6 Ki. #4D4@9FDO @4F9@4F<K9E>B= @B89?< CD<6989AO
6 F45?. 3.
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&45?<J4 3. �A4K9A<S C4D4@9FDB6 @4F9@4F<K9E>B= @B89?< E<7A4?B6

Table 3. Parameters values of mathematical model of signals

#4D4@9FD �A4K9A<9

$4;DS8ABEFP �*# 12

%D98A99 ;A4K9A<9 B5N9>FAB7B E<7A4?4 K1 · 2048

%D98A99 ;A4K9A<9 BCBDAB7B E<7A4?4 K2 · 2048

�@C?<FG84 B5N9>FAB7B E<7A4?4 K1 · 2048

�@C?<FG84 BCBDAB7B E<7A4?4 K2 · 2048

#9D<B8 E<7A4?4, E 0.1

�B?<K9EF6B BFEK9FB6 A4 C9D<B8 1000

�?<F9?PABEFP A4>BC?9A<S E<7A4?4, E 30

$<E. 4. �?<SA<9 >BQHH<J<9AF4 BE?45?9A<S E<7A4?B6 Ki A4 CB7D9LABEFP ∆φ (a) < %�" σ∆φ (b) 6BEEF4AB6?9AAB=
D4;ABEF< H4; (J69F BA?4=A)

Fig. 4. The effect of the signal attenuation coefficient Ki on the error ∆φ (a) and the standard deviation σ∆φ (b) of the restored
phase difference (color online)

#B D9;G?PF4F4@ @B89?<DB64A<S (D<E. 4) @B:AB E89?4FP 6O6B8, KFB <;@9A9A<9 BFABL9A<S
4@C?<FG8 E<7A4?B6 6 CD989?4I 15% A9 5G89F B>4;O64FP ;A4K<@B7B 6?<SA<S A4 CB7D9LABEFP
6OK<E?9A<=.

4.4. �?<SA<9 4@C?<FG8AB7B LG@4.  B89?<DB64A<9 CB C. 4.134.3 CDB6B8<?BEP 8?S E?GK4S
BFEGFEF6<S LG@B6 E?GK4=AOI EBEF46?SRM<I η(t) < ηφ(t) 4 4@C?<FG8AB7B < H4;B6B7B LG@4. �4?99
D4EE@BFD<@ 6?<SA<9 A4 CB7D9LABEFP 4?7BD<F@4 QF<I C4D4@9FDB6.

'DB69AP 4@C?<FG8AB7B LG@4 ;48464?ES <;@9A9A<9@ %�" LG@4 B5N9>FAB7B < BCBDAB7B
E<7A4?B6 σ1 < σ2 E CB@BMPR D4;@9DAB7B >BQHH<J<9AF4 η, 64DP<DG9@B7B 6 8<4C4;BA9 0.001...0.01.
�@C?<FG8O E<7A4?B6 CD< QFB@ CD<@9@ ;4 95% BF @4>E<@4?PAB7B ;A4K9A<S. �A4K9A<S CB7D9LABEF<
< %�" 5G89@ D4EE@4FD<64FP 6 ;46<E<@BEF< BF BFABL9A<S E<7A4?/LG@ µA, >BFBDB9 8?S BCBDAB7B
E<7A4?4 6OK<E?S9FES CB HBD@G?9

µA = 20 lg(M1/σ1), (6)

#4D4@9FDO @4F9@4F<K9E>B= @B89?< CD<6989AO 6 F45?. 4.
&4><@ B5D4;B@, ;A4K9A<9 4@C?<FG8AB7B LG@4 (D<E. 5, a, b) B>4;O649F ;4@9FAB9 6?<SA<9 A4

CB7D9LABEFP 4?7BD<F@4, < :9?4F9?PAB 8B5<64FPES CB6OL9A<S BFABL9A<S E<7A4?/LG@ 6 <;@9D<-
F9?PAB= E<EF9@9 8B GDB6AS 50 8� < 6OL9.
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Table 4. Parameters values of mathematical model of signals

#4D4@9FD �A4K9A<9

$4;DS8ABEFP �*# 12

%D98A99 ;A4K9A<9 B5N9>FAB7B E<7A4?4 2048

%D98A99 ;A4K9A<9 BCBDAB7B E<7A4?4 2048

�@C?<FG84 B5N9>FAB7B E<7A4?4 0.95 · 2048

�@C?<FG84 BCBDAB7B E<7A4?4 0.95 · 2048

%�" LG@4 B5N9>FAB7B E<7A4?4 η · 4096

%�" LG@4 BCBDAB7B E<7A4?4 η · 4096

#9D<B8 E<7A4?4, E 0.1

�B?<K9EF6B BFEK9FB6 A4 C9D<B8 1000

�?<F9?PABEFP A4>BC?9A<S E<7A4?4, E 30

$<E. 5. �?<SA<9 BFABL9A<S E<7A4?/LG@ µA A4 CB7D9LABEFP ∆φ (a) < %�" σ∆φ (b) 6BEEF4AB6?9AAB= D4;ABEF< H4;

Fig. 5. The effect of the signal-to-noise ratio µA on the error ∆φ (a) and the standard deviation σ∆φ (b) of the restored phase
difference

4.5. �?<SA<9 H4;B6B7B LG@4. $4EE@BFD<@ F4>:9 6?<SA<9 H4;B6B7B LG@4, 6O;64AAB7B
A9D46AB@9DABEFPR 6D4M9A<S 4A4?<;4FBD4, >BFBDGR @B:AB BJ9A<FP K9D9; >BQHH<J<9AF A9D46AB-
@9DABEF< 6D4M9A<S δ [19], BCD989?S9@O= CB HBD@G?9

δ = (ωmax − ωmin)/ω0, (7)

789 ωmax, ωmin, ω0 4 @4>E<@4?PAB9, @<A<@4?PAB9 < ED98A99 ;A4K9A<S G7?B6B= E>BDBEF< ;4 1 J<>?.
�4AAO= >BQHH<J<9AF ;46<E<F BF F<C4 Q?9>FDB86<74F9?S, 6D4M4RM97B CB?SD<;4FBD, < F<CB6O9
;A4K9A<S δ EBEF46?SRF 0.001...0.01 [19], CBQFB@G 5O?B CDB6989AB @B89?<DB64A<9 6?<SA<S A9D46-
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AB@9DABEF< 6D4M9A<S CD< A4?<K<< A<;>BK4EFBFAB7B H4;B6B7B LG@4 6 8<4C4;BA9 BF 0 8B 0.01ω0.
#4D4@9FDO @4F9@4F<K9E>B= @B89?< CD<6989AO 6 F45?. 5.

�; CB?GK9AAOI D9;G?PF4FB6 @B:AB E89?4FP 6O6B8 (D<E. 6), KFB A9D46AB@9DABEFP 6D4M9A<S
4A4?<;4FBD4 6 CD989?4I 0...0.01ω0 >B@C9AE<DG9FES 4?7BD<F@B@ B5D45BF>< < E?45B 6?<S9F A4
D9;G?PF4FO <;@9D9A<=.

&45?<J4 5. �A4K9A<S C4D4@9FDB6 @4F9@4F<K9E>B= @B89?< E<7A4?B6

Table 5. Parameters values of mathematical model of signals

#4D4@9FD �A4K9A<9

$4;DS8ABEFP �*# 12

%D98A99 ;A4K9A<9 B5N9>FAB7B E<7A4?4 2048

%D98A99 ;A4K9A<9 BCBDAB7B E<7A4?4 2048

�@C?<FG84 B5N9>FAB7B E<7A4?4 2048

�@C?<FG84 BCBDAB7B E<7A4?4 4096

�@C?<FG84 H4;B6B7B LG@4 B5N9>FAB7B E<7A4?4 0...0.01ω0

�@C?<FG84 H4;B6B7B LG@4 BCBDAB7B E<7A4?4 0...0.01ω0

#9D<B8 E<7A4?4, E 0.1

�B?<K9EF6B BFEK9FB6 A4 C9D<B8 1000

�?<F9?PABEFP A4>BC?9A<S E<7A4?4, E 30

$<E. 6. �?<SA<9 >BQHH<J<9AF4 A9D46AB@9DABEF< 6D4M9A<S CB?SD<;4FBD4 δ A4 CB7D9LABEFP ∆φ (a) < %�" σ∆φ (b)
6BEEF4AB6?9AAB= D4;ABEF< H4;

Fig. 6. The effect of the coefficient of rotation unevenness of the polarizer δ on the error ∆φ (a) and the standard deviation
σ∆φ (b) of the restored phase difference
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�4>?RK9A<9

� D45BF9 CD98EF46?9AO D9;G?PF4FO 4A4?<;4 CB7D9LABEF< 4?7BD<F@4 B5D45BF>< E<7A4?B6
8<HH9D9AJ<4?PAB7B CB?SD<@9FD4, 6 >BFBDB@ G7?B6O9 <;@9D9A<S ;4@9A9AO H4;B6O@<. �?47B-
84DS BF>4;G BF G7?B6OI <;@9D9A<= CB?B:9A<S 4A4?<;4FBD4 EGM9EF69AAB EA<:4RFES FD95B64-
A<S > CB6BDBFAB@G GEFDB=EF6G < HBFBCD<9@A<>4@, KFB G89L96?S9F GEFDB=EF6B CB?SD<@9FD4.
�?S D4EK9F4 '�## CD98?B:9A 4?7BD<F@ B5D45BF>< E<7A4?B6, BEAB64AAO= A4 CD9B5D4;B64A<<
(GDP9. �?S BJ9A>< CB7D9LABEF< 4?7BD<F@4 CDB6989AB @4F9@4F<K9E>B9 @B89?<DB64A<9 CDBJ9E-
E4 B5D45BF>< <;@9D<F9?PAB= <AHBD@4J<< CD< D4;?<KAOI C4D4@9FD4I E<7A4?B6. #B?GK9AAO9
D9;G?PF4FO CB;6B?SRF BJ9A<FP FD95B64A<S > Q?9@9AF4@ CB?SD<@9FD4 (D4;DS8ABEF< < K4EFBFO
8<E>D9F<;4J<< �*#, E>BDBEF< < A9D46AB@9DABEF< 6D4M9A<S 86<74F9?S, BFABL9A<S E<7A4?/LG@),
4 F4>:9 BCF<@<;<DB64FP D9:<@ 97B D45BFO.
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Abstract. The purpose of this paper is to analyse the statistical characteristics of a Direct Chaotic Differentially Coherent
communication scheme based on chaotic radio pulses in a communication channel with additive white Gaussian noise, where
the chaotic signal is given by different instantaneous distributions. Methods. To achieve this goal, numerical modelling of
the noise immunity of Direct Chaotic Differentially Coherent communication is conducted and compared with the results
of analytical research. Results. The regularities associated with the use of chaotic signals with various statistical distributions
of instantaneous values were studied. The minimum values of energy per bit to white Gaussian noise power spectral density
ratio were obtained, providing the required error probabilities. Conclusion. It is shown that the proposed system works
efficiently at high values of processing gain, and as the processing gain increases, the dependence of noise immunity on the
specific statistical distribution of the chaotic signal is levelled out.

Keywords: chaotic radio pulses, differential communication scheme, numerical simulation, statistic characteristics, bit-error
probability.
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36?9A<9 8<A4@<K9E>B7B I4BE4 (�)) 5O?B BF>DOFB < 4>F<6AB <EE?98B64?BEP, A4K<A4S E E9-
D98<AO 60-I 7B8B6 )) 69>4. �4 C9D6O9 20 ?9F QFBF H9AB@9A 5O? <;GK9A 89F4?PAB E CD<@9D4@<
6 D4;?<KAOI B5?4EFSI 9EF9EF6B;A4A<S.  AB7<9 E6B=EF64 �) B>4;4?<EP G8<6<F9?PAO@<, > A<@,
59;GE?B6AB, BFABE<FES < 6B;@B:ABEFP E<AIDBA<;4J<< 86GI < 5B?99 E<EF9@ E 8<A4@<K9E><@ I4-
BEB@. �@9AAB QFB E6B=EF6B 6O;64?B C9D6BA4K4?PAO= <AF9D9E > I4BEG, >4> > CBF9AJ<4?PAB@G
ABE<F9?R <AHBD@4J<<. �, IBFS C9D6O9 EI9@O C9D984K< <AHBD@4J<<, CD98?B:9AAO9 A4 BEAB69
I4BF<K9E>B= E<AIDBA<;4J<<, B>4;4?<EP A98BEF4FBKAB QHH9>F<6AO@< E FBK>< ;D9A<S CB@9IBGEFB=-
K<6BEF< [1312], A4K4?B <ECB?P;B64A<S 8<A4@<K9E>B7B I4BE4 8?S C9D984K< < B5D45BF>< <AHBD@4J<<
5O?B CB?B:9AB.

%?98G9F BF@9F<FP, KFB ;484K4 C9D984K< <AHBD@4J<< BK9AP E<?PAB ;46<E<F BF H<;<K9E><I
GE?B6<=, 6 >BFBDOI BA4 BEGM9EF6?S9FES. $94?PAB E9=K4E <@99FES ;A4K<F9?PAB9 K<E?B CD<@9DB6
<ECB?P;B64A<S �) 8?S C9D984K< <AHBD@4J<< 6 D48<B8<4C4;BA9 Q?9>FDB@47A<FAOI 6B?A (CB
>459?R < K9D9; E6B5B8AB9 CDBEFD4AEF6B) [739, 13315], BCF<K9E><I E<EF9@4I E6S;< (CB 6B?B>BAAB-
BCF<K9E><@ >459?S@) [10, 11, 16318], 6 6B8AB= ED989 (G?PFD4;6G>B6B= I4BE) [12, 13, 19, 20] < 8D.

)BFS D9;G?PF4FO, CD98EF46?9AAO9 6 84AAB= EF4FP9, @B7GF <@9FP BFABL9A<9 > ?R5B= <;
GCB@SAGFOI B5?4EF9= CD<@9A9A<S �) > C9D984K9 < B5D45BF>9 <AHBD@4J<<, CD9:89 6E97B BA4
CBE6SM9A4 59ECDB6B8AB= C9D984K9 <AHBD@4J<< E CB@BMPR 6OEB>BK4EFBFAOI < E69DI6OEB>BK4-
EFBFAOI Q?9>FDB@47A<FAOI E<7A4?B6 (D48<B6B?A). 1F< D9;G?PF4FO F4>:9 @B7GF 5OFP <ECB?P;B-
64AO CD< EB;84A<< ED98EF6 8?S A45?R89A<S B>DG:4RM9= ED98O E CB@BMPR ?4@C D48<BE69F4 4
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@<A<4FRDAOI <EFBKA<>B6 L<DB>BCB?BEAB7B A9>B79D9AFAB7B @<>DB6B?AB6B7B <;?GK9A<S A4 BEAB69
8<A4@<K9E>B7B I4BE4 [21, 22].

%C9J<H<>4 CD<@9A9A<S I4BF<K9E><I E<7A4?B6 8?S 59ECDB6B8AOI ED98EF6 E6S;< BCD989?S-
9FES 86G@S H4>FBD4@<: 1) AG:AB B59EC9K<FP BCD989?9AAB9 BFABL9A<9 QA9D7<< E<7A4?4 > EC9>-
FD4?PAB= C?BFABEF< LG@4 A4 FD95G9@B= 84?PABEF< C9D984K<, KFB 6 GE?B6<SI B7D4A<K9A<= A4
EC9>FD4?PAGR C?BFABEFP <;?GK49@B= @BMABEF< D97G?<DG9FES CDBJ9EE<A7B@ (54;B=) E<7A4?4;
2) A9B5IB8<@B CD<ASFP @9DO ;4M<FO BF @AB7B?GK96B= <AF9DH9D9AJ<<, A4CD<@9D, ;4 EK9F <ECB?P-
;B64A<S <@CG?PEAOI D9:<@B6 < ;4M<FAOI <AF9D64?B6.

)BFS CBCOF>< CD<@9A9A<S �) 6 >4K9EF69 E<7A4?B6, A9EGM<I <AHBD@4J<R, A4K<A4?<EP,
6 C9D6GR BK9D98P, E <89=, E6S;4AAOI E E<AIDBA<;4J<9=, A4 E4@B@ 89?9 BA B5?4849F < J9?O@ DS8B@
8DG7<I E6B=EF6, CD<6?9>4F9?PAOI E FBK>< ;D9A<S C9D984K< 84AAOI. #BQFB@G CBE?9 BFABE<F9?PAOI
A9G84K CB <ECB?P;B64A<R I4BF<K9E>B= E<AIDBA<;4J<< 5O?B B5D4M9AB 6A<@4A<9 A4 8DG7<9
6B;@B:ABEF<.

%D98< A<I 4 BFABE<F9?PAO9 @9FB8O C9D984K< < <ECB?P;B64A<9 QA9D79F<K9E>B7B CD<9@4.
�89EP D9KP CB=89F B5 BFABE<F9?PAB= C9D984K9: EB6B>GCABEF< @9FB8B6 C9D984K<, 6 >BFBDOI E<7A4?
ED46A9A<S C9D9849FES 6@9EF9 E <AHBD@4J<BAAO@ E<7A4?B@ CB >4A4?G E6S;< [14316,23,24]. "8A4>B,
CD9:89 K9@ C9D9IB8<FP > 4A4?<;G QF<I E<EF9@, B5B;A4K<@, 6 >4><I E<FG4J<SI CD98EF46?S9F <AF9D9E
<ECB?P;B64A<9 I4BF<K9E><I E<7A4?B6 8?S C9D984K< <AHBD@4J<<.

1F< E<FG4J<< S6?SRFES CDS@O@< E?98EF6<S@< E?98GRM<I 86GI E6B=EF6 E4@<I I4BF<K9E><I
E<7A4?B6.

�B-C9D6OI, 8?S C9D984K< E<@6B?4 <ECB?P;G9FES HD47@9AF I4BF<K9E>B7B E<7A4?4, 8BEF4FBK-
AO= CB 8?<F9?PABEF< 8?S FB7B, KFB5O 97B @B:AB 5O?B BI4D4>F9D<;B64FP >4> BFD9;B> LG@BCB8B5-
AB7B CDBJ9EE4.

�B-6FBDOI, I4BF<K9E><= E<7A4?, >4> CD46<?B, I4D4>F9D<;G9FES 8BEF4FBKAB L<DB><@
EC9>FDB@.

%B6B>GCABEFP QF<I 86GI E6B=EF6 CD<6B8<F > FB@G, KFB <ECB?P;B64A<9 I4BE4 8?S C9D984K<
<AHBD@4J<< CDB<;6B8<FES L<DB>BCB?BEAO@< E<7A4?4@< E 54;B=, ;A4K<F9?PAB CD96BEIB8SM9=
98<A<JG <?<, 8DG7<@< E?B64@<, E<7A4?4@< EB ;A4K<F9?PAO@ D4EL<D9A<9@ EC9>FD4.

1. %<7A4?O, D4EL<DSRM<9 EC9>FD

� BF?<K<9 BF G;>BCB?BEAB7B E<7A4?4, @BMABEFP >BFBDB7B E>BAJ9AFD<DB64A4 6AGFD< CB-
?BEO, K<E?9AAB CD<@9DAB D46AB= E>BDBEF< C9D984K< 84AAOI, E<7A4? E D4EL<D9AAO@ EC9>FDB@
«D4;@4;O649F» E6BR @BMABEFP A4 ;A4K<F9?PAB 5B?PLGR CB?BEG K4EFBF [17, 25] <, CD< D46AB=
E G;>BCB?BEAO@ E<7A4?B@ @BMABEF<, <@99F 5B?99 A<;>GR EC9>FD4?PAGR C?BFABEFP @BMABEF<.
�4> E?98EF6<9, 6 ;BA9 G69D9AAB7B CD<9@4 EC9>FD4?PA4S C?BFABEFP @BMABEF< CD<A<@49@B7B E<7A4-
?4 @B:9F 5OFP 5?<;>4 > EC9>FD4?PAB= C?BFABEF< @BMABEF< HBAB6B7B LG@4 < 84:9 @B:9F 5OFP
;A4K<F9?PAB A<:9 A99. "8A4>B 59; CD9864D<F9?PAB7B (4CD<BDAB7B) ;A4A<S EFDG>FGDO < C4D4@9F-
DB6 >B@@GA<>4J<BAAB= E<EF9@O A9 F4>-FB CDBEFB ;4H<>E<DB64FP 84:9 E4@B A4?<K<9 E<7A4?4.
!B 84:9 9E?< CD<EGFEF6<9 E<7A4?4 B5A4DG:9AB, 59; A4?<K<S EBBF69FEF6GRM9= 8BCB?A<F9?PAB=
<AHBD@4J<< EBB5M9A<9 E?B:AB <;6?9KP.

"EAB6AO9 FD95B64A<S 8?S E<EF9@ E6S;< E D4EL<D9A<9@ EC9>FD4 @B:AB EG@@<DB64FP 6 E?9-
8GRM9@ 6<89.
1. #9D984649@O= E<7A4? ;4A<@49F CB?BEG K4EFBF ;A4K<F9?PAB 5B?99 L<DB>GR, K9@ E>BDBEFP
C9D984K< <AHBD@4J<<.

2. #B?BE4 K4EFBF CD984649@B7B E<7A4?4 A9 ;46<E<F BF E>BDBEF< C9D984K< 84AAOI.
3. �9@B8G?SJ<S @B:9F 5OFP BEGM9EF6?9A4, 6 K4EFABEF<, CGF9@ >BDD9?SJ<< CD<ASFB7B E<7A4?4
E D9C?<>B= (>BC<9=) E<7A4?4, <ECB?P;B64AAB7B 6 C9D984FK<>9 8?S D4EL<D9A<S 84AAOI.
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#9D6BA4K4?PAB F9IAB?B7<< D4EL<D9A<S EC9>FD4 EB;8464?<EP 6B>DG7 86GI 7?46AOI EI9@:
CDS@B= CBE?98B64F9?PABEF< (Direct Sequence 4 DS) < C9D9E>B>B6 K4EFBFO (Frequency Hopping 4
FH) [133, 14317].

#B;8A99 > QF<@ 86G@ F9IAB?B7<S@ D4EL<D9A<S EC9>FD4 8B546<?4EP F9IAB?B7<S «chirp» 4
<@CG?PEA4S K4EFBFA4S @B8G?SJ<S, CD< >BFBDB= ABE<F9?P E6<C<DG9F K4EFBFG CB A9>BFBDB= L<DB>B=
CB?BE9 6 84AAB@ <@CG?PEAB@ <AF9D64?9. "A4 <ECB?P;G9FES, A4CD<@9D, 6 @4?BCBFD95?SRM<I E9FSI
5B?PLB7B D48<GE4 89=EF6<S F<C4 LoRaWAN [26].

,<D<A4 CB?BEO A9EGM97B E<7A4?4 E4@4 CB E959 A9 I4D4>F9D<;G9F E<7A4? E FBK>< ;D9A<S
D4EL<D9A<S EC9>FD4. !4CD<@9D, E69DIL<DB>BCB?BEAO= G?PFD4>BDBF><= <@CG?PE >4> ABE<F9?P
<AHBD@4J<< <@99F CDBJ9EE<A7 (<?< 54;G) E<7A4?4 CBDS8>4 98<A<JO, FB 9EFP BA E69DIL<DB>BCB-
?BEAO=, AB CD< QFB@ A9 S6?S9FES E<7A4?B@ E D4EL<D9A<9@ EC9>FD4, CBE>B?P>G L<D<A4 EC9>FD4
EB6C4849F EB E>BDBEFPR C9D984K<. !B C4K>4 N G?PFD4>BDBF><I <@CG?PEB6 CE968BE?GK4=AB= CB-
?SDABEF<, E CB@BMPR >BFBDB= C9D9849FES B8<A 5<F <AHBD@4J<<, <@99F CDBJ9EE<A7 N , CBE>B?P>G
8?S QFB7B E<7A4?4 K = ∆T∆F = N , < CD98EF46?S9F EB5B= E<7A4? E D4EL<D9A<9@ EC9>FD4.

�89S F9IAB?B7<< D4EL<D9A<S EC9>FD4 E?98G9F <; EBBFABL9A<S �. ,9AABA4 8?S CDBCGE>AB=
ECBEB5ABEF< >4A4?4

C = W · log2
(

1 +
S

N

)

, (1)

789 C 4 CDBCGE>A4S ECBEB5ABEFP >4A4?4 6 5<F4I 6 E9>GA8G, W 4 CB?BE4 K4EFBF 6 79DJ4I,
N 4 @BMABEFP LG@4, S 4 @BMABEFP E<7A4?4. 'D46A9A<9 (1) CB>4;O649F E6S;P @9:8G 6B;@B:-
ABEFPR >4A4?4 C9D98464FP <AHBD@4J<R 59; BL<5B> 6 ;46<E<@BEF< BF BFABL9A<S E<7A4?/LG@,
<@9RM97B @9EFB 6 >4A4?9, < CB?BEO K4EFBF, <ECB?P;G9@B= 8?S C9D984K< <AHBD@4J<<.

�F4>, CGEFP C 4 :9?49@4S E>BDBEFP C9D984K< <AHBD@4J<<, FB784, C9D9IB8S BF 86B<KAB7B
?B74D<H@4 > A4FGD4?PAB@G, CB?GK49@

C

W
= 1.44 · loge

(

1 +
S

N

)

(2)

< 8?S @4?OI ;A4K9A<= BFABL9A<S S
N
, E>4:9@, @9APL9 0.1 (CBE>B?P>G @O IBF<@ <ECB?P;B64FP <I

6 CB@9IBGEFB=K<6B= E<EF9@9), D4;?474S ?B74D<H@ 6 DS8 < <ECB?P;GS C9D6O= K?9A D4;?B:9A<S,
<@99@

C

W
= 1.44 · S

N
. (3)

"F>G84 E?98G9F, KFB

W =
C ·N
1.44 · S . (4)

&B 9EFP 8?S ?R5B7B ;484AAB7B BFABL9A<S LG@4 > E<7A4?G @B:AB B59EC9K<FP A<;><= CBFB>
<AHBD@4J<BAAOI BL<5B>, G69?<K<64S CB?BEG, <ECB?P;G9@GR 8?S C9D984K< <AHBD@4J<<: A4CD<@9D,
9E?< @O IBF<@ <@9FP E6S;P, 6 >BFBDB= LG@ <AF9DH9D9AJ<< (6B;89=EF6<9 LG@4) 6 100 D4; (A4 20 8�)
5B?PL9 K9@ E<7A4?, < CBFB> EBEF46?S9F 10 >5<F/E, FB 10 >5<F <AHBD@4J<< 8B?:AO C9D98464FPES 6
>4A4?9 E CB?BEB= K4EFBF

W =
10 · 103 · 102

1.44
= 6.7 · 105 �J. (5)

!4 CD4>F<>9 E4@4 <AHBD@4J<S @B:9F 5OFP 66989A4 6 E<7A4? E D4EL<D9AAO@ EC9>FDB@
A9E>B?P><@< @9FB84@<. !4<5B?99 B5M<= ;4>?RK49FES 6 8B546?9A<< <AHBD@4J<< 6 D4EL<D9AAO=
EC9>FD CGF9@ <ECB?P;B64A<S D4EL<DSRM9= @B8G?SJ<<. 1F4 F9IAB?B7<S CD<@9A<@4 > ?R5B=
E<EF9@9, D4EL<DSRM9= EC9>FD, >BFBD4S <ECB?P;G9F >B8B6GR CBE?98B64F9?PABEFP 8?S BCD989?9-
A<S D48<BK4EFBFAB= CB?BEO (< E<EF9@O CDS@B= D4EL<DSRM9= CBE?98B64F9?PABEF<, < E<EF9@O
E C9D9E>B>B@ K4EFBFO S6?SRFES IBDBL<@< >4A8<84F4@<).
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2. %6S;P A4 I4BF<K9E><I E<7A4?4I

)4BF<K9E><9 E<7A4?O E CD<EGM9= <@ L<DB>BCB?BEABEFPR S6?SRFES 9EF9EF69AAO@< >4A-
8<84F4@< 8?S D4EL<D9A<S CB?BEO K4EFBFAB7B EC9>FD4 <EIB8AB7B <AHBD@4J<BAAB7B E<7A4?4.
#BE>B?P>G CD< <ECB?P;B64A<< I4BF<K9E><I E<7A4?B6 8?S >B8<DB64A<S <AHBD@4J<< D9;G?PF<DG-
RM<9 E<7A4?O S6?SRFES E<7A4?4@< E D4EL<D9AAO@ EC9>FDB@, <@9RM<@< 5B?99 L<DB>GR CB
ED46A9A<R E <EIB8AO@< <AHBD@4J<BAAO@< E<7A4?4@< CB?BEG < 5B?99 A<;>GR EC9>FD4?PAGR
C?BFABEFP, BA< B5?484RF 6E9@< CD9<@GM9EF64@< E<7A4?B6 E D4EL<D9A<9@ EC9>FD4, F4><@< >4>
E?B:ABEFP 89F9>F<DB64A<S 59; 8BCB?A<F9?PAB= <AHBD@4J<< B E<EF9@9, GEFB=K<6BEFP > @AB7B?G-
K96O@ ;4@<D4A<S@, > 6B;89=EF6<R CB@9I < F. 8. �B?99 FB7B, >4> E?98EF6<9 6OEB>B= KG6EF6<F9?PAB=
;46<E<@BEF< BF A4K4?PAOI GE?B6<= < 64D<4J<< C4D4@9FDB6, ?97>B @B:9F 5OFP 6BECDB<;6989-
AB 5B?PLB9 K<E?B D4;AOI D4EL<DSRM<I E<7A4?B6 (wave forms). #BQFB@G 8<A4@<K9E><= I4BE
CD98EF46?S9F EB5B= A98BDB7B9 < GA<69DE4?PAB9 D9L9A<9 8?S E<EF9@ E6S;< E D4EL<D9A<9@ EC9>FD4.

% A4K4?4 1990-I 7B8B6 5O? CD98?B:9A DS8 EI9@ @B8G?SJ<< < 89@B8G?SJ<< c D4EL<D9A<9@
EC9>FD4 A4 BEAB69 8<A4@<K9E>B7B I4BE4. #D< QFB@ CD4>F<K9E>B9 ;A4K9A<9 <@9RF 6 C9D6GR BK9D98P
F9 <; A<I, >BFBDO9 A9 <ECB?P;GRF I4BF<K9E>GR E<AIDBA<;4J<R.

%D98< A<I DCC 4 Direct Chaotic Communications [5,10,13315,19,20], 4 F4>:9 <89B?B7<K9E><
5?<;>4S > DCC EI9@4 COOK 4 Chaos on-off Keying [6, 11] BFABESFES > C9D6B@G F<CG (QA9D79F<K9-
E><= CD<9@), 4 DCSK 4 Differential Chaotic Shift Keying [6, 11, 23, 24, 27, 28] < CDSK 4 Correlation
Delay Shift Keying [6, 11, 25, 29] 4 > BFABE<F9?PAO@ @9FB84@.

#B E6B<@ EF4F<EF<K9E><@ I4D4>F9D<EF<>4@ GCB@SAGFO9 E<EF9@O 5O?< 5?<;>< > >?4EE<K9-
E><@ G;>BCB?BEAO@ E<EF9@4@ E6S;<. !B Q>EC9D<@9AF4?PAB <; A<I, 6C?BFP 8B E97B8ASLA97B 8AS,
D94?<;B64A4 FB?P>B EI9@4 DCC. +FB >4E49FES BFABE<F9?PAOI I4BF<K9E><I E<EF9@ E6S;<, FB 84:9
G ?GKL9= <; A<I A4 FB 6D9@S 4 DCSK 4 6B;A<>?< CDB5?9@O E CD4>F<K9E>B= D94?<;4J<9=.

(BD@4?PAB >4> DCC, F4> < DCSK CD<A48?9:4F > E<EF9@4@ E6S;< E D4EL<D9A<9@ EC9>FD4,
B8A4>B <;-;4 BFEGFEF6<S >BC<= HBD@O E<7A4?4 A4 CD<9@AB= EFBDBA9, 6 A<I <ECB?P;G9FES ;4LG@-
?9AA4S HBD@4 E<7A4?4, C9D984649@4S CB QH<DG, KFB CD<6B8<F > GIG8L9A<R <I EF4F<EF<K9E><I
I4D4>F9D<EF<> CB ED46A9A<R E «<EF<AAB» >B79D9AFAO@ CD<9@B@. "EB59AAB QFB ;4@9FAB CD<
<ECB?P;B64A<< E<7A4?B6 E 5B?PL<@< < BK9AP 5B?PL<@< >BQHH<J<9AF4@< CDBJ9EE<A74. �@9EF9
E F9@ QHH9>F A4>BC?9A<S E<7A4?4 6 A<I 6E9 :9 D45BF49F, KFB CB;6B?S9F <;6?9>4FP CB?9;AO= E<7A4?
84:9 CD< GDB6A9 E<7A4?/LG@ @9APL9 AG?S.

2.1. %FDG>FGD4 E<7A4?4 < @9FB8 @B8G?SJ<<. � A4EFBSM9= D45BF9 D4EE@4FD<649FES EI9@4
CDS@BI4BF<K9E>B= BFABE<F9?PAB= C9D984K< <AHBD@4J<< (D%2 4 Direct Chaotic Differentially
Coherent), 789 <ECB?P;GRFES 6 >4K9EF69 ABE<F9?S <AHBD@4J<< I4BF<K9E><9 D48<B<@CG?PEO [30333].
"FABE<F9?PA4S C9D984K4 <AHBD@4J<< A4 BEAB69 I4BF<K9E><I D48<B<@CG?PEB6 D%2 E FBK>< ;D9A<S
CD4>F<K9E>B= D94?<;4J<< BF?<K49FES BF EI9@O C9D984K< DCSK [11,27,28] F9@, KFB ;489D:>< 6 A9=
<@9RF EGM9EF69AAB @9APLGR 8?<F9?PABEFP.

� GCB@SAGFOI D45BF4I [30333] 5O?4 CB>4;4A4 D45BFBECBEB5ABEFP EI9@O E6S;< DC2 < 99
QHH9>F<6ABEFP CD< ED98A<I < 5B?PL<I 54;4I E<7A4?4, CDB6989AO 4A4?<F<K9E><9 <EE?98B64A<S
6?<SA<S A4?<K<S 59?B7B LG@4 6 >4A4?9 A4 69DBSFABEFP 6B;A<>AB69A<S BL<5B> CD< C9D984K9
J<HDB6OI 84AAOI.

� 84AAB= D45BF9 CDB6989AO <EE?98B64A<S EF4F<EF<K9E><I I4D4>F9D<EF<> E<EF9@O DC2

@9FB84@< K<E?9AAB7B @B89?<DB64A<S 8?S D4;?<KAOI D4ECD989?9A<= @7AB69AAOI ;A4K9A<= I4-
BF<K9E>B7B E<7A4?4, >BFBDO9 6 EB6B>GCABEF< E D4A99 CB?GK9AAO@< 4A4?<F<K9E><@< BJ9A>4@<
CB;6B?SRF EHBD@G?<DB64FP BEAB6AO9 F9BD9F<K9E><9 CB?B:9A<S EF4F<EF<K9E>B= F9BD<< EI9@O
CDS@BI4BF<K9E>B= BFABE<F9?PAB= C9D984K< <AHBD@4J<< DC2.
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3. "FABE<F9?PA4S C9D984K4 <AHBD@4J<< A4 BEAB69
I4BF<K9E><I D48<B<@CG?PEB6

&4> :9, >4> < 6 CDS@BI4BF<K9E>B= E<EF9@9 E6S;< E QA9D79F<K9E><@ CD<9@B@ [5, 7310, 133
15,19,20], ABE<F9?9@ <AHBD@4J<< 6 DC2 E<EF9@9 E6S;< S6?SRFES I4BF<K9E><9 D48<B<@CG?PEO.
)4BF<K9E><= E<7A4? <@99F LG@BCB8B5AGR D94?<;4J<R < 5OEFDB EC484RMGR HGA>J<R 46FB-
>BDD9?SJ<<. 1F< >?RK96O9 E6B=EF64 <ECB?P;GRFES 6 D4EE@4FD<649@B= EI9@9 BFABE<F9?PAB=
C9D984K< <AHBD@4J<<. #B?BE4 K4EFBF I4BF<K9E>B7B D48<B<@CG?PE4 BCD989?S9FES CB?BEB= K4EFBF
<EIB8AB7B I4BF<K9E>B7B E<7A4?4 < 6 L<DB><I CD989?4I <;@9A9A<S 8?<AO <@CG?PE4 A9 ;46<E<F
BF 8?<F9?PABEF< <@CG?PE4.

�E?< 8?<F9?PABEFP I4BF<K9E>B7B D48<B<@CG?PE4 ∆T � 1/(2∆F ), FB EC9>FD @BMABEF<
CBFB>4 I4BF<K9E><I D48<B<@CG?PEB6 CD4>F<K9E>< A9 5G89F BF?<K4FPES BF EC9>FD4 @BMABEF< <E-
IB8AB7B I4BF<K9E>B7B E<7A4?4. #BE>B?P>G 69?<K<A4 K = ∆T∆F CD98EF46?S9F EB5B= >BQHH<J<9AF
CDBJ9EE<A74 E<7A4?4, FB G69?<K9A<9 8?<AO I4BF<K9E>B7B D48<B<@CG?PE4 CD<6B8<F > G69?<K9A<R
97B >BQHH<J<9AF4 CDBJ9EE<A74.

�?S EI9@O DC2 64:AB= I4D4>F9D<EF<>B= S6?S9FES 6D9@S 46FB>BDD9?SJ<< I4BF<K9E>B7B
D48<B<@CG?PE4, >BFBDB9 B5D4FAB CDBCBDJ<BA4?PAB CB?BE9 K4EFBF I4BF<K9E>B7B E<7A4?4 ∆τ∼1/∆F .
�E?< I4BF<K9E><= D48<B<@CG?PE E@9EF<FP A4 6D9@S 5B?PL99, K9@ 6D9@S 46FB>BDD9?SJ<<, FB @B:AB
QF< 864 D48<B<@CG?PE4 D4EE@4FD<64FP >4> A9>BDD9?<DB64AAO9. 1F4 BEB59AABEFP ?9:<F 6 BEAB69
EI9@O DC2 8?S @B8G?SJ<< < C9D984K< 84AAOI.

$4EE@4FD<649@4S EI9@4 C9D984K< 84AAOI BFABE<FES > BFABE<F9?PAB@G >B79D9AFAB@G CD<-
9@G, 789, 6 BF?<K<9 BF >?4EE<K9E>B= EI9@O >B79D9AFAB7B CD<9@4, >BC<S C9D984649@B7B E<7A4?4
A9 ID4A<FES 6 CD<9@A<>9, 4 C9D9EO?49FES CB D48<B>4A4?G.

�?S C9D984K< 84AAOI 6 DC2 6 >4A4? C9D9849FES CDB@B8G?<DB64AAO= I4BF<K9E><= D4-
8<B<@CG?PE < 97B A9 CDB@B8G?<DB64AA4S >BC<S E ;489D:>B= @9:8G A<@< 5B?PL9, K9@ 6D9@S
46FB>BDD9?SJ<<. #D< CD<9@9 CDB<;6B8<FES >BDD9?SJ<S (>B79D9AFAO= CD<9@) @9:8G CDB@B8G?<-
DB64AAO@ D48<B<@CG?PEB@ < 97B ;489D:4AAB= A9 CDB@B8G?<DB64AAB= >BC<9=. #D< @B8G?SJ<<
8?S C9D984K< ?B7<K9E>B= 98<A<JO I4BF<K9E><= D48<B<@CG?PE C9D9849FES 59; <;@9A9A<=, 8?S
C9D984K< ?B7<K9E>B7B AG?S I4BF<K9E><= D48<B<@CG?PE G@AB:49FES A4 −1. &4><@ B5D4;B@, CB-
E?9 BFABE<F9?PAB7B >B79D9AFAB7B CD<9@4 6 CD<9@A<>9 6B;A<>4RF <@CG?PEO E CB?B:<F9?PAO@<
< BFD<J4F9?PAO@< ;A4K9A<S@<.

$4EE@BFD<@ 5B?99 CB8DB5AB HGA>J<BA4?PAO9 EFDG>FGDO C9D984FK<>4 < CD<9@A<>4 CD98-
?B:9AAB= EI9@O DC2. #9D984FK<> E<EF9@O (D<E. 1, a) EBEFB<F <; <EFBKA<>4 I4BF<K9E><I D48<B-
<@CG?PEB6; 89?<F9?S; @B8G?SFBD4, GCD46?S9@B7B 6A9LA<@ <AHBD@4J<BAAO@ E<7A4?B@; ;489D:><
A4 6D9@S τ, CD96OL4RM99 6D9@S 46FB>BDD9?SJ<< E<7A4?4; EG@@4FBD4 < C9D984RM9= 4AF9AAO.
�EFBKA<> I4BF<K9E><I D48<B<@CG?PEB6 HBD@<DG9F <@CG?PEO 8?<F9?PABEFPR Tp; CDB@9:GF><
@9:8G <@CG?PE4@< 4 ;4M<FAO9 <AF9D64?O 4 <@9RF 8?<F9?PABEFP Tgi. %G@@4DA4S 8?<F9?PABEFP
<@CG?PE4 < ;4M<FAB7B <AF9D64?4 CD98EF46?S9F EB5B= 8?<F9?PABEFP C9D984649@B7B 5<F4 Tb. �4:-
8O= <@CG?PE CBEFGC49F 6 89?<F9?P, CBE?9 >BFBDB7B CBC4849F 6 864 >4A4?4. � C9D6B@ >4A4?9 97B
@B8G?<DGRF <AHBD@4J<BAAO@ E<7A4?B@ CGF9@ G@AB:9A<S A4 1, 4 6B 6FBDB@ >4A4?9 ;489D:<-
64RF A4 6D9@S τ. '@AB:9A<9 A4 +1 EBBF69FEF6G9F C9D984K9 «1», G@AB:9A<9 A4 −1 4 C9D984K9
«0». #BE?9 QFB7B E<7A4?O EG@@<DGRF, EG@@4DAO= E<7A4? GE<?<64RF, BA CBEFGC49F 6 4AF9AAG <
<;?GK49FES. #D< QFB@ 8?<A4 <;?GK49@B7B EG@@4DAB7B <@CG?PE4 D46A4 Tr = Tp + τ.

#D<9@A<> E<EF9@O (D<E. 1, b) EBEFB<F <; 4AF9AAO, @4?BLG@SM97B GE<?<F9?S, 89?<F9?S,
;489D:>< A4 6D9@S τ, C9D9@AB:<F9?S, <AF97D4FBD4 < CBDB7B6B7B GEFDB=EF64. #D<ASFO= 4AF9AAB=
E<7A4? GE<?<64RF 8B AG:AB7B GDB6AS 6 @4?BLG@SM9@ GE<?<F9?9, 89?SF CBCB?4@ < CB84RF 6
864 >4A4?4. � C9D6B@ >4A4?9 A<>4><I 89=EF6<= E E<7A4?B@ A9 CDB<;6B8SF, < BA CBEFGC49F A4
C9D9@AB:<F9?P. �B 6FBDB@ >4A4?9 E<7A4? ;489D:<64RF A4 6D9@S τ, CBE?9 K97B BA F4>:9 CBEFGC49F
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a

b

$<E. 1. a 4 %FDG>FGD4 C9D984FK<>4: 1 4 <EFBKA<> I4BF<K9E><I D48<B<@CG?PEB6, 2 4 89?<F9?P, 3 4 <AHBD@4J<BA-
A4S CBE?98B64F9?PABEFP, 4 4 @B8G?SFBD, 5 4 ;489D:>4, 6 4 EG@@4FBD, 7 4 GE<?<F9?P; b 4 EFDG>FGD4 CD<9@A<>4:
1 4 @4?BLG@SM<= GE<?<F9?P, 2 4 89?<F9?P, 3 4 ;489D:>4, 4 4 C9D9@AB:<F9?P, 5 4 <AF97D4FBD, 6 4 CBDB7B6B9
GEFDB=EF6B, 7 4 <AHBD@4J<BAA4S CBE?98B64F9?PABEFP

Fig. 1. a 4 Transmitter structure: 1 4 source of chaotic pulses, 2 4 divider, 3 4 information data, 4 4 modulator, 5 4 time
delay, 6 4 combiner, 7 4 amplifier; b 4 receiver structure: 1 4 low-noise amplifier, 2 4 divider, 3 4 time delay, 4 4 multiplier,
5 4 integrator, 6 4 threshold device, 7 4 information data

A4 C9D9@AB:<F9?P. �4@9F<@, KFB 8?<F9?PABEFP <@CG?PE4, CB?GK9AAB7B CGF9@ C9D9@AB:9A<S
<@CG?PEB6, CBEFGC<6L<I A4 C9D9@AB:<F9?P, D46A4 Tp. �@CG?PE, CB?GK9AAO= E 6OIB84 C9D9@AB-
:<F9?S, <AF97D<DG9FES 6 F9K9A<9 6D9@9A< Tp. �4F9@ E<7A4? CBEFGC49F A4 CBDB7B6B9 GEFDB=EF6B
E AG?96O@ CBDB7B@. �E?< CBEFGC<6L<= E<7A4? 5B?PL9 AG?S, FB CBDB7B6B9 GEFDB=EF6B H<>E<DG9F
CD<9@ «1», 9E?< :9 BA @9APL9 AG?S, FB H<>E<DG9FES CD<9@ «0».

3.1. �9@B8G?SJ<S E<7A4?4. #D< <EE?98B64A<< CDBJ9EE4 CD<9@4 EI9@O DC2 D4EE@4FD<64-
9FES E?98GRM4S @B89?P 99 HGA>J<BA<DB64A<S [30333].

#GEFP Sk(t) 4 k-= I4BF<K9E><= <@CG?PE 6 CBFB>9, HBD@<DG9@B@ <EFBKA<>B@ I4BF<K9E><I
D48<B<@CG?PEB6 (<I A9B5IB8<@B <A89>E<DB64FP, CBE>B?P>G, 6 E<?G I4BF<KABEF<, BA< 6E9 D4;AO9);
αk ∈ {−1, 1} 4 ;A4K9A<9 <AHBD@4J<BAAB7B @B8G?<DGRM97B E<7A4?4. #D< C9D984K9 k-7B 86B<KAB7B
<AHBD@4J<BAAB7B E<@6B?4 E<7A4? A4 6OIB89 C9D984FK<>4 5G89F 6O7?S89FP E?98GRM<@ B5D4;B@:

Yk(t) = (αkSk(t) + Sk(t− τ)) /2, (6)

� CD<9@A<>9, CD< BFEGFEF6<< LG@B6, <@CG?PE A4 6OIB89 5?B>4 C9D9@AB:9A<S, EBBF69FEF6G-
RM<= k-@G <AHBD@4J<BAAB@G E<@6B?G, CBEFGC49F A4 <AF97D4FBD, CBE?9 >BFBDB7B CD<B5D9F49F 6<8:

Zk(t) =







Tp+τ
∫

τ

αkSk(t− τ)Sk(t− τ)dt






/4 + θk(t), (7)

789

θk(t) =







Tp+τ
∫

τ

αkSk(t)Sk(t− τ)dt+

+

Tp+τ
∫

τ

αkSk(t)Sk(t− 2τ)dt+

Tp+τ
∫

τ

αkSk(t− τ)Sk(t− 2τ)dt






/4. (8)

�@<FD<96 �. %., $O:B6 �.�., %P9DD4-&9D4A �. .

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 4 427



%BEF46?SRM4S θk(t) E<7A4?4 (8) CD98EF46?S9F EB5B= LG@, EB;84649@O= E4@B= EI9@B=.
#BE>B?P>G 6D9@S ;489D:>< τ CD96OL49F 6D9@S 46FB>BDD9?SJ<<, 6E9 >B@CBA9AFO θk(t) 5G8GF
EGM9EF69AAB @9APL<@< CB ED46A9A<R E C9D6O@ K?9AB@ 6 6OD4:9A<< (7), S6?SRM<@ES CB?9;AO@
E<7A4?B@. &4><@ B5D4;B@, ;A4> αk («+» <?< «−») BCD989?S9F < ;A4> Zk(t). %<7A4? E 6OIB84
<AF97D4FBD4 CBEFGC49F A4 5?B> CD<ASF<S D9L9A<S, 789 BEGM9EF6?S9FES 97B ED46A9A<9 E AG?96O@
CBDB7B@. #B ;A4>G BCD989?S9FES ;A4K9A<9 6OIB8AB7B 86B<KAB7B <AHBD@4J<BAAB7B E<@6B?4.

4. �A4?<F<K9E><9 BJ9A>< CB@9IBGEFB=K<6BEF<
6 >4A4?9 E 59?O@ LG@B@

�A4?<F<K9E><9 BJ9A>< CB@9IBGEFB=K<6BEF< 8?S BFABE<F9?PAB= EI9@O C9D984K< DC2 CB-
?GK9AO 6 D45BF9 [30] 6 CD98CB?B:9A<<, KFB > E<7A4?G k-7B A4 6IB89 CD<9@A<>4 8B546?S9FES
H?G>FG4J<BAAO= LG@ E 74GEEB6E><@ D4ECD989?9A<9@ @7AB69AAOI ;A4K9A<= < CBEFBSAAB= EC9>-
FD4?PAB= C?BFABEFPR:

Vk(t) = Yk(t) + ηk(t). (9)

�9DBSFABEFP BL<5>< CD< CD<9@9 >4:8B7B 5<FB6B7B EBB5M9A<S @B:AB CD98EF46<FP 6 6<89:

Perr = f

(

Nc∆FTp/

√

NcN0∆FTp

(

2 +
N0

2Nc

+
5Nc

2N0

)

)

, (10)

789

f(x) =

[

1− 2√
2π

∫ x

0

e−
t
2

2 dt

]

. (11)

�89EP Nc 4 EC9>FD4?PA4S C?BFABEFP I4BF<K9E>B7B E<7A4?4, ∆F 4 CB?BE4 I4BF<K9E>B7B E<7A4?4,
N0 4 EC9>FD4?PA4S C?BFABEFP LG@4.

#D< 4A4?<;9 4A4?<F<K9E>B= HBD@O 8?S 69DBSFABEF< BL<5>< 5O?B 6OSEA9AB, KFB BA4 B5?4-
849F <AF9D9EAO@ 4E<@CFBF<K9E><@ E6B=EF6B@, 4 <@9AAB, CD< EFD9@?9A<< BFABL9A<S E<7A4?/LG@
> 59E>BA9KABEF< 69DBSFABEFP BL<5>< EFD9@<FES A9 > AG?R, 4 > A9>BFBDB@G CD989?G:

Perr lim = f

(

√

2∆FTp

5

)

. (12)

�A4?<F<K9E><9 BJ9A>< CB@9IBGEFB=K<6BEF< 84RF A48ё:AGR BEAB6G 8?S CD4>F<K9E><I D4EK9FB6
CD< CDB9>F<DB64A<< ED98EF6 E69DIL<DB>BCB?BEAB= BFABE<F9?PAB= E6S;< A4 BEAB69 I4BF<K9E><I
D48<B<@CG?PEB6. "8A4>B <@ E6B=EF69AAO BCD989?9AAO9 B7D4A<K9A<S, >BFBDO9 @B7GF 5OFP CD9-
B8B?9AO CGF9@ EF4F<EF<K9E>B7B @B89?<DB64A<S 8?S F9I E?GK496, >B784 A9B5IB8<@B 6OSEA<FP,
A4CD<@9D, 7D4A<JO CD<@9A<@BEF< 4A4?<F<K9E><I BJ9AB>.

� F4><@ E?GK4S@ BFABESFES 6BCDBEO 6?<SA<S EF4F<EF<K9E><I I4D4>F9D<EF<> I4BF<K9E>B7B
E<7A4?4 A4 CB@9IBGEFB=K<6BEFP. �9?B 6 FB@, KFB CD<6989AAO9 6OL9 4A4?<F<K9E><9 BJ9A><
CDB<;6989AO 8?S E?GK4S, >B784 69DBSFABEFAB9 D4ECD989?9A<9 @7AB69AAOI ;A4K9A<= I4BF<K9E>B7B
E<7A4?4 S6?S9FES 74GEEB6E><@. &B 9EFP, 6 CD<AJ<C9, 8?S F4>B7B E<7A4?4 EGM9EF6GRF 6O5DBEO EB
E>B?P G7B8AB 5B?PLB= 4@C?<FG8B=. $94?PAO9 :9 I4BF<K9E><9 E<7A4?O S6?SRFES B7D4A<K9AAO@<
CB 4@C?<FG89. �?<SA<9 B7D4A<K9AABEF< ;A4K9A<= E<7A4?4 CB ED46A9A<R E E<7A4?4@<, <@9RM<@<
�4GEEB6B D4ECD989?9A<9, G8B5AB D4EE@4FD<64FP CGF9@ CDS@B7B EF4F<EF<K9E>B7B @B89?<DB64A<S,
<ECB?P;GS E<7A4?O E EBBF69FEF6GRM<@< 69DBSFABEFAO@< D4ECD989?9A<S@< @7AB69AAOI ;A4K9A<=.
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5. %F4F<EF<K9E>B9 @B89?<DB64A<9 CB@9IBGEFB=K<6BEF<

!<:9 8?S K<E?9AAB7B 4A4?<;4 CB@9IBGEFB=K<6BEF< BFABE<F9?PAB= C9D984K< <AHBD@4J<<
A4 BEAB69 I4BF<K9E><I D48<B<@CG?PEB6 <ECB?P;G9FES 8<E>D9FA4S @B89?P E<7A4?4 6B 6D9@9A<.
�<E>D9FAO= 6B 6D9@9A< I4BF<K9E><= E<7A4? HBD@<DG9FES CE968BE?GK4=AO@< BFEKёF4@<, EBBF-
69FEF6GRM<@< FDё@ D4;?<KAO@ D4ECD989?9A<S@ (ABD@4?PAB@G, D46AB@9DAB@G < F9?97D4HAB@G),
CB>DO64RM<@ F<C<KAO9 E?GK4< D4ECD989?9A<S @7AB69AAOI ;A4K9A<= E<7A4?B6.

�DG7<@< E?B64@<, 8?S 4A4?<;4 CB@9IBGEFB=K<6BEF< EI9@O E6S;< DC2 BEGM9EF6?S9FES
8<E>D9F<;4J<< E<7A4?4 CB 6D9@9A<, 6 D9;G?PF4F9 K97B E<7A4?O Sk(t) < Yk(t) ;4@9ASRFES A4 E<7A4?O
Sk(i) < Yk(i), 4 LG@ η(t) 4 A4 LG@B6O9 BFEK9FO η(i), 789 i 4 AB@9D BFEK9F4, Sk(i) = Sk(iT/B),
Yk(i) = YK(iT/B), η(i) = η(iT/B), 789 B 4 54;4 E<7A4?4, B = 2K.

�4> < 6 A9CD9DO6AB@ E?GK49, 9E?< A4 6OIB89 <AF97D<DGRM97B GEFDB=EF64 (6 84AAB@ E?GK49
EG@@4FBD4) E<7A4? BFD<J4F9?PAO=, FB CD<A<@49FES D9L9A<9 B FB@, KFB CD<ASF E<@6B? «0», 9E?<
CB?B:<F9?PAO=, FB 4 «1».

+<E?B BFEKёFB6 E?GK4=AB7B E<7A4?4, @B89?<DGRM97B I4BF<K9E><= E<7A4?, EBEF46?S9FKS+1,
789 K 4 >BQHH<J<9AF CDBJ9EE<A74, S 4 E>64:ABEFP. �?S 6OK<E?9A<S 69DBSFABEF< BL<5><
ED46A<64RFES <EIB8AO= <AHBD@4J<BAAO= E<7A4? < E<7A4? A4 6OIB89 89F9>FBD4 CD< D4;AOI
;A4K9A<SI BFABL9A<S QA9D7<< A4 5<F > EC9>FD4?PAB= C?BFABEF< LG@4.

�A4S ;A4K9A<9 BFABL9A<S QA9D7<< 5<F4 > EC9>FD4?PAB= C?BFABEF< LG@4, >BQHH<J<9AF
CDBJ9EE<A74 < <;@9DSS GDB69AP @BMABEF< A4 6OIB89 C9D984FK<>4, @B:AB D4EEK<F4FP A9B5IB8<@B9
;A4K9A<9 GDB6AS @BMABEF< LG@B6B7B E<7A4?4 8?S D4;?<KAOI E?GK496

PS

PN

8� + 10 log10K =
Eb

N0

8� , (13)

0
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-2

-3

-4
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-7

10 20 30 40 50 60 K

lgP

1

2

3

4

$<E. 2. �46<E<@BEFP 69DBSFABEF< BL<5>< BF >BQHH<J<-
9AF4 CDBJ9EE<A74 E<7A4?4 CD< BFEGFEF6<< H?G>FG4J<BA-
AOI CB@9I. �<A<S 1 EBBF69FEF6G9F 4A4?<F<K9E>B= BJ9A>9,
2 4 >B@CPRF9DAB@G D4EK9FG E 74GEEB6E><@ D4ECD989?9A<9@,
3 4 E D46AB@9DAO@ D4ECD989?9A<9@, 4 >D<64S 4 4 E F9?9-
7D4HAO@ D4ECD989?9A<9@

Fig. 2. Error probability versus processing coefficient graph
without fluctuation noise. Line 1 corresponds to analytical
estimate, 2 4 to computer modeling with gaussian distribution,
3 4 to uniform distribution, and 4 4 to telegraph distribution

789 PS 4 GDB69AP @BMABEF< E<7A4?4 A4
6OIB89 C9D984FK<>4, PN 4 GDB69AP @BMAB-
EF< LG@B6B7B E<7A4?4 A4 6IB89 CD<9@A<>4,
K 4 >BQHH<J<9AF CDBJ9EE<A74.

�9?O= 74GEEB6E><= LG@ 6 >4A4?9 E6S;<
@B89?<DB64?ES BFEK9F4@< CE968BE?GK4=AOI K<-
E9? E ABD@4?PAO@ D4ECD989?9A<9@, 79A9D<DG-
9@OI CD< CB@BM< EF4A84DFAB= 5<5?<BF9KAB=
HGA>J<< «randi()» 6 C4>9F9 MATLAB.

#B?BE4 LG@B6B7B E<7A4?4 EB7?4EG9FES
E CB?BEB= I4BF<K9E>B7B E<7A4?4 66<8G FB7B,
KFB 6 CDBJ9EE9 @4F9@4F<K9E>B7B @B89?<DB64-
A<S B54 E<7A4?4 HBD@<DGRFES 8<E>D9FAO@
B5D4;B@ E B8AB= < FB= :9 K4EFBFB= 8<E>D9-
F<;4J<<.

5.1.  B89?<DB64A<9 8?S >4A4?4 59; LG-
@4. %I9@4 E6S;< DC2 @B89?<DB64?4EP 6 EB-
BF69FEF6<< E @B89?PR, BC<E4AAB= 6OL9. � D9-
;G?PF4F9 5O?4 CB?GK9A4 ;46<E<@BEFP 69DBSFAB-
EF< BL<5>< A4 5<F BF ;A4K9A<= >BQHH<J<9A-
F4 CDBJ9EE<A74 (D<E. 2). #B 84AAB@G 7D4H<>G
6<8AB, KFB E<EF9@4 E6S;< A4K<A49F D45BF4FP
CD< GDB6ASI BL<5B> P = 10−3 CD< 6OEB><I
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;A4K9A<SI >BQHH<J<9AF4 CDBJ9EE<A74 (A4K<A4S E K ∼ 25), < CD< 97B CB6OL9A<< @B:AB D4EEK<-
FO64FP A4 5B?99 A<;><9 ;A4K9A<S 69DBSFABEF< BL<5>< A4 5<F.

�A4?<F<K9E>4S BJ9A>4 8?S QFB= ;46<E<@BEF< 6 EBBF69FEF6<< E HBD@G?B= (10) < D9;G?PF4FO
@B89?<DB64A<S A4IB8SFES 6 IBDBL9@ EBBF69FEF6<<.

5.2.  B89?<DB64A<9 8?S >4A4?4 E 74GEEB6E><@ LG@B@. #9D9=8ё@ > EF4F<EF<K9E>B@G
@B89?<DB64A<R EI9@O E6S;< DC2 CD< A4?<K<< LG@4 6 >4A4?9 E6S;< < ED46A9A<R CB?GK9AAOI
D9;G?PF4FB6 E 4A4?<F<K9E><@< BJ9A>4@< CB HBD@G?4@ (8)3(10) <; D45BF [30333].

%F4F<EF<K9E>B9 K<E?9AAB9 @B89?<DB64A<9, CD< CB@BM< >BFBDB7B 5O?4 D4EEK<F4A4 CB@9IB-
GEFB=K<6BEFP BFABE<F9?PAB= EI9@O C9D984K< <AHBD@4J<< DC2, BEGM9EF6?S?BEP 8?S E?98GRM<I
;A4K9A<= >BQHH<J<9AF4 CDBJ9EE<A74: K = 5, 10, 15, 20, 50, 100, 200, 300, 500, 10000. %A4K4?4 CDB-
6B8<?<EP D4EK9FO 8?S E?GK4S @B89?< I4BF<K9E>B7B E<7A4?4 6 6<89 CBFB>4 ;A4K9A<= E 74GEEB6E><@
D4ECD989?9A<9@. �7B D9;G?PF4FO 8?S A95B?PL<I ;A4K9A<= >BQHH<J<9AF4 CDBJ9EE<A74 K = 5, 10 <
20 CD98EF46?9AO A4 D<E. 3. �<8AB, KFB CD< K = 5, 10 < 20 A96B;@B:AB 8BEF<KP 69DBSFABEF< BL<5-
>< P < 10−3 CD< ?R5OI BFABL9A<SI QA9D7<< I4BF<K9E>B7B D48<B<@CG?PE4 Eb > EC9>FD4?PAB=
C?BFABEF< 74GEEB6E>B7B CB?BEB6B7B LG@4 N0.

1>EC9D<@9AFO, CDB6989AAO9 E 8DG7<@< F<C4@< D4ECD989?9A<= @B89?9= I4BF<K9E>B7B E<7A4-
?4, 4 <@9AAB D46AB@9DAO@ < F9?97D4HAO@ D4ECD989?9A<9@ CB>4;O64RF, KFB < CD< QF<I D4ECD9-
89?9A<SI E<7A4?4 69DBSFABEFP BL<5>< P @9APL9 10−3 A9 8BEF<749FES CD< @4?OI ;A4K9A<SI K.
#D< QFB@ E?98G9F BF@9F<FP, KFB CD< @4?OI >BQHH<J<9AF4I CDBJ9EE<A74 K @B89?< I4BF<K9E>B7B
E<7A4?4 E F9?97D4HAO@ < D46AB@9DAO@ D4ECD989?9A<S@< 5B?99 CB@9IBGEFB=K<6O CB BFABL9A<R
> @B89?< E 74GEEB6E><@ D4ECD989?9A<9@ (D<E. 4).

lg P
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0                10                20               30 Eb /N0, dB
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$<E. 3. �46<E<@BEF< 69DBSFABEF< BL<5>< BF BFABL9A<S
QA9D7<< 5<F4 > EC9>FD4?PAB= C?BFABEF< LG@4 CD< @4-
?OI ;A4K9A<SI >BQHH<J<9AF4 CDBJ9EE<A74 K (74GEEB6E>B9
D4ECD989?9A<9). �D<6O9 1, 2, 3 EBBF69FEF6GRF ;A4K9A<S@
K = 5; 10; 20 (EC?BLA4S ?<A<S 4 Q>EC9D<@9AF4?PAO9 D9-
;G?PF4FO, CGA>F<DA4S 4 4A4?<F<K9E>4S BJ9A>4)

Fig. 3. Bit error probability as a function of Eb/N0

obtained for the low values of the processing coefficient
K (gaussian distribution). Dashed series 1, 2, 3 correspond to
the simulation results for K = 5; 10; 20 and solid curves 1, 2,
3 4 to the analytical estimates for K = 5; 10; 20 respectively

lgP
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-3
0 10 20 Eb /N0, dB

1
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4

$<E. 4. �46<E<@BEF< 69DBSFABEF< BL<5>< BF BFABL9A<S
QA9D7<< 5<F4 > EC9>FD4?PAB= C?BFABEF< LG@4 CD< ;A4K9-
A<< >BQHH<J<9AF4 CDBJ9EE<A74K = 15. �D<64S 1 EBBF69F-
EF6G9F >B@CPRF9DAB@G D4EK9FG 8?S E<7A4?4 E 74GEEB6E><@
D4ECD989?9A<9@, 2 4 E D46AB@9DAO@ D4ECD989?9A<9@, 3 4
E F9?97D4HAO@ D4ECD989?9A<9@, 4 >D<64S 4 4 4A4?<F<K9-
E>B= BJ9A>9

Fig. 4. Bit error probability as a function of Eb/N0 obtained
for K = 15. Line 1 corresponds to computer modeling with
gaussian distribution, 2 4 to uniform distribution, 3 4 to
telegraph distribution, and 4 4 to analytical estimate
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$<E. 5. �46<E<@BEF< 69DBSFABEF< BL<5>< BF BFABL9A<S QA9D7<< 5<F4 > EC9>FD4?PAB= C?BFABEF< LG@4 CD< ;A4K9A<SI
K = 50; 100; 200 (EBBF69FEF6GRF >D<6O@ 1, 2, 3), EC?BLAO9 ?<A<< EBBF69FEF6GRF Q>EC9D<@9AF4?PAO@ D9;G?PF4F4@,
4 CGA>F<DAO9 4 4A4?<F<K9E>B= BJ9A>9

Fig. 5. Bit error probability as a function of Eb/N0 obtained for K = 15; 100; 200 (corresponding to curves 1, 2, 3), solid
lines correspond to experimental results and dashed ones 4 to analytical estimate

$94?PAO9 I4BF<K9E><9 E<7A4?O <@9RF B7D4A<K9AAGR 4@C?<FG8G < A9 <@9RF 8?<AAOI I6B-
EFB6, >4> CD< 74GEEB6E>B@ D4ECD989?9A<<. #BQFB@G 8?S A<I 5B?99 ECD4698?<6O@< S6?SRFES BJ9A><,
BFABESM<9ES > D46AB@9DAB D4ECD989?9AAB@G E<7A4?G < > E?GK4=AB@G F9?97D4HAB@G E<7A4?G.

$4EK9FO CB>4;O64RF, KFB E G69?<K9A<9@ >BQHH<J<9AF4 CDBJ9EE<A74 ;46<E<@BEFP D9;G?P-
F4FB6 @B89?<DB64A<S BF F<C4 D4ECD989?9A<S @B89?< I4BF<K9E>B7B E<7A4?4 A<69?<DG9FES, < CD<
BJ9A>9 I4D4>F9D<EF<> @B:AB B7D4A<K<FPES >4><@-FB B8A<@ F<CB@ E<7A4?4, A4CD<@9D, @B89?PR
E<7A4?4 E 74GEEB6E><@ D4ECD989?9A<9@.

#D< G69?<K9A<< >BQHH<J<9AF4 CDBJ9EE<A74 8B K = 50 @<A<@4?PAB9 ;A4K9A<9 Eb/N0,
B59EC9K<64RM99 69DBSFABEFP BL<5>< P < 10−3, EBEF46?S9F 15.3 8� (D<E. 5).

)4BF<K9E><= E<7A4? @B89?<DG9FES E?GK4=AO@ E<7A4?B@ E 74GEEB6E><@ D4ECD989?9A<9@.
#D< G69?<K9A<< K ;A4K9A<S 69DBSFABEF< BL<5>< A4 5<F 6 ;46<E<@BEF< BF GDB6AS 6A9LA97B LG@4
8?S D4;?<KAOI D4ECD989?9A<= EF4AB6SFES 5?<;>< 8DG7 > 8DG7G < ?B:4FES A4 B8AG < FG :9 >D<6GR
(D<E. 6).

"F89?PAO= <AF9D9E CD98EF46?S9F <EE?98B64A<9 6B;@B:ABEF9= E<EF9@O E6S;< CD< BK9AP
5B?PL<I >BQHH<J<9AF4I CDBJ9EE<A74. &4>, A4 D<E. 7 CD<6989AO D9;G?PF4FO D4EK9FB6 8?S >BQHH<-
J<9AF4 CDBJ9EE<A74 K = 10000. "A< CB>4;O64RF, KFB E<EF9@4 E6S;< 6 QFB@ E?GK49 @B:9F D45BF4FP
E 69DBSFABEFPR BL<5>< A4 5<F 10−3 CD< GDB6A9 BFABL9A<S Eb/N0 = 22.2 8�. "8A4>B, 9E?< C9D9=-
F< A9CBED98EF69AAB > ;46<E<@BEF< BF BFABL9A<S E<7A4?/LG@ (%/, 4 SNR) (D<E. 7, b), FB @B:AB
6<89FP, KFB 5?47B84DS 6OEB>B@G >BQHH<J<9AFG CDBJ9EE<A74 A9B5IB8<@O= GDB69AP %/, (SNR)
6 QFB@ E?GK49 EBEF46?S9F @9A99 −10 8�, KFB 7B6BD<F B FB@, KFB E<EF9@4 E6S;< D45BFBECBEB5A4
CD< GDB6A9 E<7A4?4 A4@AB7B A<:9 GDB6AS LG@B6 6 >4A4?9 E6S;<.

�4?99 8BCB?A<F9?PAB 5O?B CDB6989AB >B@CPRF9DAB9 @B89?<DB64A<9 E J9?PR 6OS6?9A<S
BCF<@4?PAB7B ;A4K9A<S >BQHH<J<9AF4 CDBJ9EE<A74, >BFBDB9 CB;6B?S9F B59EC9K<FP ;484AAGR
69DBSFABEFP BL<5>< A4 5<F (6 84AAB@ E?GK49, P = 10−3) CD< @<A<@4?PAB@ ;A4K9A<< BFABL9A<S
ED98A9= QA9D7<< I4BF<K9E>B7B E<7A4?4 I4BF<K9E>B7B D48<B<@CG?PE4 Eb > EC9>FD4?PAB= C?BFABEF<
74GEEB6E>B7B CB?BEB6B7B LG@4 N0 (D<E. 8).
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$<E. 6. �46<E<@BEF< 69DBSFABEF< BL<5>< BF BFAB-
L9A<S QA9D7<< 5<F4 > EC9>FD4?PAB= C?BFABEF< LG-
@4 CD< D4;AOI ;A4K9A<SI >BQHH<J<9AF4 CDBJ9EE<A74:
K = 100 (a); 300 (b); 500 (c). �<A<< EBBF69F-
EF6GRF >B@CPRF9DAO@ D4EKёF4@ EB E?98GRM<@< D4E-
CD989?9A<S@<: 1 4 74GEEB6E>B9, 2 4 D46AB@9DAB9,
3 4 F9?97D4HAB9. �<A<S 4 EBBF69FEF6G9F 4A4?<F<K9E>B=
BJ9A>9

Fig. 6. Bit error probability as a function of Eb/N0

obtained for different processing coefficient: K = 100 (a);
300 (b); 500 (c). Line 1 corresponds to computer modeling
with gaussian distribution, 2 4 to uniform distribution, 3 4
to telegraph; line 4 corresponds to analytical estimate
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$<E. 7. �46<E<@BEF< 69DBSFABEF< BL<5>< CD< K = 10000 BF: a 4 BFABL9A<S QA9D7<< 5<F4 > EC9>FD4?PAB= C?BFABEF<
LG@4; b 4 BFABL9A<S GDB6AS E<7A4?4 > GDB6AR LG@4 (SNR). !4 D<E. a ?<A<S 1 4 >B@CPRF9DAO= D4EK9F 8?S 74GEEB6E>B7B
D4ECD989?9A<S, 2 4 4A4?<F<K9E>4S BJ9A>4

Fig. 7. Error probability as a function of: a 4 Eb/N0 with K = 10000; b 4 signal to noise ratio (SNR). Figure a shows line
1 corresponding to computer modeling for gaussian distribution, and line 2 corresponding to analytical estimate
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$<E. 8. a 4 �D4H<> ;46<E<@BEF< Eb/N0 BF >BQHH<J<9AF4 CDBJ9EE<A74, >B784 8BEF<749FES 69DBSFABEFP BL<5><
P = 10−3; b 4 7D4H<> ;46<E<@BEF< SNR BF >BQHH<J<9AF4 CDBJ9EE<A74, >B784 8BEF<749FES 69DBSFABEFP BL<5><
P = 10−3. �D<64S 1 EBBF69FEF6G9F >B@CPRF9DAB@G Q>EC9D<@9AFG (74GEEB6E>B9 D4ECD989?9A<9), 2 4 4A4?<F<K9E>B=
BJ9A>9

Fig. 8. a 4 Eb/N0 versus processing coefficient graph, where error probability P = 10−3 is reached; b 4 SNR versus
processing coefficient graph, where error probability P = 10−3 is reached. Line 1 corresponds to computer modeling for
gaussian distribution, and line 2 correspons to analytical estimate

$9;G?PF4FO, CD98EF46?9AAO9 A4 D<E. 8, CB>4;O64RF, KFB G 7D4H<>4 ;46<E<@BEF< Eb/N0 BF K
<@99FES Q>EFD9@G@ CD< K = 100, 6 >BFBDB@ 8BEF<749FES @<A<@4?PAB9 ;A4K9A<9 Eb/N0 = 15.3 8�.
�4?99, CD< CB6OL9A<< K G69?<K<649FES ;A4K9A<9 Eb/N0, B59EC9K<64RM99 69DBSFABEF< BL<5><
P = 10−3 6 E<EF9@9 E6S;<, KFB 89?49F 9ё D45BFG E F4><@< C4D4@9FD4@< @9A99 QA9D79F<K9E><
6O7B8AB=. "8A4>B, A9E@BFDS A4 QFB, A9B5IB8<@B BF@9F<FP, KFB, EB7?4EAB D<E. 8, b, E DBEFB@
;A4K9A<S >BQHH<J<9AF4 CDBJ9EE<A74 G@9APL49FES A9B5IB8<@B9 BFABL9A<9 SNR, B59EC9K<64RM99
6 E<EF9@9 E6S;< 69DBSFABEFP BL<5>< P = 10−3, KFB 89?49F 6O7B8AO@ <ECB?P;B64A<9 E<7A4?B6
E 5B?PLB= 54;B= 6 CDS@BI4BF<K9E>B= BFABE<F9?PAB= EI9@9 C9D984K< <AHBD@4J<< E FBK>< ;D9A<S
E>DOFABEF< < D45BFO A<:9 GDB6AS LG@B6.

�4>?RK9A<9

� D45BF9 <EE?98B64AO EF4F<EF<K9E><9 I4D4>F9D<EF<>< AB6B= EI9@O BFABE<F9?PAB= C9D984K<
<AHBD@4J<< A4 BEAB69 I4BF<K9E><I D48<B<@CG?PEB6, 6 >BFBDB= <ECB?P;GRFES ;489D:>< E 8?<F9?P-
ABEFPR, BCD989?S9@B= 6D9@9A9@ ;4FGI4A<S 46FB>BDD9?SJ<BAAB= HGA>J<< I4BF<K9E>B7B E<7A4?4.
� QFB@ 4 CD<AJ<C<4?PAB9 BF?<K<9 D4EE@4FD<649@B= EI9@O BF >?4EE<K9E>B= BFABE<F9?PAB= EI9@O
DCSK, 6 >BFBDB= 6D9@S ;489D:>< BCD989?S9FES 8?<AB= C9D984649@B7B 5<F4. #DB6989AB K<E?9AAB9
@B89?<DB64A<9 < 97B EBCBEF46?9A<9 E D4A99 CB?GK9AAO@< 4A4?<F<K9E><@< BJ9A>4@<, >4E4RM<-
@<ES ;46<E<@BEF< 69DBSFABEF9= BL<5>< A4 5<F BF BFABL9A<S QA9D7<< A4 5<F > EC9>FD4?PAB=
C?BFABEF< 59?B7B 74GEEB6E>B7B CB?BEB6B7B LG@4. �;GK9AO ;4>BAB@9DABEF<, E6S;4AAO9 E <ECB?P-
;B64A<9@ I4BF<K9E><I E<7A4?B6 E D4;?<KAO@< EF4F<EF<K9E><@< D4ECD989?9A<S@< @7AB69AAOI
;A4K9A<=.

#B>4;4AB, KFB CD< 5B?PL<I ;A4K9A<SI CDBJ9EE<A74 (K > 30) D4EE@4FD<649@4S EI9@4 E6S;<
D45BF49F QHH9>F<6AB >4> 6 >4A4?9 59; 6A9LA<I H?G>FG4J<BAAOI CB@9I, F4> < 6 >4A4?9 E 59?O@
74GEEB6E><@ LG@B@. #D< QFB@ E G69?<K9A<9@ >BQHH<J<9AF4 CDBJ9EE<A74 A<69?<DG9FES ;46<E<-
@BEFP CB@9IBGEFB=K<6BEF< BF >BA>D9FAB7B 6<84 EF4F<EF<K9E>B7B D4ECD989?9A<S I4BF<K9E>B7B
E<7A4?4. 1F4 ;4>BAB@9DABEFP 6 ;A4K<F9?PAB= EF9C9A< E6S;4A4 E F9@, KFB CD< @4?OI ;A4K9A<SI
CDBJ9EE<A74 8?S I4BF<K9E><I E<7A4?B6 E 74GEEB6E><@ <?< D46AB@9DAO@ D4ECD989?9A<9@ 64D<4-
59?PABEFP CD<A<@49@B= QA9D7<< BF <@CG?PE4 > <@CG?PEG ;A4K<F9?PA4, < QFB GIG8L49F 69DBSFABEFP
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CD46<?PAB7B CD<9@4. � FB :9 6D9@S CD< F9?97D4HAB@ D4ECD989?9A<<, EBBF69FEF6GRM9@ 6 <EIB8-
AB= E<EF9@9 I4BF<K9E>B@G E<7A4?G E CBEFBSAAB= 4@C?<FG8B= (A4CD<@9D, H4;B6O= I4BE) QA9D7<S
<@CG?PEB6 6 CBFB>9 B8<A4>B64 84:9 CD< A95B?PL<I CDBJ9EE<A74I. #D< 5B?PL<I CDBJ9EE<A74I CD<
6E9I FD9I F<C4I D4ECD989?9A<= 64D<459?PABEFP QA9D7<< BF <@CG?PE4 > <@CG?PEG EFD9@<FES > AG?R.

%B6B>GCABEFP CB?GK9AAOI D9;G?PF4FB6 CD98EF46?S9F EB5B= BEAB6G EF4F<EF<K9E>B= F9BD<<
EI9@O BFABE<F9?PAB= CDS@BI4BF<K9E>B= C9D984K<. �4?PA9=L99 D4;6<F<9 QFB= F9BD<< 6B;@B:AB
CD< <ECB?P;B64A<< @9FB8B6 <;@9D9A<S < BJ9A>< C4D4@9FDB6 LG@BCB8B5AOI E<7A4?B6 A4 HBA9
LG@B6 < CB@9I [34].
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28. Kolumbán G, Vizvári �, Schwarz W, Abel A. Differential chaos shift keying: A robust coding for
chaos communication. In: Proceedings of the 4th International Specialist Workshop on Nonlinear
Dynamics of Electronic Systems. Seville, Spain, 27-28 June 1996. Seville: NDES; 1996. P. 87392.

29. Sushchik M, Tsimring LS, Volkovskii AR. Performance analysis of correlation-based communica-
tion schemes utilizing chaos. IEEE Transactions on Circuits and Systems I: Fundamental Theory
and Applications. 2000;47(12):168431691. DOI: 10.1109/81.899920.

30. Dmitriev AS, Mokhseni TI, Sierra-Teran KM. Differentially coherent information transmission
based on chaotic radio pulses. J. Commun. Technol. Electron. 2018;63(10):118331190. DOI:
10.1134/S1064226918100078.

31. Dmitriev AS, Mokhseni TI, Sierra-Teran CM. Ultra- and hyper-wideband differentially coherent
information transmission based on chaotic radio pulses. Izvestiya VUZ. Applied Nonlinear
Dynamics. 2018;26(4):59374. DOI: 10.18500/0869-6632-2018-26-4-59-74.

32. Dmitriev AS, Mokhseni TI, Sierra-Terant CM. Differentially coherent communication scheme
based on chaotic radio pulses. Nonlinear Phenomena in Complex Systems. 2018;21(3):2373246.

33. Dmitriev AS, Mokhseni TI, Sierra-Teran CM. Simulation of differentially coherent information
transmission system based on chaotic radio pulses in ADS environment. Izvestiya VUZ. Applied
Nonlinear Dynamics. 2019;27(5):72386 (in Russian). DOI: 10.18500/0869-6632-2019-27-5-72-86.

34. Klyuev VF, Samarin VP, Klyuev AV. Nonlinear algorithms for measuring the noise signal
power against the background of interferences. Radioelectronics and Communications Systems.
2013;56(6):3043311. DOI: 10.3103/S073527271306006X.

�@<FD<96 �. %., $O:B6 �.�., %P9DD4-&9D4A �. .

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 4 437

https://doi.org/10.1007/s12200-016-0570-y
https://doi.org/10.3390/app8020162
https://doi.org/10.1049/iet-com.2018.5524
https://doi.org/10.1049/iet-com.2018.5524
https://doi.org/10.1134/S1064226916110024
https://doi.org/10.1134/S1064226916110024
https://doi.org/10.1063/5.0053504
https://doi.org/10.3390/electronics11010164
https://doi.org/10.1109/81.633882
https://doi.org/10.1109/81.899920
https://doi.org/10.1134/S1064226918100078
https://doi.org/10.1134/S1064226918100078
https://doi.org/10.18500/0869-6632-2018-26-4-59-74
https://doi.org/10.18500/0869-6632-2019-27-5-72-86
https://doi.org/10.3103/S073527271306006X


�@<FD<96 �?9>E4A8D %9D7996<K 4 B>BAK<? H4>G?PF9F B5M9= < CD<>?48AB= H<;<><  BE>B6-
E>B7B H<;<>B-F9IA<K9E>B7B <AEF<FGF4 (1971). �4A8<84F H<;<>B-@4F9@4F<K9E><I A4G> CB EC9-
J<4?PABEF< «$48<BH<;<>4» (1974), 8B>FBD H<;<>B-@4F9@4F<K9E><I A4G> CB EC9J<4?PABEF<
«$48<BH<;<>4» (1988). #DBH9EEBD (E 1995). �4698GRM<= BF89?B@ EF4F<EF<K9E>B= D48<B-
H<;<>< 6 �$1 <@. �.�. �BF9?PA<>B64 $�!. #DBH9EEBD  BE>B6E>B7B H<;<>B-F9IA<K9E>B7B
<AEF<FGF4. "5?4EFP A4GKAOI <EE?98B64A<= < D4;D45BFB>: <AHBD@4J<BAAO9 < >B@@GA<>4-
J<BAAO9 F9IAB?B7<< A4 BEAB69 8<A4@<K9E>B7B I4BE4. �6FBD < EB46FBD 5B?99 230 EF4F9=
6 :GDA4?4I, 9 @BAB7D4H<=, 5B?99 25 C4F9AFB6 < 46FBDE><I E6<89F9?PEF6. �64:8O �4GD94F
#D9@<< %B69F4  <A<EFDB6 %%%$. �4E?G:9AAO= D48<EF $BEE<=E>B= (989D4J<<.

$BEE<S, 125009  BE>64, G?.  BIB64S, 8. 11, >BDC. 7
�AEF<FGF D48<BF9IA<>< < Q?9>FDBA<>< <@. �.�. �BF9?PA<>B64 $�!
E-mail: chaos@cplire.ru
ORCID: 0000-0003-2079-3020
AuthorID (eLibrary.Ru): 5128

$O:B6 �AFBA �7BD96<K 4 DB8<?ES 6  BE>69 (1986). ">BAK<?  BE>B6E><= H<;<>B-
F9IA<K9E><= <AEF<FGF (2010). �4M<F<? 8<EE9DF4J<R A4 EB<E>4A<9 GKёAB= EF9C9A< >4A8<84F4
H<;<>B-@4F9@4F<K9E><I A4G> 6 B5?4EF< D48<BH<;<>< (2016). %F4DL<= A4GKAO= EBFDG8A<>
?45BD4FBD<< <AHBD@4J<BAAOI < >B@@GA<>4J<BAAOI F9IAB?B7<= A4 BEAB69 8<A4@<K9E>B7B
I4BE4 6 �AEF<FGF9 D48<BF9IA<>< < Q?9>FDBA<>< <@. �.�. �BF9?PA<>B64 $�!. �6FBD 5B?99
40 CG5?<>4J<= (6 EB46FBDEF69).

$BEE<S, 125009  BE>64, G?.  BIB64S, 8. 11, >BDC. 7
�AEF<FGF D48<BF9IA<>< < Q?9>FDBA<>< <@. �.�. �BF9?PA<>B64 $�!
E-mail: mef.box@gmail.com
ORCID: 0000-0001-6725-7984
AuthorID (eLibrary.Ru): 746678

%P9DD4-&9D4A �D<EF<4A  4GD<E<B 4 DB8<?ES 6 �4DF4I9A9, �B?G@5<S (1990). ">BAK<?
D48<BF9IA<K9E><= H4>G?PF9F  BE>B6E>B7B H<;<>B-F9IA<K9E>B7B <AEF<FGF4 (2014). �EC<D4AF
 (&�. "5?4EFP A4GKAOI <AF9D9EB6 4 CD<@9A9A<9 8<A4@<K9E>B7B I4BE4 6 <AHBD@4J<BAAOI
E<EF9@4I E6S;<. �@99F 5B?99 10 A4GKAOI CG5?<>4J<=.

$BEE<S, 141701 �B?7BCDG8AO=, �AEF<FGFE><= C9D9G?B>, 9
 BE>B6E><= H<;<>B-F9IA<K9E><= <AEF<FGF
E-mail: serra@phystech.edu

438
�@<FD<96 �. %., $O:B6 �.�., %P9DD4-&9D4A �. .

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 4

https://orcid.org/0000-0003-2079-3020
https://elibrary.ru/author_profile.asp?id=5128
https://orcid.org/0000-0001-6725-7984
https://elibrary.ru/author_profile.asp?id=746678


�;69EF<S 6OEL<I GK95AOI ;46989A<=. #D<>?48A4S A9?<A9=A4S 8<A4@<>4. 2023. &. 31, № 4
Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2023;31(4)

!4GKA4S EF4FPS DOI: 10.18500/0869-6632-003049
'�� 530.182 EDN: VDDRLX

"CF<@4?PAO= 54?4AE <A8<6<8G4?PAB7B < >B??9>F<6AB7B
6 >BD@B8B5O64A<< @98BABEAOI CKё?

�. . &9D9L>B
�AEF<FGF F9BD9F<K9E>B= < Q>EC9D<@9AF4?PAB= 5<BH<;<><, #GM<AB, $BEE<S

E-mail: � val.ter@virgin.net
#BEFGC<?4 6 D984>J<R 11.01.2023, CD<ASF4 > CG5?<>4J<< 10.04.2023,

BCG5?<>B64A4 BA?4=A 30.06.2023, BCG5?<>B64A4 31.07.2023

�AABF4J<S. *9?P. $4A99 @O D4;D45BF4?< @<A<@4?PAGR @B89?P >BD@B8B5O64A<S 6 >B?BA<< @98BABEAOI CKё?, CD<@9-
A<@GR 8?S BC<E4A<S >4> CDBJ9EE4 CD<ASF<S D9L9A<=, F4> < H4;B6B7B C9D9IB84 @9:8G 86G@S CB6989AK9E><@< @B84@<
>B?BA<<, <A8<6<8G4?PAB= < >B??9>F<6AB=. � 84AAB= D45BF9 @O CB>4;O649@, KFB QF4 @B89?P CD<@9A<@4 F4>:9 8?S
BCD989?9A<S BCF<@4?PAB7B D4;89?9A<S FDG84 6 >B?BA<<, 4 <@9AAB 8?S BCD989?9A<S BCF<@4?PAOI CDBCBDJ<= @9:8G
D4;AO@< F<C4@< HGD4:<DB6, D4;698K<>4@< < D9>DGF4@<.  B89?P.  O CD98EF46?S9@ QF4CO CDBJ9EE4 >BD@B8B5O64A<S
6 6<89 D94>J<= I<@<K9E>B= ><A9F<><, KFB CD<6B8<F > GD46A9A<S@ D94>J<<38<HHG;<<. $94>J<BAA4S K4EFP BC<EO649F
8<A4@<K9E><9 @B8O CDBJ9EE4 >BD@B8B5O64A<S: 69D5B6>G 59;D45BFAOI HGD4:<DB6 > CD<5O?PAO@ <EFBKA<>4@ C<M<,
BF>4; D45BF4RM<I HGD4:<DB6 BF <EFBKA<>B6, >BFBDO9 EF4?< A9CD<5O?PAO@< 6 D9;G?PF4F9 <I Q>EC?G4F4J<<, < D4;698>G.
�<HHG;<S BC<EO649F C9D984KG <AHBD@4J<< 6 >B?BA<< @98BABEAOI CKё?.  O CD98CB?4749@ CD4>F<K9E>< <894?PAGR
FBKABEFP C9D984K< < <ECB?P;B64A<S <AHBD@4J<< B5 <EFBKA<>4I C<M< 6 >B?BA<<, KFB @B89?<DG9FES BK9AP @4?O@
>BQHH<J<9AFB@ 8<HHG;<< D45BF4RM<I HGD4:<DB6 6 <AHBD@4J<BAAB@ CDBEFD4AEF69. !4CDBF<6, >BQHH<J<9AF 8<HHG-
;<< 59;D45BFAOI HGD4:<DB6 6O5<D49FES 5B?PL<@, KFB5O B59EC9K<FP <I CB?AB9 C9D9@9L<64A<9 6 <AHBD@4J<BAAB@
CDBEFD4AEF69. 1FB @B89?<DG9F B8<A4>B6GR 8BEFGCABEFP > C9D984649@B= <AHBD@4J<< 8?S 6E9I 59;D45BFAOI HGD4:<DB6
6 G?P9. $9;G?PF4FO.  O D4EE@4FD<649@ CD<5O?P >B?BA<< A4 Q>EC?G4F<DG9@B@ <EFBKA<>9 C<M< >4> >B?<K9EF6B
HGD4:<DB6, D45BF4RM<I A4 84AAB@ <EFBKA<>9, 6;69L9AAB9 CB 97B J9AABEF< 8?S >B?BA<<. !4=89AB, KFB CD< DBEF9
<AF9AE<6ABEF< D4;698>< CD<5O?P >B?BA<< EA4K4?4 D4EFёF, 4 ;4F9@ A4K<A49F C484FP, <??REFD<DGS F4><@ B5D4;B@, KFB
EGM9EF6G9F BCF<@4?PAO= 54?4AE D4;698K<>B6 < D9>DGFB6, >BFBDO= B59EC9K<649F A4<5B?PL<= CD<FB> C<M96B7B D9EGDE4
6 >B?BA<R. �4>?RK9A<9. "CF<@4?PAB9 D4;89?9A<9 FDG84 6 >B?BA<< @98BABEAOI CKё?, BCD989?SRM99 8<A4@<K9E><=
54?4AE @9:8G <EE?98B64A<9@ < Q>EC?G4F4J<9= 6 CBEFBSAAB @9ASRM9=ES B>DG:4RM9= ED989, S6?S9FES ;4?B7B@ 6O:<64-
A<S >B?BA<<. 'K<FO64S, KFB D4;698K<>< <ECB?P;GRF <E>?RK<F9?PAB ?<KAGR <AHBD@4J<R, 4 D9>DGFO CB?P;GRFES 6E9@
CD9<@GM9EF6B@ EBJ<G@4, FB 9EFP EBJ<4?PAB= <AHBD@4J<9=, @B:AB E>4;4FP, KFB A4L4 @B89?P BC<EO649F BCF<@4?PAO=
54?4AE @9:8G <A8<6<8G4?PAO@ < >B??9>F<6AO@ 6 >B?BA<<.

�?RK96O9 E?B64: >B?BA<S @98BABEAOI CKё?, >BD@B8B5O64A<9, D4;698>4, 69D5B6>4 > <EFBKA<>G, <A8<6<8G4?PAB9
CB6989A<9, >B??9>F<6AB9 CB6989A<9, CD<5O?P >B?BA<<, BCF<@4?PAB9 EBBFABL9A<9 HGD4:<DB6.

�?47B84DABEF<. $45BF4 CDB6989A4 6 D4@>4I 7BEG84DEF69AAB7B ;484A<S № 075-00381-21-00.

�?S J<F<DB64A<S: &9D9L>B �. . "CF<@4?PAO= 54?4AE <A8<6<8G4?PAB7B < >B??9>F<6AB7B 6 >BD@B8B5O64A<< @98BABE-
AOI CKё? // �;69EF<S 6G;B6. #!�. 2023. T. 31, № 4. %. 4393451. DOI: 10.18500/0869-6632-003049. EDN: VDDRLX

%F4FPS BCG5?<>B64A4 A4 GE?B6<SI Creative Commons Attribution License (CC-BY 4.0).

©&9D9L>B �. ., 2023

https://doi.org/10.18500/0869-6632-003049
https://elibrary.ru/VDDRLX
https://doi.org/10.18500/0869-6632-003049
https://elibrary.ru/VDDRLX


Article DOI: 10.18500/0869-6632-003049

Optimal balance of individual and collective in honeybee foraging

V.M. Tereshko

Institute of Theoretical and Experimental Biophysics of the RAS, Pushchino, Russia
E-mail: � val.ter@virgin.net

Received 11.01.2023, accepted 10.04.2023, available online 30.06.2023, published 31.07.2023

Abstract. Purpose. Previously, we developed a minimal foraging model in a honey bee colony that is applicable to describe
both the decision-making process and the phase transition between two behavioral modes of the colony, individual and
collective. In this paper, we show that this model is also applicable to determine the optimal division of labor in the colony,
namely, to determine the optimal proportions between different types of foragers, scouts and recruits. Model. We represent
the steps in the foraging process as reactions of chemical kinetics, which leads to reaction3diffusion equations. The reaction
part describes the dynamic modes of the foraging process: the recruitment of unemployed foragers to profitable food sources,
that have become unprofitable as a result of their exploitation, and scouting. Diffusion describes the transfer of information
in a honey bee colony. We assume almost perfect accuracy in the transmission and use of information about food sources
in the colony, which is modeled by a very small diffusion coefficient of working foragers in the information space. On the
contrary, the diffusion coefficient of unemployed foragers is chosen large to ensure their full mixing in the information space.
This models the equal accessibility to transmitted information for all unemployed foragers in the hive. Results. We consider
the profit of a colony on an exploited food source as the number of foragers working on that source, weighted by its value
to the colony. It was found that with an increase in the intensity of scouting, the profit of the colony first grows, and then
begins to fall, thus illustrating that there is an optimal balance of scouts and recruits, which ensures the greatest influx of food
resources into the colony. Conclusion. An optimal division of labor in a honey bee colony, defining a dynamic balance between
exploration and exploitation in a constantly changing environment, is essential to the survival of the colony. Considering that
scouts use exclusively personal information, and recruits take advantage of social information, we can say that our model
describes the optimal balance between the individual and the collective in the colony.

Keywords: honey bee colony, foraging, scouting, recruitment to the source, individual behaviour, collective behaviour, colony
profit, optimal ratio of foragers.
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�?S GEC9LAB= :<;A989SF9?PABEF< >B?BA<S @98BABEAOI CKё? 8B?:A4 QHH9>F<6AB <EE?98B-
64FP < Q>EC?G4F<DB64FP B>DG:4RM99 CDBEFD4AEF6B, FB 9EFP A4IB8<FP < <ECB?P;B64FP CD<6?9>4F9?P-
AO9 <EFBKA<><, 5B74FO9 A9>F4DB@ < CO?PJB=. %K<F49FES, KFB A4 <A8<6<8G4?PAB@ GDB6A9 F4>B9
CB6989A<9 89@BAEFD<DGRF 864 F<C4 HGD4:<DB6: D4;698K<><, >BFBDO9 E4@BEFBSF9?PAB <MGF C<MG,
< D9>DGFO, >BFBDOI FB64D<M< CB 7A9;8G A4CD46?SRF > <EFBKA<>4@ C<M< E CB@BMPR F4> A4;O649-
@B7B 6<?SRM97B F4AJ4 [1]. #9D6O9 BF69FEF69AAO 7?46AO@ B5D4;B@ ;4 <EE?98B64A<9 B>DG:4RM97B
CDBEFD4AEF64 < 6 @9APL9= EF9C9A< ;4 Q>EC?G4F4J<R, 4 6FBDO9 EBED98BFBK9AO <E>?RK<F9?PAB A4
Q>EC?G4F4J<< <EFBKA<>B6 C<M<.

 9:8G Q>EC?G4F4J<9= G:9 <;69EFAOI D9EGDEB6 < CB<E>B@ AB6OI 8B?:9A EGM9EF6B64FP
BCD989?ёAAO= (8<A4@<K9E><=) 54?4AE. % B8AB= EFBDBAO, 84:9 CD< Q>EC?G4F4J<< 5B74FOI <EFBK-
A<>B6 6E9784 9EFP 69DBSFABEFP EGM9EF6B64A<S 9Mё A9 D4;6984AAOI <EFBKA<>B6, >BFBDO9 B5<?PA99,
8BEFGCA99 (6 FB@ K<E?9 < CB E?B:ABEF< <;6?9K9A<S A9>F4D4 <; J69F>4), CD96BEIB8SF >4K9EF6B@
C<M96OI >B@CBA9AFB6 < F. C. �ECB?P;B64A<9 CBE?98A<I E@B:9F >4> G69?<K<FP B5Nё@, F4> <
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CB6OE<FP >4K9EF6B EB5<D49@B7B D9EGDE4. #BQFB@G ED98< HGD4:<DB6 8B?:AB 5OFP 8BEF4FBKAB9
>B?<K9EF6B D4;698K<>B6, ECBEB5AOI BFOE>4FP AB6O9 <EFBKA<><.

�OL9E>4;4AAB9 ECD4698?<6B 8?S CDB<;6B?PAB=, 6 FB@ K<E?9 A9<;@9AAB=, B>DG:4RM9=
ED98O. #BE?98ASS, >BA9KAB, S6?S9FES <894?<;4J<9= 6 D94?PAB@ @<D9. � CDBJ9EE9 Q>EC?G4F4J<<
<EFBKA<>< <EFBM4RFES < EF4AB6SFES @9A99 CD<6?9>4F9?PAO@< 8?S CKё?. � <FB79 HGD4:<DO BF>4-
;O64RFES BF F4><I <EFBKA<>B6, EF4AB6SFES 6D9@9AAB 59;D45BFAO@< < B:<84RF 6 G?P9 <AHBD@4J<R
B 8DG7<I, 5B?99 CD<6?9>4F9?PAOI <EFBKA<>4I. &4>GR <AHBD@4J<R CD<ABESF 6 G?9= >4> HGD4:<DO,
D45BF4RM<9 A4 D9AF459?PAOI 6 84AAO= @B@9AF <EFBKA<>4I, F4> < D4;698K<><.

� D94?PABEF< :9 >4DF<A4 9Mё E?B:A99 <;-;4 9EF9EF69AAB= <;@9AK<6BEF< B>DG:4RM9= ED98O.
� ?R5B= 89AP B8A< D4EF9A<S D4EJ69F4RF, 4 8DG7<9 9EF9EF69AAO@ B5D4;B@ <EFBM4RFES. �B?<K9EF6B
A9>F4D4 6 J69F>9 ;46<E<F BF BFABE<F9?PAB= E>BDBEF< E9>D9J<< < D945EBD5J<<. ' D4;AOI J69F>B6
C<>< E9>D9J<< A45?R84RFES 6 D4;AB9 6D9@S EGFB> [2]. &4>:9 >BAJ9AFD4J<S A9>F4D4 F9EAB E6S;4A4
E BFABE<F9?PAB= 6?4:ABEFPR B>DG:4RM9= ED98O. #BE?9 8B:8S A9>BFBDO9 <EFBM9AAO9 D4EF9A<S
@B7GF 6BEEF4AB6<FP ECBEB5ABEFP 8464FP A9>F4D [3]. &4>:9 E?98G9F GK<FO64FP, KFB A95?47BCD<SFAO9
GE?B6<S B>DG:4RM9= ED98O, F4><9 >4> GD474AO, ?<6A<, 7D48, @B7GF CB6D98<FP D4EF9A<S < >4D8<-
A4?PAB <;@9A<FP J69FBKAO= ?4A8L4HF.

&4><@ B5D4;B@, >B?BA<< FD95G9FES 8BEF4FBKAB9 >B?<K9EF6B D4;698K<>B6, KFB5O 6 CBEFBSAAB
@9ASRM9=ES ED989 A4IB8<FP CD<5O?PAO9 (A4 F9>GM<= @B@9AF) <EFBKA<><. "8A4>B <I >B?<K9EF6B
A9 8B?:AB 5OFP A4EFB?P>B 5B?PL<@, KFB5O B7D4A<K<FP K<E?B D9>DGFB6. �EE?98GS B>DG:4R-
M99 CDBEFD4AEF6B, D4;698K<>< A4IB8SF <EFBKA<>< D4;AB7B >4K9EF64, >4> J9AAO9 8?S >B?BA<<,
F4> < A9 BK9AP. $9>DGFO :9 6E9784 A4A<@4RFES <E>?RK<F9?PAB A4 CD<5O?PAO9 <EFBKA<>< <
EB69DL4RF CB?ёFO A4 E6B= <EFBKA<> 8B F9I CBD CB>4 CBE?98A<= EBID4AS9F CD<6?9>4F9?PABEFP
6 <I 7?4;4I, KFB B59EC9K<649F GEFB=K<6O= CBFB> C<M96B7B D9EGDE4 6 G?9=. &4>:9 F4AJBDO, D9-
>?4@<DGS E6B= <EFBKA<>, @B7GF ;469D5B64FP A9 B8AB7B, 4 A9E>B?P>B D9>DGFB6, KFB @4>E<@<;<DG9F
C<M96B= CBFB>. �@9AAB @9I4A<;@ 69D5B6>< AB6B5D4AJ96, <?< D9>DGF<DB64A<9, B59EC9K<649F
QHH9>F<6ABEFP Q>EC?G4F4J<<.

�EIB8S <; 6OL9E>4;4AAB7B, 9EF9EF69AAO@ B5D4;B@ 6B;A<>49F 6BCDBE: >4> A4=F< >B@CDB-
@<EE @9:8G <EE?98B64A<9@ < Q>EC?G4F4J<9=? �DG7<@< E?B64@<, >4> >B?BA<S @98BABEAOI CKё?
D97G?<DG9F >B?<K9EF6B D4;698K<>B6 < D9>DGFB6 6 5OEFDB @9ASRM<IES GE?B6<SI B>DG:4RM9=
ED98O? �4> B>4;4?BEP, QFB 6B @AB7B@ ;46<E<F BF EFDG>FGDO < D4ECD989?9A<S >BD@B6OI GK4EF>B6
6 B>DG:4RM9= ED989 [4, 5], AB QFB CB-CD9:A9@G S6?S9FES 6BCDBEB@ 8<E>GEE<= [6].

"K96<8AB, KFB F4AJO CB?9;AO, 9E?< 69DBSFABEFP E4@BEFBSF9?PAB7B B5A4DG:9A<S <EFBKA<>B6
C<M< A96OEB>4, >B784, A4CD<@9D, GK4EF>< J69FB6 BK9AP @4?9AP><9 <?< BK9AP 84?9><9 [7]. � QF<I
GE?B6<SI F4AJO CB?9;AO, CBE>B?P>G 8BEF4FBKAB 98<AEF69AAB7B HGD4:<D4, >BFBDO= 6B6?9KёF
6 CDBJ9EE 8DG7<I [7]. �B 6E9I E?GK4SI, >B784 D9EGDEO 5O?< @4?B= C?BFABEF<, F4AJGRM<9 >B?BA<<
D45BF4RF ?GKL9, K9@ D4;698BKAO9 >B?BA<< [8].

�EE?98B64FP 64:ABEFP D9>DGF<DGRM<I F4AJ96 CB@B749F F9IA<>4 EB;84A<S F4> A4;O649@OI
89;BD<9AF<DB64AAOI F4AJ96, >B784 59; E69F4 <?< FB?P>B E D4EE9SAAO@ E69FB@ CKё?O A9 @B7GF
C9D984FP @9EFBCB?B:9A<9 <EFBKA<>4 C<M< 6 CDBJ9EE9 F4AJ4 [4, 9, 10]. �EE?98B64A<S A4 GDB6A9
>B?BA<< CD< ABD@4?PAB@ < 89;BD<9AF<DB64AAB@ F4AJ9 CB>4;O64RF, KFB F4A9J 6<?SA<S G?GKL49F
>BD@BCDB<;6B8EF6B >B?BA<< 6 E?GK4SI E?B:ABEF< A4IB:89A<S <EFBKA<>B6 C<M< [9], <I A9CBEFBSA-
EF64 <?< A98B?7B69KABEF< [5]. &4>:9 <AHBD@4J<S B @9EFBCB?B:9A<< <EFBKA<>B6 5O?4 CB?9;AB=,
>B784 D9EGDEO 5O?< D4ECD989?9AO A9D46AB@9DAB [4].

&4>:9 A9B5IB8<@B GK<FO64FP, KFB CK9?<AO9 E9@P< @B7GF A45<D4FP 69E 6E97B ;4 A9E>B?P>B
A989?P 6 7B8G. #B QFB= CD<K<A9 >D<F<K9E>< 64:AB, KFB5O >B?BA<S @B7?4 <ECB?P;B64FP 8BEFGCAO9
6OEB>B>4K9EF69AAO9 D9EGDEO CD< IBDBL<I GE?B6<SI >BD@B8B5O64A<S, < F4A9J, 69DBSFAB, 5G89F
<7D4FP 64:AGR DB?P 6 @4>E<@<;4J<< QHH9>F<6ABEF< >BD@B8B5O64A<S 6 F4><9 C9D<B8O [8].
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"8A4>B 6 GE?B6<SI 6OEB>B= C?BFABEF< D9EGDEB6 69D5B6>4 @B:9F A4A9EF< GM9D5 8B5OK9
C<M<, CBFB@G KFB CKё?4@ A9 AG:A4 EBJ<4?PA4S <AHBD@4J<S 8?S 8BEF<:9A<S GEC9I4 6 QFB@ E?GK49
[10, 11]. �E?< ;4FD4FO QA9D7<< < 6D9@9A<, E6S;4AAO9 E <ECB?P;B64A<9@ EBJ<4?PAB= <AHBD@4J<<,
6OEB>< < A9 CD<ABESF ;A4K<F9?PAOI CD9<@GM9EF6, FB EFD4F97<S B:<84A<S EBJ<4?PAB= <AHBD@4J<<
EF4AB6<FES >BAFDCDB8G>F<6AB= [12].

%GM9EF6GRF 869 7<CBF9;O B CKё?4I-D4;698K<>4I: (i) FB?P>B A9>BFBDO9 BEB5< <@9RF E>?BA-
ABEFP > D4;698>9 [13] <?< (ii) 6E9 CKё?O E>?BAAO > D4;698>9 [14].

#9D64S 7<CBF9;4 CD98CB?4749F 79A9F<K9E>< CD98BCD989?ёAAGR EC9J<4?<;4J<R CKё?. %. �D9?-
?9D CD98CB?B:<?, KFB E>?BAABEFP EB5<D4F9?S > D4;698>9 <@99F E<?PAGR 79A9F<K9E>GR BEAB6G, F4>
KFB A9>BFBDO9 D45BK<9 >B?BA<< 5G8GF CD9<@GM9EF69AAB D4;698O64FP, 4 A9 E?98B64FP ;4 69D5B-
6BKAO@< F4AJ4@<. % CB@BMPR 89EFDG>F<6AB7B BF5BD4 CDB5 BA BCD989?<?, KFB 9EFP 79A9F<K9E>4S
BEAB64 8?S FB7B, KFB5O 5OFP D4;698K<>B@ <?< D9>DGFB@ [13]. #B8B5AB9 6?<SA<9 79ABF<C4 A4
E>?BAABEFP <A8<6<8GG@4 > 6OCB?A9A<R BCD989?9AAOI ;484K 5O?B B5A4DG:9AB D4A99 @9:8G
E5BDM<>4@< CO?PJO < E5BDM<>4@< A9>F4D4 [15319]. �OL9G>4;4AAB9 @B:9F A469EF< A4 @OE?P,
KFB D4;698K<>< S6?SRFES 79A9F<K9E>< 89F9D@<A<DB64AAO@< EC9J<4?<EF4@<-<EE?98B64F9?S@<.

�FBD4S 7<CBF9;4 CD98CB?4749F GA<69DE4?PABEFP 479AFB6 >B?BA<< < 9ё 6B;@B:AGR 484CF<6-
ABEFP > <;@9A9A<R 6AGFD9AA<I < 6A9LA<I GE?B6<=. � C9D6O@ BFABE<FES, A4CD<@9D, GDB69AP
;4C4EB6 C<M< 6 G?P9, 4 >B 6FBDO@ <;@9A9A<S 6 B>DG:4RM9= ED989. � D4@>4I 84AAB= >BAJ9CJ<<
DB?P A4E9>B@B7B BCD989?S9FES 97B D94>J<9= A4 D4;?<KAO9 GDB6A< EF<@G?B6, FB 9EFP HGA>J<BA4?P-
A4S BD74A<;4J<S >B?BA<< BCD989?S9F DB?P <A8<6<8GG@4 6 A9= [20, 21]. � E69F9 F4>B7B CBA<@4A<S
EK<F49FES, KFB EFDB7B9 D4;89?9A<9 @9:8G D4;698K<>B@ < D9>DGFB@ @4?B69DBSFAB [1]. �?RK96B=
;484K9= ;89EP EF4AB6<FES <;GK9A<9 @9I4A<;@B6, D97G?<DGRM<I D4ECD989?9A<9 ;484K < D4;89?9A<9
FDG84 6 EBB5M9EF64I A4E9>B@OI [14,22].

� ED984I, 789 A4?<K<9 C<M< @9AS9FES 5OEFDB < A9CD98E>4;G9@B, 484CF<6AB9 D4ECD989?9A<9
HGD4:<DB6 @9:8G D4;698>B= < A4=@B@ A4 D45BFG (E CB@BMPR 69D5B6><) S6?S9FES :<;A9AAB
64:AO@ 8?S >B?BA<< [23]. �@9EF9 E F9@, @9I4A<;@O, BCD989?SRM<9 484CF<6ABEFP, A9 <E>?R-
K4RF 6?<SA<S 79A9F<><, CBE>B?P>G A4 CBDB7 BF69F4 <A8<6<8GG@4 6CB?A9 @B:9F 6?<SFP 97B
79ABF<C [24, 25].

%GM9EF6GRF A9E>B?P>B @B89?9=, BCD989?SRM<I BCF<@4?PAO9 CDBCBDJ<< HGD4:<DB6
[26328]. �E9 QF< @B89?< S6?SRFES EC9J<4?<;<DB64AAO@<, FB 9EFP BA< EC9J<4?PAB D4;D454FO64?<EP
CB8 D9L9A<9 6OL9G>4;4AAB= ;484K<.

� 84AAB= D45BF9 @O CB>4:9@, KFB A4L4 @<A<@4?PA4S @B89?P >BD@B8B5O64A<S @98BABEAOI
CKё? ECBEB5A4 89@BAEFD<DB64FP BCF<@4?PAGR CDBCBDJ<R D4;698K<>B6. � BF?<K<9 BF 6OL9G>4-
;4AAOI @B89?9=, BA4 GA<69DE4?PA4. �4:9 6 GE9KёAAB@ 6<89 (59; GKёF4 D4;698><) QF4 @B89?P
89@BAEFD<DG9F 54;B6O= CD<AJ<C CD<ASF<S D9L9A<=, B59EC9K<64RM<= GEC9I >B?BA<< 4 6O5BD
< Q>EC?G4F4J<R A4<?GKL<I <EFBKA<>B6 (<; <;69EFAOI >B?BA<< A4 D4EE@4FD<649@O= @B@9AF
6D9@9A<) [29331]. � CB?A4S @B89?P G:9 89@BAEFD<DG9F >4> 6O5BD ?GKL<I <EFBKA<>B6 [32],
F4> < H4;B6O= C9D9IB8 BF <A8<6<8G4?PAB7B CB6989A<S > >B@5<A<DB64AAB@G, <A8<6<8G4?PAB@G
C?RE >B??9>F<6AB@G, 789 CBE?98A99 <7D49F 8B@<A4AFAGR DB?P 6 E5BD9 D9EGDEB6 [33].

1.  <A<@4?PA4S @B89?P >BD@B8B5O64A<S

�O89?<@ BEAB6AO9 >B@CBA9AFO < EF48<< CDBJ9EE4 8B5OK< >BD@4 <?< HGD4:<DB64A<S.
�E9 HGD4:<DO CB8D4;89?SRFES A4 D45BF4RM<I < 59;D45BFAOI [31, 33].

$45BF4RM<9 HGD4:<DO 4EEBJ<<DB64AO EB E6B<@ @9EFB@ D45BFO 4 J69FBKAO@ GK4EF>B@.
�B;6D4M4SEP 6 G?9= E 8B5OFO@ A9>F4DB@ <?< CO?PJB=, HGD4:<DO F4>:9 A9EGF <AHBD@4J<R
B5 <EFBKA<>9 C<M< < C9D984RF 9ё EBDB8<K4@ 6 G?P9 E CB@BMPR 6<?SRM97B F4AJ4 [20, 31, 33].
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�9;D45BFAO9 HGD4:<DO A9 E6S;4AO E >4><@-?<5B BCD989?ёAAO@ <EFBKA<>B@ C<M<.  B:AB
E>4;4FP, KFB BA< A9 <@9RF «D45BK97B >BAFD4>F4». �9;D45BFAO9 HGD4:<DO 89?SFES A4 A45?R84F9?9=
< D4;698K<>B6 [31,33]. #9D6O9 4 QFB D9;9D6A4S D45BK4S E<?4, >BFBD4S B:<849F 6 G?P9 <AHBD@4J<R
B5 <EFBKA<>4I C<M<, <, CB?GK<6 QFG <AHBD@4J<R, @B:9F CBE?98B64FP > <EFBKA<>G < «GEFDB<FPES»
FG84 A4 D45BFG. %4@ CDBJ9EE CB?GK9A<S <AHBD@4J<< CDB<EIB8<F CGFё@ A45?R89A<S ;4 F4AJ4@<
A4 A95B?PLB@ GK4EF>9 6B;?9 6IB84 6 G?9=, A4;O649@B7B F4AJCB?B@ [20]. �FBDO9 E4@BEFBSF9?PAB
<MGF <EFBKA<>< C<M< 6 B>DG:4RM9= ED989. �E?< D4;698K<>< A4=8GF J9AAO= <EFBKA<>, FB BA<
@B7GF C9D9=F< 6 D4;DS8 D45BF4RM<I A4 84AAB@ <EFBKA<>9.

 98BABEAO9 CKё?O BJ9A<64RF <EFBKA<> CB E6B9= 6AGFD9AA9= L>4?9, 7?46AO@< >D<F9D<-
S@< >BFBDB= S6?SRFES 5?<;BEFP <EFBKA<>4 > G?PR, ?ё7>BEFP <;6?9K9A<S A9>F4D4 < 97B C<M964S
J9AABEFP, BCD989?S9@4S CB >BAJ9AFD4J<< E4I4DB6, 4@<AB><E?BF < 6<F4@<AB6 [20]. !9E@BFDS A4
FB, KFB CKё?O BJ9A<64RF >4K9EF6B <EFBKA<>4 CB @AB:9EF6G H4>FBDB6, @O BC<EO649@ H4>FBD
CD98CBKF9A<S 98<AEF69AAO@ C4D4@9FDB@, >BFBDO= @B:AB A4;64FP J9AABEFPR <?< CD<5O?PAB-
EFPR <EFBKA<>4 [31,33]. 1>EC9D<@9AFO CB>4;O64RF, KFB F4><@ C4D4@9FDB@ @B:9F 5OFP K<EF4S
QA9D79F<K9E>4S QHH9>F<6ABEFP <EFBKA<>4 A9>F4D4 [20].

"5B;A4K<6 D45BF4RM<I < 59;D45BFAOI HGD4:<DB6 X < Y , EBBF69FEF69AAB, CD98EF46<@
QF4CO CDBJ9EE4 >BD@B8B5O64A<S 6 6<89 D94>J<= I<@<K9E>B= ><A9F<><.

�9D5B6>4 <?< D9>DGF<DB64A<9 6 G?P9 @B:9F 5OFP BC<E4A4 46FB>4F4?<F<K9E>B= D94>J<9=,
>B784 A4ASFO= A4 D45BFG A45?R84F9?P, EF46L<= CBE?9 QFB7B D9>DGFB@, CBE?9 BFD45BF>< E6B9=
«E@9AO», EF4AB6<FES A4A<@4F9?9@ 8?S 8DG7<I A45?R84F9?9=:

Y +X → 2X. (1)

$4A99 CD<5O?PAO= <EFBKA<> @B:9F CBF9DSFP E6BR CD<6?9>4F9?PABEFP 8?S >B?BA<<, >4>
6E?98EF6<9 97B <EFBM9A<S 6 CDBJ9EE9 Q>EC?G4F4J<<, F4> < CB CD<DB8AO@ CD<K<A4@, 9EF9EF69A-
AO@ <?< >4F4EFDBH<K9E><@. "F>4; BF A9CD<5O?PAB7B <EFBKA<>4 A9>F4D4 CDB<EIB8<F B5D4FAB
CDBCBDJ<BA4?PAB 97B F9>GM9= J9AABEF<. � QFB@ E?GK49 D45BF4RM<= HGD4:<D C9D9IB8<F 6 CG?
59;D45BFAOI:

X

1

f
→ Y, (2)

789 f 4 J9AABEFP <EFBKA<>4.
$4;698>4 B>DG:4RM97B CDBEFD4AEF64 4 64:A4S EBEF46?SRM4S CB6989A<S CK9?<AB= E9@P<.

$4;698K<>< F4>:9 @B7GF EB5<D4FP A9>F4D < CO?PJG <; B5A4DG:9AAB7B <@< <EFBKA<>4, CBCB?ASS
;4C4EO 6 G?P9. � QFB@ E?GK49 BA< C9D9IB8SF 6 D4;DS8 D45BF4RM<I HGD4:<DB6, B8A4>B EF4AB6SFES
<@< A9 6 D9;G?PF4F9 B5M9EF69AAB7B A4=@4, 4 E4@BEFBSF9?PAO@ CGF9@:

Y
ε
→ X. (3)

&4> >4> K<E?B D4;698K<>B6 6 B5M9= @4EE9 HGD4:<DB6 >B?BA<< A969?<>B (6 ED98A9@ 10% [20]), @O
CB?4749@ ε @4?O@.

$4;698K<><, <ECB?P;GRM<9 ?<KAGR <AHBD@4J<R B5 <EFBKA<>4I, >BFBDO9 BA< E4@BEFBS-
F9?PAB D4;OE>4?< 6 IB89 <EE?98B64A<S B>DG:4RM9= ED98O, HBD@<DGRF <A8<6<8G4?PAO= D9:<@
>BD@B8B5O64A<S. !4CDBF<6, D9>DGFO, CB?GK4RM<9 D45BFG CBED98EF6B@ 69D5B6><, FB 9EFP <ECB?P-
;GS EBJ<4?PAGR <AHBD@4J<R, HBD@<DGRF >B??9>F<6AO= D9:<@ >BD@B8B5O64A<S.

%F48<< (1)3(3) CD<6B8SF > E?98GRM<@ GD46A9A<S@ D94>J<<38<HHG;<<:

∂x(r, t)

∂t
=

(

y(r, t)−
1

f(r, t)

)

x(r, t) + εy(r, t) +Dx
∂2x(r, t)

∂r2
,

∂y(r, t)

∂t
= −

(

y(r, t)−
1

f(r, t)

)

x(r, t)− εy(r, t) +Dy
∂2y(r, t)

∂r2
,

(4)
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789 x < y 4 C?BFABEF<, 4 Dx < Dy 4 >BQHH<J<9AFO 8<HHG;<< D45BF4RM<I < 59;D45BFAOI
HGD4:<DB6, EBBF69FEF69AAB, 4 f(r, t) 4 C<M96B= ?4A8L4HF, >BFBDO= CD<E64<649F ;A4K9A<9
J9AABEF< >4:8B= FBK>9 CDBEFD4AEF64 r.

"F89?PAB E?98G9F E>4;4FP B CDBEFD4AEF69 r.  O CB?4749@, KFB 6 E6Bё@ @B;79 CKё?O ECB-
EB5AO EB;8464FP <AHBD@4J<BAAGR >4DFG H<;<K9E>B7B CDBEFD4AEF64 8?S A46<74J<< < CB<E>4
AG:AOI <EFBKA<>B6. � B5M9@ E?GK49, CDBEFD4AEF6B r 9EFP <@9AAB <AHBD@4J<BAAB9 CDBEFD4AEF6B.
$45BF4RM<9 HGD4:<DO CD<ABESF <AHBD@4J<R B5 <ECB?P;G9@OI <EFBKA<>4I 6 G?9= < C9D984RF
9ё A45?R84F9?S@ CBED98EF6B@ F4AJ4. &BKABEFP C9D984649@B= <AHBD@4J<< @B:9F @B89?<DB64FPES
;A4K9A<9@ Dx. #B?4749@, KFB QF4 <AHBD@4J<S <ECB?P;G9FES D9>DGF4@< CD4>F<K9E>< <894?PAB, FB
9EFP BA< FBKAB A4IB8SF AG:AO= <EFBKA<> < Q>EC?G4F<DGRF 97B. 1FB @B89?<DG9FES BK9AP @4?O@
>BQHH<J<9AFB@ 8<HHG;<< Dx (<AHBD@4J<S B5 <EFBKA<>9 A9 D4EC?O649FES 6 CDBEFD4AEF69 r, 4
FBKAB ?B>4?<;G9FES A4 FD95G9@B@ <EFBKA<>9). "5D4FA4S E<FG4J<S E >BQHH<J<9AFB@ 8<HHG;<< Dy,
>BFBDO= @O 6O5<D49@ 5B?PL<@. 1FBF >BQHH<J<9AF @B89?<DG9F 8BEFGC A45?R84F9?9= > C9D984-
649@B= (F4AJBD4@<) <AHBD@4J<<.  O CD98CB?4749@, KFB C9D984649@4S <AHBD@4J<S B8<A4>B6B
8BEFGCA4 6E9@ A45?R84F9?S@ 6 G?P9, KFB @B:AB E@B89?<DB64FP, CB?ABEFPR C9D9@9L46 CBE?98A<I
6 <AHBD@4J<BAAB@ CDBEFD4AEF69. &4><@ B5D4;B@, E<EF9@4 (4) H4>F<K9E>< @B89?<DG9F 8<A4@<>G
<AHBD@4J<< 6 >B?BA<< @98BABEAOI CKё?.

"8A4>B 8?S C<M96B7B ?4A8L4HF4 < D45BF4RM<I HGD4:<DB6, 4 <@9AAB 8<A4@<>B= < D4E-
CD989?9A<9@ CBE?98A<I @O <AF9D9EG9@ES 6 C9D6GR BK9D98P, QFB CDBEFD4AEF6B @B:9F 5OFP
D4EE@BFD9AB >4> H<;<K9E>B9 CDBEFD4AEF6B. � QFB@ E?GK49 C<M96B= ?4A8L4HF CD98EF46?S9F EB5B=
D4ECD989?9A<9 <EFBKA<>B6 6 D94?PAB@ H<;<K9E>B@ CDBEFD4AEF69, A4 >BFBDOI >BAJ9AFD<DGRFES
D45BF4RM<9 HGD4:<DO.

2. �<A4@<K9E><= 54?4AE

�?S CDBEFBFO 4A4?<;4 @O EK<F49@, KFB C<M964S J9AABEFP <EFBKA<>B6 A9 @9AS9FES EB 6D9@9-
A9@. �@9EF9 E F9@ ?4A8L4HF @B:9F @9ASFPES CB E6B9= EFDG>FGD9: 6 Aё@ @B7GF CBS6?SFPES AB6O9
>B@CBA9AFO 4 B5A4DG:9AAO9 AB6O9 <EFBKA<>< C<M<, >BFBDO9 @O FB:9 EK<F49@ A9<;@9AAO@<
CB <I C<M96B= J9AABEF<. #BE?9 FB7B >4> CKё?O B5A4DG:4F 6E9 <EFBKA<>< 6 D4EE@4FD<649@B@
CDBEFD4AEF69, 84?99 BA< HGA>J<BA<DGRF 6 «;4@BDB:9AAB@» ?4A8L4HF9, >B784 f(r, t) = f(r).

#DB698ё@ >B@CPRF9DAB9 @B89?<DB64A<9, D9L<6 E<EF9@G (4) K<E?9AAB.  O <ECB?P;G9@
S6AO= @9FB8 K<E?9AAB7B <AF97D<DB64A<S GD46A9A<= 6 K4EFAOI CDB<;6B8AOI, >B784 CDBEFD4AEF6B
< 6D9@S D4;5<64RFES A4 8<E>D9FAO9 D46AB@9DAO9 CB8OAF9D64?O, 4 CDB<;6B8AO9 ;4@9ASRFES <I
>BA9KAB-D4;ABEFAO@< 4CCDB>E<@4J<S@<. +<E?9AAB9 <AF97D<DB64A<9 6OCB?AS9FES A4 86G@9DAB=
D9L9F>9 D4;@9DB@ 10 A4 10, E L47B@ CB CDBEFD4AEF6G < 6D9@9A< 0.2 < 0.0002, EBBF69FEF69AAB,
KFB 74D4AF<DG9F GEFB=K<6BEFP < EIB8<@BEFP S6AB= EI9@O. !4 7D4A<J4I 84AAB7B CDBEFD4AEF64, Ω,
BFEGFEF6GRF CBFB><: ∂x

∂r

∣

∣

r∈Ω
= 0, ∂y

∂r

∣

∣

r∈Ω
= 0.

#D98CB?4749FES, KFB 6 A4K4?PAO= @B@9AF CB846?SRM99 K<E?B HGD4:<DB6 S6?SRFES 59;-
D45BFAO@<: A4K4?PA4S C?BFABEFP D45BF4RM<I < 59;D45BFAOI HGD4:<DB6 6 >4:8B= <; SK99>
EBEF46?S9F x0 = 0.001 < y0 = 1, EBBF69FEF69AAB. �DG7<@< E?B64@<, 6 A4K4?PAO= @B@9AF >B?BA<S
B5?4849F @<A<@4?PAB= <AHBD@4J<9= B 8BEFGCAOI <EFBKA<>4I, AB 9ё <AHBD@4J<BAAO= D9EGDE
69?<>. �BQHH<J<9AF 8<HHG;<< D45BF4RM<I HGD4:<DB6 Dx = 0.001, KFB CD98CB?4749F CD4>F<K9-
E>< <894?PAGR <89AF<H<>4J<R <EFBKA<>B6 C<M< D9>DGF4@<. % 8DG7B= EFBDBAO, >BQHH<J<9AF
8<HHG;<< 59;D45BFAOI HGD4:<DB6 Dy = 10, KFB B59EC9K<649F D46AGR 8BEFGCABEFP A45?R84F9?9=
> C9D984649@B= (F4AJBD4@<) <AHBD@4J<<.

�4848<@ C<M96B= ?4A8L4HF A45BDB@ ;A4K9A<= J9AABEF< q: f = f
(

q(r, t)
)

. &4> >4> @O
CDB6B8<@ K<E?9AAB9 <AF97D<DB64A<9 A4 86G@9DAB= D9LёF>9, FB QFBF A45BD >BA9K9A, 4 97B D4;-
@9D BCD989?S9FES EBBF69FEF69AAB D4;@9DB@ D9LёF>< < L47B@ <AF97D<DB64A<S CB CDBEFD4AEF6G.
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$4EE@BFD<@ ?4A8L4HF E FD9@S CDBEFD4AEF69AAB D4;89?ёAAO@< A<L4@<, BCD989?S9@O@< SD>B
6OD4:9AAO@< ;A4K9A<S@< J9AABEF<, ;4 CD989?4@< >BFBDOI J9AABEFP @<A<@4?PA4. �9;89 ;4 CD989-
?4@< A<L GDB69AP J9AABEF< @B:9F 5OFP E>B?P G7B8AB @4?, AB A9 D469A AG?R, KFB5O CD98BF6D4F<FP
GIB8 6 59E>BA9KABEFP >BQHH<J<9AF4 BF>4;4 BF A9CD<5O?PAOI <EFBKA<>B6, >BFBDO= B5D4FAB CDB-
CBDJ<BA4?9A J9AABEF< (E@. GD46A9A<9 (2)). #D98CB?4749FES, KFB EA4K4?4, 4 <@9AAB 8B @B@9AF4
6D9@9A< t = 60, CKё?4@ <;69EFA4 <AHBD@4J<S FB?P>B B 86GI <EFBKA<>4I C<M<:

q(r1, r2, t < 60) =











0.8 8?S r1 = 1, r2 = 9,

0.6 8?S r1 = 9, r2 = 9,

0.001 8?S 6E9I BEF4?PAOI r1, r2,

(5a)

4 E A4EFGC?9A<9@ QFB7B @B@9AF4 BA< BF>DO64RF FD9F<= <EFBKA<>, < <@ BF>DO649FES 69EP ?4A8-
L4HF:

q(r1, r2, t ⩾ 60) =























0.8 8?S r1 = 1, r2 = 9,

0.6 8?S r1 = 9, r2 = 9,

2 8?S r1 = 5, r2 = 1,

0.001 8?S 6E9I BEF4?PAOI r1, r2.

(5b)

�OL9G>4;4AAO9 ?4A8L4HFO CD98EF46?9AO A4 D<E. 1, a < b, EBBF69FEF69AAB.
�4@9F<@, KFB 8?S K<EFBFO Q>EC9D<@9AF4 @O CDB69?< K<E?9AAB9 <AF97D<DB64A<9 E 86G@S

64D<4AF4@< C<M96B7B ?4A8L4HF4. #9D6O= 64D<4AF BC<E4A 6 QFB= EF4FP9. �?PF9DA4F<6AB @O «E7?4-
8<?<» 6OL9CD<698ёAAO= ?4A8L4HF BC9D4FBDB@ 8<HHG;<<. �BQHH<J<9AF F4>B= 8<HHG;<< < 6D9@S
9ё 89=EF6<S 5O?< @4?O@<, KFB CD98BF6D4F<?B E>B?P-A<5G8P ;A4K<@B9 D4EC?O64A<9 <EFBKA<>B6,
AB, 6 FB :9 6D9@S, 89=EF6<9 8<HHG;<< 5O?B 8BEF4FBKAO@, KFB5O B59EC9K<FP 7?48>BEFP HGA>J<<.
� <FB79 CB?GK<?<EP 74GEEB6O C<><, >4> < 8B?:AB 5OFP CD< D45BF9 8<HHG;<<. #DB698ёAAB9
<AF97D<DB64A<9 QF<I 86GI 64D<4AFB6 CD<69?B > >4K9EF69AAB <89AF<KAO@ D9;G?PF4F4@.

#Kё?O EK<F4RF <EFBKA<> CD<5O?PAO@, 9E?< 97B J9AABEFP CD96OL49F GDB69AP, A4;O649@O=
CBDB7B@ CD<5O?PABEF< [29331,33]. � A4L9= E<EF9@9 QFBF CBDB7 EBEF46?S9F Tp =

1

x0+y0−ε
. #Kё?O

A4K<A4RF F4AJ964FP FB?P>B ;4 F9 <EFBKA<><, J9AABEFP >BFBDOI CD96OL49F QFBF CBDB7. � QFB@
E?GK49 CD<6?9>4RFES D9>DGFO, FB 9EFP 6>?RK49FES >B??9>F<6A4S @B84 >BD@B8B5O64A<S. �?S <E-
FBKA<>B6, J9AABEFP >BFBDOI A<:9 QFB7B CBDB74, 8B5OK4 C<M< CDB<EIB8<F FB?P>B <A8<6<8G4?PAB,
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$<E. 1. #<M96B= ?4A8L4HF, 8BEFGCAO= >B?BA<< 8B t = 60 (a) < CBE?9 t = 60 (b). *9AABEFP <EFBKA<>B6 A4 ;48A9@
C?4A9 B5B<I D<EGA>B6 EBEF46?S9F, E?964 A4CD46B, f(r) = 0.8 < 0.6, 4 J9AABEFP <EFBKA<>4 A4 5?<:A9@ C?4A9 A4 D<E. b
EBEF46?S9F f(r) = 2

Fig. 1. Food landscape available to the colony before t = 60 (a) and so after t = 60 (b). The background source value for
both figures is, from left to right, f(r) = 0.8 and 0.6 respectively, and the foreground source value in figure b is f(r) = 2
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$<E. 2. $4ECD989?9A<9 C?BFABEF< D45BF4RM<I HGD4:<DB6 CB CDBEFD4AEF6G CD< t = 59.8 (a); t = 200 (b)

Fig. 2. Density distribution of working foragers at t = 59.8 (a); t =200 (b)

59; C9D984K< <AHBD@4J<< FB64D<M4@ CB G?PR. � A4L9@ E?GK49 J9AABEFP C9D6BA4K4?PAB 8B-
EFGCAOI <EFBKA<>B6 (E@. D<E. 1, a) A<:9 CBDB74, < CBQFB@G CD< t < 60 E<EF9@4 A4IB8<FES
6 <A8<6<8G4?PAB= H4;9 >BD@B8B5O64A<S. �4?99 >B?BA<S A4IB8<F CD<5O?PAO= <EFBKA<>, J9AABEFP
>BFBDB7B 6OL9 CBDB74 (E@. D<E. 1, b), < C9D9IB8SF > >B@5<A<DB64AAB= H4;9, 6>?RK4RM9=, >4>
<A8<6<8G4?PAGR, F4> < >B??9>F<6AGR >B@CBA9AFO CB6989A<S. � >B@5<A<DB64AAB= H4;9 >B??9>F<6-
A4S EBEF46?SRM4S <7D49F 8B@<A<DGRMGR DB?P, F4> >4> <@9AAB BA4 (K9D9; 69D5B6>G) 79A9D<DG9F
5B?PL<AEF6B HGD4:<DB6 [33]. #BQFB@G A9 5G89F CD9G69?<K9A<9@ A4;O64FP >B@5<A<DB64AAGR
H4;G >B??9>F<6AB=, KFB BFD4:49F 9ё EGFP.

$4EE@BFD<@ D4ECD989?9A<9 C?BFABEF< D45BF4RM<I HGD4:<DB6 6 ;484AAB@ C<M96B@ ?4A8-
L4HF9 8?S >B?BA<< E <AF9AE<6ABEFPR D4;698>< ε = 0.1. $<E. 2, a 89@BAEFD<DG9F D4ECD989?9A<9
CD< t = 59.8, FB 9EFP 6 <A8<6<8G4?PAB= H4;9. �4> 6<8AB, HGD4:<DO >BAJ9AFD<DGRFES A4 86GI,
<;69EFAOI > QFB@G 6D9@9A<, <EFBKA<>4I (C?BFABEF< 293.3 < 201.9, EBBF69FEF69AAB). �E?< CD98EF4-
6<FP, KFB 84?99 CB 6D9@9A< CKё?4@ 5G8GF <;69EFAO FB?P>B QF< 864 <EFBKA<>4, G>4;4AAO9 6OL9
C?BFABEF< A9 @9ASRFES, FB 9EFP QFB EF4J<BA4DAO9 C?BFABEF< 8?S ;484AAOI C4D4@9FD4I E<EF9@O.
$<E. 2, b 89@BAEFD<DG9F D4ECD989?9A<9 CD< t = 200, FB 9EFP G:9 6 >B??9>F<6AB= H4;9 >BD@B8B-
5O64A<S. %D4;G 5DBE49FES 6 7?4;4, KFB BEAB6A4S @4EE4 D45BF4RM<I HGD4:<DB6 >BAJ9AFD<DG9FES
A4 CD<5O?PAB@ <EFBKA<>9, 789 C?BFABEFP 8BEF<749F 598.8. �@9EF9 E F9@ C?BFABEFP HGD4:<DB6
A4 86GI A9CD<5O?PAOI <EFBKA<>4I G@9APL49FES CB ED46A9A<R E <A8<6<8G4?PAB= H4;B= (187.4
< 134, EBBF69FEF69AAB). 1F< ;A4K9A<S A9 @9ASRFES EB 6D9@9A9@, KFB 7B6BD<F B <I EF4J<BA4DABEF<.
#D< 8DG7<I ;A4K9A<SI <AF9AE<6ABEF< D4;698>< @9ASRFES FB?P>B ;A4K9A<S C?BFABEF9= HGD4:<DB6,
AB >4DF<A4 >4K9EF69AAB BEF4ёFES FB= :9.

&4><@ B5D4;B@, 6 >B??9>F<6AB= H4;9 CDB<EIB8<F C9D9D4ECD989?9A<9 HGD4:<DB6: K4EFP D4;-
698K<>B6 C9D9>?RK49FES A4 A45?R89A<9 ;4 F4AJ4@< < EF4AB6SFES 6 <FB79 D9>DGF4@<. &4> E<EF9@4
CB8EFD4<649FES > <;@9A<6L<@ES GE?B6<S@ (A4=89AAB@G CD<5O?PAB@G <EFBKA<>G 6 A4L9@ E?GK49),
< 6B;A<>49F 8<A4@<K9E><= 54?4AE @9:8G D4;698K<>4@< < D9>DGF4@< <?<, 6 5B?99 7?B54?PAB@
E@OE?9, @9:8G <EE?98B64A<9@ < Q>EC?G4F4J<9=.

3. �<A4@<>4 CD<5O?< < 9ё BCF<@G@

� EF4J<BA4DAB@, A9 ;46<ESM9@ BF 6D9@9A<, C<M96B@ ?4A8L4HF9 D4EE@BFD<@ CD<5O?P >B?B-
A<< P >4> B5MGR CB CDBEFD4AEF6G C?BFABEFP D45BF4RM<I HGD4:<DB6, 6;69L9AAOI CB J9AABEF<
(6 7?4;4I CKё?) QFB7B CDBEFD4AEF64:

P =

∫

r

f(r)x(r) dr. (6)
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'CDBEF<@ ;484KG, D4EE@4FD<64S 8<E>D9FAO= A45BD C<M96OI <EFBKA<>B6 E EBBF69FEF6GRM<I
<@ 8<E>D9FAO@ A45BDB@ C?BFABEF9= HGD4:<DB6. � QFB@ E?GK49 BCD989?<@ CD<5O?P Pd, >4>
6;69L9AAGR (CB J9AABEF< <EFBKA<>B6) EG@@G F4><I C?BFABEF9=:

Pd =

n
∑

i=1

fixi, (7)

789 n 4 K<E?B <EFBKA<>B6 C<M<.
� CD<AJ<C9, @B:AB D4EE@4FD<64FP CDBEFO9 (A96;69L9AAO9) <AF97D4? <?< EG@@G, < QFB

FB:9 5G89F BFD4:9A<9@ CD<5O?< >B?BA<<. "8A4>B, 9E?< GK9EFP, KFB J9AABEFP <EFBKA<>4 C<-
M< 4 QFB >B@C?9>EAO= CB>4;4F9?P, 6>?RK4RM<=, A4CD<@9D, F4>B= >B@CBA9AF, >4> E?B:ABEFP
<;6?9K9A<S A9>F4D4 <; J69F>4, @O EK<F49@ CD98EF46?9AAO9 6OL9 BCD989?9A<S CD<5O?< 5B?99
4D7G@9AF<DB64AAO@<.

$4EE@BFD<@ F9C9DP 8<A4@<>G CD<5O?< >B?BA<<, Pd, CD< D4;AOI GDB6ASI <AF9AE<6ABEF<
D4;698>< ε. �4 B5D4;9J 6O59D9@ >B?BA<R E BK9AP A<;>B= <AF9AE<6ABEFPR D4;698><, ε = 0.001,
>BFBDGR H4>F<K9E>< @B:AB EK<F4FP E<EF9@B= 59; D4;698><. !4 D<E. 3, a3d CD<5O?P F4>B= >B?BA<<
BFB5D4:9A4 EC?BLAB= ?<A<9=. �4> < B:<849FES CD< F4>B@ A<;>B@ GDB6A9 D4;698><, CD<5O?P
>B?BA<< @<A<@4?PA4 6 <A8<6<8G4?PAB= H4;9, FB 9EFP CD< t < 60. "8A4>B 6 >B??9>F<6AB= H4;9
CDB<EIB8<F 6;DO6AB= DBEF CD<5O?<, EF45<?<;<DG9@O= E F9K9A<9@ 6D9@9A< (E@. D<E. 3, a3d,
t ⩾ 60). �?S CDBEFBFO A4;B6ё@ D4EE@BFD9AAGR 8<A4@<>G 54;B6B=.
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Fig. 3. Colony profit dynamics for different levels of scouting intensity. Everywhere the solid line shows the dynamics for
ε = 0.001. The dashed line shows the dynamics for: ε = 0.01 (a); 0.1 (b); 0.7 (c); 1.0 (d)
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Fig. 4. Dependence of the stationary level of profit of the colony
on the intensity of scouting

%D46A<@ 6OL9G>4;4AAGR >B?BA<R E >B-
?BA<S@<, 6 >BFBDOI D4;698>4 <7D49F 5B?99 ;A4-
K<@GR DB?P, 4 <@9AAB D4EE@BFD<@ >B?BA<< E
ε = 0.01, 0.1, 0.7 < 1.0 (E@. D<E. 3, a3d, LFD<IB-
64S ?<A<S 8?S >4:8B7B 64D<4AF4 <AF9AE<6AB-
EF< D4;698><, EBBF69FEF69AAB). �B 6E9I E?GK4SI
8<A4@<>4 CD<5O?< F4><I >B?BA<= A4CB@<A49F
54;B6GR 8<A4@<>G, AB E D4;AO@< EF4J<BA4D-
AO@< GDB6AS@< 6 <A8<6<8G4?PAB= < >B??9>-
F<6AB= H4;4I. �4> 6<8<@, 6 <A8<6<8G4?PAB=
H4;9 CD<5O?P 8?S F4><I >B?BA<= 69;89 6OL9
54;B6B=, CD<Kё@ DBEF CD<5O?< CDBCBDJ<BA4-
?9A G69?<K9A<R <AF9AE<6ABEF< D4;698><. �?S
>B??9>F<6AB= H4;O, 4 <@9AAB QF4 H4;4 S6?S9FES
698GM9= 6 >BD@B8B5O64A<< D94?PAB= >B?BA<<,
89?B B5EFB<F <A4K9. #D< ε = 0.01 6 EF4J<BA4D-
AB@ EBEFBSA<< CD<5O?P >B?BA<< CD4>F<K9E><
D46ABJ9AA4 CD<5O?< 54;B6B= >B?BA<<, BEF464-

SEP A9@AB7B A<:9 (E@. D<E. 3, a). % G69?<K9A<9@ <AF9AE<6ABEF< D4;698>< CD<5O?P EF4AB6<FES 6O-
L9 54;B6B= (D<E. 3, b, ε = 0.1). "8A4>B 84?PA9=L99 G69?<K9A<9 <AF9AE<6ABEF< D4;698>< CD<6B8<F
G:9 > EA<:9A<R CD<5O?<, >BFBD4S C4849F A<:9 54;B6B= (E@. D<E. 3, c, ε=0.7 < D<E. 3, d, ε=1.0).

� EBBF69FEF6<< E 6OL9E>4;4AAO@ @B:AB CD98CB?B:<FP, KFB EGM9EF6G9F A9>B9 BCF<@4?PAB9
;A4K9A<9 <AF9AE<6ABEF< D4;698><, >BFBDB9 B59EC9K<649F A4<5B?PL<= CD<FB> C<M96B7B D9EGDE4
6 >B?BA<R. +FB5O CB8F69D8<FP QFB, CDB698ё@ CDBEFB= Q>EC9D<@9AF. � QFBF D4;, 8?S CDBEFBFO,
CD98CB?B:<@, KFB C<M96B= ?4A8L4HF EBEFB<F <; 98<AEF69AAB7B <EFBKA<>4, J9AABEFP >BFBDB7B
8BEF4FBKA4 8?S 69D5B6>< > A9@G 59;D45BFAOI HGD4:<DB6 <; G?PS (<EFBKA<> A4 C9D98A9@ C?4A9,
E@. D<E. 1, b). #D98CB?B:<@ F4>:9, KFB QFBF <EFBKA<> <;69EF9A CKё?4@ ED4;G, 4 A9 CB CDBL9EF6<<
A9>BFBDB7B 6D9@9A<, >4> D4A99. #BE?98A99 CDBEFB GE>BD<F 6OIB8 CD<5O?< >B?BA<< A4 9ё EF4J<B-
A4DAO= GDB69AP, P ∗

d . � A4L9@ E?GK49 F4>B= GDB69AP EF45<?PAB B59EC9K<649FES CD< t ⩾ 60 8?S
?R5OI ;A4K9A<= ε, D4EE@4FD<649@OI 6 QFB@ Q>EC9D<@9AF9.  O D4EEK<F4?< EF4J<BA4DAGR CD<5O?P
>B?BA<< 8?S <AF9AE<6ABEF< D4;698>< BF 0 8B 1, < A4L?<, KFB BCF<@G@ CD<5O?< 8BEF<749FES
6 8<4C4;BA9 ε = 0.125...0.15 (D<E. 4).

�4>?RK9A<9

(4>F<K9E>< BCF<@4?PAB9 D4;89?9A<9 FDG84 S6?S9FES ;4?B7B@ 6O:<64A<S >B?BA<< @98BABE-
AOI CKё?. #BQFB@G F4> 64:9A CD46<?PAO= 54?4AE @9:8G <EE?98B64A<9@ < Q>EC?G4F4J<9=. �4> @O
G6<89?<, E<EF9@4 E4@4 484CF<6AB CB8EFD4<649FES CB8 ;A4K<@O9 8?S >B?BA<< <;@9A9A<S 6 B>DG-
:4RM9= ED989. "K96<8AB, KFB 9E?< D4;698K<>< B5A4DG:4F J9AAO9, 5B74FO9 C<M96O@ D9EGDEB@,
<EFBKA<><, FB D4J<BA4?PAB CB8>?RK<FP 8DG7<I HGD4:<DB6 >B?BA<< > <I Q>EC?G4F4J<<. 1FB CDB<E-
IB8<F CGFё@ B5@9A4 <AHBD@4J<9= B A4=89AAB@ <EFBKA<>9 E 8DG7<@< B5<F4F9?S@< G?PS, <ECB?P;GS
GA<69DE4?PAO= S;O> CKё? 4 F4A9J. � QFB@ E?GK49 6>?RK49FES CDBJ9EE 69D5B6>< D9>DGFB6, FB
9EFP 4>F<6<;<DG9FES >B??9>F<6A4S @B84 >BD@B8B5O64A<S. !4L4 @B89?P 89@BAEFD<DG9F CB8B5AGR
484CF<6ABEFP, >B784 CD< B5A4DG:9A<< CD<5O?PAB7B <EFBKA<>4 CDB<EIB8<F CB6989AK9E><= E86<7 6
EFBDBAG GE<?9A<S >B??9>F<6AB= EBEF46?SRM9= ;4 EKёF G@9APL9A<S D4;698K<>B6-<A8<6<8G4?<EFB6.

� BF?<K<9 BF D4;698K<>B6 D9>DGFO CB?GK4RF < <ECB?P;GRF EBJ<4?PAGR <AHBD@4J<R.
!4E>B?P>B CBE?98ASS QHH9>F<6A4, CB>4;O649F 6;DO6AB= DBEF CD<5O?< >B?BA<< 6 >B??9>F<6AB=
H4;9 (E@. D<E. 3, a3d). "A A4K<A49FES <@9AAB 6 FBF @B@9AF, >B784 >B?BA<S B5A4DG:<649F CD<-
5O?PAO= <EFBKA<> < A4K<A49F 69D5B6>G A4 A97B 59;D45BFAOI HGD4:<DB6.  9I4A<;@ 69D5B6><
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A9 KFB <AB9, >4> C9F?S CB?B:<F9?PAB= B5D4FAB= E6S;<, FB 9EFP E4@BGE<?<64RM<=ES, 46FB>4-
F4?<F<K9E><=, CDBJ9EE. &4>B= DBEF B7D4A<K9A >BA9KABEFPR CG?4 59;D45BFAOI HGD4:<DB6, <
;4>4AK<649FES 6OIB8B@ E<EF9@O 6 EF4J<BA4DAB9 EBEFBSA<9. %D46A9A<9 EF4J<BA4DAOI GDB6A9=
CD<5O?< <A8<6<8G4?PAB7B < >B??9>F<6AB7B CB6989A<S A47?S8AB <??REFD<DG9F E<?G >B??9>F<64.

'K<FO64S, KFB 6OL9G>4;4AAO= 6;DO6AB= DBEF >B?<K9EF64 HGD4:<DB6 EBBF69FEF6G9F <;@9-
A9A<R CD<5O?PABEF< C<M96B7B ?4A8L4HF4, @B:AB H4>F<K9E>< 7B6BD<FP B H4;B6B@ C9D9IB89
6 84AAB@ E?GK49. �D4@4F<K9E>B9 <;@9A9A<9 >B?<K9EF64 D45BF4RM<I HGD4:<DB6 E6S;4AB E CB-
6989AK9E>B= C9D9EFDB=>B= 6 >B?BA<<. #BQFB@G 84AAO= H4;B6O= C9D9IB8 @B:AB F4>:9 A4;64FP
CB6989AK9E><@ C9D9IB8B@ BF <A8<6<8G4?PAB7B > >B??9>F<6AB@G.

#D< G69?<K9A<< <AF9AE<6ABEF< D4;698>< CD<5O?P >B?BA<< EA4K4?4 D9;>B D4EFёF, 5OEFDB
8BEF<74S @4>E<@G@4, @<AGS >BFBDO=, BA4 A4K<A49F @98?9AAB C484FP (E@. D<E. 4). 1FB >BE69AAB
CB8F69D:849F Q>EC9D<@9AF4?PAO9 84AAO9 B FB@, KFB K<E?B D4;698K<>B6 EBEF46?S9F 6 ED98A9@ 10%
BF B5M97B K<E?4 HGD4:<DB6 >B?BA<< [20].

%GM9EF6G9F 7<CBF9;4, KFB D4;698K<>< 4 QFB A9G846L<9ES D9>DGFO [25]. &B 9EFP QFB F9 A4-
5?R84F9?<, >BFBDO9 A9 E@B7?< <89AF<H<J<DB64FP F4A9J, 4 E?98B64F9?PAB, < EBBF69FEF6GRM<= 9@G
<EFBKA<>, < D9L<?< <E>4FP C<MG E4@BEFBSF9?PAB. &4>:9 9EFP CBF9DS6L<9ES D9>DGFO 4 F9, >BFBDO9
E@B7?< <89AF<H<J<DB64FP F4A9J, AB A4 CGF< > <EFBKA<>G CBF9DS?<EP, < E?GK4=AB B5A4DG:<?<
8DG7<9, 6B;@B:AB 84:9 AB6O9, <EFBKA<>< C<M< [1,14]. � F9I < 8DG7<I @B:AB A4;64FP D4;698K<-
>4@< CBA96B?9. 'K<FO64S 6OL9E>4;4AAB9, >B?<K9EF6B D4;698K<>B6 >BDD9?<DG9F E >B?<K9EF6B@
BL<5B> 6 E<EF9@9, KFB, 6 E6BR BK9D98P, 7B6BD<F B A9>B@ BCF<@4?PAB@ (A9AG?96B@) GDB6A9 BL<5B>
6 E<EF9@9, 84RM9@ @4>E<@4?PAGR QHH9>F<6ABEFP >BD@B8B5O64A<S. 1FB F9@4 8?S 84?PA9=L<I
<EE?98B64A<=.
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Аннотация. Цель настоящей работы — построение нелинейной теории гибрида лампы бегущей волны и усилителя
с комплексной диэлектрической проницаемостью. Методы. Рассматривается следующая модель: ионноскомпенсиро-
ванный одномерный электронный поток пронизывает входную секцию (лампа бегущей волны), затем влетает в среду
с комплексной диэлектрической проницаемостью, а далее попадает в выходную секцию (лампа бегущей волны).
Построена линейная теория указанного гибрида, и проведено сравнение её результатов с результатами хорошо извест-
ной линейной теории лампы бегущей волны. Построена нелинейная теория указанного гибрида модифицированным
волновым методом и проведено сравнение результатов с нелинейной теорией лампы бегущей волны, полученной
классическим волновым методом Овчарова–Солнцева. Кроме того, для проверки пределов применимости полученных
результатов была построена стационарная нелинейная теория гибрида, полученная с помощью метода крупных частиц.
Результаты этой теории были также сравнены со стационарной нелинейной теорией лампы бегущей волны, построен-
ной с помощью метода крупных частиц. Результаты и заключение. По результатам развитых теорий показано, что
при определенных параметрах линейная теория и нелинейные теории (как по модифицированному волновому методу
Овчарова–Солнцева, так и по методу крупных частиц) позволяют получить сопоставимые результаты для классической
лампы бегущей волны и исследуемого гибрида. Показано, что при определенных параметрах за счет резистивной
неустойчивости может заметно улучшаться группировка электронов и, как следствие, коэффициент усиления гибрида
может превышать коэффициент усиления классической лампы бегущей волны при одинаковых параметрах и при той
же полной длине прибора в линейном режиме работы. В нелинейном режиме работы исследуемый гибрид при опти-
мальных параметрах среды может иметь значительно большие значения выходной мощности и коэффициент полезного
действия, чем у лампы бегущей волны при том же значении параметра пространственного заряда и параметра Пирса.
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Abstract. The purpose of this work is to construct a nonlinear theory of a hybrid between travelling wave tube (TWT) and an
amplifier with a complex permittivity. Methods. The following model is considered: an ion-compensated one-dimensional
electron beam penetrates the input travelling wave tube section, then flies into a medium with a complex permittivity, and
then enters the output travelling wave tube section. A linear theory of this hybrid is constructed, and its results are compared
with the results of the well-known linear theory of travelling wave tube. A nonlinear theory of this hybrid was constructed
by a modified wave method, and the results were compared with the nonlinear travelling wave tube theory obtained by the
classical Ovcharov3Solntsev’s wave method. In addition, to test the limits of applicability of the obtained results, a stationary
nonlinear theory of the hybrid was constructed, obtained using the large particle method. The results of this theory were also
compared with the stationary nonlinear travelling wave tube theory constructed using the large particle method. Results and
conclusion. Based on the results of the developed theories, it is shown that, under certain parameters, the linear theory and
nonlinear theories (both by the modified Ovcharov3Solntsev’s wave method and by the large particle method) make it possible
to obtain comparable results both in the case of a classical travelling wave tube and for the hybrid under study. It is shown that
under certain parameters, due to the resistive instability, the bunching of electrons can be noticeably improved and, as a result,
the gain of the hybrid can exceed the gain in a classical travelling wave tube with the same parameters and the same total
length of the device in the linear mode of operation. In the nonlinear mode of operation, the specified hybrid, with optimal
environmental parameters, can have significantly higher values of output power and efficiency than travelling wave tube with
the same value of the space charge parameter and the Pierce parameter.
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�6989A<9

�BCDBEO G?GKL9A<S 6OIB8AOI C4D4@9FDB6 ;4 EK9F CD<@9A9A<S @9F4@4F9D<4?B6 64:AO 
8?S 64>GG@AB= %�+-Q?9>FDBA<>< < GE>BD<F9?9= [1]. &4>:9 D45BFO, CBE6SM9AAO9 D4;?<KAO@ 
64D<4AF4@ < @B8<H<>4J<S@ ;4@98?SRM<I E<EF9@ (�%) 6 ��� (6 FB@ K<E?9 < E @9F4@4F9D<4?4@<), 
CB-CD9:A9@G BEF4RFES 4>FG4?PAO@< < 6BEFD95B64AAO@<.

!4CD<@9D, >4> CB>4;4AB 6 D45BF9 [2], @B:AB A47DG;<FP �% ��� @9F4@4F9D<4?B@ E BFD<-
J4F9?PAB= 8<Q?9>FD<K9E>B= CDBA<J49@BEFPR. +<E?9AAO= Q>EC9D<@9AF CDB6B8<?ES A4 K4EFBF9
48 ��J CD< CBEFBSAAB@ FB>9 200 @� < D48<GE9 CGK>4, D46AB@ CB?B6<A9 D48<GE4 B5?4EF<, 6 >BFB-
DB= 86<:9FES Q?9>FDBAAO= CBFB>. #B>4;4AB, KFB CD< <EE?98G9@OI C4D4@9FD4I 6 A47DG:9AAB=
��� 6B;@B:9A >BQHH<J<9AF GE<?9A<S, D46AO= 29 8�, KFB EGM9EF69AAB CD96OL49F GE<?9A<9
6 A9A47DG:9AAB= ���.

% 8DG7B= EFBDBAO, @B:AB E89?4FP @9F4@4F9D<4? <; �%. � D45BF9 [3] E@B89?<DB64A ���-
GE<?<F9?P, D45BF4RM<= A4 K4EFBF9 92 ��J, A4 BEAB69 C?4A4DAB= ;4@98?SRM9= EFDG>FGDO, S6?S-
RM9=ES @9F4@4F9D<4?B@ <; @94A8DB6. � @B89?< <ECB?P;B64?ES J<?<A8D<K9E><= Q?9>FDBAAO=
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CBFB> E GE>BDSRM<@ CBF9AJ<4?B@ 16 >� < FB>B@ 60 @�, <ECB?P;B64?BEP @47A<FAB9 CB?9 E <A-
8G>J<9= 0.35 &?. +<E?9AAO= Q>EC9D<@9AF CB>4;4?, KFB @4>E<@4?PAO= >BQHH<J<9AF GE<?9A<S 
CD< D4EE@4FD<649@OI C4D4@9FD4I D469A 36.4 8�, 4 6 CB?BE9 CDBCGE>4A<S 5 ��J — 30 8�. !4 K4EFBF9 
92 ��J ;4H<>E<DB64A4 6OIB8A4S @BMABEFP 17.4 �F.

� A4EFBSM9= D45BF9 CD98?4749FES 7<5D<8 ��� E GE<?<F9?9@ E >B@C?9>EAB= 8<Q?9>FD<K9E>B=
CDBA<J49@BEFPR (6 84?PA9=L9@ ��#)1. �4> <;69EFAB CB >?4EE<K9E>B= F9BD<< D9;<EF<6AB7B
GE<?<F9?S [436], 9@G A9B5IB8<@O @B8G?<DGRM99 < EN9@AB9 GEFDB=EF64. � C9D6OI Q>EC9D<@9AF4I
8?S QFB7B <ECB?P;B64?<EP < D9;BA4FBDO, < BFD9;>< EC<D4?< [5]. %@OE? 6EF46>< E ��# EBEFB<F
6 G?GKL9A<< 7DGCC<DB6>< ;4 EK9F 6;4<@B89=EF6<S CGK>4 E CB?S@< A46989AAB7B ;4DS84 6 ED989.

!4E>B?P>B <;69EFAB, A9 5O?B CBCOFB> CBEFDB9A<S G>4;4AAB7B 7<5D<84. $4A99 (6 FB@ K<E?9
< 46FBDB@ A4EFBSM9= D45BFO) D4EE@4FD<64?ES D9;<EF<6AO= GE<?<F9?P E @B8G?<DGRM<@ < EN9@AO@
GEFDB=EF6B@ 6 6<89 BFD9;>B6 EC<D4?< 6 CD<5?<:9A<< ;484AAB7B CB?S A4 @B8G?SFBD9 < ;484AAB7B
FB>4 A4 EN9@A<>9 (D9;G?PF4FO A9 BCG5?<>B64AO). #B>4;4AB, KFB 9E?< ED984 B5?4849F 4>F<6AB= <?<
<A8G>F<6AB= CDB6B8<@BEFPR, FB >BQHH<J<9AF GE<?9A<S ;A4K<F9?PAB 5B?PL9, K9@ 8?S 64>GG@AB=
FDG5O 8D9=H4. �DB@9 FB7B, A9<;69EFAB B CBCOF>4I EB;84A<S A9?<A9=AB= F9BD<< D9;<EF<6AB7B
GE<?<F9?S E BFD9;>4@< EC<D4?< 6 >4K9EF69 @B8G?<DGRM97B < EN9@AB7B GEFDB=EF6.

*9?P A4EFBSM9= D45BFO 4 CBEFDB9A<9 F9BD<< 7<5D<84 ��� < ��#-GE<?<F9?S (��� 3 ED984 E
��#3���)2, 4 F4>:9 CD<5?<:9AAB= A9?<A9=AB= F9BD<< A4 BEAB69 @B8<H<J<DB64AAB7B 6B?AB6B7B
@9FB84 "6K4DB643%B?AJ964.

1. �?4EE<K9E>4S ?<A9=A4S F9BD<S

#D9:89 6E97B CBEFDB<@ >?4EE<K9E>GR ?<A9=AGR F9BD<R 7<5D<84 ��� < D9;<EF<6AB7B
GE<?<F9?S. �ECB?P;G9@ E?98GRMGR @B89?P: <BAABE>B@C9AE<DB64AAO= B8AB@9DAO= Q?9>FDBAAO=
CBFB> CDBA<;O649F 6IB8AGR ���-E9>J<R, ;4F9@ 6?9F49F 6 ED98G E ��#, 4 84?99 CBC4849F 6 6O-
IB8AGR ���-E9>J<R. #D98CB?4749@, KFB C9D64S ��� <7D49F DB?P @B8G?SFBD4 < @B:9F D45BF4FP
6 EDO69 �B@CHA9D4. �FBD4S ��� D45BF49F 6 B5OKAB@ D9:<@9. #B?4749@, KFB I4D4>F9D<EF<><
���-E9>J<=, 9E?< A9 G>4;4AB <A4K9, B8<A4>B6O.

�4@9F<@, KFB 8?S ��#-E9>J<<, 6 >BFBDB= BFEGFEF6G9F �%, 4 E?98B64F9?PAB, < �+-CB?9
6 A9=, 66B8<FP >BBD8<A4FG < C4D4@9FD CDBEFD4AEF69AAB7B ;4DS84 (#�) CD<6OKAO@ 8?S ���
B5D4;B@3 A9 CD98EF46?S9FES G8B5AO@, CBQFB@G <ECB?P;G9FES E?98GRM4S ABD@<DB6>4: F (ξ) =

= E (x) ejβex/(2βeV0) 4 59;D4;@9DA4S 4@C?<FG84 CB?S 6 �% (E 4 D4;@9DA4S A4CDS:9AABEFP
Q?9>FD<K9E>B7B CB?S), C = 3

√

I0K/(4V0) 4 C4D4@9FD GE<?9A<S #<DE4, I0 4 ED98A<= FB> CGK>4,
K 4 EBCDBF<6?9A<9 E6S;< �%, V0 4 GE>BDSRM99 A4CDS:9A<9, βe = ω/v0, ω 4 D45BK4S K4EFBF4,
v0 4 ED98ASS E>BDBEFP CGK>4, N = βex/(2π), ξ = 2πCN/C = βex, ω2p = eρ0/(mε0) 4 >648D4F
C?4;@9AAB= K4EFBFO, ρ0 4 ED98ASS C?BFABEFP ;4DS84 6 CGK>9, j =

√
−1, b = (v0 − vf )/vph 4

C4D4@9FD D4EE<AIDBA<;@4, vph 4 H4;B64S E>BDBEFP 6B?AO 6 �% 59; CGK>4, ε0 4 8<Q?9>FD<K9E>4S
CDBA<J49@BEFP 64>GG@4, e/m 4 G89?PAO= ;4DS8 Q?9>FDBA4, q = (ωp/ω)

2 4 C4D4@9FD #�.
&4> >4> �% BFEGFEF6G9F 6 ��#-E9>J<<, 5G89@ CD<@9ASFP @9FB8 8<EC9DE<BAAB7B GD46A9A<S

8?S D4EK9F4 6B;@GM9A<S FB>4. � >4K9EF69 A4K4?PAOI GE?B6<= A4 6FBDGR < FD9FPR E9>J<< 6O-
EFGC49F FB> < 97B CDB<;6B8A4S 6 >BAJ9 CD98O8GM9=. #D98CB?4749@, KFB 6 C9D6GR ��� 6?9F49F

1�4@9F<@, KFB GE<?<F9?P E >B@C?9>EAB= 8<Q?9>FD<K9E>B= CDBA<J49@BEFPR S6?S9FES B8A<@ <; 64D<4AFB6 IBDBLB
<;69EFAB7B D9;<EF<6AB7B GE<?<F9?S.

21?9>FDBAAO= CBFB> CDBA<;O649F 6IB8AGR ���-E9>J<R, ;4F9@ 6?9F49F 6 ED98G E ��#, 4 84?99 CBC4849F 6 6OIB8AGR
���-E9>J<R.

3&B 9EFP E C4D4@9FDB@ #<DE4.
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A9@B8G?<DB64AAO= CGKB> < A4 A9ё CB84RF 6IB8AB= E<7A4?. �B 6FBDB= ���, >DB@9 GE?B6<S A4 FB>,
8B546?S9FES D469AEF6B AG?R A4K4?PAB7B 6B;@GM9A<S A4CDS:9AABEF< Q?9>FD<K9E>B7B CB?S.

#D< @4?B@ C4D4@9FD9 GE<?9A<S C � 1 < CD< BFEGFEF6<< D4ECD989?9AAOI CBF9DP 6 �%
6 C9D6B= ���-E9>J<< (6 ABD@<DB6>9 A4EFBSM9= D45BFO) CB?9 6 �% BCD989?S9FES E?98GRM<@
6OD4:9A<9@ [7]:

F = F0

[

(

δ21 + q
)

eξδ1

(δ1 − δ2) (δ1 − δ3)
+

(

δ22 + q
)

eξδ2

(δ2 − δ3) (δ2 − δ1)
+

(

δ23 + q
)

eξδ3

(δ3 − δ1) (δ3 − δ2)

]

, (1)

789 F0 4 6IB8AB= E<7A4?, δi 4 >BDA< ABD@<DB64AAB7B 8<EC9DE<BAAB7B GD46A9A<S

(δ+ jb)
(

δ2 + q
)

= −j (1 + b)2C3, (2)

CBE>B?P>G >BDA< A9ABD@<DB64AAB7B 8<EC9DE<BAAB7B GD46A9A<S <@9RF 6<8 βe (1 + jδ). �4@9F<@,
KFB F4>B= 6<8 δi, q < b CB;6B?S9F A9 FB?P>B <E>?RK<FP 6?<SA<9 C4D4@9FD4 #<DE4 C A4 C4D4@9FDO
D4EE<AIDBA<;@4 < #�, AB < GCDBM49F CBE?98GRM<9 6O>?48><, EBID4ASS 5?<;><= > CD<6OKAB=
;4C<E< 6<8 6OD4:9A<=. +FB5O CB?GK<FP CD<6OKAO9 ;A4K9A<S C4D4@9FDB6 #� < D4EE<AIDBA<;-
@4, q < b 6 A4EFBSM9= ABD@<DB6>9 AG:AB D4;89?<FP A4 C2 < C, EBBF69FEF69AAB. #9D9@9AAO=,
ABD@<DB64AAO= A4 I0e−jβex FB> 6 A4K4?9 ��#-E9>J<< A4=89@ <;

I(0) = jF0

[

el1δ1

(δ1 − δ2) (δ1 − δ3)
+

el1δ2

(δ2 − δ3) (δ2 − δ1)
+

el1δ3

(δ3 − δ1) (δ3 − δ2)

]

, (3)

789 l1 4 ABD@<DB64AA4S 8?<A4 1-= ���.
�; ?<A9=AB= F9BD<< D9;<EF<6AB7B GE<?<F9?S [6] 8?S C9D9@9AAB7B FB>4 6 ��#-E9>J<<

ECD4698?<6B 6OD4:9A<9

I(ξ) =
1

j (ψ1 − ψ2)
[

−
(

I ′(l1) + jψ2I(l1)
)

e−jψ1(ξ−l1) +
(

I ′(l1) + jψ1I(l1)
)

e−jψ2(ξ−l1)
]

, (4)

789 ψ1,2 = ±
√

q/ε 4 ABD@<DB64AAO9 >BDA< EBBF69FEF6GRM97B 8<EC9DE<BAAB7B GD46A9A<S c
GK9FB@ 66989AAB= ABD@<DB6>< FB>4.

�?S D4EK9F4 ��# 6BECB?P;G9@ES @B89?PR �DG89

ε = 1−
ω2pM

ω (ω+ jγ)
, (5)

789 ω2pM 4 >648D4F C?4;@9AAB= K4EFBFO ED98O/@9F4@4F9D<4?4, γ 4 >BQHH<J<9AF ;4FGI4A<S. �E?<

669EF< Γ =
(

γ
ω

)2
< s =

(ωpM
ω

)2
, FB ��# @B:AB ;4C<E4FP 6 6<89

ε = 1− s

1 + jΓ
. (6)

�?S 6FBDB= ���-E9>J<< 4@C?<FG8O C4DJ<4?PAOI 6B?A FB>4 A4IB8SFES E CB@BMPR D9L9A<S
E<EF9@O





1

δ1
δ21 + q

1

δ2
δ22 + q

1

δ3
δ23 + q



 I =





I(0)p
I ′(0)p
0



 (7)
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@9FB8B@ �D4@9D4, 789 I(0)p, I ′(0)p 4 FB> < 97B CDB<;6B8A4S A4 6OIB89 ��#-E9>J<<, CB?GK49@O9
<; GD46A9A<S (4), 4 <A89>E «p» B5B;A4K49F 2-R ���. &D9FP9 GD46A9A<9 (H4>F<K9E>< QFB GD46A9A<9
E7DGCC<DB64AAB7B FB>4) EBBF69FEF6G9F BFEGFEF6<R 6IB8AB7B E<7A4?4 6B 2-= ���.

�BQHH<J<9AF GE<?9A<S 5G89@ BCD989?SFP >4>

G = 20 lg

∣

∣

∣

∣

F

F0

∣

∣

∣

∣

= 20 lg

∣

∣

∣

∣

1

jF0

(

qI(l2)p +
d2I(l2)p
dξ2

)∣

∣

∣

∣

, (8)

789 l2 4 ABD@<DB64AA4S 8?<A4 2-= ���.
�6989@ 69?<K<AO h1 < h2 4 >BBD8<A4FO A4K4?4 < >BAJ4 ��#-E9>J<< 6 8B?SI BF CB?AB=

8?<AO 7<5D<84. !4CD<@9D, 9E?< h1 = 0.15, h2 = 0.6, FB 6IB8A4S ��� ;4A<@49F C9D6O9 15%
CB?AB= 8?<AO (l1 = 0.15βex, 789 x 4 8?<A4 7<5D<84), ��#-E9>J<S h2 − h1 = 0.45, FB 9EFP 45%
CB?AB= 8?<AO, 4 6OIB8A4S ��� 4 BEF46L<9ES 40% (l2 = 0.4βex).

� >4K9EF69 BCBDAOI 6B;P@9@ C4D4@9FDO <; EF4FP< [9], 6 >BFBDB= CD<6B8SFES 84AAO9
A4FGDAB7B Q>EC9D<@9AF4 8?S ��� E K4EFBFB= 220 ��J, FB>B@ 52.4 @�, GE>BDSRM<@ CBF9AJ<4?B@
20.5 >�, EBCDBF<6?9A<9@ E6S;< 1.6 "@ (< EBBF69FEF69AAB C = 0.01), 8?<AB= �% (59; GK9F4 8?<AO
CB7?BF<F9?S) 4 53 @@ < D48<GEB@ CDB?9FAB7B >4A4?4 0.12 @@. % GK9FB@ 79B@9FD<< �% (C9F?SRM97B
6B?AB6B84) CN = 1.44.

%D46A<@ FD< 64D<4AF4: 1 4 >?4EE<K9E>4S ��� 59; D4;DO64 < ?B>4?PAB7B CB7?BF<F9?S;
2 4 G>4;4AAO= 7<5D<8 (��� 3��#3���); 3 4 ��� E D4;DO6B@ 4 64>GG@AO@ CDB@9:GF>B@ 8D9=H4,
<@9RM<@ FG :9 8?<AG < CB?B:9A<9, KFB ED984 E ��# 6 7<5D<89 ��� 3��#3���. #D98CB?4749@,
KFB 6E9 BA< <@9RF B8<A4>B6GR CB?AGR 8?<AG4. &4>B9 ED46A9A<9 CB;6B?<F GFBKA<FP < D4;89?<FP
6?<SA<9 E9>J<< 8D9=H4 < 6?<SA<9 ED98O E ��# A4 CDB<EIB8SM<9 CDBJ9EEO. #B G@B?K4A<R 5G89@
<ECB?P;B64FP E?98GRM<9 7D4A<JO ��#-E9>J<< h1 = 0.1, h2=0.85.
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�200         400          600         800

a b

$<E. 1. �46<E<@BEF< (6 ?B74D<H@<K9E>B@ @4ELF459) ABD@<DB64AAB7B FB>4 (a) < BFABL9A<S CB?S > 6IB8AB@G E<7A4?G (b)
BF ABD@<DB64AAB= >BBD8<A4FO. �89EP < 84?99: EC?BLA4S 4 7<5D<8, CGA>F<D 4 ���, LFD<I-CGA>F<D 4 ��� E D4;DO6B@.
#D< b = b1 = 0, q = 5 · 10

−5, F0 = 10
−8, s = 1.4, Γ = 5 · 10

−3

Fig. 1. Dependences (on a logarithmic scale) of the normalized current (a) and the ratio of the field to the input signal (b)
on the normalized coordinate. Here and below: solid line 4 hybrid, dotted line 4 travelling wave tube (TWT), dash-dotted
line 4 TWT with a break. At b = b1 = 0, q = 5 · 10

−5, F0 = 10
−8, s = 1.4, Γ = 5 · 10

−3

"F@9F<@, KFB A4 D<E. 1 BFK9F?<6B 6<8AO 7D4A<JO E9>J<=. �DB@9 FB7B, 6<8AB, >4> 6 A<I
@9AS9FES 7DGCC<DB6>4 Q?9>FDBAB6. !4CB@A<@, KFB 6 ��� E D4;DO6B@ A4 GK4EF>9 59; �% 7DGCC<DB6-
>4 CD< @4?B@ #� B59EC9K<649FES FB?P>B 54??<EF<K9E><@ QHH9>FB@, >4> 6 CDBEFD4AEF69 8D9=H4
>?<EFDBA4, 4 CBFB@G E?98G9F B:<84FP C9D<B8<KABEFP <;@9A9A<S FB>4.

4#B?AB= 8?<AB= EK<F49@ D4EEFBSA<9 BF 6IB84 1-= E9>J<< 8B 6OIB84 3-=.
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a b

$<E. 2. �46<E<@BEF< GE<?9A<S G BF C4D4@9FD4 D4EE<AIDBA<;@4 2-= E9>J<<5 CD< 1-= E9>J<<, D45BF4RM9= 6 D9:<@9
CB846?9A<S b1 = −0.029 (a), < CD< b = 0 BF C4D4@9FD4 D4EE<AIDBA<;@4 1-= E9>J<< (b); q = 5 · 10

−5, F0 = 10
−8,

s = 1.4, Γ = 5 · 10
−3

Fig. 2. Dependences of G on the desynchronism parameter of the 2nd section5 with the 1st section operating in the suppression
mode b1 = −0.029 (a), and at b = 0 on the desynchronism parameter of the 1st section (b); at q = 5 · 10

−5, F0 = 10
−8,

s = 1.4, Γ = 5 · 10
−3

�; D<E. 2 6<8AB, KFB 7<5D<8 (>4> < ��� E D4;DO6B@) E?45B ;46<E<F BF C4D4@9FD4 D4E-
E<AIDBA<;@4 2-= E9>J<<, 4 F4>:9 KFB 6O<7DOL4 6 <ECB?P;B64A<< CB846?9A<S 6 1-= E9>J<<
A9 A45?R849FES. 1FB CDB<EIB8<F CBFB@G, KFB CD< 6O5D4AAB= 8?<A9 1-= E9>J<< CB846?9A<9 @4?B
(A4 GDB6A9 −0.8 8�) < EDO6 �B@CHA9D4 6 QFB= E9>J<< CD< 6O5D4AAOI C4D4@9FD4I A98BEF<:<@6.
&4>:9 6<8AB, KFB CD< 6O5D4AAOI C4D4@9FD4I G 7<5D<84 5B?PL9, K9@ G >?4EE<K9E>B= ��� 6 BCF<-
@G@9. � 84?PA9=L9@ CD98CB?4749@, KFB C4D4@9FDO D4EE<AIDBA<;@4 B59<I ���-E9>J<= B8<A4>B6O,
FB 9EFP b = b1.

!G:AB BF@9F<FP, KFB 6 D45BF9 [9] G = 31.2 8�. "8A4>B F4@ D4EE@4FD<649FES ��� E
?B>4?PAO@ CB7?BF<F9?9@, CD<K9@ FBKAB A9 G>4;4AO A< 97B 8?<A4, A< CB?B:9A<9, 4 F4>:9 A9
G>4;4AO 69?<K<AO, CB;6B?SRM<9 6OK<E?<FP C4D4@9FD #�. �DB@9 FB7B, A9B5IB8<@4S 8?S D4EK9FB6
8?<A4 A9 G>4;4A4 FBKAB < 6O5D4AA4S 69?<K<A4 4 D9;G?PF4F BJ9A>< 84AAOI EF4FP< [9].

�4> 6<8AB <; D<E. 334, 9EFP GE?B6<S ;46<E<@BEF< BCF<@G@4 BF E6B=EF6 ��#-E9>J<<. �4>
6 ?<A9=AB= F9BD<< ��� 64:AB @9EFBCB?B:9A<9 < 8?<A4 ?B>4?PAB7B CB7?BF<F9?S, F4> < 8?S
D4EE@4FD<649@B7B 7<5D<84 64:A4 ��#-E9>J<S. �; D<E. 3 6<8AB, KFB CD< @4?B@ q, >B784 CD9B5?4849F
>BA69>F<6A4S A9GEFB=K<6BEFP 6 ���-E9>J<SI, A4<5B?99 64:AB E7DGCC<DB64FP CGKB> ;4 EK9F
G69?<K9A<S 8B?< C9D6B= ��� (A<:A<= CD46O= G7B? A4 D<E. 3, a). #D< G69?<K9A<< q >BA69>F<6A4S
A9GEFB=K<6BEFP GEFGC49F 7?46AGR DB?P D9;<EF<6AB= A9GEFB=K<6BEF<, < CBS6?S9FES BCF<@G@ CD<
8BEF4FBKAB 8?<AAB= ��#-E9>J<< (?96O= 69DIA<= G7B? A4 D<E. 3, b).

&4><@ B5D4;B@, 8?S @4?OI #�, 8?S 8BEF<:9A<S BCF<@G@4 CBKF< CB?B6<A4 8?<AO 8B?:A4
CD<IB8<FPES A4 @B8G?SFBD, EFB?P>B :9 4 A4 ED98G E ��#, < BEF46L4SES >BDBF>4S B5?4EFP 4 A4
6OIB8AGR ���. �?S 5B?PL<I #� 4 >BDBF><= @B8G?SFBD, 8?<AA4S B5?4EFP ED98O E ��# < >BDBF>4S
B5?4EFP 6OIB8AB= ���.

"8AB= <; 6B;@B:AOI D94?<;4J<= ��#-E9>J<< S6?S9FES <ECB?P;B64A<9 EFDG>FGDO <; BFD9;-
>B6 @94A8D4, D4ECB?B:9AAOI A4 B8<A4>B6B@ D4EEFBSA<< @9:8G EB5B= 68B?P CGK>4 (A48 < CB8 A<@)

5�?S >?4EE<K9E>B= ��� CDBEFB BF C4D4@9FD4 D4EE<AIDBA<;@4 / For a classical TWT, simply from the desynchronism
parameter.

6$9:<@O QHH9>F<6AB= @B8G?SJ<< Q?9>FDBAAB7B CBFB>4 CB E>BDBEF< 6 C9D6B= E9>J<<, >B784 ;A4K<F9?PA4S K4EFP
QA9D7<< Q?9>FDB@47A<FAB= 6B?AO C9D9849FES Q?9>FDBAAB@G CBFB>G 4 A9 D4EE@4FD<64?<EP, CBE>B?P>G BA< FD95GRF
EGM9EF69AAB 5B?PL9= 8?<AO E9>J<< @B8G?SFBD4.
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$<E. 3. �46<E<@BEF< G BF 7D4A<J ��#-E9>J<< (a, b)
< CD<@9D 6B;@B:AB= D94?<;4J<< ��#-E9>J<< <; BF-
D9;>B6 @94A8DB6 (<; EF4FP< [8]) (c). #D< b = b1 = 0,
F0 = 10

−8, s = 1.4, Γ = 5 · 10
−3; q = 10

−5 (a),
q = 5 · 10

−5 (b)

Fig. 3. Dependences of G on the boundaries of the
CP7section (a, b) and an example of a possible
implementation of the CP section from meander
segments (from [8]) (c). At b = b1 = 0, F0 = 10

−8,
s = 1.4, Γ = 5 · 10

−3; q = 10
−5 (a), q = 5 · 10

−5 (b)
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$<E. 4. �46<E<@BEF< G BF E6B=EF6 ��#-E9>J<< (a, b)
< ;46<E<@BEFP FB>4 BF 8?<AO (c) CD< b = b1 = 0,
q = 5 · 10

−5, F0 = 10
−8; Γ = 5 · 10

−3 (b, c);
s = 0.212 (c)

Fig. 4. Dependences of G on the properties of the
CP section (a, b) and dependence of the current on
the length (c) at b=b1=0, q = 5 · 10

−5, F0 = 10
−8;

Γ = 5 · 10
−3 (b, c); s = 0.212 (c)

7Complex permittivity.
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< BD<9AF<DB64AAOI C9DC9A8<>G?SDAB CGK>G [8] (D<E. 3, c). � E?GK49 CD46<?PAB CB8B5D4AAB7B
D4EEFBSA<S @9:8G @94A8D4@<, 4 F4>:9 <I D4;@9DB6, CGKB> «6<8<F» ED98G E BFD<J4F9?PAB= 89=EF6<-
F9?PAB= K4EFPR QHH9>F<6AB= ��#. � E?GK49 D<E. 3, c 6IB8A4S ���-E9>J<S 8B?:A4 D4ECB?474FPES
ECD464, 4 6OIB8A4S E?964. #DB5?9@4 >BDD9>FAB7B EB98<A9A<S E9>J<= @B:9F S6?SFPES 8BEF4FBKAB
A9CDBEFB=, AB F9IA<K9E>< 6OCB?A<@B= ;484K9=, 4 CBFB@G 6OIB8<F ;4 D4@>< A4EFBSM9= D45BFO
< D4EE@4FD<64FPES A9 5G89F.

�; D<E. 4 6<8AB 6?<SA<9 E6B=EF6 ED98O A4 >BQHH<J<9AF GE<?9A<S. !4<5B?PL99 ;A4K9A<9
>BQHH<J<9AF4 GE<?9A<S, >4> < E?98B64?B B:<84FP, A45?R849FES 65?<;< D9;BA4AE4 s = 1 CD<
8BEF4FBKAB @4?B@ �. 1FBF D9;BA4AE, >4> < 6 F9BD<< D9;<EF<6AB7B GE<?<F9?S, @B:AB B5NSEA<FP
(CB 4A4?B7<< E [10]) E?98GRM<@: FB>< E@9M9A<S < <A8G>F<6AO9 FB>< 6 ED989 EF4AB6SFES D46AO@<
8DG7 8DG7G CB 69?<K<A9, 4 A46989AAO= ;4DS8 EFD9@<FES > 59E>BA9KABEF<. "5?4EFP 5B?PL97B
>BQHH<J<9AF4 GE<?9A<S CD< s > 1 @B:AB 6 QFB@ E?GK49 B5NSEA<FP F9@, KFB E<?O #� 6 CGK>9 <
E<?O, EB;84649@O9 A46989AAO@ ;4DS8B@, B>4;O64RFES 6 CDBF<6BCB?B:AOI H4;4I, KFB CD<6B8<F
> G?GKL9A<R GE?B6<= 7DGCC<DB6>< Q?9>FDBAB6 6 CGK>9. � B5?4EFP @9APL97B >BQHH<J<9AF4
GE<?9A<S CD< s < 1 4 F9@, KFB A4CDS:9AABEFP Q?9>FD<K9E>B7B CB?S, EB;84649@B7B A46989AAO@
;4DS8B@, E>?48O649FES 6 H4;9 E E<?4@< #� 6 CGK>9. � D9;G?PF4F9 G69?<K<649FES CDB8B?PAB9
D4EF4?><64A<9 Q?9>FDBAB6 < GE<?9A<9 6B?AO CDBEFD4AEF69AAB7B ;4DS84 B>4;O649FES A96B;@B:AO@.

�DB@9 FB7B, CD< A9>BFBDOI Γ < s CBS6?S9FES ;BA4 CB846?9A<S (E@., A4CD<@9D, D<E. 4, b).
� QFB= ;BA9 ED984 A9 S6?S9FES @9F4@4F9D<4?B@ < B5?4849F 89=EF6<F9?PAB= K4EFPR ε, 5?<;>B=
> 98<A<J9. % <;@9A9A<9@ CN < q >BBD8<A4FO CB846?9A<S < 97B 7?G5<A4 @9ASRFES. �; D<E. 4, c
6<8AB, KFB CD< 6O5D4AAOI C4D4@9FD4I 6 ;BA9 CB846?9A<S 7<5D<8 89@BAEFD<DG9F CB6989A<9,
EIB:99 E ��� E D4;DO6B@ (CB8B5AB 54??<EF<K9E>B@G QHH9>FG), < 7DGCC<DB6>4 ;A4K<F9?PAB IG:9,
K9@ 6 E?GK49 @9F4@4F9D<4?4, < ED46A<@4 E 7DGCC<DB6>B= 6 64>GG@AB@ CDBEFD4AEF69 8D9=H4. &4><@
B5D4;B@, QFBF QHH9>F A9 B5NSEAS9FES FB?P>B 6?<SA<9@ C4D4@9FD4 ;4FGI4A<S 6 ED989 Γ. � QFB=
;BA9, CB-6<8<@B@G, 6 ED989 GIG8L49FES 7DGCC<DB6>4 <;-;4 CDB8B?PAB7B D4EF4?><64A<S Q?9>FDBAB6.

�; D<E. 5 6<8AB, KFB CD< @4?B@ #� >BQHH<J<9AF GE<?9A<S >?4EE<K9E>B= ��� 65?<;< b = 0

CD96BEIB8<F >BQHH<J<9AF GE<?9A<S 7<5D<84, 4 CB @9D9 G69?<K9A<S C4D4@9FD4 #�, A4B5BDBF.
�; QFB7B @B:AB E89?4FP 6O6B8, KFB 6 7<5D<89 89=EF6GRF 869 A9GEFB=K<6BEF<, E6B=EF69AAO9 ���
< ��#, CD<K9@ CD< @4?B@ #� CD9B5?4849F >BA69>F<6A4S A9GEFB=K<6BEFP 6 ���-E9>J<SI.

a

c

$<E. 5. �46<E<@BEF< G BF C4D4@9FDB6 D4EE<AIDBA<;@4 <
#� 8?S ��� (a), 7<5D<84 (b) < D4;A<J4 (7<5D<8 3���) (c)
CD< b = b1 = 0, F0 = 10

−8, s = 1.4, Γ = 5 · 10
−3

Fig. 5. Dependences of G on the desynchronism parameter
and q for a 4 TWT, b 4 hybrid, and c 4 difference (hybrid 3
TWT) at b = b1 = 0, F0 = 10

−8, s = 1.4, Γ = 5 · 10
−3
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!4?<K<9 ED98O E ��#, >4> 6<8AB <; D<E. 5, 89?49F CD<5BD @9A99 KG6EF6<F9?PAO@ > C4-
D4@9FDG D4EE<AIDBA<;@4 (B5?4EFP CB?B:<F9?PAB7B G E DBEFB@ b G69?<K<649FES). &4>:9 6<8AB,
KFB 6 B5?4EF< ED46A<F9?PAB @4?B7B D4EE<AIDBA<;@4 >BQHH<J<9AF GE<?9A<S 6 ��� 5B?PL9 K9@
G 7<5D<84, 4 B5?4EFP, 789 >BQHH<J<9AF GE<?9A<S 5B?PL9 G 7<5D<84, G69?<K<649FES E DBEFB@ q.

2.  B8<H<>4J<S 6B?AB6B7B @9FB84 "6K4DB643%B?AJ964

� QFB@ D4;89?9 <EE?98G9@ FG :9 @B89?P, KFB < 6 D4;89?9 1: <BAABE>B@C9AE<DB64AAO=
B8AB@9DAO= Q?9>FDBAAO= CBFB> CDBA<;O649F 6IB8AGR ���-E9>J<R, ;4F9@ 6?9F49F 6 ED98G E ��#,
4 84?99 CBC4849F 6 6OIB8AGR ���-E9>J<R. %K<F49@, KFB A4 6E9 Q?9>FDBAO 84AAB7B CBC9D9KAB7B
E9K9A<S CGK>4 89=EF6G9F B8<A4>B6B9 GED98A9AAB9 CB E9K9A<R Q?9>FD<K9E>B9 CB?9, < KFB 86<:9A<9
Q?9>FDBAB6 B8ABA4CD46?9AAB9. �DB@9 FB7B, CD98CB?4749FES, KFB @B8G?SJ<S Q?9>FDBAB6 CB E>BDBEF<
@4?4, B8A4>B A<>4><I B7D4A<K9A<= A4 7?G5<AG @B8G?SJ<< CBFB>4 Q?9>FDBAB6 CB FB>G < C?BFABEF<
A9 A4>?48O649FES. #B?4749@, KFB I4D4>F9D<EF<>< ���-E9>J<= (;4 <E>?RK9A<9@ 8?<AO) B8<A4>B6O.

%?98GS @9FB8<>9 D45BFO [11], 6 >4K9EF69 <EIB8AOI <ECB?P;G9@ E?98GRM<9 A9?<A9=AO9
GD46A9A<S ��� 6 C9D9@9AAOI �47D4A:4 E GK9FB@ 6698ёAAB= D4A99 ABD@<DB6><:

−∂2θ

∂ξ2
= Re

[

Fej(ωt0+θ) +
∞
∑

n=1

jp2n
n

qIne
jn(ωt0+θ)

]

, (9)

dF

dξ
+ jbF = − (1 + b)2C3I1, (10)

In =
1

π

2π
∫

0

e−jn(ωt0+θ)d (ωt0) , (11)

789 θ (ξ, t0) 4 6B;@GM9A<9 G7?4 CDB?9F4 Q?9>FDBAB6 CB8 89=EF6<9@ CB?S, p2n = n2/(n2 + k2),
k = 2/(βer) 4 ABD@<DB64AAO= B5D4FAO= D48<GE CGK>4 (r 4 EBBF69FEF69AAB D4;@9DAO= D48<GE
CGK>4), t0 4 6D9@S 6?9F4 Q?9>FDBAB6 6 CDBEFD4AEF6B 6;4<@B89=EF6<S, In 4 ABD@<DB64AA4S
4@C?<FG84 n-= 74D@BA<>< FB>4.

#D98EF46<@ 6B;@GM9A<9 G7?4 CDB?9F4 Q?9>FDBAB6 CB8 89=EF6<9@ CB?S 6 6<89 DS84 (GDP9:

θ =
θ0(ξ)

2
+ Re

∞
∑

m=1

θmejmωt0 , (12)

789 θm(x) = 1
π

∫ 2π
0 θ (x, t0) e

−jmωt0d (ωt0). '@AB:<@ (9) A4 1
π
e−jmωt0 < CDB<AF97D<DG9@ CB t0 BF

0 8B 2π, FB784 E GK9FB@ (12) CB?GK<@:

−∂2θm

∂ξ2
=

1

π

2π
∫

0

Re
[

Fej(ωt0+θ)
]

e−jmωt0d (ωt0) +

+
1

π

2π
∫

0

Re

[

∞
∑

n=1

jp2n
n

qIne
jn(ωt0+θ)

]

e−jmωt0d (ωt0) . (13)

�?S CD<5?<:9AAB7B 6OK<E?9A<S <AF97D4?B6 B7D4A<K<@ES 1-@ K?9AB@ 6 GD46A9A<< (12) <
66989@

θ =
θ0

2
+ Re

[

Bejωt0
]

. (14)
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&B784 6 GD46A9A<< (11) CB?GK<@

In =
1

π

2π
∫

0

e
−jn

(

ωt0+
θ0
2
+Re[Bejωt0 ]

)

d (ωt0) . (15)

% <ECB?P;B64A<9@ 66989AAOI D4A99 B5B;A4K9A<= 8?S m = 0 GD46A9A<9 (13) CD<@9F 6<8

−∂2θ0

∂ξ2
=

1

π

2π
∫

0

Re

[

Fe
j
(

ωt0+
θ0
2
+Re [Bejωt0 ]

)]

d(ωt0) +

+

∞
∑

n=1

q
p2n
n

1

π

2π
∫

0

Re

[

jIne
jn

(

ωt0+
θ0
2
+Re [Bejωt0 ]

)]

d(ωt0). (16)

�?S m = 1 GD46A9A<9 (13) CD<@9F 6<8

−∂2B

∂ξ2
=

1

π

2π
∫

0

Re

[

Fe
j
(

ωt0+
θ0
2
+Re[Bejωt0 ]

)]

e−jωt0d(ωt0) +

+

∞
∑

n=1

q
p2n
n

1

π

2π
∫

0

Re

[

jIne
jn

(

ωt0+
θ0
2
+Re[Bejωt0 ]

)]

e−jωt0d(ωt0). (17)

�?S ��#-E9>J<<, 6 >BFBDB= BFEGFEF6G9F �%, 4 E?98B64F9?PAB < �+ CB?9 6 A9=, G@9APL49FES
>B?<K9EF6B BEAB6AOI GD46A9A<=: BEF49FES GD46A9A<9 (15), 4 6OD4:9A<S 8?S >B@CBA9AF G7?4
CDB?9F4 Q?9>FDBAB6 CD<A<@4RF 6<8

−∂2θ0

∂ξ2
=

∞
∑

n=1

q
p2n
n

1

π

2π
∫

0

Re

[

j

ε
Ine

jn
(

ωt0+
θ0
2
+Re[Bejωt0 ]

)]

d(ωt0), (18)

−∂2B

∂ξ2
=

∞
∑

n=1

q
p2n
n

1

π

2π
∫

0

Re

[

j

ε
Ine

jn
(

ωt0+
θ0
2
+Re[Bejωt0 ]

)]

e−jωt0d(ωt0). (19)

% GK9FB@ D4;?B:9A<S CB 6D9@9AAO@ 74D@BA<>4@ ��# CD<@9F 6<8

ε(n) = 1− sM
n (n+ jΓ)

. (20)

�E?< D4;?B:<FP B A4 @B8G?P < H4;G, FB GD46A9A<9 (15) CD<@9F 6<8

In = 2Jn (n |B|) e−jn
(

θ0
2
+ π

2
−ArgB

)

. (21)
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� GD46A9A<S (16), (17) < (10) ;4C<LGFES 6 6<89

dF

dξ
+ jbF = −(1 + b)2C32J1 (|B|) ej

(

ArgB−
θ0
2
−
π
2

)

, (22)

∂2θ0

∂ξ2
= −J1 (|B|) 2Re

(

Fe
−j

(

ArgB−
π
2
−
θ0
2

))

, (23)

∂2B

∂ξ2
= −

[

FJ0 (|B|) ej
θ0
2 + F ∗J2 (|B|) e−j

(

θ0
2
−2[ArgB−

π
2 ]
)

+

+2j
∞
∑

n=1

qJn (n |B|) ejn(ArgB−
π
2)
p2n
n

(Jn−1 (n |B|)− Jn+1 (n |B|))
]

, (24)

789 ;A4>B@ «*» B5B;A4K49FES >B@C?9>EAB9 EBCDS:9A<9. 'D46A9A<S (18) < (19) ;4C<LGFES >4>

∂2θ0

∂ξ2
= −2j

∞
∑

n=1

q
p2n
n
J2
n (n |B|)

(

1

ε
− 1

ε∗

)

, (25)

∂2B

∂ξ2
= −2j

∞
∑

n=1

q
p2n
n
Jn (n |B|) ejn(ArgB−

π
2)
(

Jn−1 (n |B|)
ε(n)

− Jn+1 (n |B|)
ε∗(n)

)

. (26)

&4><@ B5D4;B@, ���-E9>J<< BC<EO649F E<EF9@4 GD46A9A<= (22)3(24), 4 ��#-E9>J<R 4
GD46A9A<S (25) < (26).

� >4K9EF69 A4K4?PAOI GE?B6<= 8?S C9D6B= (6IB8AB=) ���-E9>J<< 6B;P@9@

F (0) = F0, B (0) = 0,
dB (0)

dξ
= 0, θ0 (0) = 0. (27)

�?S ��#-E9>J<< A4K4?PAO@< GE?B6<S@< 5G8GF

dB (0)

dξ
=

dB

dξ

∣

∣

∣

∣

TWT1

, B (0) = B|TWT1
,

dθ0 (0)

dξ
=

dθ0
dξ

∣

∣

∣

∣

TWT1

, θ0 (0) = θ0|TWT1
. (28)

!4K4?PAO9 GE?B6<S 6B 6FBDB= (6OIB8AB=) ���-E9>J<< CD<@GF 6<8

dB (0)

dξ
=

dB

dξ

∣

∣

∣

∣

CP1

, B (0) = B|CP1
,

dθ0 (0)

dξ
=

dθ0
dξ

∣

∣

∣

∣

CP1

, θ0 (0) = θ0|CP1
, F (0) = 0. (29)

�BQHH<J<9AF GE<?9A<S 5G89@ <E>4FP CB HBD@G?9

G = 20 lg

∣

∣

∣

∣

F

F0

∣

∣

∣

∣

. (30)

#D< 6O5D4AAOI C4D4@9FD4I D9;G?PF4FO, CB?GK9AAO9 6B?AB6O@ @9FB8B@ CD< E?45B@ E<7-
A4?9, CB>4;O64RF IBDBL99 EBBF69FEF6<9 D9;G?PF4F4@ ?<A9=AB= F9BD<< 6 8B6B?PAB= 5B?PLB=
B5?4EF< C4D4@9FDB6 EB E?98GRM<@< BEB59AABEFS@<. � ;46<E<@BEF< >BQHH<J<9AF4 GE<?9A<S BF
7D4A<J ��#-E9>J<< 6 BF?<K<9 BF D<E. 3 6 A9?<A9=AB= F9BD<< BCF<@G@O CDBEFGC4RF BFK9F?<699
< E@9M9AO > EBBF69FEF6GRM<@ G7?4@. &4>:9 ;46<E<@BEF< >BQHH<J<9AF4 GE<?9A<S BF C4D4@9FD4
D4EE<AIDBA<;@4 IBDBLB EB6C484RF 6 B59<I F9BD<SI CD< |b| < 0.038. #D< |b| > 0.03, CB-6<8<@B@G,
CDBS6?SRFES BEB59AABEF< 6B?AB6B7B @9FB84, 4 FBKA99, 7D4A<JO 97B CD<@9A<@BEF< <;-;4 BF5DBL9A-
AOI K?9AB6. �B;@B:AB, ;89EP CDB<EIB8<F A4DGL9A<9 54?4AE4 @9:8G FBD@B:9A<9@ 6E97B CGK>4 <
86<:9A<9@ K4EF<J 6 CGK>9.

8�4@9F<@, KFB QFB ;A4K9A<9 C4D4@9FD4 D4EE<AIDBA<;@4 6 B5OKAB= 8?S ��� ABD@<DB6>9 D46AB 2.98.
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a b

c

$<E. 6. �46<E<@BEF< @B8G?9= FB>4 (a), CB?S (b) <
G (c) BF F0 CD< b = b1 = 0, q = 5 · 10

−5, s = 1.2,
Γ = 5 · 10

−3

Fig. 6. Dependences of modules of current (a), field (b),
and G (c) versus of F0 at b = b1 = 0, q = 5 · 10

−5,
s = 1.2, Γ = 5 · 10

−3

�; D<E. 6 6<8AB, KFB G 7<5D<84 ?GKL4S 7DGCC<DB6>4 4 ;A4K9A<9 C4D4@9FD4 B, EBBF69F-
EF6GRM99 @4>E<@G@G FB>4, 8BEF<749FES CD< @9APL9= 6IB8AB= @BMABEF<, CD<K9@ >BQHH<J<9AF
GE<?9A<S 7<5D<84 ;A4K<F9?PAB 6OL9, K9@ G ���. �?S ��� E D4;DO6B@ <;-;4 @4?B= 8?<AO @B8G-
?SFBD4 Q?9>FDBAO A9 GEC9?< 8BEF4FBKAB <;@9A<FP E6BR E>BDBEFP BFABE<F9?PAB 6B?AO < CBFB@G
>BQHH<J<9AF GE<?9A<S CD9A95D9:<@B @4? CB ED46A9A<R E BEF4?PAO@< E?GK4S@<, < 6 84?PA9=L9@
��� E D4;DO6B@ D4EE@4FD<64FP A9 5G89@. �; 7D4H<>B6 F4>:9 6<8A4 7D4A<J4 CD<@9A<@BEF< @9FB84,
FB 9EFP >B784 6E9 74D@BA<>< >DB@9 C9D6B= @B:AB BF5DBE<FP, 4 <@9AAB CB>4 FB> A9 CD96OE<F
1.16 4 ;A4K9A<9, B5GE?B6?9AAB9 E6B=EF64@< HGA>J<< �9EE9?S, < CBQFB@G ;46<E<@BEF< ;4 QF<@
;A4K9A<9@ A9 D4EE@4FD<64RFES.

3. %F4J<BA4DA4S A9?<A9=A4S F9BD<S (@9FB8 >DGCAOI K4EF<J)

$4EE@BFD<@ D9;G?PF4FO EF4J<BA4DAB= A9?<A9=AB= F9BD<< 8?S 7<5D<84 ���3��#3���,
CB?GK9AAB= @9FB8B@ >DGCAOI K4EF<J, < ED46A<@ <I E CD<6989AAO@< D4A99. � ���-E9>J<<
<ECB?P;G9@ 4CCDB>E<@4J<R >BQHH<J<9AF4 D98G>J<< [12] < BEAB6AO9 GD46A9A<S <; [13], >BFBDO9
CD<@GF 6<8 8?S n-= K4EF<JO:

∂2θn

∂ζ2
= −(2πN)2

(

1 +
1

2πN

∂θn
∂ζ

)3

Re



Fejθn + jq

M
∑

m=1

Rmejmθn

m





Np
∑

n

2e−jmθn

Np







, (31)

∂F

∂ζ
+ 2jπNbF = −2C3N

Np
∑

n

2π

Np
e−jmθn , (32)
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789 ζ = x/l, l 4 8?<A4 CDBEFD4AEF64 6;4<@B89=EF6<S 6 @9FD4I, Np 4 K<E?B >DGCAOI K4EF<J,
M 4 K<E?B <EE?98G9@OI 74D@BA<>, Rn 4 H4>FBD D98G>J<<. �?S 6E9I CD98EF46?9AAOI D9;G?PF4FB6
Np = 64, M = 7.

�?S ��#-E9>J<< GD46A9A<9 86<:9A<S n-= K4EF<JO CD<@9F 6<8

∂2θn

∂ζ2
= −(2πN)2

(

1 +
1

2πN

∂θn
∂ζ

)3

Re



jq

M
∑

m=1

Rmejmθn

mε(m)





Np
∑

n

2e−jmθn

Np







 . (33)

� >4K9EF69 7D4A<KAOI GE?B6<= EK<F49@, KFB θ < ∂θ/∂ζ A9CD9DO6AO A4 >BAJ4I E9>J<=, 4 A4 6IB89
6B 6FBDGR ���-E9>J<R �+-CB?9 6 �% BFEGFEF6G9F.

� A4EFBSM9= D45BF9, 6 BEAB6AB@, <EE?98B64?ES 59E>BA9KAB L<DB><= CGKB>. �?S GK9F4
>BA9KABEF< ;4CB?A9A<S A9B5IB8<@B Rn D4EEK<FO64FP CB HBD@G?9 [13]

Rn =

(

1 +
7.5214(r/a )2 − 4.3178 (r/a ) + 2.4895

n2β2er
2

)

−1

, (34)

789 a 4 D48<GE CDB?9FAB7B >4A4?4.
#D< E?45B@ E<7A4?9 D9;G?PF4FO CB @9FB8G >DGCAOI K4EF<J IBDBLB EB6C484RF E CD98EF46-

?9AAO@< 6OL9, 4 CBFB@G A9 CD<6B8SFES. �B?PL<= <AF9D9E CD98EF46?S9F 4A4?<; 7<5D<84 8?S
ED46A<F9?PAB 5B?PL<I E<7A4?B6.

!9B5IB8<@B BF@9F<FP, KFB 7DGCC<DB6>4 Q?9>FDBAB6 (6 FB@ K<E?9 < 6 7<5D<89), CD98E>4;O64-
9@4S 6B?AB6O@ @9FB8B@ < @9FB8B@ >DGCAOI K4EF<J, EGM9EF69AAB BF?<K49FES. #B>4 7DGCC<DB6>4
ED46A<F9?PAB @4?4, CD98E>4;O649@O9 QF<@< @9FB84@< FB>< C9D6B= 74D@BA<>< EB6C484RF, B8A4>B
E G69?<K9A<9@ 6IB8AB7B E<7A4?4, >4> 6<8AB <; D<E. 7, A4K<A4RFES ;4@9FAO9 D4;?<K<S: BF?<K4RFES
>B?<K9EF6B < «@9EFB» HBD@<DB64A<S E7GEF>B6. �DB@9 FB7B, 5?<:9 > 6OIB8G FB> C9D6B= 74D@BA<><,
CD98E>4;O649@O= @9FB8B@ >DGCAOI K4EF<J, CD96OL49F D4EK9FO CB 6B?AB6B@G @9FB8G. &4><@
B5D4;B@, A9E@BFDS A4 FB, KFB 6B?AB6B= @9FB8 < @9FB8 >DGCAOI K4EF<J BC<EO64RF EGM9EF69AAB
D4;AGR 7DGCC<DB6>G 6 <EE?98G9@B= @B89?<, «<AF97D4?PAB» (FB 9EFP CB FB>G C9D6B= 74D@BA<><
<, E?98B64F9?PAB, >BQHH<J<9AFG GE<?9A<S) BA< (>4> 5G89F CB>4;4AB A<:9) CB>4;O64RF A9C?BIB9
EBBF69FEF6<9 6 8BEF4FBKAB L<DB>B= B5?4EF< C4D4@9FDB6.

!4 D<E. 8 <;B5D4:9AO D9;G?PF4FO CB B5B<@ D4EE@4FD<649@O@ @9FB84@ < <I D4;A<J4. �<8AB,
KFB CD< ED46A<F9?PAB 5B?PL<I 6IB8AOI E<7A4?4I 6 D4EE@4FD<649@B@ 8<4C4;BA9 9EFP K9F><=

a b

$<E. 7. �46<E<@BEFP 6B;@GM9A<S G7?4 CDB?9F4 BF A4K4?PAB= H4;O 6 7<5D<89 (a) < D4ECD989?9A<9 1-= 74D@BA<>< FB>4 A4
CB?AB= 8?<A9 7<5D<84 (b) CD< F0 = 8.9 · 10−8, s = 1.4, Γ = 5 · 10

−3, q = 5 · 10
−5, b = 0. %C?BLA4S ?<A<S CBEFDB9A4

CB 6B?AB6B@G @9FB8G, CGA>F<DA4S 4 CB @9FB8G >DGCAOI K4EF<J

Fig. 7. Dependence of the transit angle perturbation on the initial phase in the hybrid (a) and distribution of the 1st harmonic
of the current over the full length of the hybrid (b) at F0 = 8.9 · 10−8, s = 1.4, Γ = 5 · 10

−3, q = 5 · 10
−5, b = 0. Solid line

is based on the wave method, the dotted line is based on the large particle method
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a b

E

$<E. 8. �46<E<@BEF< G 7<5D<84 BF C4D4@9FD4 D4E-
E<AIDBA<;@4 < #�: a 4 CB @9FB8G >DGCAOI K4EF<J,
b 4 CB 6B?AB6B@G @9FB8G < c 4 D4;A<J4 @9FB8B6
(6B?AB6B= 4 >DGCAO9 K4EF<JO) CD< F0 = 8.9 · 10−8,
s = 1.4, Γ = 5 · 10

−3

Fig. 8. Dependences of the hybrid G on the
desynchronism parameter and q: a 4 according to
the large particle method, b 4 according to the wave
method, and c 4 the difference between the methods
(wave3large particles) at F0 = 8.9 · 10

−8, s = 1.4,
Γ = 5 · 10

−3

BCF<@G@, CB?B:9A<9 < ;A4K9A<S G 6 >BFBDB@ 8B6B?PAB A9CDBF<6BD9K<6B BC<EO64RF B54 @9FB84.
%?98B64F9?PAB, @B:AB CD98CB?B:<FP, KFB 9@G ECBEB5EF6G9F 6 BEAB6AB@ 1-S 74D@BA<>4. &4>:9
E G69?<K9A<9@ #� B54 @9FB84 CD98E>4;O64RF B5?4EFP ;4@9FAB7B GIG8L9A<S 7DGCC<DB6>< (>BFBD4S
A4EFGC49F, >B784 6 6B?AB6B@ @9FB89 B > 1.84, FB 9EFP ;4 C9D6O@ @4>E<@G@B@ 1-= 74D@BA<>< FB>4),
B8A4>B G>4;O64RF D4;AB9 9ё @9EFBCB?B:9A<9.  B:AB CD98CB?B:<FP, KFB F4@ A4K<A4RF BMGF<@B
6?<SFP 6OEL<9 74D@BA<>< < 6B?AB6B= @9FB8 6OL9? ;4 CD989?O 8BCGM9A<=. &4><@ B5D4;B@,
6B?AB6B= @9FB8 CB;6B?S9F BJ9A<FP 7D4A<JO B5?4EF<, 789 GK9F4 FB?P>B 1-= 74D@BA<>< A98BEF4FBKAB.

#D<6989@ BJ9A>< 6OIB8AOI C4D4@9FDB6 7<5D<84 < ��� 6 E?GK49 59E>BA9KAB L<DB>B7B
CGK>4 < CD< >BA9KAB@ CB?AB@ ;4CB?A9A<< CDB?9FAB7B >4A4?4. �OIB8AGR @BMABEFP < Q?9>FDBAAO=
�#� 6OK<E?<@ E GK9FB@ 66989AAB= ABD@<DB6>< CB HBD@G?4@ [14]

Pout = I0V0
|F |2
23

< η =
|F |2
23

. (35)

�4> 6<8AB <; F45?. 1, CD< 6O5D4AAOI (ED46A<F9?PAB 7DG5OI) @9FB84I GK9F4 >BA9KABEF<
;4CB?A9A<S CGK>4, D4EE@BFD9AAB@ 6 E?GK49 CB?AB7B ;4CB?A9A<S, 7<5D<8 CB>4;O649F ED46A<@O9

&45?<J4 1. �BQHH<J<9AF GE<?9A<S (6 ?<A9=AB@ D9:<@9) 8?S 7<5D<84 < ���. "5B;A4K9A<S
EBBF69FEF6GRF: ∞ 4 59E>BA9KAB L<DB>B@G CGK>G, 1 4 CB?AB@G ;4CB?A9A<R CDB?9FAB7B

>4A4?4 CD< F0 = 10−8, q = 5 · 10−5, Γ = 5 · 10−3, s = 1.4, b = 0

Table 1. Gain factor (in linear mode) for hybrid and TWT. The designations correspond to:
∞ 4 infinitely wide beam, 1 4 full filling of the span channel at F0 = 10−8, q = 5 · 10−5,

Γ = 5 · 10−3, s = 1.4, b = 0

G, 8�
∞ 1

 B8<H<>4J<S 6B?AB6B7B @9FB84
��� 48.5| 53.6
�<5D<8 66.5| 48.8

 B8<H<>4J<S 6B?AB6B7B @9FB84
��� 48.5| 48.7
�<5D<8 66.5| 66.4
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6OIB8AO9 I4D4>F9D<EF<>< (G, @BMABEFP < �#�) E >?4EE<K9E>B= ���, CD<K9@ 65?<;<, 4 A9 6 D9-
;BA4AE9 D45BK9= K4EFBFO E K4EFBFB= @9F4@4F9D<4?4. !9;A4K<F9?PAB9 (CDBF<6 6B?AB6B7B @9FB84)
G@9APL9A<9 >BQHH<J<9AF4 GE<?9A<S CB @9FB8G >DGCAOI K4EF<J @B:9F F4>:9 B5NSEASFPES 6>?48B@
6OEL<I 74D@BA<>.

�BA9KAB, GK9F A9CB?AB7B ;4CB?A9A<S, K4M9 <ECB?P;G9@B7B 6 EB6D9@9AAOI %�+-CD<5BD4I,
F4>:9 6A9E9F E6BR ?9CFG, B8A4>B < G D94?PAOI ��� <;@9ASRFES C4D4@9FDO ;4 EK9F ?B>4?PAB7B
CB7?BF<F9?S, >BFBDO= 6 6OL9CD<6989AAOI D4EK9F4I A9 GK<FO64?ES. &4>:9 A9 E?98G9F ;45O64FP, KFB
8?S 6E9I <AOI K4EFBF, A9 EB6C484RM<I E G;>B= CB?BEB= D9;BA4AEAOI E6B=EF6 ED98O, @9F4@4F9D<4?
5G89F 89=EF6B64FP >4> B5OKAO= 8?S ��� D4;DO6 E 64>GG@AO@ CDBEFD4AEF6B@ 8D9=H49.

� D45BF9 [9], C4D4@9FDO <; >BFBDB= 5O?< <ECB?P;B64AO 8?S D4EK9FB6, 6 ?<A9=AB@ D9:<@9
G ��� A4 K4EFBF9 220 ��J >BQHH<J<9AF GE<?9A<S 31.2 8�, 4 CD< 6IB8AB@ E<7A4?9 25 @�F 6OIB8A4S
@BMABEFP 15 �F, CD<K9@ @4>E<@4?PA4S @BMABEFP 30 �F 8BEF<74?4EP A4 K4EFBF9 217 ��J, 4 @4>E<-
@4?PAB 8BEF<:<@B9 �#� 2.79%. $4A99 6 D4EK9F4I ?B>4?PAO= CB7?BF<F9?P 6 ��� A9 GK<FO64?ES.
"J9A>4 84AAOI <; EF4FP< [9] CB>4;O649F, KFB CB?A4S 8?<A4 ?4@CO E GK9FB@ CB7?BF<F9?S 6 CN G69-
?<K<FES 8B 1.58, 4 E4@ CB7?BF<F9?P 6 ABD@<DB6>9 A4EFBSM9= D45BFO <@99F >BBD8<A4FO h1 = 0.328,
h2 = 0.42. � F45?. 2 CD<6989AO D4EK9FO E C4D4@9FD4@<, >BFBDO9 59; GK9F4 B@<K9E><I CBF9DP
CB;6B?SRF 8?S ��� CB?GK<FP EIB:GR E BC<EO649@B= 6 [9] 6OIB8AGR @BMABEFP. �B>4?PAO=
CB7?BF<F9?P GK<FO649FES >4> D4;DO6 (FB 9EFP 4A4?B7<KAB 7<5D<8G 6 E?GK49 s = 0).

�; F45?. 2 @B:AB ;4>?RK<FP, KFB, 6B-C9D6OI, ;4@9A4 64>GG@AB7B 8D9=H4/D4;DO64 A4 ED98G
E ��# E EBID4A9A<9@ 8?<AO < CB?B:9A<S A9 CD<6B8<F > ;A4K<F9?PAB@G GIG8L9A<R 6OIB8AOI
I4D4>F9D<EF<>, AB CD< CD46<?PAB CB8B5D4AAB= ED989 <I @B:AB G?GKL<FP. �B-6FBDOI, CB85BDB@
E6B=EF6 ED98O, 4 F4>:9 <;@9ASS CB?B:9A<9 < 8?<AG ��#-E9>J<<, @B:AB 8B5<FPES EGM9EF69AAB7B
G69?<K9A<S 6OIB8AB= @BMABEF< < �#�. �DB@9 FB7B, KFB CD98?4749@O= 7<5D<8 @B:AB <ECB?P;B-
64FP 6 5B?99 L<DB>B= B5?4EF< CB E<AIDBA<;@G10, ED46A<@O9 E ��� 6OIB8AO9 I4D4>F9D<EF<><
6 7<5D<89 @B:AB CB?GK<FP CD< ;A4K<F9?PAB @9APL9@ 6IB8AB@ E<7A4?9, KFB @B:9F 5OFP CB?9;-
AB, F4> >4> A4 EBFASI 7<7479DJ @BMABEFP 79A9D4FBDB6 (6 C9D6GR BK9D98P, CB?GCDB6B8A<>B6OI)
ED46A<F9?PA4 @4?4.

&45?<J4 2. �OIB8A4S @BMABEFP < Q?9>FDBAAO= �#� 8?S ��� < 7<5D<84, D4EEK<F4AAO9 CB @9FB8G
>DGCAOI K4EF<J, 6 E?GK49 CB?AB7B ;4CB?A9A<S CDB?9FAB7B >4A4?4 CD< F0 = 3.53 · 10−5 (25 @�F),

b = 2.4 · 10−2, q = 5.9 · 10−5, Γ = 5 · 10−3. #9D6B= EFDB>B= CD<6989AO 84AAO9 <; [9]

Table 2. The output power and the electronic efficiency for TWT and hybrid, calculated by the method of
large particles, in the case of full filling of the span channel at F0 = 3.53 · 10−5 (25 mW), b = 2.4 · 10−2,

q = 5.9 · 10−5, Γ = 5 · 10−3. The first line contains data from [9]

Pout, �F η,%

��� <; [9] 15 1.411

��� 14.98 1.33

�<5D<8 s = 1.35 17.02 1.52

�<5D<8 E BCF<@4?PAO@< C4D4@9FD4@<12 75.22 6.94

9!4CB@A<@, KFB EB7?4EAB [436], B8AB <; CD9<@GM9EF6 D9;<EF<6AB7B GE<?<F9?S 4 6 CD4>F<K9E>< CB?AB@ BFEGFEF6<<
B5D4FAB= E6S;< @9:8G 6OIB8B@ < 6IB8B@.

10'@9EFAB 6ECB@A<FP, KFB 6 A4FGDAB@ Q>EC9D<@9AF9 [4] D9;<EF<6AO= GE<?<F9?P CB>4;4? E?45GR ;46<E<@BEFP BF
GE>BDSRM97B CBF9AJ<4?4 CGK>4.

11�4AAO9 8?S �#� A4 D4EE@4FD<649@B= K4EFBF9 220 ��J A9 CD<6B8SFES, CBQFB@G ;A4K9A<9 1.4% S6?S9FES Q>EFD4-
CB?SJ<9=.

12b = 0.02, s = 0.4, h1 = 0.274, h2 = 0.545, 8?<A4, 6IB8AB= E<7A4? < #� A9 @9AS?<EP.
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�4>?RK9A<9

#B D9;G?PF4F4@ A4EFBSM9= D45BFO @B:AB E89?4FP E?98GRM<9 6O6B8O.
1. #D< BCD989?9AAOI C4D4@9FD4I A9?<A9=A4S F9BD<S, CB?GK9AA4S @B8<H<J<DB64AAO@ 6B?-
AB6O@ @9FB8B@ "6K4DB643%B?AJ964, CB;6B?S9F CB?GK<FP D9;G?PF4FO EBCBEF46<@O9 >4>
E D9;G?PF4F4@< A9?<A9=AB= EF4J<BA4DAB= F9BD<<, CB?GK9AAB= @9FB8B@ >DGCAOI K4EF<J,
F4> < E D9;G?PF4F4@< ?<A9=AB= F9BD<< >4> 6 E?GK49 >?4EE<K9E>B= ���, F4> < 8?S <EE?98G9-
@B7B 7<5D<84. 1FBF H4>F 7B6BD<F B 9ё 8BEFB69DABEF<, 4 F4>:9 CB;6B?S9F BJ9A<FP B5?4EFP
8B@<A<DB64A<S C9D6B= 74D@BA<><.

2. � A9?<A9=AB= F9BD<< CB @B8<H<J<DB64AAB@G 6B?AB6B@G @9FB8G "6K4DB643%B?AJ964 E89-
?4AB 8BCGM9A<9 B I4D4>F9D9 7DGCC<DB6><. 1F<@ B5NSEASRFES D4;?<K<S 6 D9;G?PF4F4I CD<
A9>BFBDOI C4D4@9FD4I E A9?<A9=AB= EF4J<BA4DAB= F9BD<9= CB @9FB8G >DGCAOI K4EF<J.
� BEF4?PAOI E?GK4SI A45?R849FES IBDBL99 EB6C489A<9.

3. �4 EK9F D9;<EF<6AB= A9GEFB=K<6BEF< @B:9F ;4@9FAB G?GKL4FPES 7DGCC<DB6>4 Q?9>FDBAB6.
�, >4> E?98EF6<9, >BQHH<J<9AF GE<?9A<S 7<5D<84 @B:9F CD96OL4FP >BQHH<J<9AF GE<?9A<S
>?4EE<K9E>B= ��� (>4> E D4;DO6B@, F4> < 59; A97B).

4. � E?GK49 5B?PLB7B E<7A4?4 CD< D4EE@4FD<649@OI C4D4@9FD4I CB>4;4AB, KFB CB85BDB@
E6B=EF6 ��#-E9>J<< @B:AB 8B5<FPES EGM9EF69AAB7B G69?<K9A<S 6OIB8AB= @BMABEF< <
�#� CB ED46A9A<R E ���, <, >4> E?98EF6<9, @B:AB 8BEF<7AGFP ED46A<@OI E ��� ;A4K9A<=
@BMABEF< < �#� CD< @9APL9@ 6IB8AB@ E<7A4?9.
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Abstract. The purpose of the study is experimental verification of the proposed EEG analysis method based on the construction
of a connectivity graph of the analyzed signal, in which the amplitudes are displayed by vertices, and their relative position
relative to each other by arcs. The display of the EEG signal in the graph structure causes the appearance of cyclic structures
with the possibility of calculating their numerical characteristics. As a result of the study, criteria for initialization of the initial
conditions of the counting algorithm have been developed. The following parameters were calculated: the number of cycles
and the Euler number in the EEG recording. Coil representations of graphs are given. The proposed algorithm has a scaling
parameter, the choice of which affects the final results. The second free parameter of the proposed algorithm is the degree
of artificial signal coarsening. Variants of the algorithm application for multichannel EEG signals with multichannel signal
processing by channel-by-channel detection of semantic units and construction of a generalized semantic connectivity graph are
considered. An example of an analyzed multichannel EEG signal, which was pre-processed with reduction of all amplitudes
to natural numbers in accordance with the calculated characteristics, is given. An example of an EEG of a subject with closed
eyes during quiet wakefulness and an EEG of a subject with open eyes is given. In Conclusion, it is shown that the final
indicators can vary significantly (from zero to tens of thousands or more) depending on the particular derivation of the EEG
channel. Analysis of the cyclic structures of the electroencephalogram seems to be a potential way to assess various human
states due to the possibility of distinguishing them using the proposed method. The study has a limited, pilot character.
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�B?PLB9 K<E?B <;69EFAOI A4@ D45BF, 789 CDB6B8<?ES 4A4?<; Q?9>FDBQAJ9H4?B7D4@@O K9-
?B69>4, @B:AB GE?B6AB A4;64FP «4?PH4-D<F@ < 8DG7<9». #B EGF<, F4@ <ECB?P;B64?<EP CB8IB8O
> 4A4?<;G, CD98?B:9AAO9 �D99@ 'B?F9DB@ < 8DG7<@< C<BA9D4@< F4><I <EE?98B64A<= 6 E9D98<A9
XX 69>4 [1]. � A4L< 8A< Q?9>FDBQAJ9H4?B7D4H<S (11�) <@99F E4@B9 L<DB>B9 D4ECDBEFD4A9A<9
6 @98<J<A9 < CE<IB?B7<<, QFB >4E49FES < A9=DBQD7BAB@<><, E4@BD97G?SJ<<, <7D < D4;6?9K9A<=,
A9=DB@4D>9F<A74, B5D4;B64A<S, 59;BC4EABEF< < 4GF9AF<H<>4J<< [2]. � QFB= E6S;<, 4 F4>:9 E D4E-
L<D9A<9@ 6OK<E?<F9?PAOI 6B;@B:ABEF9=, A45BD «>?4EE<K9E><I» ECBEB5B6 CDB6989A<S < 4A4?<;4
84AAOI 11� < E6S;4AAOI E CB?GK49@O@< D9;G?PF4F4@< CD98EF46?9A<= B D45BF9 @B;74 8BCB?AS9FES
AB6O@< <EE?98B64F9?PE><@< GEFD9@?9A<S@< [3], ED98< >BFBDOI E?98G9F 6O89?<FP CD<@9A9A<9
11� 6 A9=DB<AF9DH9=E4I [4] < <I <ECB?P;B64A<9 8?S BJ9A>< EBEFBSA<= K9?B69>4 [5, 6]. �4D<4AF
>?4EE<H<>4J<< EB6D9@9AAOI ;484K 6 4A4?<;9 84AAOI 11� 6>?RK49F: D4ECB;A464A<9 Q@BJ<=,
>BAFDB?P 6BB5D4:49@OI 86<:9A<=, BJ9A>G G@EF69AAB7B A4CDS:9A<S, >BAFDB?P < <AEFDG@9AF4?P-
AO= Q?9@9AF 8<47ABEF<>< QC<?9CE<<, <EE?98B64A<9 EFDG>FGDO EA4, <EE?98B64A<9 6O;64AAOI
CBF9AJ<4?B6 @B;74 [3].

�?S 4A4?<;4 84AAOI 11� CB?GK<?< L<DB>B9 D4ECDBEFD4A9A<9 CB8IB8O, >BFBDO9 @B:AB
B5B;A4K<FP >4> «Q?9@9AFO <E>GEEF69AAB7B <AF9??9>F4» (A4CD<@9D, [3,7]). �ECB?P;GRFES D4EKёFAO9
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I4D4>F9D<EF<>< E<7A4?4, K4EFO@< ECBEB54@< 8?S >BFBDOI S6?SRFES >B@C?9>EAB9 CD9B5D4;B64A<9,
CDBEFD4AEF69AA4S H<?PFD4J<S (@9FB8 B5M<I CDBEFD4AEF69AAOI C4FF9DAB6), 8<A4@<K9E>4S QA9D7<S,
5OEFDB9 CD9B5D4;B64A<9 (GDP9, ED98ASS 45EB?RFA4S D4;ABEFP, EC9>FD4?PA4S C?BFABEFP @BMABEF<,
>D4F>B6D9@9AAB9 CD9B5D4;B64A<9 (GDP9, E<A7G?SDAB9 D4;?B:9A<9, D4;?B:9A<9 DBS [3]. %?98G9F
BF@9F<FP, KFB 8BEF4FBKAB 846AB EGM9EF6G9F @A9A<9 B5 BFEGFEF6<< S6AOI CD9<@GM9EF6 E?B:AOI
AB6OI @9FB8B6 @4F9@4F<K9E>B= B5D45BF>< E<7A4?B6 11� CB ED46A9A<R E «>?4EE<K9E><@» EC9>-
FD4?PAO@ 4A4?<;B@, 9E?< A9F SEAB7B CBA<@4A<S, >4>B= >BA>D9FAO= 6>?48 6 CD4>F<K9E>GR D45BFG
CB?P;B64F9?S 6ABESF QF< AB6O9 ECBEB5O [8].

!4 A4L 6;7?S8, D4;6<F<9 4A4?<;4 84AAOI 11� E6S;4AB F4>:9 E CBCOF>4@< «HBD@4?<;4J<<»
D4;AOI >BAJ9CJ<= D45BFO @B;74, 6>?RK4S CB<E> A9D6AOI BEAB6 EB;A4A<S [9], >B784 D4;D454-
FO649FES <?< Q>EC?G4F<DG9FES FBF <?< <AB= 64D<4AF 4A4?<;4, A4CD46?9AAO= A4 <A8G>F<6AB9
CB8F69D:89A<9 CD98EF46?9A<= 46FBDB6. � >4>B=-FB @9D9 > QFB@G 6B;@B:AB BFA9EF< CBCOF><
6O89?9A<S D<F@<K9E><I C4FF9DAB6 6 Q?9>FDBQAJ9H4?B7D4@@9 K9?B69>4 < EBBFA9E9A<S <I E S6?9-
A<9@ D9;BA4AE4 ,G@4A4 (A4CD<@9D, [10, 11]). $4;6<F<9 HD4>F4?PAB7B 4A4?<;4, A4CD<@9D, @B:9F
EBBFABE<FPES E <;GK9A<9@ J<D>48<4AAOI D<F@B6, EA4 [12]. � E6BR BK9D98P, CD98EF46?S9FES C9D-
EC9>F<6AO@ D4;6<F<9 <89= B HD47@9AF4DABEF< CDBJ9EEB6 6BECD<SF<S, >B7A<F<6AB7B >BAFDB?S [13],
BFD4:4RM<IES 6 5<B?B7<K9E><I D<F@4I 4 6 FB@ K<E?9, <;?B:9AAOI A4@< [14]. %GM9EF6GRF
< 5B?99 AB6O9 CBCOF>< E6S;4FP, A4CD<@9D, >4D8<BD<F@ <?< 8OI4A<9 (J<>?<K9E>GR 4>F<6ABEFP)
E 4>F<6ABEFPR @B;74 [15, 16].

� 84AAB@ E?GK49, A4B5BDBF, CB?4749@, KFB B5M4S @4F9@4F<K9E>4S <89S, CD98?B:9AA4S
�. �. �D<EFB6O@ [17], @B:9F B>4;4FPES CB?9;AB= 8?S D4;6<F<S CD98EF46?9A<= B D45BF9 @B;74. %GFP
QFB7B CD98?B:9A<S ;4>?RK49FES 6 CB<E>4I J<>?<K9E><I EFDG>FGD E<7A4?B6, >BFBDO9, 69DBSFAB,
@B7GF E6<89F9?PEF6B64FP B5 <;@9A9A<< GDB6AS B5M9= 4>F<64J<< <?< D97G?SJ<< HGA>J<= (<?<, CB
CD98CB?B:9A<R �.�. �D<EFB64 4 CDBS6?9A<< A4 D4;AOI GDB6ASI H9AB@9A4 EB;A4A<S). �?S HBD-
@4?<;4J<< QFB7B CB?B:9A<S D4EE@4FD<649FES DBEF 89D964 7D4H4. #D< BCD989?9AAB@ GE?B:A9A<<
6 FBK>9 «H4;B6B7B C9D9IB84» CDB<EIB8<F 6B;A<>AB69A<9 7<74AFE><I J<>?B6. �4AAO9 CD98EF46?9-
A<S BEAB6O64RFES A4 FB@, KFB 8?S 5B?99 CDBEFB= EFDG>FGDO A9=DBE9F< (GE?B6AB @B:AB A4;64FP 99
EFDG>FGDB= A9D6AB= E<EF9@O :<6BFAB7B, 6>?RK4S < A9=DBE9FP @B;74) I4D4>F9DA4 C9D984K4 E<7A4?4
BF «D9J9CFBD4» > «QHH9>FBDG». &4>GR EFDG>FGDG @B:AB @B89?<DB64FP 7D4HB@ 6 6<89 89D964
(<?< C4DO 89D96P96). !B CD< GE?B:A9A<< E9F<, >4> 5O?B CB>4;4AB 6 [17], ECBEB59A CDB<EIB8<FP
F4> A4;O649@O= C9D>B?SJ<BAAO= («H4;B6O=») C9D9IB8, <;69EFAO= 6 ><A9F<>B-EF4F<EF<K9E>B=
F9BD<<. "A B;A4K49F CBS6?9A<9 >?4EF9DB6, J<>?B6, >BFBDO9 G:9 A9 <@9RF F4>B7B CDBEFB7B 6<84
FD49>FBD<= 6 E<EF9@9 7D4H4 BF «6IB84» 6 «6OIB8G» («from input to output»). #BS6?9A<9 «;4CGF4A-
AOI» FD49>FBD<= E<7A4?B6 6 A9=DBE9F< @B;74 < CD98CB?4749FES EBCBEF46<FP E <;@9A9A<9@ GDB6AS
B5M9= 4>F<64J<< <?< D97G?SJ<< HGA>J<= (<?< 84:9 E CDBS6?9A<S@< EB;A4A<S < E4@BEB;A4A<S).
�@9AAB 6B;A<>AB69A<9 CB8B5AOI EFDG>FGD @B:9F EB;84FP CD98CBEO?><, ECBEB5EF6B64FP D4;6<F<R
A9>BFBDB7B 45EFD47<DB64A<S, CBS6?9A<R 6B;@B:ABEF< BC9D<DB64FP EB ;A4>4@<, E?B64@<, K<E?4@<,
6BB5M9 Q?9@9AF4@< E9@<BF<><. "8A4>B FD95G9FES 6E9EFBDBAA99 D4;6<F<9 @B89?<. �OS6?9A<9
< 6O89?9A<9 F4><I 46FBAB@AOI B5D4;B64A<=, KFB @4F9@4F<K9E>< 5O?B CB?GK9AB < CB>4;4AB
A4 @B89?SI D4EFGM<I 7D4HB6 6 [17], < CD98EF46?S9F EB5B= 6B;@B:AGR C9DEC9>F<6AGR J9?P.
� 84AAB@ E?GK49 <;GK49FES 6B;@B:ABEFP <EE?98B64A<S 84AAOI 11� E CB@BMPR @4F9@4F<K9E>B=
@B89?<, BEAB64AAB= A4 F9BD<< 7D4HB6. &4><@ B5D4;B@, QFB <EE?98B64A<9 <@99F B7D4A<K9A<S 8?S
A48ё:AB= <AF9DCD9F4J<< D9;G?PF4FB6 CD<@9A<F9?PAB > EBEFBSA<S@ @B;74, AB D4EE@4FD<649FES
A4@< >4> CD9864D<F9?PAB9, CB<E>B6B9, A4CD46?9AAB9 A4 D4;6<F<9 @9FB84. � QFB= E6S;<, J9?P
D45BFO 5O?4 B7D4A<K9A4 CD<AJ<C<4?PAO@ BC<E4A<9@ CBF9AJ<4?PAB CB?9;AB7B, A4 A4L 6;7?S8,
CB8IB84 > 6B;@B:AB@G ECBEB5G 4A4?<;4 Q?9>FDBQAJ9H4?B7D4@@O. � 5B?99 L<DB>B@ E@OE?9,
<EE?98B64A<9 >4E49FES D4;D45BF>< @4F9@4F<K9E><I BEAB6 6OS6?9A<S J<>?<K9E><I EFDG>FGD E<7A4-
?B6 A4 BEAB69 F9BD9F<>B-7D4HB6B7B CB8IB84 E 89@BAEFD4J<9= 6B;@B:ABEF9= AB6OI 4?7BD<F@B6
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A4 CD<@9D9 B5D45BF>< 11�-E<7A4?B6. �?S BJ9A>< KG6EF6<F9?PABEF< CD98?4749@B7B CB8IB84
> BJ9A>9 HGA>J<BA4?PAOI EBEFBSA<=, D4;?<KAOI D9:<@B6 D45BFO CE<I<>< < BD74A<;@4 FD95G9FES
;A4K<F9?PAO= B5N9@ EF4F<EF<K9E><I 84AAOI. � A4EFBSM9= D45BF9 A9 CD98CB?474?BEP <EE?98B64FP
D4;D454FO649@O= @9FB8 CD<@9A<F9?PAB > >BA>D9FAB= CD4>F<K9E>B= ;484K9. "F@9F<@, KFB QF<@
@9FB8B@ @B:AB BJ9A<64FP ?R5O9 5<BD<F@O, 6>?RK4S 11�, 1��, CG?PEB6O9 6B?AO, 8OI4A<9,
J<D>48AO9 D<F@O < 8DG7<9. &4>:9 84AAO= @9FB8 @B:9F 5OFP CD<@9AёA 8?S B5D45BF>< < 4A4-
?<;4 J<>?<K9E><I EFDG>FGD 6 E<7A4?4I CDB<;6B?PAB= CD<DB8O (D48<B- < 4>GEF<K9E><9 E<7A4?O,
D9KP, EB?A9KAGR < ;6ё;8AGR 4>F<6ABEFP 6 ;484K4I 4EFDBH<;<><), FB 9EFP 69;89, 789 FD95G9F-
ES >B?<K9EF69AA4S BJ9A>4 E>DOFOI J<>?<K9E><I EFDG>FGD 6 B5D454FO649@OI E<7A4?4I. &4><@
B5D4;B@, 84AAB9 <EE?98B64A<9 S6?S9FES G;>BA4CD46?9AAO@ <, CD9<@GM9EF69AAB, @4F9@4F<>B-
@9FB8B?B7<K9E><@.

1.  4F9D<4?O < @9FB8O

� CDBEC9>F<6AB@ <EE?98B64A<< 4A4?<;<DB64?<EP E EB5?R89A<9@ EB6D9@9AAOI QF<K9E><I
ABD@ CB?GK9AAO9 D4A99 6 ?45BD4FBD<< H<;<B?B7<< HGA>J<BA4?PAOI EBEFBSA<= K9?B69>4 !��
ABD@4?PAB= H<;<B?B7<< <@. #. �. �ABI<A4 ;4C<E< Q?9>FDBQAJ9H4?B7D4@@ 10 GE?B6AB ;8BDB6OI
20-?9FA<I <ECOFG9@OI. $97<EFD4J<S 11� CDB<;6B8<?4EP A4 Q?9>FDBQAJ9H4?B7D4H9 Neurovisor
($BEE<S), @BABCB?SDAB, E CBEF4AB6>B= Q?9>FDB8B6 CB E<EF9@9 10320. +4EFBF4 BJ<HDB6>< 512000 �J
E<AIDBAAB CB 6E9@ >4A4?4@, 84?99 J<HDB64S H<?PFD4J<S < CDBD9:<64A<9. $4;D9L9A<9 A9 IG:9
2 @>�. �<A4@<K9E><= 8<4C4;BA E<7A4?4 ±130 @� (22 D4;DS84 �*#). #B?BE4 CDBCGE>4A<S 0...70 �J
(CB GDB6AR −3 8�). #DB7D4@@AO9 �+-H<?PFDO 0.02, 0.05, 0.1, 0.25, 0.5, 1.0 �J, D9:9>FBDAO=
A4 50 �J. �?S 89@BAEFD4J<< CD98?4749@B7B ECBEB54 4A4?<;4 5O?< 6O5D4AO 16-E9>GA8AO9 HD47-
@9AFO ;4C<E< 11� 59; 6<;G4?PAB BCD989?S9@OI 4DF9H4>FB6. 'E?B6<S 4 ECB>B=AB9 69DF<>4?PAB9
EFBSA<9 E BF>DOFO@< 7?4;4@< 6 LG@B<;B?<DB64AAB@ CB@9M9A<<, CD< 8A96AB@ E69F9. #D98?4-
749@O= ECBEB5 CD98EF46?S9F EB5B= 4A4?<; «J<>?<K9E><I EFDG>FGD» 6 4A4?<;<DG9@B= ;4C<E<
11�, 789 6 HBD@4?PAB@ E@OE?9 CB8 «J<>?<K9E>B= EFDG>FGDB=» CD<@9@ B5OKAB9 8?S B5D45BF><
E<7A4?B6 ?R5B9 6BECDB<;6989A<9 HD47@9AF4 CDB<;6B?PAB= 8?<AO (?R5B9 CB6FBD9A<9 J9CBK><
«E?B6») 6 EBBF69FEF6<< E CD<6989AAO@ 4?7BD<F@B@ 4A4?<;4 84AAOI 11� A4 BEAB69 CBEFDB9A<S <
4A4?<;4 C4D4@9FDB6 7D4H4. !B6<;A4 <EE?98B64A<S E6S;4A4 E CD98?4749@O@ CB8IB8B@ < ECBEB5B@
6O89?9A<S J<>?<K9E><I EFDG>FGD, 4 F4>:9 CBF9AJ<4?PAB= 6B;@B:ABEFPR E6S;O64A<S F4><I C4D4-
@9FDB6 E HGA>J<BA4?PAO@< EBEFBSA<S@< K9?B69>4. �?S CB<E>4 F4><I CB6FBDSRM<IES EFDG>FGD
;89EP <ECB?P;G9FES E6B5B8AO= @4ELF45<DGRM<= C4D4@9FD N , ;484RM<= H<>E<DB64AAGR 8?<-
AG HD47@9AF4 (84?99 A4;O649@GR 8?<AB= «E?B64»).  9ASS C4D4@9FD N , @B:AB 4A4?<;<DB64FP
11� A4 D4;?<KAOI @4ELF454I, KFB, CB?4749@, @B:9F 5OFP CB?9;AB, 6 K4EFABEF<, 8?S 6OS6?9A<S
HD4>F4?PAOI I4D4>F9D<EF<> E<7A4?4. #D< QFB@ @4ELF45<DGRM<= C4D4@9FD N @B:AB EBBFA9EF<
E K4EFBFB= 11�. �4AAB9 A4CD46?9A<9 <EE?98B64A<= ;4<@EF6B64AB <; A9=DBE9@4AF<>< [18,19] <
S6?S9FES 99 84?PA9=L<@ D4;6<F<9@. �4@9F<@, KFB A4 F9BD<< 7D4HB6 54;<DGRFES D4;AO9 @9FB8<><
BC<E4A<S EFDG>FGDAB= < HGA>J<BA4?PAB= E6S;< @9:8G A9D6AO@< Q?9@9AF4@< [20,21].

#D98?4749@O= ECBEB5 6>?RK49F E?98GRM<9 QF4CO.
1. �E>GEEF69AAB9 ;47DG5?9A<9 E<7A4?4 (CBA<:9A<9 FBKABEF<) @9FB8B@ B>DG7?9A<S 8B L-7B
;A4>4 CBE?9 ;4CSFB=. 1FB 66B8<FES 8?S EA<:9A<S A47DG;>< A4 D4EK9FAO9 @B8G?< < >BDD9>J<<
>B?<K9EF64 64D<4AFB6 C4D4@9FDB6 E 6B;@B:ABEFPR D97G?<DB64A<S <FB7B6B7B >B?<K9EF64
J<>?<K9E><I EFDG>FGD 6 4A4?<;<DG9@B@ E<7A4?9. �4AAO= QF4C A9 S6?S9FES B5S;4F9?PAO@.

2. !4D9;>4 84AAOI CB N FBK>4@ @9FB8B@ @4>E<@4?PAB7B C9D9>DOF<S E?B6.
3. #BEFDB9A<9 7D4H4 E6S;ABEF<, 6 >BFBDB@ EBE98A<9 FBK>< BFB5D4:4RFES 69DL<A4@<, 4 <I
CDS@B9 EBE98EF6B 4 E@9:AO@< 8G74@<. �8<AEF69AABEFP BFB5D4:9A<S E?B64 6 6<89 69DL<AO
7D4H4 B5GE?46?<649F CBS6?9A<9 J<>?<K9E><I EFDG>FGD 6 7D4H9, >BFBDO= 5G89@ A4;O64FP
E9@4AF<K9E><@ 7D4HB@ E6S;ABEF<.
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4. "J9A>4 C4D4@9FDB6 7D4H4 E FBK>< ;D9A<S E6B=EF6 J<>?<K9E><I EFDG>FGD 6 EBBF69FEF6<<
E 7<CBF9;B= <EE?98B64A<S. #4D4@9FD4@< S6?SRFES K<E?B 1=?9D4 < K<E?B CDBEFOI J<>?B6
E9@4AF<K9E>B7B 7D4H4 E6S;ABEF<.
$4EE@BFD<@ CB8DB5A99 QF< QF4CO. #D<6989A<9 >B@CBA9AFB6 <AHBD@4J<BAAB7B CBFB>4

(4@C?<FG8O 11�) > @AB:9EF6G A4FGD4?PAOI K<E9? 6>?RK49F:
1) BCD989?9A<9 < H<>E4J<R >B?<K9EF64 ;A4>B6 CBE?9 ;4CSFB= < 6O5BD EBBF69FEF6GRM97B
ABD@<DGRM97B C4D4@9FD4 L;

2) G@AB:9A<9 >4:8B= >B@CBA9AFO E<7A4?4 (4@C?<FG8O 11�) A4 ABD@<DGRM<= C4D4@9FD 10L;
3) BF5D4EO64A<9 ?<LA<I ;A4>B6 CBE?9 ;4CSFB= 8?S >4:8B= >B@CBA9AFO E<7A4?4 8?S CB?GK9A<S
A4FGD4?PAB7B K<E?4 (6 84?PA9=L<I CBEFDB9A<SI 4 E9@4AF<K9E>4S 98<A<J4 <?< 99 Q?9@9AF).

(GA>J<BA4? >4K9EF64 φ CD< BCD989?9A<< C4D4@9FD4 L:
1) 8?S B8AB>4A4?PAB7B 11�: φ(L) : (E → max;C → max;T → max);
2) 8?S @AB7B>4A4?PAB7B 11�:
φ(L) : (E1 → min;E2 → max;C1 → min;C2 → max;T1 → min;T2 → max; ), CD< QFB@
E ∈ (E1, E2), C ∈ (C1, C2), T ∈ (T1, T2),

789 E 4 K<E?B 1=?9D4, C 4 K<E?B CDBEFOI J<>?B6, T 4 K<E?B CDBEFOI CGF9= D9;G?PF<DGRM97B
E9@4AF<K9E>B7B 7D4H4 G. (GA>J<BA4? >4K9EF64 @B:9F BCD989?SFPES A9 FB?P>B CB>4;4F9?S@< E, C
< T , AB < 8DG7<@< I4D4>F9D<EF<>4@<, A4CD<@9D, A4 BEAB69 BJ9A>< QHH9>F<6ABEF< 4?7BD<F@B6
CBE?98GRM9= B5D45BF>< E<7A4?4. �O89?9A<9 E9@4AF<K9E><I 98<A<J ;4>?RK49FES 6 BCD989?9A<<
@4ELF45<DGRM97B C4D4@9FD4N CGFё@ 6O89?9A<S E?B6 8?<AB=N 6 CBE?98B64F9?PABEF< 8?<AB=M
Q?9@9AFB6 E C4D4@9FDB@ C9D9>DOF<S K. #D< QFB@: ∃M = n ·N , n ∈ N , K = N . � B5M9@ 6<89
(8?S CDB<;6B?PAB7B ;A4K9A<S C4D4@9FD4 K):

K ∈ N, n = 1 +

[

M −N

K

]

,

789 >648D4FAO9 E>B5>< 4 CDBJ98GD4 6;SF<S J9?B= K4EF< BF K<E?4. "K96<8AB, CD< K = 1 CB?GK49@
@4>E<@4?PAB9 K<E?B E?B6 8?<AB= N .

�A4?<; <EIB8AB7B E<7A4?4 A4 BEAB69 D4;?<KAOI ;A4K9A<= N CBDB:849F @G?PF<@4ELF45-
AO= CB8IB8. � @AB7B>4A4?PAB@ CBFB>9 E?B64 @B7GF BF5<D4FPES CB CD<AJ<CG, EB7?4EAB >BFBDB@G
>4:8B9 CBE?98GRM99 E?B6B 59D9FES <; E?98GRM97B >4A4?4. 1FB 84EF 6B;@B:ABEFP CBEFDB9-
A<S B5B5M9AAB7B E9@4AF<K9E>B7B 7D4H4 < 6OS6?9A<S >4G;4?PAOI E6S;9= 6 EFDG>FGD9 @AB7B>4-
A4?PAB7B CBFB>4. !4 D<E. 1 EI9@4F<KAB CD<6989A QFBF E?GK4=, E C9D9>DOF<9@ 6 B8<A Q?9@9AF.

$<E. 1. #D<@9D B5B5MёAAB= B5D45BF>< p->4A4?PAB7B E<7A4?4 CGFё@ CB>4A4?PAB7B 6OS6?9A<S E?B6 8?<AB= N CD<
K = 1

Fig. 1. An example of a generalized processing of a p-channel signal by channel-by-channel detection of words of length N at
K = 1
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$<E. 2. #D<@9D E?B64 6AGFD< B8AB7B <; >4A4?B6 @AB7B>4A4?PAB= 11�

Fig. 2. An example of a word inside one of the channels of a multichannel EEG

!4 D<E. 2 CD<6989A CD<@9D D94?PAB7B E<7A4?4 11� < 8BEF4FBKAB 5B?PLB= HD47@9AF, 6O89?9AAO=
6 >4K9EF69 B8<ABKAB7B E?B64.

"F@9F<@, KFB L 4 QFB >B?<K9EF6B ;A4>B6 CBE?9 ;4CSFB=, 4 ABD@<DGRM<= @AB:<F9?P 4
QFB 10L. &4><@ B5D4;B@, <A<J<<DGRM<@< C4D4@9FD4@< 4?7BD<F@4 S6?SRFES C4D4@9FDO L, N , K.

#BSEA<@ CB8DB5A99, KFB B;A4K49F J9?BK<E?9AAO= C4D4@9FD L. !4@< 5O?4 EB;84A4 CDB7D4@-
@4, >BFBD4S B>DG7?S9F ;A4K9A<S 4@C?<FG8 8B BCD989?ёAAB7B >B?<K9EF64 ;A4>B6 CBE?9 ;4CSFB=.
�O5BD B>DG7?9A<S EGM9EF69AAB 6?<S9F A4 D9;G?PF4F, F4> >4> A4 84AAB@ QF4C9 BCD989?SRFES
6E9 E9@4AF<K9E><9 98<A<JO. "F ;4CSFB= @B:AB <;546<FPES E CB@BMPR BC9D4J<< G@AB:9A<S A4
C4D4@9FD 10L. #D< QFB@ BFABL9A<S @9:8G B>DG7?ёAAO@< ;A4K9A<S@< 4@C?<FG8 EBID4ASFES. &4><@
B5D4;B@, E?G:95AO= C4D4@9FD L CB;6B?S9F CDB<;69EF< A9>BFBDGR CD9864D<F9?PAGR B5D45BF>G,
>BFBD4S EGM9EF69AAO@ B5D4;B@ CB6?<S9F A4 K4EFBFO < ;A4K9A<S 6E9I E9@4AF<K9E><I 98<A<J
< EFDG>FGDG E6S;9= @9:8G A<@<.

%?98G9F BF@9F<FP, KFB 9E?< <AHBD@4J<BAAO9 >4A4?O A<>4> A9 E6S;4AO @9:8G EB5B=,
FB CBEFDB9A<9 7D4H4, 6 FB@ K<E?9 6O89?9A<9 E?B6, J9?9EBB5D4;AB CDB6B8<FP 6 >4:8B@ >4A4?9
A9;46<E<@B.

1AJ9H4?B7D4@@4 CD98EF46?S9F EB5B= E<EF9@G >4A4?B6, 6 >BFBDB= >4:8O= >4A4? >BDD9?<-
DB64A E BEF4?PAO@<. #BQFB@G 6B;@B:AB D4EL<D9A<9 B5?4EF< CD<@9A9A<S 4?7BD<F@4 8?S FB7B,
KFB5O EFDB<FP E9@4AF<K9E><= 7D4H ED4;G CB D9;G?PF4F4@ B5D45BF>< 6E9I >4A4?B6. � F4>B@ E?GK49
>4:8B9 E?B6B 5G89F >B8<DB64FP ;A4K9A<9 4@C?<FG8 6B 6E9I >4A4?4I. #D< QFB@ A9 F4> 64:AB, >4>
<@9AAB 5G89F >B8<DB64FPES A45BD 4@C?<FG8, F4> >4> A9;46<E<@B BF >B8<DB6>< (>BFBD4S 8B?:A4
5OFP HGA>J<BA4?PA4 < B8AB;A4KA4) K4EFBFO 6EFD9K49@BEF< BCD989?ёAAOI E?B6 5G8GF EBID4A9AO.
&4><@ B5D4;B@, ECBEB5 >B8<DB6>< S6?S9FES <A64D<4AFB@ BFABE<F9?PAB BC9D4J<< >B8<DB64A<S.
!4CD<@9D, 8?S EB;84A<S E?B6 @B:AB C9D9K<E?<FP K9D9; ;4CSFGR <?< 8DG7B= E?G:95AO= E<@6B?
6E9 4@C?<FG8O CB C9D6B@G >4A4?G, ;4F9@ 6E9 4@C?<FG8O CB 6FBDB@G >4A4?G < F. 8.
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$<E. 3. #D<@9D A9A4CD46?9AAB7B 6;69L9AAB7B E9@4AF<-
K9E>B7B 7D4H4. �9DL<AO < Dё5D4 7D4H4 <@9RF D4;AO=
D4;@9D 8?S BFB5D4:9A<S K4EFBFO 6EFD9K49@BEF< EBBF69F-
EF6GRM<I Q?9@9AFB6. #9F?S G 69DIA9= ?96B= 69DL<AO
EBBF69FEF6G9F J<>?G

Fig. 3. An example of an undirected weighted semantic graph.
The vertices and edges of the graph have different sizes
to display the frequency of occurrence of the corresponding
elements. The loop at the top left vertex corresponds
to the cycle

%9@4AF<K9E><= 7D4H G<X,Y> ;484ёFES
@AB:9EF6B@ 69DL<A X < D959D Y , CD< QFB@ @AB-
:9EF6B 69DL<A FB:89EF69AAB @AB:9EF6G E?B6.
�?S CB6FBDSRM<IES E?B6 EK<F49@ >B?<K9EF6B
CB6FBDB6, ;484RM<I 69E, >BFBDO= @B:9F BFB5-
D4:4FPES >4> D4;@9D EBBF69FEF6GRM9= 69DL<AO
(D<E. 3).

#D< CBEFDB9A<< @4FD<JO <AJ<89AFAB-
EF< 7D4H4 G<X,Y> EK<FO649FES CBE?98B64F9?P-
ABEFP E?B6. �9EW >4:8B= 69DL<AO x1....xc∈X
A4 L479 k BCD989?S9FES >4> W (xi, xy)k =
= W (xi, xy)k−1 + 1, 9E?< ∃{xi, xj}, CD< QFB@
A4K4?PAO9 69E4 D46AO AG?R < 69E4 69DL<A <
D959D @B7GF CD<A<@4FP FB?P>B A4FGD4?PAO9 ;A4-
K9A<S. 'E?B6<9@ 6B;A<>AB69A<S E6S;< E G69?<-
K9A<9@ EBBF69FEF6GRM97B 69E4 E6S;< S6?S9FES
A4?<K<9 C4DO {xi, xj} 6 4A4?<;<DG9@B= CBE?9-
8B64F9?PABEF<. #D< CBEFDB9A<< A4CD46?9AAB7B
7D4H4 @B:AB GK<FO64FP CBE?98B64F9?PABEFP D4E-
CB?B:9A<S Q?9@9AFB6 xi, xj BFABE<F9?PAB 8DG7
8DG74 (6 F4>B@ E?GK49 @4FD<J4 <AJ<89AFABEF<
5G89F A9E<@@9FD<KAB=).

#D< A4?<K<< E?B:AB= EFDG>FGDO 6B;@B:AO «>?G5BKAO9» CD98EF46?9A<S 7D4HB6 (E@. A<:9,
D<E. 7). �?S BCF<@<;4J<< 6BECD<SF<S EFDG>FGD<DB64AAB= 7D4HB6B= <AHBD@4J<< J9?9EBB5D4;AB
<ECB?P;B64FP ABD@4?<;4J<R D4;@9DB6 69DL<A < Dё59D 6 EBBF69FEF6<< E <I 69E4@< W A4 BEAB69
HBD@G?O:

f(w) =
1

1 + e−W
.

"C<L9@ CB8DB5A99, >4> D4EEK<FO64RFES 69E4 69DL<A < Dё59D. !4K4?PAO= 69E >4:8B=
69DL<AO < E6S;< D469A 98<A<J9. � E?GK49, 9E?< BCD989?ёAA4S E6S;P CBS6<?4EP 6 7D4H9 5B?99
B8AB7B D4;4, 9ё 69E G69?<K<649FES A4 98<A<JG. &B :9 E4@B9 >4E49FES 69DL<A, >BFBDO9 BFB5D4:4RF
E9@4AF<K9E><9 98<A<JO (E?B64) 4 9E?< A9>4S 69DL<A4 <?< E9@4AF<K9E>4S 98<A<J4 6EFD9K49FES
5B?99 B8AB7B D4;4, 9ё 69E G69?<K<649FES F4>:9 A4 98<A<JG. �E?< A4 E9@4AF<K9E>B@ 7D4H9 BFB5D4-
:4FP D4;@9DO 69DL<A < Dё59D CDBCBDJ<BA4?PAB <I 69E4@, FB A9>BFBDO9 69DL<AO @B7GF B>4;4FPES
5B?PL9 K9@ E4@ 7D4H < D<EGAB> EF4A9F 45EB?RFAB A9CD<7B8AO@ 8?S 6BECD<SF<S. #BQFB@G CD<
CBEFDB9A<< 7D4HB6 CD<@9AS9FES A9?<A9=A4S ;46<E<@BEFP, >BFBD4S C?46AB BFB5D4:49F <;@9A9A<9
D4;@9DB6 < 69EB6 Dё59D < 69DL<A. �B;@B:9A A9><= @4>E<@4?PAO= < @<A<@4?PAO= CD989? QF<I
D4;@9DB6. &4><@ B5D4;B@ CDB<EIB8<F A9?<A9=A4S ABD@4?<;4J<S 84AAOI 8?S 5B?99 G8B5AB7B
BFB5D4:9A<S A4 7D4H9.

)4D4>F9D<EF<K9E><@< BFB5D4:9A<S@< @B7GF 5OFP ?R5O9 C4D4@9FDO E9@4AF<K9E>B7B 7D4H4
<?< E9@9=EF64 7D4HB6 8?S EBBF69FEF6GRM<I <A<J<<DGRM<I C4D4@9FDB6 L, N , K. $4EE@BFD<@
CBEFDB9A<9 I4D4>F9D<EF<K9E><I BFB5D4:9A<= A4 CD<@9D9 4A4?<;4 J<>?<K9E><I I4D4>F9D<EF<>
E9@4AF<K9E>B7B 7D4H4. �?S QFB7B 6 CB?GK9AAB@ 7D4H9 G 6OK<E?S9FES K<E?B 1=?9D4, K<E?B CDBEFOI
J<>?B6, K<E?B CDBEFOI CGF9=.

�?S 7D4HB6 I4D4>F9D<EF<>4 1=?9D4 BCD989?S9FES E?98GRM<@ B5D4;B@:

E = Nlinks −Nnodes ,

FB 9EFP A48B <; B5M97B K<E?4 E6S;9= (D959D) Nlinks 6OK9EFP B5M99 K<E?B G;?B6 Nnodes.
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�?S ?R5B7B 89D964 E = −1. �?S GA<J<>?<K9E>B7B >?4EF9D4 (EB89D:4M97B 98<AEF69AAO= J<>?)
E = 0. �?S E?B:AB7B 7D4H4 E > 0.

�?S CB?GK9A<S I4D4>F9D<EF<K9E><I BFB5D4:9A<= A4 BEAB69 E9@4AF<K9E>B= @G?PF<@4ELF45-
AB= 89>B@CB;<J<< 6B;@B:AB CBEFDB9A<9 8<47D4@@ ;46<E<@BEF< 6OIB8AOI 84AAOI BF <A<J<<DGR-
M<I C4D4@9FDB6 4?7BD<F@4.

� J9?B@, CD98EF46?9AAO= A4@< @9FB8 CD<;64A 6OS6<FP E>DOFO9 J<>?<K9E><9 EFDG>FGDO
A4 ;484AAB@ @4ELF459 E J9?PR <I CBE?98GRM9= @4F9@4F<K9E>B= BJ9A><. "K9AP K4EFB 6 F4><I
;4LG@?9AAOI E<7A4?4I, >4> Q?9>FDBQAJ9H4?B7D4@@O, QF< J<>?<K9E><9 EFDG>FGDO A4 7?4; A9
6<8AO. �I CD<EGFEF6<9 @B:AB B5A4DG:<FP, @4ELF45<DGS A9>BFBDO9 HD47@9AFO 11� CD< BCD9-
89?ёAAOI D9:<@4I D45BFO @B;74. $9KP <8ёF B D<F@<K9E>B= 4>F<6ABEF< >BDO 7B?B6AB7B @B;74.
&9@ A9 @9A99 BCD989?ёAAO9 I4D4>F9D<EF<>< J<>?B6 6AGFD< QFB= 4>F<6ABEF< FDG8AB 6OS6?SRFES
8DG7<@< @9FB84@< 6 E6S;< E 6OEB>B= ;4LG@?9AABEFPR E<7A4?B6 < KD9;6OK4=AB= E?B:ABEFPR
CD<DB8O Q?9>FD<K9E>B= 4>F<6ABEF< J9AFD4?PAB= A9D6AB= E<EF9@O < 7B?B6AB7B @B;74, 6 K4EFABEF<.
!4 D<E. 4 CD98EF46?9A HD47@9AF Q?9>FDBQAJ9H4?B7D4@@O K9?B69>4 E 8BEF4FBKAO@ G69?<K9A<9@
8?S BFB5D4:9A<S A9>BFBDOI D<F@<K9E><I EFDG>FGD.

$<E. 4. #D<@9D G69?<K9AAB7B HD47@9AF4 @AB7B>4A4?PAB= 11�, A4 >BFBDB@ 6<8AO J<>?<K9E><9 EFDG>FGDO 8?S B5D45BF><
4?7BD<F@B@ A4 EBBF69FEF6GRM9@ @4ELF459

Fig. 4. An example of an enlarged fragment of a multichannel EEG, which shows cyclic structures for processing by
the algorithm at the appropriate scale
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2. $9;G?PF4FO < B5EG:89A<9

� D9;G?PF4F9 CDB6989AAOI D4EK9FAOI Q>EC9D<@9AFB6 5O?B GEF4AB6?9AB, KFB <FB7B6O9 CB-
>4;4F9?< @B7GF 64DP<DB64FPES 6 ;A4K<F9?PAOI CD989?4I. #D< L = 4 < N = 150 K<E?B 1=?9D4
6 @AB7B>4A4?PAB@ 11�-E<7A4?9 A4IB8<FES 6 8<4C4;BA9 BF 0 8B 15848 6 ;46<E<@BEF< BF >BA>D9FAB-
7B BF6989A<S >4A4?4 11�, K<E?B J<>?B6 BF 1 8B 411. +<E?B CDBEFOI CGF9= 6 84AAB@ <EE?98B64A<<
A9 D4EE@4FD<64?BEP. #D<@9D CDB4A4?<;<DB64AAB7B @AB7B>4A4?PAB7B E<7A4?4 11�, >BFBDO= 5O?
CD9864D<F9?PAB B5D45BF4A E CD<6989A<9@ 6E9I 4@C?<FG8 > A4FGD4?PAO@ K<E?4@ E D4EEK<F4AAO@<
I4D4>F9D<EF<>4@<, CD<698ёA A4 D<E. 5, 6. #D< QFB@ A4 D<E. 5 CD<698ёA CD<@9D 11� <ECOFG9-
@B7B E ;4>DOFO@< 7?4;4@< 6B 6D9@S ECB>B=AB7B 5B8DEF6B64A<S, A4 D<E. 6 4 11� <ECOFG9@B7B
E BF>DOFO@< 7?4;4@<.

$<E. 5. #D<@9D ;4C<E< @AB7B>4A4?PAB= 11� E ;47DG5?9A<9@ E<7A4?B6 6 >4:8B@ BF6989A<< (L = 4, CD< 8?<A9 «E?B64»
N = 150 FBK9>). %CD464 BF >4:8B7B >4A4?4 CB>4;4A4 97B @4D><DB6>4 < K<E?B 1=?9D4. #B 7BD<;BAF4?PAB= BE< 4
@<??<E9>GA8O. %CB>B=AB9 5B8DEF6B64A<9 <ECOFG9@B7B E ;4>DOFO@< 7?4;4@<

Fig. 5. An example of a multichannel EEG recording with signal coarsening in each lead (L = 4, with a <word= length of
N = 150 points). To the right of each channel, its labeling and Euler number are shown. The horizontal axis is milliseconds.
Quiet wakefulness of the subject with closed eyes
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$<E. 6. #D<@9D ;4C<E< @AB7B>4A4?PAB= 11� E ;47DG5?9A<9@ E<7A4?B6 6 >4:8B@ BF6989A<< (L = 4, CD< 8?<A9 «E?B64»
N = 150 FBK9>). %CD464 BF >4:8B7B >4A4?4 CB>4;4A4 97B @4D><DB6>4 < K<E?B 1=?9D4. #B 7BD<;BAF4?PAB= BE< 4
@<??<E9>GA8O. �ECOFG9@O= E BF>DOFO@< 7?4;4@<

Fig. 6. An example of a multichannel EEG recording with signal coarsening in each lead (L = 4, with a <word= length of
N = 150 points). To the right of each channel, its labeling and Euler number are shown. The horizontal axis is milliseconds.
Subject with open eyes

#B?4749@, KFB D4;D45BF4AAO= HGA>J<BA4? >4K9EF64 5O? 8BEF<7AGF ;4 EKёF 8BEF<:9A<S
8BEF4FBKAB L<DB>B7B 8<4C4;BA4 <;@9A9A<= D97<EFD<DG9@OI C4D4@9FDB6. !4 A4L 6;7?S8, QFB E6<-
89F9?PEF6G9F B 6OEB>B= KG6EF6<F9?PABEF< D4;D45BF4AAB7B @4F9@4F<K9E>B7B 4CC4D4F4 < 4?7BD<F@B6
> F4><@ I4D4>F9D<EF<>4@ QAJ9H4?B7D4@@O >4> C4D4@9FDO J<>?<K9E><I I4D4>F9D<EF<>. � E6S;<
E QF<@ CD98?B:9AAO= @9FB8 @B:9F S6?SFPES C9DEC9>F<6AO@ @9FB8B@ 4A4?<;4 HGA>J<BA4?PAOI
EBEFBSA<= K9?B69>4 CB D9;G?PF4F4@ Q?9>FDBQAJ9H4?B7D4H<<, KFB FD95G9F 84?PA9=L97B <;GK9A<S.

&4>:9 5O?B GEF4AB6?9AB, KFB >B@CPRF9DAO= EK9F J<>?<K9E><I I4D4>F9D<EF<> E?B:AOI
7D4HB6OI EFDG>FGD (E@. D<E. 5) @B:9F ;4A<@4FP L<DB><= 8<4C4;BA 6D9@9A< BF A9E>B?P><I @<AGF
8B 89ESF>B6 K4EB6 A4 B8AB@ < FB@ :9 @4ELF459 N G B8AB7B < FB7B :9 K9?B69>4 6 ;46<E<@BEF<
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Fig. 7. EEG <tangled= representations 4 connectivity graphs constructed from one EEG channel of the subject. Left at
N = 4000, L = 2, right at N = 250, L = 4
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15. Adelhöfer N., Schreiter M. L., Beste C. Cardiac cycle gated cognitive-emotional control in superior
frontal cortices // NeuroImage. 2020. Vol. 222. P. 117275. DOI: 10.1016/j.neuroimage.2020.117275.

16. Heck D.H., Kozma R., Kay L.M. The rhythm of memory: how breathing shapes memory function //
J. Neurophysiol. 2019. Vol. 122, no. 2. P. 5633571. DOI: 10.1152/jn.00200.2019.

17. Aristov V., Stepanyan I. Hypothesis of cyclic structures of pre- and consciousness as a transition

480
�D<EFB6 �. �., �G5DS> ". �., %F9C4ASA �. �.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 4

https://doi.org/10.1007/978-3-642-70911-1_17
https://doi.org/10.3389/fnins.2020.611130
https://doi.org/10.1088/1741-2552/ab0ab5
https://doi.org/10.3389/fnhum.2021.705064
https://doi.org/10.3389/frobt.2020.00125
https://doi.org/10.1016/B978-0-444-63934-9.00017-2
https://doi.org/10.1088/1741-2552/aab2f2
https://doi.org/10.1016/j.bpa.2005.09.001
https://doi.org/10.31857/S0044467721010032
https://doi.org/10.1371/journal.pone.0146595
https://doi.org/10.1016/j.smrv.2017.01.003
https://doi.org/10.1073/pnas.032658199
https://doi.org/10.1007/978-3-319-45142-8_4
https://doi.org/10.1016/j.neuroimage.2020.117275
https://doi.org/10.1152/jn.00200.2019


in neuron-like graphs to a special type of symmetry // Symmetry. 2022. Vol. 14, no. 3. P. 505.
DOI: 10.3390/sym14030505.

18. Stepanyan I. V., Mekler A. A. Chaotic algorithms of analysis of cardiovascular systems and artificial
intelligence // In: Hu Z., Petoukhov S., He M. (eds) Advances in Artificial Systems for Medicine
and Education III. AIMEE 2019. Vol. 1126 of Advances in Intelligent Systems and Computing.
Cham: Springer, 2020. P. 2313240. DOI: 10.1007/978-3-030-39162-1_21.

19. Stepanyan I. V., Lednev M. Y., Aristov V. V. Genetic interpretation of neurosemantics and kinetic
approach for studying complex nets: Theory and experiments // In: Hu Z., Petoukhov S.,
He M. (eds) Advances in Artificial Systems for Medicine and Education IV. AIMEE 2020.
Vol. 1315 of Advances in Intelligent Systems and Computing. Cham: Springer, 2020. P. 13328.
DOI: 10.1007/978-3-030-67133-4_2.

20. Iakovidou N.D. Graph theory at the service of electroencephalograms // Brain Connect. 2017.
Vol. 7, no. 3. P. 1373151. DOI: 10.1089/brain.2016.0426.

21. Sporns O. Graph theory methods: applications in brain networks // Dialogues in Clinical
Neuroscience. 2018. Vol. 20, no. 2. P. 1113121. DOI: 10.31887/DCNS.2018.20.2/osporns.

References

1. Freeman WJ. W.G. Walter: The living brainR In: Palm G, Aertsen A, editors. Brain Theory.
Berlin, Heidelberg: Springer; 1986. P. 2373238. DOI: 10.1007/978-3-642-70911-1_17.

2. Fontanillo Lopez CA, Li G, Zhang D. Beyond technologies of electroencephalography-based
brain-computer interfaces: A systematic review from commercial and ethical aspects. Front.
Neurosci. 2020;14:611130. DOI: 10.3389/fnins.2020.611130.

3. Craik A, He Y, Contreras-Vidal JL. Deep learning for electroencephalogram (EEG) classification
tasks: a review. J. Neural Eng. 2019;16(3):031001. DOI: 10.1088/1741-2552/ab0ab5.

4. Douibi K, Le Bars S, Lemontey A, Nag L, Balp R, Breda G. Toward EEG-based BCI applications
for industry 4.0: Challenges and possible applications. Front. Hum. Neurosci. 2021;15:705064.
DOI: 10.3389/fnhum.2021.705064.

5. Alimardani M, Hiraki K. Passive brain-computer interfaces for enhanced human-robot interaction.
Front. Robot. AI. 2020;7:125. DOI: 10.3389/frobt.2020.00125.

6. Batista A. Brain-computer interfaces for basic neuroscience. Handbook of Clinical Neurology.
2020;168:2333247. DOI: 10.1016/B978-0-444-63934-9.00017-2.

7. Lotte F, Bougrain L, Cichocki A, Clerc M, Congedo M, Rakotomamonjy A, Yger F. A review of
classification algorithms for EEG-based brain3computer interfaces: a 10 year update. J. Neural
Eng. 2018;15(3):031005. DOI: 10.1088/1741-2552/aab2f2.

8. Schwilden H. Concepts of EEG processing: from power spectrum to bispectrum, fractals,
entropies and all that. Best Practice & Research Clinical Anaesthesiology. 2006;20(1):31348.
DOI: 10.1016/j.bpa.2005.09.001.

9. Anokhin KV. The cognitome: Seeking the fundamental neuroscience of a theory of consciousness.
Neuroscience and Behavioral Physiology. 2021;51(7):9153937. DOI: 10.1007/s11055-021-
01149-4.

10. Pobachenko SV, Kolesnik AG, Borodin AS, Kalyuzhin VV. The contingency of parameters of
human encephalograms and Schumann resonance electromagnetic fields revealed in monitoring
studies. Biophysics. 2006;51(3):4803483. DOI: 10.1134/S0006350906030225.

11. Saroka KS, Vares DE, Persinger MA. Similar spectral power densities within the Schumann
resonance and a large population of quantitative electroencephalographic profiles: Supportive

�D<EFB6 �. �., �G5DS> ". �., %F9C4ASA �. �.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 4 481

https://doi.org/10.3390/sym14030505
https://doi.org/10.1007/978-3-030-39162-1_21
https://doi.org/10.1007/978-3-030-67133-4_2
https://doi.org/10.1089/brain.2016.0426
https://doi.org/10.31887/DCNS.2018.20.2/osporns
https://doi.org/10.1007/978-3-642-70911-1_17
https://doi.org/10.3389/fnins.2020.611130
https://doi.org/10.1088/1741-2552/ab0ab5
https://doi.org/10.3389/fnhum.2021.705064
https://doi.org/10.3389/frobt.2020.00125
https://doi.org/10.1016/B978-0-444-63934-9.00017-2
https://doi.org/10.1088/1741-2552/aab2f2
https://doi.org/10.1016/j.bpa.2005.09.001
https://doi.org/10.1007/s11055-021-01149-4
https://doi.org/10.1007/s11055-021-01149-4
https://doi.org/10.1134/S0006350906030225


evidence for Koenig and Pobachenko. PLoS ONE. 2016;11(1):e0146595. DOI: 10.1371/journal.
pone.0146595.

12. Ma Y, Shi W, Peng CK, Yang AC. Nonlinear dynamical analysis of sleep electroencephalography
using fractal and entropy approaches. Sleep Medicine Reviews. 2018;37:85393. DOI: 10.1016/
j.smrv.2017.01.003.

13. Lutz A, Lachaux JP, Martinerie J, Varela FJ. Guiding the study of brain dynamics by using
first-person data: Synchrony patterns correlate with ongoing conscious states during a simple
visual task. Proc. Natl. Acad. Sci. U. S. A. 2002;99(3):158631591. DOI: 10.1073/pnas.032658199.

14. Kubryak O. The Anticipating heart. In: Nadin M, editor. Anticipation and Medicine. Cham:
Springer; 2017. P. 49365. DOI: 10.1007/978-3-319-45142-8_4.
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Abstract. The purpose of this study is to establish the features of noise propagation and accumulation in a recurrent neural
network using a simplified echo network as an example. In this work, we studied the influence of activation function of
artificial neurons and the connection matrices between them. Methods. We have considered white Gaussian noise sources.
We used additive, multiplicative and mixed noise depending on how the noise is introduced into artificial neurons. The noise
impact was estimated using the dispersion (variance) of the output signal. Results. It is shown that the activation function
plays a significant role in noise accumulation. Two nonlinear activation functions have been considered: the hyperbolic tangent
and the sigmoid function with range form 0 to 1. It is shown that some types of noise are suppressed in the case of the second
function. As a result of considering the influence of coupling matrices, it was found that diagonal coupling matrices with
a large blurring coefficient lead to less noise accumulation in the echo network reservoir with an increase in the reservoir
memory influence. Conclusion. It is shown that activation functions of the form of sigmoid with range from 0 to 1 are suitable
for suppressing multiplicative and mixed noise. The accumulation of noise in the reservoir was considered for three types
of coupling matrices inside the reservoir: a uniform matrix, a band matrix with a small blurring coefficient, and a band
matrix with a large blurring coefficient. It has been found that the band matrix echo networks with a high blurring coefficient
accumulates the least noise. This holds for both additive and multiplicative noise.

Keywords: neural networks, recurrent neural networks, echo-state networks, noise influence, white noise, nonlinear activation
function.
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�6989A<9

!4 84AAO= @B@9AF <E>GEEF69AAO9 A9=DBAAO9 E9F< (�!%) G:9 GEC9LAB <ECB?P;GRFES
6 @AB7BK<E?9AAOI B5?4EFSI @4L<AAB7B B5GK9A<S < D9L4RF ;484K< D4;?<KAB= E?B:ABEF< [1].
� F4><@ ;484K4@ @B:AB BFA9EF< D4ECB;A464A<9 B5D4;B6 [2, 3], <I >?4EE<H<>4J<S, G?GKL9A<9 ;6G-
>B6OI ;4C<E9=, D4ECB;A464A<9 D9K< [4], CD98E>4;4A<9 >?<@4F<K9E><I S6?9A<= [5] < @AB7B9 8DG7B9.

� 84AAB= D45BF9 D4EE@4FD<64RFES D9>GDD9AFAO9 E9F< A4 CD<@9D9 GCDBM9AAB= QIB-E9F<.
&4><9 E9F< I4D4>F9D<;GRFES F9@, KFB K4EFP <I A9=DBAB6 B5?4849F ;4C4;8O64RM9= B5D4FAB=
E6S;PR, KFB CB;6B?S9F E9F< «;4CB@<A4FP» E6B< CD98O8GM<9 EBEFBSA<S. #B8B5AO9 E9F< K4EFB
<ECB?P;GRFES 8?S D9L9A<S ;484K CDB7AB;<DB64A<S [6] <?< D4ECB;A464A<S 6 D94?PAB@ 6D9@9A< [7].

'E?B:A9A<9 FBCB?B7<= �!% < CBEF46?9AAOI ;484K @B:9F 6E>BD9 CD<69EF< > >D<;<EG [8, 9],
>B784 6B;@B:ABEF9= EB6D9@9AAOI >B@CPRF9DB6 < 6OK<E?<F9?PAOI >?4EF9DB6 G:9 A9 5G89F 8BEF4-
FBKAB 8?S G8B6?9F6BD9A<S D4EFGM<I CBFD95ABEF9=. �89EP A4 CB@BMP CD<IB8<F AB6B9 A4CD46?9A<9
>BAEFDG<DB64A<S �!% 4 4CC4D4FAO9 A9=DBAAO9 E9F< [10]. %B7?4EAB QFB@G CB8IB8G, A9=DBAAO9
E9F< A9 EB;84RFES E CB@BMPR >B@CPRF9D4, 4 CD98EF46?SRF EB5B= D94?PAB9 GEFDB=EF6B, ECBEB5AB9
B5GK4FPES < D9L4FP ;484K<. %4@< A9=DBAO < E6S;P @9:8G A<@< D94?<;GRFES A4 H<;<K9E>B@
GDB6A9, FB 9EFP E<EF9@4 A9 @B89?<DG9FES A4 >B@CPRF9D9, 4 D94?<;G9FES 4CC4D4FAB EB7?4EAB
EBBF69FEF6GRM<@ H<;<K9E><@ CD<AJ<C4@. � CBE?98A<9 7B8O A45?R849FES Q>ECBA9AJ<4?PAO=
DBEF D45BF E 4CC4D4FAO@< D94?<;4J<S@< �!%. !4<5B?PLGR QHH9>F<6ABEFP A4 84AAO= @B@9AF
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CB>4;O64RF �!%, 6 BEAB69 >BFBDOI ?9:4F ?4;9DO [11], @9@D<EFBDO [12], EC<A-FD4AEH9DAO9
BEJ<??SFBDO [13]. %6S;P @9:8G A9=DBA4@< 6 BCF<K9E><I D94?<;4J<SI �!% BEAB6O649FES A4 CD<A-
J<C4I 7B?B7D4H<< [14], 8<HD4>J<< [15, 16], <AF97D<DB64AAOI E9FSI @B8G?SFBDB6  4I43*9A89D4
[17], EC9>FD4?PAB7B GC?BFA9A<S >4A4?B6 [18], BCF<K9E><I E6S;SI, D94?<;B64AAOI CD< CB@BM<
3D CD<AF9D4 [19321].

"EAB6AO@ CD<AJ<CB@ CBEFDB9A<S �!% S6?S9FES D4ECDBEFD4A9A<9 E<7A4?4 @9:8G A9=-
DBA4@< CD< CB@BM< E6S;9= E A9>BFBDO@< >BQHH<J<9AF4@< (69E4@<). #D< QFB@ A4<5B?PL9=
QHH9>F<6ABEF< < 5OEFDB89=EF6<S @B:AB 8B5<FPES CD< CB@BM< D4EC4D4??9?<64A<S 6OK<E?9A<=
A4 6OEB>BCDB<;6B8<F9?PAOI 6OK<E?<F9?PAOI >?4EF9D4I. "8A4>B 6 QFB@ E?GK49 «G;><@ 7BD?OL>B@»
E?G:<F E>BDBEFP B5D4M9A<S > C4@SF< < B5D45BF>4 84AAOI.  4>E<@4?PA4S CDB<;6B8<F9?PABEFP
6OK<E?9A<= @B:9F 5OFP 8BEF<7AGF4 FB?P>B 6 FB@ E?GK49, 9E?< �!% D94?<;B64A4 CB?ABEFPR
4CC4D4FAB. � QFB@ E?GK49 <EK9;49F CDB5?9@4 B5D4M9A<S > C4@SF< < @4F9@4F<K9E><I BC9D4J<=
A48 5B?PL<@ >B?<K9EF6B@ 84AAOI, F4> >4> >4:8O= A9=DBA EBBF69FEF6G9F 4CC4D4FAB@G A9?<A9=-
AB@G >B@CBA9AFG, 4 >4:8B9 EB98<A9A<9 4 H<;<K9E>B@G >4A4?G E6S;<. (<;<K9E>4S D94?<;4J<S
�!% CD<AJ<C<4?PAB @9AS9F BEB59AABEF< 6?<SA<S LG@B6. � E?GK49 J<HDB6B= >B@CPRF9DAB=
D94?<;4J<< �!% LG@ @B:9F CBC484FP 6 E<EF9@G <E>?RK<F9?PAB E 6IB8AO@ E<7A4?B@, FB784 >4>
6 4CC4D4FAB= �!% EGM9EF6G9F @AB:9EF6B 6AGFD9AA<I <EFBKA<>B6 LG@4 E D4;?<KAO@< E6B=EF64@<.
!4EFBSM4S EF4FPS A4CD46?9A4 A4 <EE?98B64A<9 BEB59AABEF9= D4ECDBEFD4A9A<S 6AGFD9AA<I LG@B6
6 D9>GDD9AFAOI �!%, 6OS6?9A<9 ECBEB5B6 CB846?9A<S F4><I LG@B6 < B5BEAB64A<9 GEFB=K<6BEF<
E9F9= > A9>BFBDO@ F<C4@ LG@B6.

� A4L<I CD98O8GM<I D45BF4I @O G:9 D4EE@4FD<64?< 6?<SA<9 LG@B6 A4 7?G5B><9 A9=DBA-
AO9 E9F< [22, 23] < CD98?474?< EFD4F97<< CB846?9A<S LG@4 6 A<I [24]. �4AA4S EF4FPS S6?S9FES
EGM9EF69AAO@ GE?B:A9A<9@ CBEF46?9AAB= ;484K<, F4> >4> D9>GDD9AFAO9 E9F< B5?484RF E6B=-
EF6B@ C4@SF< B E6B<I CD98O8GM<I EBEFBSA<SI, E?98B64F9?PAB A4>BC?9A<9 LG@B6 6 A<I 8B?:AB
CDB<EIB8<FP E?B:A99, K9@ 6 �!%, A9 ;46<ESM<I BF 6D9@9AAB= D94?<;4J<<. � >4K9EF69 CD<@9D4
D9>GDD9AFAB= E9F< 5G89F D4EE@BFD9A4 GCDBM9AA4S QIB-E9FP.

"EAB6AO@ CD98@9FB@ <EE?98B64A<S 84AAB= D45BFO S6?S9FES 6?<SA<9 HGA>J<< 4>F<64J<< <
E6B=EF64 C4@SF< QIB-E9F< A4 A4>BC?9A<9 LG@4. #B QFB= CD<K<A9 D4EE@4FD<64RFES GCDBM9AAO9
@4FD<JO E6S;< @9:8G A9=DBA4@<. �BA>D9FAO= 6<8 @4FD<J E6S;< EGM9EF69AAB ;46<E<F BF ;484K,
8?S >BFBDOI 5O?4 B5GK9A4 �!%, < <I EF4F<EF<K9E><9 BEB59AABEF< @B7GF EGM9EF69AAB 6?<SFP A4
A4>BC?9A<9 LG@4. #BQFB@G 6?<SA<9 BEB5OI @4FD<J E6S;< G:9 B5GK9AAOI �!% A4 A4>BC?9A<9
LG@4 5G89F CD98@9FB@ <EE?98B64A<S 6 CBE?98GRM<I D45BF4I.

1. �?<SA<9 LG@4 A4 B8<A A9=DBA

1.1. "EAB6AO9 GD46A9A<S. �!% EBEFBSF <; <E>GEEF69AAOI A9=DBAB6, KPS DB?P ;4>?RK49FES
6 ?<A9=AB@ <?< A9?<A9=AB@ CD9B5D4;B64A<< 6IB8AB7B E<7A4?4. 1FB CD9B5D4;B64A<9 D94?<;G9FES
CD< CB@BM< F4> A4;O649@B= HGA>J<< 4>F<64J<<. &<C HGA>J<< 4>F<64J<< ;46<E<F BF CBEF46?9AAB=
;484K< < BF QHH9>F<6ABEF< B5GK9A<S. &4>, 6 D9>GDD9AFAOI A9=DBAAOI E9FSI K4EFB <ECB?P;GRFES
>GEBKAB-?<A9=AO9 HGA>J<< < E9@9=EF6B HGA>J<= >?4EE4 «E<7@B<8O». � 84AAB= EF4FP9 5G8GF
D4EE@BFD9AO 869 HGA>J<< QFB7B >?4EE4: 7<C9D5B?<K9E><= F4A79AE f(x) = tanhαx < E<7@B<84
6<84 f(x) = 1

1+ă−αx
. � B59<I HGA>J<SI @AB:<F9?P α BF69K49F ;4 «>DGF<;AG» A9?<A9=ABEF<.

&4><@ B5D4;B@, 6OIB8AB= E<7A4? i-7B <E>GEEF69AAB7B A9=DBA4 59; 6?<SA<S LG@4 BCD989?S9FES
E?98GRM<@ B5D4;B@:

xoutć (t) = f(xinć (t)), (1)

789 xoutć (t) 4 6OIB8AB= E<7A4? i-7B A9=DBA4 6 @B@9AF 6D9@9A< t, 4 xinć (t) 4 97B 6IB8AB= E<7A4?.
�?S FB7B KFB5O G>4;4FP, >4><9 <@9AAB A9=DBAO A4IB8SFES CB8 LG@B6O@ 6B;89=EF6<9@,

@O 5G89@ <ECB?P;B64FP BC9D4FBD LG@4 N̂, >BFBDO= 5G89F CD<@9ASFPES > 6OIB8AB@G E<7A4?G 59;
LG@B6B7B 6B;89=EF6<S: youtć = N̂xoutć .
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� 84AAB= EF4FP9 D4EE@4FD<64RFES 488<F<6AO= < @G?PF<C?<>4F<6AO= LG@O. "EB59AABEFP
488<F<6AB7B LG@4 ;4>?RK49FES 6 FB@, KFB BA 8B546?S9FES > 6OIB8AB@G E<7A4?G, 4 @G?PF<C?<>4-
F<6AO= G@AB:49FES A4 A97B:

youtć (t) = N̂xoutć (t) = xoutć (t) · (1 + ξM(t, i)) + ξA(t, i), (2)

789 ξ 4 QFB A9;46<E<@O9 <EFBKA<>< 488<F<6AB7B (<A89>E «A») < @G?PF<C?<>4F<6AB7B (<A89>E «M»)
59?B7B �4GEEB64 LG@4 E AG?96O@ ED98A<@ < EBBF69FEF6GRM<@< 8<EC9DE<S@< σ2A < σ

2
M. %6B=EF6B

A9;46<E<@BEF< <EFBKA<>B6 LG@4 6 QFB@ D4;89?9 DB?< A9 <7D49F, F4> >4> D4EE@4FD<649FES 6E97B
B8<A A9=DBA. "8A4>B 6 E?98GRM<I D4;89?4I, 6 >BFBDOI <;GK4RFES BEB59AABEF< CB6989A<S �!%,
QFB E6B=EF6B S6?S9FES 64:AO@ < 5G89F 6?<SFP A4 CBE?98GRM<9 6O6B8O. &4>:9 EFB<F BF@9F<FP,
KFB <;GK9A<9 BEB59AABEF9= 6?<SA<S >BDD9?<DB64AAB7B LG@4 A4 �!% < 97B A4>BC?9A<S FB:9
CD98EF46?S9F 5B?PLB= <AF9D9E, < 5G89F CD98@9FB@ <EE?98B64A<S 6 CBE?98GRM<I D45BF4I.

1.2. "J9A>4 LG@B6B7B 6B;89=EF6<S. � A4L<I CD98O8GM<I D45BF4I [22324] 8?S BJ9A><
GDB6AS LG@4 <ECB?P;B64?4EP I4D4>F9D<EF<>4 «BFABL9A<9 E<7A4?3LG@» (signal-to-noise ratio,
SNR), >BFBD4S 6OK<E?S?4EP >4> BFABL9A<9 ED98A97B E<7A4?4 > 97B EF4A84DFAB@G BF>?BA9A<R.
�ECB?P;B64A<9 F4>B= <AF9DCD9F4J<< SNR <@99F A9>BFBDO9 B7D4A<K9A<S. � K4EFABEF<, BA4 @B:9F
5OFP CD<@9A9A4 FB?P>B > CB?B:<F9?PAO@ E<7A4?4@. &4> >4> 6 QFB= EF4FP9 B8AB= <; HGA>J<=
4>F<64J<< S6?S9FES 7<C9D5B?<K9E><= F4A79AE, 6OIB8AO9 ;A4K9A<S >BFBDB7B A4IB8SFES 6 8<4C4;BA9
BF −1 8B 1, F4>GR HBD@G?G D4EK9F4 SNR G:9 A9?P;S <ECB?P;B64FP. #B QFB= CD<K<A9 6 84AAB=
EF4FP9 <ECB?P;G9FES 5B?99 GA<69DE4?PA4S I4D4>F9D<EF<>4, 8<EC9DE<S σ2[·], >BFBD4S S6?S9FES
@9DB= D4;5DBE4 ;A4K9A<= E?GK4=AB= 69?<K<AO BFABE<F9?PAB 99 @4F9@4F<K9E>B7B B:<84A<S <
6OK<E?S9FES E?98GRM<@ B5D4;B@:

σ2[X] = Var[X] = E[(X − E[X])2], (3)

789 X 4 A9>BFBD4S 8<E>D9FA4S E?GK4=A4S 69?<K<A4, E[X] 4 99 @4F9@4F<K9E>B9 B:<84A<9 (ED98A99
;A4K9A<9). �?S BJ9A>< GDB6AS 8<EC9DE<< 6 >4K9EF69 @AB:9EF64 X 59D9FES @AB:9EF6B 6OIB8AOI
;A4K9A<=, >BFBDO9 S6?SRFES BF>?<>B@ E9F< <?< B8AB7B BF89?PAB 6;SFB7B A9=DBA4 A4 B8<A < FBF
:9 6IB8AB= E<7A4?. &4>4S <AF9DCD9F4J<S CB;6B?S9F BJ9A<FP, >4>B= 8<4C4;BA ;A4K9A<= A4<5B?99
CB869D:9A D4;AO@ LG@B6O@ 6B;89=EF6<S@. !9;46<E<@B BF ;A4>4 6OIB8AB7B E<7A4?4, 8<EC9DE<S
5G89F 6E9784 CB?B:<F9?PAB=, < K9@ 5?<:9 99 ;A4K9A<9 > AG?R, F9@ @9APL9 ;4LG@?9AABEFP
6OIB8AB7B E<7A4?4. �4?99 6 F9>EF9 <ECB?P;GRFES B5M9CD<ASFO9 B5B;A4K9A<S @4F9@4F<K9E>B7B
B:<84A<S E[·] < 64D<4J<< Var[·] 8?S BJ9A>< GDB6AS LG@4.

�<EC9DE<S 6OIB8AB7B E<7A4?4 B8AB7B ;4LG@?9AAB7B A9=DBA4 8?S B8AB7B < FB7B :9 6IB8AB7B
E<7A4?4 @B:9F 5OFP 6OK<E?9A4 E?98GRM<@ B5D4;B@:

σ2[yout] = Var[xout · (1 + ξM) + ξA] =
(

E[yout]
)2

· σ2M + σ2A. (4)

�4> 6<8AB <; QFB7B GD46A9A<S, HGA>J<S 4>F<64J<< A9 6?<S9F A4 ;46<E<@BEFP 8<EC9DE<< BF ED98A97B
6OIB8AB7B E<7A4?4. � E?GK49 488<F<6AB7B LG@4 8<EC9DE<S A9 ;46<E<F BF 6OIB8AB7B E<7A4?4 <
BCD989?S9FES FB?P>B 8<EC9DE<9= <EFBKA<>4 488<F<6AB7B LG@4. � E?GK49 @G?PF<C?<>4F<6AB7B
LG@4 ;46<E<@BEFP 8<EC9DE<< 6OIB8AB7B E<7A4?4 BF 97B ED98A97B S6?S9FES >648D4F<KAB=. �?S
BJ9A>< ECD4698?<6BEF< QF<I 6O6B8B6 84?99 D4EE@BFD9AO D9;G?PF4FO K<E?9AAB7B @B89?<DB64A<S
8?S 86GI HGA>J<= 4>F<64J<< E D4;?<KAB= >DGF<;AB= A9?<A9=ABEF<.

�?S K<E?9AAB7B @B89?<DB64A<S 8<EC9DE<S 6OIB8AB7B E<7A4?4 6OK<E?S9FES E?98GRM<@
B5D4;B@. �E>GEEF69AAO= A9=DBA 6 >4:8O= @B@9AF 6D9@9A< t CB?GK49F 6IB8AB= E<7A4? xinć (t)

< 6O849F 6OIB8AB= E<7A4? youtć (t), 6>?RK4RM<= 6 E95S 6?<SA<9 HGA>J<< 4>F<64J<< < LG@4.
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�?S FB7B KFB5O BJ9A<FP 97B EF4F<EF<K9E><9 I4D4>F9D<EF<><, >4:8O= 6IB8AB= E<7A4? xinć (t)

CB6FBDS9FES K = 1000 D4;. � D9;G?PF4F9 8?S >4:8B7B t CB?GK49FES A45BD <; K ;A4K9A<= youtć (k, t),
CB >BFBDB@G 6OK<E?S9FES ED98A99 < 8<EC9DE<S: µ[youtć (t)] < σ2[youtć (t)]. � 84?PA9=L9@ F4>4S :9
F9IA<>4 5G89F <ECB?P;B64FPES 8?S BJ9A>< ;4LG@?9AABEF< 6OIB8AB7B E<7A4?4 QIB-E9F<.

1.3. "8<A A9=DBA E HGA>J<9= 4>F<64J<< tanh. $4EE@BFD<@ BEB59AABEF< 6?<SA<S LG@B-
6B7B 6B;89=EF6<S A4 B8<A A9=DBA E HGA>J<9= 4>F<64J<< «7<C9D5B?<K9E><= F4A79AE». � >4K9EF69
6IB8AB7B E<7A4?4 <ECB?P;G9@ T = 200 E?GK4=AOI ;A4K9A<= <; 8<4C4;BA4 BF −1 8B 1. !4 D<E. 1, a
CD<6989A 7D4H<> HGA>J<< f(x) = tanhαx CD< α = 1.

�?S FB7B KFB5O BJ9A<FP 6?<SA<9 LG@4 A4 A9=DBA, A4 D<E. 1, b CD<6989AO ;A4K9A<S 8<EC9DE<<
6 ;46<E<@BEF< BF ED98A97B ;A4K9A<S 6OIB8AB7B E<7A4?4. �9?9AO@ J69FB@ CB>4;4AO ;46<E<@BEF<,
CB?GK9AAO9 8?S 488<F<6AB7B LG@4 E 8<EC9DE<9= σ2A = 10−2. "D4A:96O@ J69FB@ CB>4;4AO
;46<E<@BEF<, CB?GK9AAO9 8?S @G?PF<C?<>4F<6AB7B LG@4 E σ2M = 10−2, 4 E<A<@ 4 E@9L4AAO=
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$<E. 1. �?<SA<9 LG@4 A4 B8<A A9=DBA E HGA>J<9= 4>F<64J<< f(x) = tanhαx. �IB8AB= E<7A4? A9=DBA4 4 E?GK4=AO9
K<E?4 <; 8<4C4;BA4 BF−1 8B 1. !9?<A9=A4S HGA>J<S E C4D4@9FDB@ α = 1 (a) <ECB?P;B64?4EP 8?S CB?GK9A<S ;46<E<@BEF<
8<EC9DE<< BF ED98A97B 6OIB8AB7B E<7A4?4 (b) 8?S 488<F<6AB7B LG@4 (;9?9AO9 FBK><), @G?PF<C?<>4F<6AB7B LG@4
(BD4A:96O9 FBK><) < E@9L4AAB7B LG@4 (E<A<9 FBK><) E 8<EC9DE<S@< σ2A = σ2M = 10−2. �A4?B7<KAB CBEFDB9AO
HD47@9AFO c, d 8?S C4D4@9FD4 α = 10. !4 HD47@9AF4I b, d CD< CB@BM< ?<A<= EBBF69FEF6GRM<I J69FB6 CB>4;4A4
F9BD9F<K9E>4S BJ9A>4 GDB6AS LG@4, CB?GK9AA4S <EIB8S <; (4) (J69F BA?4=A)

Fig. 1. Noise impact on one neuron with activation function f(x) = tanhαx. Input signal contains random numbers from
the range [−1; 1]. Nonlinear function with α = 1 (a) was used to calculate the dependencies of dispersion on the mean
output signal (b) for additive (green points), multiplicative (orange points) and mixed noise (blue points) with dispersions
σ2A = σ2M = 10−2. Panels c, d were prepared in the same manner for parameter α = 10. Panels b, d contain analytical
estimation of the noise level based on Eq. (4) shown by the lines of corresponding colors (color online)
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LG@, EB6@9M4RM<= 488<F<6AO= < @G?PF<C?<>4F<6AO= LG@O. �O5D4AAO9 I4D4>F9D<EF<>< LG@4
EBBF69FEF6GRF LG@4@, A45?R849@O@ 6 �!%, D94?<;B64AAO@ 6 HBFBAAB@ Q>EC9D<@9AF9 [15].
�<A<S@< QF<I :9 J69FB6 CB>4;4AO ;46<E<@BEF<, CB?GK9AAO9 <EIB8S <; GD46A9A<S (4).

!9E@BFDS A4 FB, KFB HGA>J<S 7<C9D5B?<K9E>B7B F4A79AE4 @B:9F CD<A<@4FP ;A4K9A<S <;
8<4C4;BA4 BF −1 8B 1, A4 D<E. 1, b 8<4C4;BA ED98A<I 6OIB8AOI ;A4K9A<= 7BD4;8B @9APL9.
1FB B5NSEAS9FES E?98GRM9= BEB59AABEFPR. �E?< 8<4C4;BA ;A4K9A<= C9D9@9AAB= x EBEF46?S9F
BF −1 8B 1 CD< ;A4K9A<< α = 1, FB784 QFB@G EBBF69FEF6G9F 8<4C4;BA ;A4K9A<= f(x) BF −0.76

8B 0.76. &4><@ B5D4;B@, <;-;4 A95B?PLB7B >BQHH<J<9AF4 >DGF<;AO α 8<4C4;BA CD<A<@49@OI
;A4K9A<= @B:9F 5OFP E<?PAB G@9APL9A. � BEF4?PAB@ E4@ 6<8 ;46<E<@BEF9= 8<EC9DE<<, 4 F4>:9
D4ECD989?9A<9 FBK9> CB A<@, BK9AP CBIB:< A4 FB, KFB A4@< G:9 5O?B CB?GK9AB 8?S ?<A9=AOI
A9=DBAB6 [22]. �46<E<@BEF<, CB?GK9AAO9 8?S @G?PF<C?<>4F<6AB7B LG@4, EB6@9M4RF 6 E959 GDB6A<
8<EC9DE<=, CB?GK9AAOI 8?S 488<F<6AB7B < @G?PF<C?<>4F<6AB7B LG@4 CB BF89?PABEF<.

$4EE@BFD<@, KFB CDB<EIB8<F E 6OIB8AO@ E<7A4?B@ ;4LG@?9AAB7B A9=DBA4 CD< G69?<K9A<<
>DGF<;AO A9?<A9=ABEF<. !4 D<E. 1, c CD<6989A 7D4H<> 7<C9D5B?<K9E>B7B F4A79AE4 CD< α = 10, KFB
EBCDB6B:849FES EGM9EF69AAO@ <;@9A9A<9@ >DGF<;AO A9?<A9=ABEF< CB ED46A9A<R E 7D4H<>B@ A4
D<E. 1, a. �4> 6<8AB <; 7D4H<>B6 D<E. 1, d, B5M<= GDB69AP 8<EC9DE<< BEF49FES CD<@9DAB F9@ :9,
>4> < 8?S α = 1, <I A95B?PLB9 <;@9A9A<9 6O;64AB F9@, KFB F9C9DP f(x) CDBEF<D49FES G:9 A4 69EP
8<4C4;BA ;A4K9A<= BF −1 8B 1. %FDB7B 7B6BDS, QFB 8B?:A4 5OFP F4 :9 E4@4S ;46<E<@BEFP, BC<-
EO649@4S GD46A9A<9@ (4). "EAB6AB= BEB59AABEFPR D<E. 1, d S6?S9FES HB>GE<DB64A<9 FBK9>. �E?<
CD< α = 1 FBK>< 5O?< B8ABDB8AB D4ECD989?9AO 68B?P 6E97B 8<4C4;BA4 CD<A<@49@OI ;A4K9A<=,
FB F9C9DP CD< α = 10 FBK>< EHB>GE<DB64AO B>B?B ED98A<I ;A4K9A<= 6OIB8AB7B E<7A4?4 −1 < 1.

%6B=EF6B HB>GE<DB64A<S FBK9> @B:AB B5NSEA<FP E?98GRM<@ B5D4;B@. �B;6D4M4SEP > 7D4-
H<>G D<E. 1, c, @B:AB BF@9F<FP, KFB <;-;4 SD>B 6OD4:9AAB= A9?<A9=ABEF< < BEB59AABEF9= >?4EE4
HGA>J<= E<7@B<8 5B?PL<AEF6B BFD<J4F9?PAOI ;A4K9A<= x EBBF69FEF6GRF ;A4K9A<S@ f(x) ≈ −1,
4 5B?PL<AEF6B CB?B:<F9?PAOI ;A4K9A<= x 4 ;A4K9A<S@ f(x) ≈ 1. #B QFB= CD<K<A9 8?S SD>B
6OD4:9AAB= A9?<A9=ABEF< FBK>< A4K<A4RF HB>GE<DB64FPES B>B?B 86GI ;A4K9A<=. �4?99 @O 5G89@
A4;O64FP <I FBK>4@< HB>GE<DB64A<S.

1.4. "8<A A9=DBA E HGA>J<9= 4>F<64J<9= «E<7@B<84». $4EE@BFD<@, KFB CDB<EIB8<F CD<
8DG7B= A9?<A9=ABEF< 4 E<7@B<89. %BBF69FEF6GRM<9 7D4H<>< CD<6989AO A4 D<E. 2. &4> :9, >4>
< 8?S 7<C9D5B?<K9E>B7B F4A79AE4 ;89EP D4EE@4FD<64RFES 864 ;A4K9A<S >BQHH<J<9AF4 >DGF<;AO
A9?<A9=ABEF< α = 1 (D<E. 2, a, b) < α = 10 (D<E. 2, c, d). %D46A<64S E4@< HGA>J<< 4>F<64J<< A4
D<E. 1 < 2, @B:AB ;4@9F<FP, KFB 6 E?GK49 E<7@B<8O 8<4C4;BA CD<A<@49@OI ;A4K9A<= <;@9AS9FES
8B (0; 1). 1F<@ B5NSEAS9FES FB, KFB 8<EC9DE<S F9C9DP <@99F A9E>B?P>B 8DG7B= 6<8. "8A4>B, 9E?<
ED46A<FP QF< ;46<E<@BEF< E F9@, KFB 5O?B CB?GK9AB 8?S 7<C9D5B?<K9E>B7B F4A79AE4, FB 6<8AB,
KFB 6 E?GK49 E<7@B<8O @O 6<8<@ FB?P>B CD46GR K4EFP ;46<E<@BEF9=, CB?GK9AAOI 8?S 7<C9D5B-
?<K9E>B7B F4A79AE4. "5M<= GDB69AP LG@4 BEF49FES CD<@9DAB F9@ :9, < CD< 5B?PL<I α EAB64
CBS6?SRFES FBK>< HB>GE<DB64A<S. �E?< 8?S 7<C9D5B?<K9E>B7B F4A79AE4 FBK>< HB>GE<DB64A<S
5O?< −1 < 1, FB 8?S E<7@B<8O QFB 0 < 1.

%FB<F B5D4F<FP 6A<@4A<9, KFB 9E?< B8A4 <; FBK9> HB>GE<DB64A<S D46A4 AG?R, FB CB?B6<A4
FBK9> 8<EC9DE<< 5G89F EHB>GE<DB64A4 B>B?B ;A4K9A<S 0. � E?GK49 @G?PF<C?<>4F<6AB7B LG@4
(BD4A:96O9 FBK><) CB?GK49FES, KFB CB?B6<A4 6OIB8AOI ;A4K9A<= ?<L49FES LG@B6B7B 6B;89=EF6<S
<;-;4 G@AB:9A<S A4 0. &4><@ B5D4;B@, 6 E?GK49 F4>B7B LG@B6B7B 6B;89=EF6<S ?GKL9 <ECB?P;B64FP
HGA>J<R 4>F<64J<< F<C4 E<7@B<8O, F4> >4> CB?B6<A4 6OIB8AB7B E<7A4?4 C9D9EF49F <ECOFO64FP
LG@B6B9 6B;89=EF6<9. �?S 488<F<6AB7B LG@4 QFB A9 D45BF49F, 4 8?S @G?PF<C?<>4F<6AB7B <
E@9L4AAB7B LG@B6 F4>4S EFD4F97<S @B:9F 5OFP GEC9LAB CD<@9A9A4. 1FB CB8F69D:84RF 7D4H<><
D<E. 2, b, d.
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$<E. 2. �?<SA<9 LG@4 A4 B8<A A9=DBA E HGA>J<9= 4>F<64J<< f(x) = 1/(1 + e−αx). �IB8AB= E<7A4? A9=DBA4 4
E?GK4=AO9 K<E?4 <; 8<4C4;BA4 BF −1 8B 1. !9?<A9=A4S HGA>J<S E C4D4@9FDB@ α = 1 (a) <ECB?P;B64?4EP 8?S CB?GK9A<S
;46<E<@BEF< 8<EC9DE<< BF ED98A97B 6OIB8AB7B E<7A4?4 (b) 8?S 488<F<6AB7B LG@4 (;9?9AO9 FBK><), @G?PF<C?<>4F<6AB7B
LG@4 (BD4A:96O9 FBK><) < E@9L4AAB7B LG@4 (E<A<9 FBK><) E 8<EC9DE<S@< σ2A = σ2M = 10−2. �A4?B7<KAB CBEFDB9AO
HD47@9AFO c, d 8?S C4D4@9FD4 α = 10. !4 HD47@9AF4I b, d CD< CB@BM< ?<A<= EBBF69FEF6GRM<I J69FB6 CB>4;4A4
F9BD9F<K9E>4S BJ9A>4 GDB6AS LG@4, CB?GK9AA4S <EIB8S <; (4) (J69F BA?4=A)

Fig. 2. Noise impact on one neuron with activation function f(x) = 1/(1 + e−αx). Input signal contains random numbers
from the range [−1; 1]. Nonlinear function with α = 1 (a) was used to calculate the dependencies of dispersion on the mean
output signal (b) for additive (green points), multiplicative (orange points) and mixed noise (blue points) with dispersions
σ2A = σ2M = 10−2. Panels c, d were prepared in the same manner for parameter α = 10. Panels b, d contain analytical
estimation of the noise level based on Eq. (4) shown by the lines of corresponding colors (color online)

�E9 C9D9K<E?9AAO9 6OL9 D9;G?PF4FO CB8F69D:84RFES 4A4?<F<K9E>B= BJ9A>B= ;4LG@?9AAB-
EF< 6OIB8AB7B E<7A4?4 (4).

$4EE@BFD<@, >4> 6989F E95S 8<EC9DE<S CD< <;@9A9A<< C4D4@9FD4 >DGF<;AO A9?<A9=ABEF< α
< 6IB8AB7B E<7A4?4 xin (D<E. 3). !4 D<EGA>9 J69FB@ CB>4;4A4 64D<4J<S 6 ;46<E<@BEF< BF C4D4@9FD4
α < 6IB8AB7B E<7A4?4. � E?GK49 B59<I HGA>J<= 4>F<64J<< GDB69AP 488<F<6AB7B LG@4 A9 ;46<E<F
A< BF 6IB8AB7B E<7A4?4, A< BF >DGF<;AO A9?<A9=ABEF< (D<E. 3 a, d).

�4> 6<8AB <; D<E. 3, b, 6 E?GK49 7<C9D5B?<K9E>B7B F4A79AE4 A4<@9APL9= 8<EC9DE<< @B:AB
8B5<FPES CD< D45BF9 E @4?O@< ;A4K9A<S@< |α| <?< @4?O@< |xin|. "8A4>B CD< QFB@ HGA>J<S
4>F<64J<< 5?<;>4 > ?<A9=AB=, < 8?S A9>BFBDOI ;484K QFB A9 CD<@9A<@B. �E?< G69?<K<64FP |α|,
FB B5M<= GDB69AP 8<EC9DE<< D4EF9F. �4> 6<8AB <; D<E. 3, e, A4<5B?99 QHH9>F<6AB= HGA>J<9=
4>F<64J<< E FBK>< ;D9A<S CB846?9A<S @G?PF<C?<>4F<6AB7B LG@4 S6?S9FES A9?<A9=ABEFP 6<84
f(x) = 1/(1 + e−αĖ). %6B=EF6B G@9APL9A<S LG@4 CD< @4?OI |α| < |xin| ECD4698?<6B < 8?S QFB=
HGA>J<< 4>F<64J<<, B8A4>B > QFB@G 9M9 8B546?S9FES E6B=EF6B 5B?PL<I |α|, >BFBDB9 ;4>?RK49FES
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$<E. 3. �?<SA<9 6IB8AB7B E<7A4?4 xin < C4D4@9FD4 α A4 8<EC9DE<R 6OIB8AB7B E<7A4?4 B8AB7B A9=DBA4 E HGA>J<9=
4>F<64J<< f(x) = tanhαx (a3c) < HGA>J<9= 4>F<64J<< f(x) = 1/(1 + e−αx) (d3f ). &<CO LG@B6: a, d 4 488<F<6AO=
LG@, b, e 4 @G?PF<C?<>4F<6AO= LG@, c, f 4 E@9L4AAO= LG@. "EF4?PAO9 C4D4@9FDO: σ2A = σ2M = 10−2 (J69F BA?4=A)

Fig. 3. The influence of input signal xin and parameter α on dispersion of the output signal of one neuron with activation
function f(x) = tanhαx (a3c) and activation function f(x) = 1/(1 + e−αx) (d3f ). Noise types: a, d 4 additive noise, b, e 4
multiplicative noise, c, f 4 mixed noise. Other parameters: σ2A = σ2M = 10−2 (color online)

6 FB@, KFB CD< 6OEB>B= >DGF<;A9 A9?<A9=ABEF< CB?B6<A4 FBK9> 8<EC9DE<< HB>GE<DG9FES B>B?B 0,
B5AG?SS CD< QFB@ LG@B6B9 6B;89=EF6<9. 1F4 A9?<A9=ABEFP BCF<@4?PA4 8?S @G?PF<C?<>4F<6AB7B <
E@9L4AAB7B LG@4.

�E9 6O6B8O, E89?4AAO9 8?S @G?PF<C?<>4F<6AB7B LG@4, ECD4698?<6O < 8?S E@9L4AAB7B
LG@4 (D<E. 3, E, f ). �4K9EF69AAO= 6<8 8<EC9DE<< < 97B ;46<E<@BEFP BF 6IB8AB7B E<7A4?4 <
C4D4@9FD4 α 8?S B5B<I F<CB6 LG@B6 B8<A4>B6. �B?<K9EF69AAB GDB69AP 8<EC9DE<< S6?S9FES
EG@@B= 8<EC9DE<=, CB?GK9AAOI 8?S 488<F<6AB7B < @G?PF<C?<>4F<6AB7B LG@4 CB BF89?PABEF<.

2. $9>GDD9AFAO9 A9=DBAAO9 E9F<

2.1. "EAB6AO9 BCD989?9A<S < EBEF46?SRM<9 E9F<. %GM9EF6G9F 5B?PLB9 >B?<K9EF6B
D4;AOI F<CB6 A9=DBAAOI E9F9=. �I FBCB?B7<S < F<C <E>GEEF69AAOI A9=DBAB6 EGM9EF69AAB
;46<E<F BF D9L49@B= ;484K<. �?S D9L9A<S ;484K CDB7AB;<DB64A<S <?< D4ECB;A464A<S 6B 6D9@9A<,
>4> CD46<?B, CD<@9ASRFES D9>GDD9AFAO9 E9F<. � 84AAB= D45BF9 6 >4K9EF69 CD<@9D4 F4><I E9F9=
5G89F D4EE@BFD9A4 QIB-E9FP, EI9@4 >BFBDB= CD<6989A4 A4 D<E. 4.

1IB-E9FP I4D4>F9D<;G9FES A4?<K<9@ 6IB8AB7B E?BS, BF69K4RM97B ;4 CB?GK9A<9 < FD4AEHBD-
@4J<R 6IB8AB7B E<7A4?4. �4?99 QFBF E<7A4? C9D9849FES 6 E>DOFO= E?B=, >BFBDO= A4;O649FES
D9;9D6G4DB@. $9;9D6G4D EBEFB<F <; N A9=DBAB6, >BFBDO9 E6S;4AO >4> E 6IB8AO@< A9=DBA4@<,
>BFBDO9 C9D984RF 6IB8AB= E<7A4? 6 @B@9AF 6D9@9A< t, F4> < c F9@ :9 D9;9D6G4DB@, CD<A<@4S
E<7A4? D9;9D6G4D4 6 CD98O8GM<= @B@9AF 6D9@9A< (t− 1). %6S;P E 6IB8AO@ E?B9@ BEGM9EF6?S9FES
CD< CB@BM< @4FD<JO E6S;<Win. �E?< 6IB8AB= E?B= EBEFB<F <; B8AB7B A9=DBA4, FB D4;@9D QFB=

 BE>6<F<A �. ., %9@9AB64 !.�.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 4 491



input

reservoir

xin

Win Wout

output

xout

$<E. 4. %I9@4 D4EE@4FD<649@B= QIB-E9F<. �9?O@ J69FB@ CB>4;4AO 6IB8AB= < 6OIB8AB= A9=DBAO 59; LG@B6B7B
6B;89=EF6<S. %9DO@ CB>4;4AO A9=DBAO D9;9D6G4D4 E A9?<A9=AB= HGA>J<9= 4>F<64J<<, A4IB8SM<9ES CB8 LG@B6O@
6B;89=EF6<9@

Fig. 4. Schematic representation of considered echo state network (ESN). Input and output neurons without noise impact are
shown by white color. The neurons of reservoir with nonlinear activation function receiving noise influence are colored in gray

@4FD<JO EBEF46?S9F (1 × N).  4FD<J4 E6S;< 6AGFD< D9;9D6G4D4 Wres <@99F D4;@9D (N × N).
&B784 EBEFBSA<9 A9=DBAB6 6 @B@9AF 6D9@9A< t @B:AB ;484FP CD< CB@BM< E?98GRM97B GD46A9A<S:

xres
Ē = f

(

βxinĒ ·Win + γyres
Ē−1 ·W

res
)

; yres
Ē = N̂xres

Ē , (5)

789 <A89>EO t < t− 1 B5B;A4K4RF @B@9AFO 6D9@9A<, HGA>J<S f(·) 4 HGA>J<S 4>F<64J<<. �<DAO@
LD<HFB@ B5B;A4K9AO xres < yres, >BFBDO9 S6?SRFES 69>FBD4@< (1×N), BC<EO64RM<@< EBEFBSA<9
N A9=DBAB6 D9;9D6G4D4. � 84?PA9=L9@ ;A4K9A<9 N = 100 A9 5G89F <;@9ASFPES. �O?B CB>4;4AB,
KFB BC<E4AA4S 6OL9 QIB-E9FP CB;6B?S9F CD98E>4;O64FP >64;<C9D<B8<K9E>GR < I4BF<K9E>GR
8<A4@<>G [25, 26].

#4D4@9FDO β < γ BF69K4RF ;4 6>?48 6IB8AB7B E<7A4?4 < «C4@SF<» D9;9D6G4D4, EBBF69FEF69AAB.
� G:9 B5GK9AAB= E9F< A9F 6B;@B:ABEF< <;@9ASFP @4FD<JO E6S;<Win <Wres, < CBQFB@G A96B;-
@B:AB >BAFDB?<DB64FP, KFB 6 5ó?PL9= EF9C9A< 6?<S9F A4 EBEFBSA<9 D9;9D6G4D4: 6IB8B= E<7A4? <?<
CD98O8GM<9 EBEFBSA<S D9;9D6G4D4. � 84AAB= D45BF9 BEAB6AB= ;484K9= S6?S9FES GEF4AB6?9A<9 B5-
M<I BEB59AABEF9= 6?<SA<S LG@4, CBQFB@G C?4A<DG9FES D4EE@BFD9FP, >4> E<?PAB E6B=EF6B C4@SF<
6?<S9F A4 6OIB8AB= E<7A4? CGF9@ 66989A<S 8BCB?A<F9?PAB7B C4D4@9FD4 γ. "8A4>B, 9E?< <;@9ASFP
FB?P>B C4D4@9FD γ, FB QFB CD<6989F > G69?<K9A<R <?< G@9APL9A<R 4@C?<FG8O 6OIB8AB7B E<7A4?4.
�?S FB7B KFB5O EBID4A<FP 8<4C4;BA 6OIB8AOI ;A4K9A<=, 5O? 8B546?9A C4D4@9FD β, GCD46?SRM<=
6>?48B@ 6IB8AB7B E<7A4?4, E GE?B6<9@ β+ γ = 1. #BIB:<= CB8IB8 <ECB?P;B64?ES 6 D45BF9 [27].

� E?GK49 QIB-E9F< >B?<K9EF6B A9=DBAB6 6 6OIB8AB@ E?B9, >4> CD46<?B, EB6C4849F E >B?<-
K9EF6B@ A9=DBAB6 6B 6IB8AB@ E?B9. 1FB 89?49FES 8?S FB7B, KFB5O A9=DBAAGR E9FP @B:AB 5O?B
;4@>AGFP E4@G A4 E95S 8?S D9L9A<S ;484K CDB7AB;<DB64A<S, >B784 6OIB8 A9=DBAAB= E9F< CB849FES
A4 99 :9 6IB8. &4><@ B5D4;B@, >4> 6<8AB <; D<E. 4, 6OIB8AB= E?B= EBEFB<F <; B8AB7B A9=DBA4.
�OIB8AB= E<7A4? QFB7B A9=DBA4, >4> < 6OIB8AB= E<7A4? 6E9= E9F< ;4849FES >4>

xout
Ē = yres

Ē ·Wout, (6)

789 @4FD<J4Wout D4;@9DB@ (N × 1) BF69K49F ;4 E6S;P D9;9D6G4D4 E 6OIB8AO@ E?B9@.
� 84AAB= EF4FP9 A4E 6 C9D6GR BK9D98P <AF9D9EG9F 6BCDBE A4>BC?9A<S LG@4 6AGFD< D9-

;9D6G4D4. #BQFB@G LG@B6B9 6B;89=EF6<9 CB849FES FB?P>B 6 A9=DBAO D9;9D6G4D4 (E@. (5)). &4><@
B5D4;B@, 6IB8AB= < 6OIB8AB= A9=DBA S6?SRFES ?<A9=AO@< 59; LG@B6B7B 6B;89=EF6<S, CBQFB@G A4
D<E. 4 BA< B5B;A4K9AO 59?O@ J69FB@, 4 A9=DBAO D9;9D6G4D4 4 E9DO@. �IB8A4S @4FD<J4 EBEFB<F <;
N Q?9@9AFB6, D46AOI 98<A<J9, FB 9EFP >4:8O= A9=DBA D9;9D6G4D4 CB?GK49F B8<A < FBF :9 6IB8AB=
E<7A4?. �?S FB7B KFB5O <E>?RK<FP 6?<SA<9 @4FD<J E6S;< A4 EF4F<EF<>G, 6OIB8A4S @4FD<J4 5G89F
EBEFBSFP <; ;A4K9A<= 1/N .
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� QIB-E9FSI @4FD<J4 E6S;< 6AGFD< D9;9D6G4D4 ;4849FES B8<A D4; < A9 @9AS9FES 6 CDBJ9EE9
B5GK9A<S. �4> CD46<?B, 6 CDBJ9EE9 B5GK9A<S <;@9AS9FES FB?P>B @4FD<J4, E6S;O64RM4S D9;9D6G4D
E 6OIB8AO@ E?B9@ [28]. � E?98GRM9@ D4;89?9 D4EE@BFD9AO < BC<E4AO BEAB6AO9 F<CO @4FD<J
Wres, >BFBDO9 K4EFB <ECB?P;GRFES 6 QIB-E9FSI.

2.2.  4FD<JO E6S;< 6AGFD< D9;9D6G4D4. � 84AAB= EF4FP9 D4EE@BFD9AO 864 BEAB6AOI
F<C4 @4FD<J E6S;<Wres.

"8<A <; A<I 4 B8ABDB8A4S @4FD<J4 E6S;< (uniform connection matrix), 6 >BFBDB= Q?9@9AFO
D46AO 1/N . �4> G:9 5O?B CB>4;4AB 6 A4L<I CD98O8GM<I D45BF4I [23, 24], E FBK>< ;D9A<S D4E-
CDBEFD4A9A<S LG@B6B7B 6B;89=EF6<S QFB 4A4?B7<KAB @4FD<J9, EBEFBSM9= <; E?GK4=AOI ;A4K9A<=
EB ED98A<@ ;A4K9A<9@ 1/N .

% 8DG7B= EFBDBAO, 6 D9>GDD9AFAOI A9=DBAAOI E9FSI @4FD<JO E6S;< 6AGFD< D9;9D6G4D4
<AB784 <@9RF BEB5O= 6<8, >B784 6E9 Q?9@9AFO ;484RFES D46AO@< AG?R, >DB@9 Q?9@9AFB6 7?46AB=
8<47BA4?< < A9>BFBDOI C4D4??9?PAOI <@ [15, 28]. &4><9 @4FD<JO K4EFB A4;O64RF ?9AFBKAO-
@< (band matrix). #D< F4>B= >BAH<7GD4J<< Q?9@9AFO 7?46AB= 8<47BA4?< B>4;O64RFES 5B?PL9
BEF4?PAOI Q?9@9AFB6, FB 9EFP A4<5B?PL<= 6>?48 6 EBEFBSA<9 i-7B A9=DBA4 D9;9D6G4D4 6ABE<F QFBF
:9 i-= Q?9@9AF 6 CD98O8GM<= @B@9AF 6D9@9A<. �?S FB7B KFB5O 6BEEB;84FP CBIB:GR E<FG4J<R,
66989@ 8BCB?A<F9?PAO= >BQHH<J<9AF D4EE9SA<S ζ, CD< CB@BM< >BFBDB7B 5G89@ ;48464FP L<D<AG
CB?BEO, FB 9EFP E>B?P>B Q?9@9AFB6 E?964 < ECD464 BF 7?46AB= 8<47BA4?< A9 D46AO AG?R. �?S
ED46A9A<S LG@B6B7B 6B;89=EF6<S A9B5IB8<@B EBID4A<FP B5M<= 8<4C4;BA ;A4K9A<= yresĒ−1 ·W

res,
FB 9EFP KFB5O EG@@O Q?9@9AFB6 >4:8B= EFDB>< < EFB?5J4 5O?< D46AO 98<A<J9. +FB5O ;484FP
@4FD<JG, G8B6?9F6BDSRMGR BC<E4AAO@ 6OL9 GE?B6<S@, 6BECB?P;G9@ES �4GEEB6B= HGA>J<9=.
&B784 A9AG?96O9 Q?9@9AFO 8<47BA4?PAB= @4FD<JO E >BQHH<J<9AFB@ D4EE9SA<S ζ 5G8GF ;48464FPES
E?98GRM<@ B5D4;B@:

W res
ĉ,ć =

e−(ĉ/ζ2)

∑ć+ζ
Ĉ=ć−ζ e

−(Ĉ/ζ2)
, k ∈ [i− ζ; i+ ζ]. (7)

#D<@9DO ;484AAOI F4><@ B5D4;B@ @4FD<J CD<6989AO A4 D<E. 5 8?S >BQHH<J<9AFB6 D4EE9SA<S
ζ = 2 (a) < ζ = 20 (b), EBBF69FEF6GRM<I L<D<A9 CB?BEO ?9AFBKAB= @4FD<JO 4 < 40.
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10050 0 10050

W
res
with ζ=2a W

res
with ζ=20b

0
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0
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0.03

$<E. 5. #D<@9DO D4EE@4FD<649@OI ?9AFBKAOI @4FD<J, ;484AAOI CD< CB@BM< (7) E >BQHH<J<9AF4@< D4EE9SA<S ζ = 2 (a)
< ζ = 20 (b), >BFBDO9 EBBF69FEF6GRF L<D<A9 CB?BEO ?9AFBKAB= @4FD<JO 4 < 40 (J69F BA?4=A)

Fig. 5. Examples of considered band matrices obtained using (7) with blurring coefficient ζ = 2 (a) and ζ = 20 (b). These
values correspond to bandwidth of a band matrix equal to 4 and 40 (color online)
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3. �?<SA<9 @4FD<JO E6S;<Wout

$4EE@BFD<@, >4> 6?<S9F LG@B6B9 6B;89=EF6<9 6AGFD< D9;9D6G4D4 A4 EF4F<EF<K9E><9 I4D4>-
F9D<EF<>< 6OIB8AB7B E<7A4?4 QIB-E9F<. $4A99 5O? D4EE@BFD9A B8<A A9=DBA, < 8?S BJ9A>< 97B
6OIB8AB7B E<7A4?4 <ECB?P;B64?4EP 8<EC9DE<S.

!4CD<@9D, A4 D<E. 6, a CD<6989A4 ;46<E<@BEFP 8<EC9DE<< 6OIB8AB7B E<7A4?4 QIB-E9F<
xoutĒ BF ED98A97B 6OIB8AB7B ;A4K9A<S. "8AB6D9@9AAB CB F9@ :9 84AAO@ 5O? CBEFDB9A 7D4H<>
;46<E<@BEF< 8<EC9DE<< BF 6D9@9A< (D<E. 6, b) 8?S QIB-E9F<, 6 >BFBDB= 6IB8AB= E<7A4? @9AS9FES
6B 6D9@9A< EB7?4EAB 7D4H<>G D<E. 6, c. 1F< D9;G?PF4FO 5O?< CB?GK9AO 8?S D9;9D6G4D4 E A9=DBA4@<,
G >BFBDOI 6 >4K9EF69 HGA>J<< 4>F<64J<< 6OEFGC49F 7<C9D5B?<K9E><= F4A79AE. �A4?B7<KAB 5O?<
CBEFDB9AO 7D4H<>< D<E. 6, d3f 8?S HGA>J<< 4>F<64J<< f(x) = 1/(1 + e−αĖ).

�?S FB7B KFB5O CBASFP, >4> E6B=EF6B C4@SF< D9;9D6G4D4 6?<S9F A4 >BA9KAO= D9;G?PF4F,
EA4K4?4 D4EE@BFD<@ E?GK4=, >B784 γ = 0. 1FB EBBF69FEF6G9F E<FG4J<<, >B784 A9=DBAO D9;9D6G4D4
?<L9AO E6B=EF64 C4@SF<, < CB?GK4RF FB?P>B 6IB8AB= E<7A4? 6 @B@9AF 6D9@9A< t. 1F< D9;G?PF4FO
CD<6989AO A4 D<E. 6 8?S B59<I HGA>J<= 4>F<64J<<. %D46A<64S QFBF 7D4H<> E D9;G?PF4F4@<,
CB?GK9AAO@< 8?S B8AB7B A9=DBA4, @B:AB ;4@9F<FP, KFB HBD@O ;46<E<@BEF9= EB6C484RF, AB >B-
?<K9EF69AAB CBDS8B> 8<EC9DE<< 8?S E9F< <;@9AS9FES E 10−2 8B 10−4. #489A<9 B5M97B GDB6AS
8<EC9DE<< 8B 10−4 6O;64AB 6OIB8AB= @4FD<J9= E6S;< E Q?9@9AF4@< 1/N . �OIB8AB= E<7A4?
;4849FES E?98GRM<@ B5D4;B@:

xout =
Ċ
∑

ć=1

yresć ·W out
ć =

1

N

Ċ
∑

ć=1

yresć . (8)

#B CD46<?4@ 6OK<E?9A<S 64D<4J<<, 64D<4J<S EG@@O A9>BDD9?<DB64AAOI A9;46<E<@OI E?GK4=-
AOI 69?<K<A 6OK<E?S9FES >4> EG@@4 64D<4J<= QF<I 69?<K<A: Var[X + Y ] = Var[X] + Var[Y ].

e
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$<E. 6. �46<E<@BEFP 8<EC9DE<< 6OIB8AB7B E<7A4?4 BF ED98A97B 6OIB8AB7B E<7A4?4 (a, d), ;46<E<@BEFP 8<EC9DE<< (b, e)
< 6IB8AB7B (c, f ) E<7A4?4 BF 6D9@9A< 8?S QIB-E9F< E B8ABDB8AB= @4FD<J9= E6S;<W

res. (D47@9AFO a3c CBEFDB9AO
8?S E9F< E HGA>J<9= 4>F<64J<< f(x) = tanhαx, 4 HD47@9AFO d3f 4 8?S HGA>J<< f(x) = 1/(1 + e−αx). #4D4@9FDO:
γ = 0, α = 10, σ2A = σ2M = 10−2. !4 HD47@9AF4I a, b, d, e CD< CB@BM< ?<A<= EBBF69FEF6GRM<I J69FB6 CB>4;4A4
F9BD9F<K9E>4S BJ9A>4 GDB6AS LG@4, CB?GK9AA4S <EIB8S <; (4) (J69F BA?4=A)

Fig. 6. Dependencies of dispersion of the output ESN signal on mean output signal (a, d), and how this dispersion (b, e)
and input signal (c, f ) changes in time in ESN with uniform connection matrixWres. Panels a3c were prepared for ESN
with activation function f(x) = tanhαx, while panels d3f correspond to function f(x) = 1/(1 + e−αx). Parameters: γ = 0,
α = 10, σ2A = σ2M = 10−2. Panels a, b, d, e contain analytical estimation of the noise level based on Eq. (4) shown by the
lines of corresponding colors (color online)
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�E?< E?GK4=A4S 69?<K<A4 G@AB:49FES A4 A9>BFBDGR >BAEF4AFG, FB D9;G?PF<DGRM4S 64D<4J<S 6O-
K<E?S9FES >4> CDB<;6989A<9 >648D4F4 QFB= >BAEF4AFO < 64D<4J<< E?GK4=AB= 69?<K<AO: Var[c·X] =

= c2 ·Var[X]. &B784 9E?< A4 D9;9D6G4D 89=EF6G9F 488<F<6AO= LG@, 64D<4J<S 6OIB8AB7B E<7A4?4
6OK<E?S9FES >4>

Var[xout] =
1

N2

Ċ
∑

ć=1

Var[yresć ] =
1

N
· σ2A. (9)

�?S B8AB7B <;B?<DB64AAB7B A9=DBA4 64D<4J<S EBEF46?S?4 σ2A. &4><@ B5D4;B@, 64D<4J<S 6OIB8AB7B
E<7A4?4 G@9APL49FES 6 N = 100 D4;. �A4?B7<KAO9 6O6B8O @B:AB E89?4FP < 8?S @G?PF<C?<>4-
F<6AB7B LG@4.

�BA>D9FAO= 6<8 @4FD<JO E6S;<Wout A4CDS@GR ;46<E<F BF D9L49@B= ;484K< < CDBJ9EE4
B5GK9A<S. "8A4>B E FBK>< ;D9A<S D4ECDBEFD4A9A<S LG@4 QF4 @4FD<J4 @B:9F 5OFP D4EE@BFD9A4 >4>
A45BD E?GK4=AOI ;A4K9A<= E A9>BFBDO@ ED98A<@ ;A4K9A<9@ < ED98A<@ >648D4F<K9E><@ ;A4K9A<9@.
#B8B5AO= CB8IB8 A9E@BFDS A4 GCDBM9A<9 5O? A4@< GEC9LAB CD<@9A9A 8?S 7?G5B>B= E9F< [23]
< CB>4;4? E6BR QHH9>F<6ABEFP 8?S B5GK9AAB= E9F<. � B5M9@ E?GK49 @AB:<F9?P 1/N A9 @B:9F
5OFP 6OA9E9A ;4 CD989?O EG@@O 6 HBD@G?9 (9), < FB784 8<EC9DE<S 6OIB8AB7B E<7A4?4 @B:9F 5OFP
6OK<E?9A4 E?98GRM<@ B5D4;B@:

Var[xout] =
Ċ
∑

ć=1
Var[yresć ·W out

ć ] =
Ċ
∑

ć=1
(W out

ć )2 ·Var[yresć ] =

Ċ
∑

ć=1
(W out

ć )2 ·
(

σ2A + σ2M · (E[yresć ])2
)

= σ2A ·Nη2(Wout) + σ2M ·
Ċ
∑

ć=1
(W out

ć )2
(

E[yresć ]
)2
,

(10)

789 η2(Wout) 4 ED98A99 >648D4F<K9E>B9 ;A4K9A<9 @4FD<JO Wout, >BFBDB9 6OK<E?S9FES >4>
η2(Wout) = 1

Ċ

∑Ċ
ć=1(W

out
ć )2. &4><@ B5D4;B@, 9E?< A4 D9;9D6G4D 89=EF6G9F FB?P>B 488<F<6AO=

LG@, 8<EC9DE<S 6OIB8AB7B E<7A4?4 6 B5M9@ E?GK49 6O7?S8<F >4> N · η2(Wout) · σ2A. �E?< @4FD<J4
Wout EBEFB<F <; Q?9@9AFB6 1/N , FB QFB ;A4K9A<9 @B:9F 5OFP E6989AB > HBD@G?9 (9).

� E?98GRM<I D4;89?4I 7?46AO@ B5D4;B@ D4EE@BFD9AB 6?<SA<9 @4FD<J E6S;< 6AGFD< D9-
;9D6G4D4 A4 CB?GK9AAO9 D9;G?PF4FO. �?S FB7B KFB5O 6OIB8A4S @4FD<J4 E6S;<Wout A9 <E>4:4?4
CB?GK9AAO9 D9;G?PF4FO, @O 5G89@ ;48464FP 99 B8ABDB8AB= < EBEFBSM9= <; Q?9@9AFB6 1/N .

4. $4ECDBEFD4A9A<9 LG@4 6 QIB-E9F< E B8ABDB8AB= @4FD<J9=Wres

� QFB@ D4;89?9 D4EE@4FD<649FES 6 FB@ K<E?9 < 6?<SA<9 C4D4@9FD4 γ A4 A4>BC?9A<9 LG@4.
#4D4@9FD γ BF69K49F ;4 6>?48 CD98O8GM<I EBEFBSA<= D9;9D6G4D4 6 AB6O= 6OIB8AB= E<7A4?.
#B EGF<, QFBF C4D4@9FD BF69K49F ;4 «C4@SFP» QIB-E9F<. 1FB 7B6BD<F B FB@, KFB F9C9DP A98BEF4FBKAB
<ECB?P;B64FP 6 >4K9EF69 6IB8AB7B E<7A4?4 E?GK4=AGR CBE?98B64F9?PABEFP K<E9?, F4> >4> HBD@4
6IB8AB7B E<7A4?4 F4>:9 @B:9F <@9FP 5B?PLB9 ;A4K9A<9. #B QFB= CD<K<A9 F9C9DP @O 5G89@
CD<6B8<FP ;46<E<@BEFP 8<EC9DE<< A9 FB?P>B BF ED98A97B 6OIB8AB7B E<7A4?4, AB < BF 6D9@9A< t.

$4EE@BFD<@, KFB CDB<EIB8<F E 8<EC9DE<9=, 9E?< A9=DBAO D9;9D6G4D4 CD<A<@4RF A4 6IB8
B8AB6D9@9AAB < E<7A4? BF 6IB8AB7B A9=DBA4, < CD98O8GM<= E<7A4? D9;9D6G4D4. !4 D<E. 7
CD<6989AO D9;G?PF4FO D4EK9F4 8<EC9DE<< 8?S E?GK4S γ = 0.5 8?S B5B<I F<CB6 HGA>J<< 4>F<64J<<.
�; ED46A9A<S D<E. 6 < 7 6<8AB, KFB B5M<= 6<8 ;46<E<@BEF9= @9AS9FES.

� E?GK49 γ = 0 6<8 ;46<E<@BEF< 8<EC9DE<< BF ED98A97B 6OIB8AB7B E<7A4?4 EB6C4849F
E EBBF69FEF6GRM<@< 7D4H<>4@< 8?S B8AB7B A9=DBA4. +FB :9 >4E49FES ;46<E<@BEF9= 8<EC9DE<<
BF 6D9@9A<, FB <I @B:AB BI4D4>F9D<;B64FP E?98GRM<@ B5D4;B@. �88<F<6AO= LG@ CD<6B8<F
> CBEFBSAAB@G GDB6AR 8<EC9DE<< A9;46<E<@B BF 6D9@9A< 8?S B59<I HGA>J<= 4>F<64J<<, 4 6?<SA<9
@G?PF<C?<>4F<6AB7B LG@4 EGM9EF69AAB ;46<E<F BF 6IB8AB7B E<7A4?4. �<EC9DE<S A4IB8<FES A4
FB@ :9 GDB6A9, KFB < 8?S 488<F<6AB7B LG@4, 9E?< 6IB8AB= E<7A4? EBBF69FEF6G9F 6OIB8AB@G
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$<E. 7. �46<E<@BEFP 8<EC9DE<< 6OIB8AB7B E<7A4?4 QIB-E9F< BF 97B ED98A97B < 6D9@9A<. $<EGAB> CB87BFB6?9A 4A4?B7<KAB
D<E. 6, AB 8?S C4D4@9FD4 γ = 0.5 (J69F BA?4=A)

Fig. 7. Dispersion of the output ESN signal depending on its mean and time. This figure was prepared in the same manner
as Fig. 6 but for parameter γ = 0.5 (color online)

E<7A4?G, 5?<;>B@G > 1 <?< −1. !4CD<@9D, 6 E?GK49 7<C9D5B?<K9E>B7B F4A79AE4 (E@. D<E. 6, b) ?964S
CB?B6<A4 BD4A:96B= ;46<E<@BEF< EBBF69FEF6G9F BFD<J4F9?PAB@G 6IB8AB@G E<7A4?G (E@. D<E. 6, c),
4 CD464S 4 CB?B:<F9?PAB@G. �A4?B7<KAB 8?S E<7@B<8O: CB?B:<F9?PAO9 ;A4K9A<S 6IB8AB7B
E<7A4?4 CD<6B8SF > FB@G :9 GDB6AR 8<EC9DE<< (E@. D<E. 6, e). �E?< :9 ;A4K9A<S 6IB8AB7B E<7A4?4
CD<6B8SF > AG?96B@G 6OIB8AB@G E<7A4?G, FB GDB69AP 8<EC9DE<< @G?PF<C?<>4F<6AB7B LG@4 C4849F
8B AG?96B7B GDB6AS. �?S 6O5D4AAB= HBD@O 6IB8AB7B E<7A4?4 6 EBK9F4A<< E HGA>J<9= 4>F<64J<<
tanh (E@. D<E. 6, b) QFB CD<6B8<F > D9;>B@G C489A<R GDB6AS 8<EC9DE<< B>B?B ;A4K9A<= t = 0,
100, 200, >B784 6IB8AB= E<7A4? D469A AG?R. � E?GK49 E<7@B<8O AG?96B@G 6OIB8AB@G E<7A4?G
EBBF69FEF6G9F A9 B8AB ;A4K9A<9 6IB8AB7B E<7A4?4, 4 J9?O= 8<4C4;BA BFD<J4F9?PAOI ;A4K9A<=
6IB8AB7B E<7A4?4, CBQFB@G 8<EC9DE<S 8?S @G?PF<C?<>4F<6AB7B LG@4 6 QFB@ E?GK49 EF4AB6<FES
5?<;>B= > AG?R 8?S 6D9@9A< t ∈ [0; 100] (E@. D<E. 6, e). �DB@9 QFB7B, 8?S B59<I A9?<A9=ABEF9=,
>4> < 8?S B8AB7B A9=DBA4, I4D4>F9DAB HB>GE<DB64A<9 FBK9>.

� E?GK49 γ = 0.5 QFB E6B=EF6B HB>GE<DB64A<S CDBS6?S9FES E<?PA99 (D<E. 7, a, d). '69?<K9A<9
«C4@SF<» QIB-E9F< CD<6B8<F > DBEFG 8<EC9DE<< CDB@9:GFBKAOI FBK9>. #B QFB= CD<K<A9, A9E@BFDS
A4 FB, KFB 5B?PL<AEF6B FBK9> ;46<E<@BEF9= A4IB8<FES A4 FB@ :9 GDB6A9, KFB < 8?S γ = 0, ED98A<=
GDB69AP 8<EC9DE<< D4EF9F E G69?<K9A<9@ γ. � E?GK49 HGA>J<< 4>F<64J<< «E<7@B<84» >B?<K9EF6B
FBK9>, EBBF69FEF6GRM<I AG?96B@G GDB6AR 8<EC9DE<<, G@9APL49FES CD< G69?<K9A<< C4D4@9FD4 γ,
< CD< γ → 1 6E9 FBK>< ;46<E<@BEF< 8<EC9DE<< EF4AB6SFES A4 B8<A GDB69AP, >4> QFB 5O?B 8?S
7<C9D5B?<K9E>B7B F4A79AE4. #489A<9 8<EC9DE<< 6 E?GK49 @G?PF<C?<>4F<6AB7B LG@4 CBKF< 8B
AG?S B5NSEAS9FES F9@, KFB 8?S K4EF< BFD<J4F9?PAB7B 6IB8AB7B E<7A4?4 6OIB8AB= E<7A4? D469A
AG?R, >4> QFB 5O?B < 8?S B8AB7B A9=DBA4 < 8?S γ = 0.

5. $4ECDBEFD4A9A<9 LG@4 6 QIB-E9F< E ?9AFBKAB= @4FD<J9=Wres

� E?GK49, 9E?< D4EE@4FD<649FES QIB-E9FP E 8<47BA4?PAB= @4FD<J9=, ;46<E<@BEF< 8<EC9DE<<
BF ED98A97B 6OIB8AB7B E<7A4?4 < 6D9@9A< >4K9EF69AAB BEF4RFES F4><@< :9, >4> 8?S B8ABDB8AB=
@4FD<JO. %GM9EF6GRF ?<LP A9;A4K<F9?PAO9 >B?<K9EF69AAO9 BF?<K<S.
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$<E. 8. �46<E<@BEFP ED98A97B GDB6AS 8<EC9DE<< BF C4D4@9FD4 γ. �<EC9DE<S D4EEK<FO64?4EP CB 6OIB8AB@G E<7A4?G
QIB-E9F< E B8ABDB8AB= @4FD<J9=W

res (a, b), ?9AFBKAB= @4FD<J9=W
res E ζ = 2 (c, d), ?9AFBKAB= @4FD<J9=W

res

E ζ = 20 (e, f ). �9DIA<9 HD47@9AFO CB87BFB6?9AO 8?S HGA>J<< 4>F<64J<< f(x) = tanhαx, 4 A<:A<9 4 8?S HGA>J<<
f(x) = 1/(1 + e−αx). "EF4?PAO9 C4D4@9FDO: α = 10, σ2A = σ2M = 10−2 (J69F BA?4=A)

Fig. 8. Dependencies of mean dispersion level on parameter γ. Dispersion is calculated by the output signal of ESN with
uniform matrix W

res (a, b), band matrix W
res with ζ = 2 (c, d), band matrix W

res with ζ = 20 (e, f ). Top panels
were prepared for activation function f(x) = tanhαx, while bottom panels correspond to function f(x) = 1/(1 + e−αx).
Parameters: α = 10, σ2A = σ2M = 10−2 (color online)

� E?GK49 7<C9D5B?<K9E>B7B F4A79AE4 8<EC9DE<S A4IB8<FES A4 CD<@9DAB B8AB@ GDB6A9
10−4 A9;46<E<@B BF 6IB8AB7B E<7A4?4 8?S 488<F<6AB7B < @G?PF<C?<>4F<6AB7B LG@4. � E?GK49
E<7@B<8O < 488<F<6AB7B LG@4 8<EC9DE<S A4IB8<FES CD<@9DAB A4 FB@ :9 GDB6A9. �E?< HGA>J<S
4>F<64J<< ;4849FES >4> E<7@B<84 < A4 A9=DBAO D9;9D6G4D4 89=EF6G9F @G?PF<C?<>4F<6AO= <?<
E@9L4AAO= LG@, FB784 8?S ;A4K9A<= 8<EC9DE<< I4D4>F9DAB C489A<9 CBKF< 8B AG?96B7B GDB6AS
CD< BFD<J4F9?PAB@ 6IB8AB@ E<7A4?9. #D< G69?<K9A<< C4D4@9FD4 γ >B?<K9EF6B F4><I FBK9>
G@9APL49FES, < CD< γ→ 1 FBK>< ;46<E<@BEF< 8<EC9DE<< FB:9 EFD9@SFES > B8AB@G GDB6AR. &4><@
B5D4;B@, 6E9 6O6B8O CDB >4K9EF69AAO= 6<8 ;46<E<@BEF9= EB6C484RF E 6O6B84@<, BC<E4AAO@<
6 D4;89?9 4. #BQFB@G 84?99 D4EE@BFD<@ >B?<K9EF69AAO9 4EC9>FO.

$4EE@BFD<@, KFB CDB<EIB8<F EB ED98A<@ GDB6A9@ 8<EC9DE<< CD< <;@9A9A<< C4D4@9FD4 γ.
!4 D<E. 8 CD<6989A4 ;46<E<@BEFP 8<EC9DE<< 6OIB8AB7B E<7A4?4 BF EF9C9A< 6?<SA<S ;4C4;8O-
64RM9= B5D4FAB= E6S;< D9;9D6G4D4 γ 8?S FD9I @4FD<J E6S;<Wres: B8ABDB8A4S @4FD<J4 E6S;<,
D4EE@BFD9AA4S 6 CD98O8GM9@ D4;89?9 (D<E. 8, a, b), < 8<47BA4?PAO9 @4FD<JO E >BQHH<J<9AF4@<
D4EE9SA<S ζ = 2 (D<E. 8, c, d) < ζ = 20 (D<E. 8, e, f ). 1F< ;46<E<@BEF< 5O?< CBEFDB9AO 8?S B5B<I
F<CB6 HGA>J<< 4>F<64J<<: 7<C9D5B?<K9E><= F4A79AE (69DIA<9 HD47@9AFO) < E<7@B<84 (A<:A<9
HD47@9AFO).

#4D4@9FD γ BF69K49F ;4 6>?48 C4@SF< D9;9D6G4D4. #D< γ > 0.5 6>?48 6IB8AB7B E<7A4?4
G@9APL49FES (β < 0.5), < 5B?PL<= 6>?48 CBEFGC49F EB EFBDBAO D9;9D6G4D4 E ;4LG@?9AAO@<
A9=DBA4@< 6 CD98O8GM<= @B@9AF 6D9@9A<. &4> >4> <EFBKA<>< LG@4 A9;46<E<@O9, QFB CD<6B8<F
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> EGM9EF69AAB@G A4>BC?9A<R LG@4. #B QFB= CD<K<A9 CD< γ < 0.5 B5M<= GDB69AP LG@4 BEF49FES
CD<@9DAB A4 B8AB@ GDB6A9, 4 CD< γ > 0.5 BA A4K<A49F D9;>B D4EF<.

�4> 6<8AB <; D<E. 8, CD< γ → 0.6 A4 6E9I ;46<E<@BEFSI A45?R849FES DBEF. 1FB E6S;4AB
E F9@, KFB A4 ;46<E<@BEFSI 8<EC9DE<< BF 6D9@9A< CD<EGFEF6GRF A9>BFBDO9 6O5DBEO (E@. D<E. 7).
�I >B?<K9EF6B < 4@C?<FG84 G69?<K<649FES E DBEFB@ γ, KFB E>4;O649FES A4 6OK<E?9A<< ED98A97B
GDB6AS 8<EC9DE<<. %FDB7B 7B6BDS, A9;46<E<@B BF C4D4@9FD4 γ 5B?PL<AEF6B FBK9> ;46<E<@BEF<
8<EC9DE<< BF 6D9@9A< CD<A48?9:<F GDB6AR 10−4 8?S 488<F<6AB7B < @G?PF<C?<>4F<6AB7B LG@B6
CD< HGA>J<< 4>F<64J<<, ;484AAB= >4> 7<C9D5B?<K9E><= F4A79AE. &4>4S :9 E<FG4J<S A45?R849FES,
9E?< HGA>J<S 4>F<64J<< ;484A4 >4> E<7@B<84 < 6 D9;9D6G4D9 CD<EGFEF6GRF FB?P>B 488<F<6AO9
LG@O. �E?< 6 E<EF9@9 9EFP @G?PF<C?<>4F<6AO9 LG@O, FB CD46<?PA99 <ECB?P;B64FP E<7@B<8G
6 >4K9EF69 HGA>J<< 4>F<64J<<, F4> >4> ED98A<= GDB69AP 8<EC9DE<< 6OIB8AB7B E<7A4?4 8?S
A99 A<:9 (E<A<9 7D4H<>< A4 D<E. 8, b, d, f ). %D46A<64S ;46<E<@BEF<, <;B5D4:9AAO9 A4 D<E. 8,
@B:AB F4>:9 E89?4FP 6O6B8, KFB A4>BC?9A<9 6O5DBEB6 < G69?<K9A<9 ED98A97B GDB6AS 8<EC9DE<<
CDB<EIB8<F @98?9AA99, 9E?< @4FD<J4 D9;9D6G4D4Wres ;484A4 >4> 8<47BA4?PA4S @4FD<J4 E 5B?PL<@
>BQHH<J<9AFB@ D4EE9SA<S ζ = 20, A9:9?< CD< ζ = 2 <?< 8?S B8ABDB8AB= @4FD<JO.

�?S A9>BFBDOI HD47@9AFB6 D<E. 8 I4D4>F9DAB D9;>B9 C489A<9 ED98A97B GDB6AS 8<EC9DE<<
CD< γ > 0.6. �;-;4 QFB7B @B:9F E?B:<FPES A969DAB9 6C9K4F?9A<9, KFB BCF<@4?PAO@ 5G89F 6O5BD
γ > 0.6. "8A4>B QFBF QHH9>F 6O;64A F9@, KFB 6 E<EF9@9 A45?R849FES CBKF< CB?AB9 ;4@9M9A<9
6IB8AB7B E<7A4?4. � E6S;< E QF<@ F4>B= >BQHH<J<9AF γ <ECB?P;G9FES >D4=A9 D98>B.

�4>?RK9A<9

� 84AAB= D45BF9 D4EE@BFD9AB 6?<SA<9 LG@4 A4 D9>GDD9AFAO9 E9F< A4 CD<@9D9 QIB-E9F<,
4 F4>:9 6?<SA<9 A9?<A9=ABEF< HGA>J<< 4>F<64J<< < F<CB6 @4FD<J E6S;< A4 D4ECDBEFD4A9A<9 <
A4>BC?9A<9 488<F<6AB7B, @G?PF<C?<>4F<6AB7B < E@9L4AAB7B LG@B6.

!4 CD<@9D9 HGA>J<< E<7@B<8O 6<84 f(x) = 1/(1 + e−αĖ) E B8AB= <; FBK9> HB>GE<DB64A<S
B>B?B AG?S @O CB>4;4?<, KFB F4><9 HGA>J<< 4>F<64J<< IBDBLB CB8IB8SF 8?S CB846?9A<S @G?PF<-
C?<>4F<6AB7B < E@9L4AAB7B LG@B6. �?<SA<9 488<F<6AB7B LG@4 < 8<EC9DE<S 6OIB8AB7B E<7A4?4
A9 ;46<ESF BF 6IB8AB7B E<7A4?4 < F<C4 HGA>J<< 4>F<64J<<.

�DB@9 FB7B, 5O?B D4EE@BFD9AB A4>BC?9A<9 LG@4 6 D9;9D6G4D9 QIB-E9F< 8?S FD9I F<CB6
@4FD<J E6S;< 6AGFD< D9;9D6G4D4: B8ABDB8A4S @4FD<J4, ?9AFBKA4S @4FD<J4 E @4?O@ >BQHH<J<9AFB@
D4EE9SA<S < ?9AFBKA4S @4FD<J4 E 5B?PL<@ >BQHH<J<9AFB@ D4EE9SA<S. �?S FB7B KFB5O CB>4;4FP
6?<SA<9 LG@4 6 K<EFB@ 6<89, 5O?< D4EE@BFD9AO GCDBM9AAO9 @B89?< BEAB6AOI F<CB6 @4FD<J
E6S;< 6AGFD< D9;9D6G4D4.

$4EE@BFD9AA4S B8ABDB8A4S @4FD<J4 EBBF69FEF6G9F @4FD<J9, ;484AAB= E?GK4=AO@ B5D4;B@
E A9>BFBDO@ ED98A<@ ;A4K9A<9@. �M9 B8A<@ F<CB@ @4FD<J, >BFBDO9 K4EFB <ECB?P;GRFES 6 D9-
>GDD9AFAOI A9=DBAAOI E9FSI, S6?SRFES ?9AFBKAO9 @4FD<JO, 6 >BFBDOI 6E9 Q?9@9AFO >DB@9
Q?9@9AFB6 7?46AB= 8<47BA4?< < A9>BFBDOI Q?9@9AFB6 C4D4??9?PAOI <@, D46AO AG?R. #BIB:<9
@4FD<JO 5O?< 6BEEB;84AO 6 QFB= EF4FP9, >B784 Q?9@9AFO @4FD<JO ;48464?<EP CD< CB@BM< �4GEEB-
6B= HGA>J<< E >BQHH<J<9AFB@ D4EE9SA<S ζ, ;484RM<@, E>B?P>B A9AG?96OI Q?9@9AFB6 E?964 <
ECD464 BF 7?46AB= 8<47BA4?< A9 D46AO AG?R. !4@< 5O?B GEF4AB6?9AB, KFB QIB-E9F< E 8<47BA4?PAB=
@4FD<J9= E6S;< E 5B?PL<@ >BQHH<J<9AFB@ D4EE9SA<S @9APL9 A4>4C?<64RF LG@O E G69?<K9A<9@
6?<SA<S C4@SF< E9F<, >BAFDB?<DG9@B7B C4D4@9FDB@ γ.
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Abstract. The purpose of this work is to find the region of necessary and sufficient conditions for diffusion instability on the
parameter plane (τ, d) of the Gierer3Meinhardt system, where τ is the relaxation parameter, d is the dimensionless diffusion
coefficient; to derive analytically the dependence of the critical wave number on the characteristic size of the spatial region; to
obtain explicit representations of secondary spatially distributed structures, formed as a result of bifurcation of a spatially
homogeneous equilibrium position, in the form of series in degrees of supercriticality. Methods. To find the region of Turing
instability, methods of linear stability analysis are applied. To find secondary solutions (Turing structures), the Lyapunov3
Schmidt method is used in the form developed by V. I. Yudovich. Results. Expressions for the critical diffusion coefficient in
terms of the eigenvalues of the Laplace operator for an arbitrary bounded region are obtained. The dependence of the critical
diffusion coefficient on the characteristic size of the region is found explicitly in two cases: when the region is an interval and
a rectangle. Explicit expressions for the first terms of the expansions of the secondary stationary solutions with respect to
the supercriticality parameter are constructed in the one-dimensional case, as well as for a rectangle, when one of the wave
numbers is equal to zero. In these cases, sufficient conditions for a soft loss of stability are found, and examples of secondary
solutions are given. Conclusion. A general approach is proposed for finding the region of Turing instability and constructing
secondary spatially distributed structures. This approach can be applied to a wide class of mathematical models described by
a system of two reaction3diffusion equations.

Keywords: Turing instability, reaction3diffusion systems, necessary and sufficient conditions for diffusion instability, critical
diffusion coefficient.
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B5?4EF< A9GEFB=K<6BEF< &PRD<A74 6 CDBEFD4AEF69 C4D4@9FDB6 E<EF9@O, 4 F4>:9 8?S A4IB:89A<S
8<4C4;BA4 >D<F<K9E><I 6B?AB6OI K<E9?, 8?S >BFBDOI <@99F @9EFB QF4 A9GEFB=K<6BEFP. #B>4;4AB,
KFB 7D4A<J4 B5?4EF< A9B5IB8<@OI GE?B6<= S6?S9FES B7<54RM9= 7D4A<JO B5?4EF< 8BEF4FBKAOI
GE?B6<=. � E?GK49 E<EF9@O ,A4>9A59D74 FBK>< C9D9E9K9A<S 86GI EBE98A<I >D<6OI 8BEF4FBKAOI
GE?B6<= ?9:4F A4 CDS@B=, G7?B6B= >BQHH<J<9AF >BFBDB= ;46<E<F BF EB5EF69AAOI ;A4K9A<=
BC9D4FBD4 �4C?4E4 6 D4EE@4FD<649@B= B5?4EF<. � [10] F4>:9 CB>4;4AB, KFB CB?GBEP d > 1, 789 d 4
>BQHH<J<9AF 8<HHG;<<, @B:AB CD98EF46<FP 6 6<89 B5N98<A9A<S CB?G<AF9D64?B6, >4:8B@G <;
>BFBDOI EBBF69FEF6G9F >D<F<K9E>B9 6B?AB6B9 K<E?B, CD< >BFBDB@ CDB<EIB8<F CBF9DS GEFB=K<6BEF<
CB?B:9A<S D46AB69E<S E<EF9@O.

� [11] 84AB B5B5M9A<9 D9;G?PF4FB6 D45BFO [10] A4 A9>BFBDO= >?4EE E<EF9@ D94>J<<3
8<HHG;<<, >BFBDO9 CB@<@B >BQHH<J<9AF4 8<HHG;<< EB89D:4F 864 C4D4@9FD4. #D< QFB@ CD98-
CB?4749FES, KFB >BQHH<J<9AFO ?<A94D<;B64AAB= 6 B>D9EFABEF< CB?B:9A<S D46AB69E<S E<EF9@O
CB8K<ASRFES A9>BFBDO@ B7D4A<K9A<S@ (7<CBF9;4@). #D98?B:9A4 ;4@9A4 C9D9@9AAOI, CD< >BFBDB=
B5?4EFP A9GEFB=K<6BEF< &PRD<A74 CD<A<@49F A9>BFBDO= EF4A84DFAO= 6<8. %<EF9@4 �<D9D43
 9=AI4D8F4, D4EE@4FD<649@4S 6 A4EFBSM9= D45BF9, EB89D:<F ?<LP B8<A C4D4@9FD CB@<@B >BQH-
H<J<9AF4 8<HHG;<<. �?S 86GC4D4@9FD<K9E>B= E<EF9@O �<D9D43 9=AI4D8F4 [12] B8A4 <; 7<CBF9;
D45BFO [11] A9 6OCB?AS9FES.

%<EF9@4 �<D9D43 9=AI4D8F4 5O?4 CD98?B:9A4 6 [12], BC<E4A<9 @4F9@4F<K9E>B= @B89?<
CD< D4;?<KAOI ;A4K9A<SI C4D4@9FDB6 84AB 6 [13]. � A4EFBSM9= D45BF9 D4EE@4FD<649FES K4EF-
AO= E?GK4= B5M9= @B89?< 4 E<EF9@4 �<D9D43 9=AI4D8F4 E C4D4@9FDB@ D9?4>E4J<< τ > 0 [1]
6 m-@9DAB= B7D4A<K9AAB= B5?4EF< Ω ⊂ Rċ CD< t > 0 E >D496O@< GE?B6<S@< !9=@4A4 A4 7D4A<J9

uĒ = ∆u− u+
u2

v
, τvĒ = d∆v − v + u2, (1)

∂u

∂n

∣

∣

∣

∂Ω
=

∂v

∂n

∣

∣

∣

∂Ω
= 0. (2)

�89EP u = u(x, t) 4 4>F<64FBD, v = v(x, t) 4 <A7<5<FBD, d > 0 4 59;D4;@9DAO= >BQHH<J<9AF
8<HHG;<<, D46AO= BFABL9A<R >BQHH<J<9AFB6 8<HHG;<< <A7<5<FBD4 < 4>F<64FBD4, ∆ = ∂2

∂Ė2
1

+

+ ...+ ∂2

∂Ė2
m

4 BC9D4FBD �4C?4E4. %<EF9@4 (1), (2) <@99F 98<AEF69AAB9 CDBEFD4AEF69AAB-B8ABDB8AB9
CB?B:9A<9 D46AB69E<S

(u0, v0) = (1, 1). (3)

$9L9A<S E<A7G?SDAB 6B;@GM9AAB= E<EF9@O �<D9D43 9=AI4D8F4 E C4D4@9FDB@ D9?4>E4J<<
<EE?98B64AO 6 [14], A9GEFB=K<6BEFP 1>I4GE4 < ;<7;47-A9GEFB=K<6BEFP 4A4?<F<K9E>< < K<E?9AAB
<EE?98B64?<EP 8?S E<EF9@O �<D9D43 9=AI4D8F4 6 [15].

*9?PR A4EFBSM9= D45BFO S6?S9FES 6O6B8 A9B5IB8<@OI < 8BEF4FBKAOI GE?B6<= A9GEFB=-
K<6BEF< &PRD<A74 CB?B:9A<S D46AB69E<S (3), A4IB:89A<9 >D<F<K9E>B7B >BQHH<J<9AF4 8<HHG;<<
< 97B ;46<E<@BEF< BF I4D4>F9DAB7B D4;@9D4 B5?4EF< Ω, A4IB:89A<9 6FBD<KAOI FPRD<A7B6OI
EFDG>FGD 6 B>D9EFABEF< CB?B:9A<S D46AB69E<S CD< @4?OI BF>?BA9A<SI >BQHH<J<9AF4 8<HHG;<<
BF >D<F<K9E>B7B ;A4K9A<S. �?S BC<E4A<S B5?4EF< A9GEFB=K<6BEF< &PRD<A74 <ECB?P;G9FES CB8IB8
D45BFO [10]. �E9 CBEFDB9A<S ABESF 4A4?<F<K9E><= I4D4>F9D, D9;G?PF4FO D4EK9FB6 CD<6989AO ?<LP
8?S <??REFD4J<< F9BD9F<K9E>B7B @4F9D<4?4.
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1. !9B5IB8<@O9 GE?B6<S A9GEFB=K<6BEF< &PRD<A74

$9;G?PF4FO A4EFBSM97B D4;89?4 <;69EFAO, @O CD<6B8<@ <I 8?S CB?ABFO <;?B:9A<S < E
J9?PR 66989A<S B5B;A4K9A<=. "5M<= CB8IB8 8?S A4IB:89A<S A9B5IB8<@OI GE?B6<= A9GEFB=K<-
6BEF< &PRD<A74 D4;D45BF4A 6 [9], 8?S E<EF9@O �<D9D43 9=AI4D8F4 E C4D4@9FDB@ D9?4>E4J<<
A9B5IB8<@O9 GE?B6<S EHBD@G?<DB64AO 6 [1]. $4;89?<6 6FBDB9 GD46A9A<9 E<EF9@O (1) A4 τ, 66989@
B5B;A4K9A<S 8?S E?4749@OI D94>J<<

f(u, v) = −u+
u2

v
, g(u, v) = −v

τ
+

u2

τ
(4)

< A4=89@ @4FD<JG 3>B5< J

J =

(

fē fĔ
gē gĔ

)

∣

∣

∣

∣

∣

(ē0,Ĕ0)

=

(

1 −1
2

τ
−1

τ

)

. (5)

%<EF9@4 (1), (2) 6 59;8<HHG;<BAAB@ CD<5?<:9A<< CD<A<@49F HBD@G

du

dt
= −u+

u2

v
,

dv

dt
= −v

τ
+

u2

τ
, (6)

EBBF69FEF6GRM99 (6) ?<A94D<;B64AAB9 6 B>D9EFABEF< (u0, v0) GD46A9A<9 <@99F 6<8

dy

dt
= Jy, y ∈ R2, (7)

789 J BCD989?9A4 6 (5). %B5EF69AAO9 ;A4K9A<S @4FD<JO 3>B5< J ?9:4F EFDB7B 6 ?96B= CB?GC?BE>B-
EF< FB784 < FB?P>B FB784, >B784

Tr(J) ≡ fē + gĔ = 1− 1

τ
< 0, Det(J) ≡ fēgĔ − fĔgē =

1

τ
> 0. (8)

�; (8) CB?GK<@ GE?B6<9 4E<@CFBF<K9E>B= GEFB=K<6BEF< 6 59;8<HHG;<BAAB@ CD<5?<:9A<<

0 < τ < 1. (9)

&9C9DP D4EE@BFD<@ ?<A94D<;B64AAGR E<EF9@G E 8<HHG;<9= (1), (2)

uĒ = ∆u+ fē · u+ fĔ · v, vĒ =
d

τ
∆v + gē · u+ gĔ · v, (10)

∂u

∂n

∣

∣

∣

∂Ω
=

∂v

∂n

∣

∣

∣

∂Ω
= 0, (11)

789 Q?9@9AFO @4FD<JO 3>B5< ;484AO 6 (5).
#GEFP µĉ < ψĉ 4 EB5EF69AAO9 ;A4K9A<S < EB5EF69AAO9 HGA>J<< BC9D4FBD4 −∆ E >D496O@<

GE?B6<S@< !9=@4A4, k = 0, 1, 2...

∆ψĉ + µĉψĉ = 0, x ∈ Ω, ∂ψĉ

∂n

∣

∣

∣

∂Ω
= 0. (12)

%B5EF69AAB9 ;A4K9A<9 ?<A9=AB7B BC9D4FBD4 A4;O649FES CDBEFO@, 9E?< D4;@9DABEFP CDBEFD4AEF64
6E9I EB5EF69AAOI < CD<EB98<A9AAOI 69>FBDB6, BF69K4RM<I 84AAB@G EB5EF69AAB@G ;A4K9A<R,
D46A4 98<A<J9. � A4EFBSM9= D45BF9 F4> :9, >4> < 6 [10], CD98CB?4749FES CDBEFBF4 EB5EF69AAOI
;A4K9A<= µĉ.
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#GEFP H 4 7<?P59DFB6B CDBEFD4AEF6B 69>FBD-HGA>J<= w = (u, v) E >B@CBA9AF4@<
u, v ∈ L2(Ω). #GEFP BC9D4FBD A0 : H → H , 89=EF6GRM<= CB CD46<?G A0 = D∆, BCD989?9A
A4 @AB:9EF69 69>FBD-HGA>J<= w = (u, v) E >B@CBA9AF4@< <; CDBEFD4AEF64 %B5B?964 W 2

2 (Ω),
G8B6?9F6BDSRM<@< >D496O@ GE?B6<S@ (2), 789 D 4 QFB @4FD<J4

D =

(

1 0

0
d

τ

)

. (13)

&B784 ?<A94D<;B64AA4S E<EF9@4 (10), (11) E6B8<FES > GD46A9A<R 6 H

wĒ = Aw, A = A0 + J, w ∈ H. (14)

%C9>FD BC9D4FBD4 A 8<E>D9F9A 6 E<?G >B@C4>FABEF< 97B D9;B?PF69AFO 6 H .

"CD989?9A<9 1. #B?B:9A<9 D46AB69E<S (u0, v0) A4;O649FES A9GEFB=K<6O@ CB &PRD<A7G, 9E?<
6E9 EB5EF69AAO9 ;A4K9A<S ?<A94D<;B64AAB= ;484K< 6 59;8<HHG;<BAAB@ CD<5?<:9A<< (7) ?9:4F

EFDB7B 6 ?96B= CB?GC?BE>BEF< < EGM9EF6G9F EB5EF69AAB9 ;A4K9A<9 ?<A94D<;B64AAB= ;484K< E

8<HHG;<9= (14), >BFBDB9 ?9:<F 6 CD46B= CB?GC?BE>BEF<.

$4EE@BFD<@ ?<A9=AGR EC9>FD4?PAGR ;484KG 8?S BC9D4FBD4 A (14) 6 H:

A3 = λ3, 3 6= 0. (15)

#B?GK<@ A9B5IB8<@O9 GE?B6<S EGM9EF6B64A<S EB5EF69AAB7B ;A4K9A<S BC9D4FBD4 A 6 CD46B=
CB?GC?BE>BEF<.

$4;OE><64S EB5EF69AAGR HGA>J<R 3 (15) 6 6<89 DS84 CB EB5EF69AAO@ HGA>J<S@ BC9D4FBD4
�4C?4E4 E 69>FBDAO@< >BQHH<J<9AF4@<

3 =

+∞
∑

ĉ=0

Ckψĉ, Ck = (c1ĉ, c
2
ĉ), (16)

CBE?9 CB8EF4AB6>< DS8B6 (16) 6 (15) < CD<D46A<64A<S >BQHH<J<9AFB6 CD< B8<A4>B6OI EB5EF69A-
AOI HGA>J<SI ψĉ, 8?S ?R5B7B H<>E<DB64AAB7B k CB?GK<@ ?<A9=AGR E<EF9@G E @4FD<J9= Jĉ,
>BFBDB= EBBF69FEF6G9F EB5EF69AAB9 ;A4K9A<9 λĉ < EB5EF69AAO= 69>FBD Cĉ:

JĉCĉ = λĉCĉ, Cĉ 6= 0, (17)
789 Jĉ BCD989?9A4 HBD@G?B=

Jk =

(

fē − µĉ fĔ

gē gĔ −
d

τ
µĉ

)∣

∣

∣

∣

∣

(ē0,Ĕ0)

=

(

1− µĉ −1
2

τ
−1

τ
− d

τ
µĉ

)

, (18)

CD<K9@ BCD989?<F9?P < E?98 @4FD<JO Jk CB8K<ASRFES EBBFABL9A<S@

Tr(Jĉ) = Tr(J)−
(

1 +
d

τ

)

µĉ < Tr(J) < 0,

Det(Jĉ) =
d

τ
µ2ĉ −

(

d

τ
· fē + gĔ

)

µĉ +Det(J).

&4> >4> Tr(Jĉ) < Tr(J) < 0, FB CBF9DS GEFB=K<6BEF< D46AB69E<S (u0, v0) @B:9F CDB<;B=F<,
FB?P>B 9E?< BCD989?<F9?P B5D4F<FES 6 AG?P: Det(Jĉ) = 0. &4> >4> Det(J) > 0 (8), FB k > 0 <,
E?98B64F9?PAB, µĉ > 0.

+9D9; h(µ) B5B;A4K<@ @AB7BK?9A

h(µ) = dµ2 − (d− 1)µ+ 1. (19)

$469AEF6B Det(Jĉ) = 0 6B;@B:AB FB784 < FB?P>B FB784, >B784 h(µĉ) = 0.
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�?S FB7B KFB5O ?<A94D<;B64AA4S E<EF9@4 E 8<HHG;<9= (8), (9) <@9?4 EB5EF69AAB9 ;A4K9A<9
6 CD46B= CB?GC?BE>BEF<, A9B5IB8<@B, KFB5O FD9IK?9A h(µ) <@9? CB?B:<F9?PAO9 >BDA<. �?S QFB7B
8<E>D<@<A4AF FD9IK?9A4 8B?:9A 5OFP A9BFD<J4F9?PAO@, 4 6FBDB= >BQHH<J<9AF BFD<J4F9?PAO@.
"FER84 CB?GK49@ B7D4A<K9A<9 A4 >BQHH<J<9AF 8<HHG;<<

d ⩾

(

1 +
√
2
)2

. (20)

� EB6B>GCABEF< A9D469AEF64 (9) < (20) CD<6B8SF > A9B5IB8<@O@ GE?B6<S@ A9GEFB=K<6BEF<
&PRD<A74 A4 C?BE>BEF< C4D4@9FDB6 (τ, d) [1]:

0 < τ < 1, d ⩾

(

1 +
√
2
)2

. (21)

2. �BEF4FBKAO9 GE?B6<S A9GEFB=K<6BEF< &PRD<A74

#D<@9ASS CB8IB8 [10], CB?GK<@ B7D4A<K9A<S A4 C4D4@9FDO E<EF9@O, CD< >BFBDOI G ?<-
A94D<;B64AAB= E<EF9@O D94>J<<38<HHG;<< (8), (9) EGM9EF6G9F EB5EF69AAB9 ;A4K9A<9 6 CD46B=
CB?GC?BE>BEF<. 'KF9@ 8<E>D9FABEFP EC9>FD4 BC9D4FBD4 A. �OD4;<@ <; GD46A9A<S h(µĉ) = 0, 789
h(µ) ;484AB 6 (19), >BQHH<J<9AF 8<HHG;<< d:

dĉ =
µĉ + 1

µĉ(1− µĉ)
. (22)

'E?B6<9 CB?B:<F9?PABEF< >BQHH<J<9AF4 8<HHG;<< (22) CDB6B8<F > B7D4A<K9A<R

µĉ < 1. (23)

�E?< QFB GE?B6<9 A9 6OCB?AS9FES, FB A9GEFB=K<6BEFP &PRD<A74 A9 6B;A<>49F. � B8AB@9DAB@

E?GK49 Ω = (0, `), >B784 µĉ =
(

πĉ
ℓ

)2
, CD<IB8<@ > BJ9A>9 EA<;G A4 D4;@9D B5?4EF<: ` > πk.

�6989@ B5B;A4K9A<9 8?S k ∈ N

γĉ = µĉ + µĉ+1 + µĉµĉ+1. (24)

�4@9F<@, KFB 6OD4:9A<9 (24) GK4EF6G9F F4>:9 6 BC<E4A<< B5?4EF< 8BEF4FBKAOI GE?B6<= A9GEFB=-
K<6BEF< &PRD<A74 8?S E<EF9@O ,A4>9A59D74 [10], 5DREE9?SFBD4 < 8DG7<I E<EF9@ [11].

% CB@BMPR Q?9@9AF4DAOI 6O>?48B> 8B>4;O649FES GF69D:89A<9.

'F69D:89A<9 1. #GEFP µĉ < 1 < µĉ+1 < 1. $469AEF6B dĉ = dĉ+1 6OCB?AS9FES FB784 < FB?P>B

FB784, >B784 γĉ = 1, CD<K9@ A9D469AEF6B dĉ < dĉ+1 D46ABE<?PAB A9D469AEF6G γĉ > 1.

�4@9F<@, KFB 8?S HGA>J<<

d(y) =
y + 1

y(1− y)
, 0 < y < 1, (25)

;A4K9A<9 y =
√
2 − 1 S6?S9FES FBK>B= 7?B54?PAB7B @<A<@G@4, CD<K9@ d(

√
2 − 1) = (

√
2 + 1)2.

%?98B64F9?PAB, 8?S dĉ (22) 6OCB?AS9FES A9D469AEF6B: dĉ ⩾ (1 +
√
2)2.

"CD989?9A<9 2. �D<F<K9E><@ ;A4K9A<9@ 6B?AB6B7B K<E?4 A4;B69@ F4>B9 K<E?B k, 8?S >BFBDB7B

EB5EF69AAB9 ;A4K9A<9 µĉ S6?S9FES >BDA9@ @AB7BK?9A4 h(µ): h(µĉ) = 0, CD< QFB@ 8?S d<dĉ 6E9

EB5EF69AAO9 ;A4K9A<S ?<A94D<;B64AAB= E<EF9@O E 8<HHG;<9= (14) ?9:4F EFDB7B 6 ?96B= CB?G-
C?BE>BEF<, 4 8?S d > dĉ EGM9EF6G9F EB5EF69AAB9 ;A4K9A<9 E<EF9@O (14) 6 CD46B= CB?GC?BE>BEF<.
#D< 6OCB?A9A<< QF<I GE?B6<= dĉ A4;O649FES >D<F<K9E><@ >BQHH<J<9AFB@ 8<HHG;<<.
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�?S A4IB:89A<S >D<F<K9E>B7B >BQHH<J<9AF4 8<HHG;<< A4@ CBA48B5<FES E?98GRM99 6ECB-
@B74F9?PAB9 GF69D:89A<9, >BFBDB9 8B>4;O649FES 4A4?B7<KAB GF69D:89A<R 1.

'F69D:89A<9 2. #GEFP 1 ⩽ k < m, µĉ < 1 < µċ < 1, 66989@ B5B;A4K9A<9

γĉ,ċ = µĉ + µċ + µĉµċ.

$469AEF6B dĉ = dċ 6OCB?AS9FES FB784 < FB?P>B FB784, >B784 γĉ,ċ = 1, CD<K9@ A9D469AEF6B

dĉ < dċ D46ABE<?PAB A9D469AEF6G γĉ,ċ > 1.

'F69D:89A<S 1 < 2 ECD4698?<6O 8?S CDB<;6B?PAB= B7D4A<K9AAB= B5?4EF< Ω, 6 >BFBDB=
BC9D4FBD �4C?4E4 <@99F CDBEFO9 EB5EF69AAO9 ;A4K9A<S µĉ (12). "C<L9@ 4?7BD<F@ A4IB:89A<S
>D<F<K9E>B7B 6B?AB6B7B K<E?4 k < GEF4AB6<@ ;46<E<@BEFP >D<F<K9E>B7B >BQHH<J<9AF4 8<HHG;<<
dĉ BF I4D4>F9DAB7B D4;@9D4 B5?4EF< Ω. %A4K4?4 CDB6989@ D4EEG:89A<S 8?S B8AB@9DAB7B E?GK4S
Ω = (0, `).

2.1. "8AB@9DAO= E?GK4=. � QFB@ E?GK49 µĉ =
(

πĉ
ℓ

)2
. +9D9; `ĉ,ĉ+1 B5B;A4K<@ 8?<AG

BFD9;>4, 8?S >BFBDB= dĉ = dĉ+1, k ∈ N . !4=89@ `ĉ,ĉ+1 <; GD46A9A<S γĉ = 1:

`2ĉ,ĉ+1 =
π2

2

(

√

(k2 + (k + 1)2)2 + 4k2(k + 1)2 + k2 + (k + 1)2
)

. (26)

�A4?B7<KAB, E?98GS GF69D:89A<R 2, CD< 1 ⩽ k < m, K9D9; `ĉ,ċ B5B;A4K<@ 8?<AG BFD9;>4, 8?S
>BFBDB= dĉ = dċ. !4=89@ `ĉ,ċ <; GD46A9A<S γĉ,ċ = 1:

`2ĉ,ċ =
π2

2

(

√

(k2 +m2)2 + 4k2m2 + k2 +m2
)

. (27)

"K96<8AB, KFB CD< m < n 6OCB?AS9FES A9D469AEF6B `ĉ,ċ < `ĉ,Č. !4=89@ ;A4K9A<9 >D<F<K9E>B7B
>BQHH<J<9AF4 8<HHG;<< 6 ;46<E<@BEF< BF I4D4>F9DAB7B D4;@9D4 B5?4EF<.

#D<5?<:9AAO9 ;A4K9A<S 7D4A<J BFD9;>4 `ĉ,ĉ+1, EBBF69FEF6GRM<9 A9E>B?P><@ C9D6O@
>D<F<K9E><@ ;A4K9A<S@ 6B?AB6B7B K<E?4 k, CD<6989AO 6 F45?. 1.

&45?<J4 1. �D4A<JO BFD9;>4 `k,k+1, EBBF69FEF6GRM<9 >D<F<K9E><@
;A4K9A<S@ 6B?AB6B7B K<E?4 k

Table 1. Boundaries of the segment `k,k+1, corresponding to the critical
values of the wave number k

�D<F<K9E>B9 6B?AB6B9 K<E?B #DB@9:GFB> �D4A<JO

k = 1 ` ∈ (π, `1,2) `1,2 = 2.38779 · π
k = 2 ` ∈ (`1,2, `2,3) `2,3 = 3.91738 · π
k = 3 ` ∈ (`2,3, `3,4) `3,4 = 5.46148 · π
k = 4 ` ∈ (`3,4, `4,5) `4,5 = 7.00999 · π
k = 5 ` ∈ (`4,5, `5,6) `5,6 = 8.56046 · π
k = 6 ` ∈ (`5,6, `6,7) `6,7 = 10.11195 · π
k = 7 ` ∈ (`6,7, `7,8) `7,8 = 11.66406 · π
k = 8 ` ∈ (`7,8, `8,9) `8,9 = 13.21656 · π
k = 9 ` ∈ (`8,9, `9,10) `9,10 = 14.76934 · π
k = 10 ` ∈ (`9,10, `10,11) `10,11 = 16.3223 · π
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$<E. 1. �46<E<@BEFP >D<F<K9E>B7B >BQHH<J<9AF4 8<HHG;<< Ăk(ℓ) BF 8?<AO BFD9;>4 (6 ?B74D<H@<K9E>B@ @4ELF459)

Fig. 1. Dependence of the critical diffusion coefficient Ăk(ℓ) on the length of the segment (on a logarithmic scale)

'F69D:89A<9 3. #GEFP ` ∈ (`ĉ−1,ĉ, `ĉ,ĉ+1), 789 k ∈ N < `0,1 = π. &B784

dĉ = min
ċ

dċ, (28)

789 @<A<@G@ 59D9FES CB 6E9@ m, 8?S >BFBDOI BCD989?9AB 6OD4:9A<9 dċ .

�B>4;4F9?PEF6B. �B>4:9@ GF69D:89A<9 3. $4EE@BFD<@ CDB@9:GFB> ` ∈ (`0,1, `1,2). #D< ` ∈ (π, 2π]

BCD989?9AB FB?P>B ;A4K9A<9 d1. #D< ` ∈ (2π, `1.2) BCD989?9AO d1 < d2, AB <; A9D469AEF64 γ1 > 1

E?98G9F, KFB d1 < d2. �A4?B7<KAO9 D4EEG:89A<S CDB6B8SFES 8?S A9E>B?P><I C9D6OI ;A4K9A<= k.
#GEFP F9C9DP k > 1, ` ∈ (`ĉ−1,ĉ, `ĉ,ĉ+1). % DBEFB@ ` HGA>J<< µĉ(`), 4 F4>:9 γĉ(`) G5O64RF, <

A4 CDB@9:GF>9 ` ∈ (`ĉ−1,ĉ, `ĉ,ĉ+1) @B7GF 5OFP BCD989?9AO A9E>B?P>B >BQHH<J<9AFB6 8<HHG;<< dċ.
#B>4:9@, KFB dĉ 4 @<A<@4?PAO= <; A<I.

%A4K4?4 8B>4:9@, KFB dċ > dĉ CD< m < k. �9=EF6<F9?PAB, A9D469AEF6B dċ > dĉ D46-
ABE<?PAB A9D469AEF6G γċ,ĉ < 1, >BFBDB9, 6 E6BR BK9D98P, D46ABE<?PAB ` > `ċ,ĉ. &4> >4>
max
ċ<ĉ

`ċ,ĉ = `ĉ−1,ĉ, FB A4 G>4;4AAB@ CDB@9:GF>9 A9D469AEF6B 6OCB?AS9FES.

�4?99 G598<@ES, KFB dĉ < dČ CD< n > k, �9=EF6<F9?PAB, 84AAB9 A9D469AEF6B D46ABE<?PAB
E?98GRM9@G: γĉ,Č > 1, >BFBDB9 6OCB?AS9FES CD< ` < `ĉ,Č. &4> >4> min

Č>ĉ
`ĉ,Č = `ĉ,ĉ+1, FB FD95G9@B9

A9D469AEF6B 8B>4;4AB. □

�; GF69D:89A<S 3 E?98G9F, KFB HBD@G?4 (28) 849F >D<F<K9E>B9 ;A4K9A<9 >BQHH<J<9AF4
8<HHG;<< dĉ, 789 k 4 >D<F<K9E>B9 6B?AB6B9 K<E?B. � C9D9@9AAOI (τ, d) CD< ` ∈ (`ĉ−1,ĉ, `ĉ,ĉ+1)

B5?4EFP 8BEF4FBKAOI GE?B6<= A9GEFB=K<6BEF< &PRD<A74 <@99F 6<8

0 < τ < 1, d ⩾ dĉ. (29)

#GEFP dĉ(`) = d
(

(

πĉ
ℓ

)2
)

, 789 HGA>J<S dĉ(y) BCD989?9A4 6 (25). �?S BC<E4A<S 6;4<@AB7B

D4ECB?B:9A<S >D<6OI dĉ(`) 8B>4:9@ E?98GRM99 GF69D:89A<9.
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'F69D:89A<9 4. !4 >4:8B@ CDB@9:GF>9 ` ∈ (`ĉ−1,ĉ, `ĉ,ĉ+1), k ∈ N , EGM9EF6G9F 98<AEF69AA4S

FBK>4 @<A<@G@4 ` = `∗ HGA>J<< dĉ(`), CD<K9@ dĉ(`∗) = (1 +
√
2)2 <

`2
∗
=
(

1 +
√
2
)(

πk
)2
; `2ĉ−1,ĉ ⩽

(

1 +
√
2
)(

πk
)2

⩽ `2ĉ,ĉ+1. (30)

�B>4;4F9?PEF6B. �?S 8B>4;4F9?PEF64 GF69D:89A<S 4 E89?49@ 6 (25) ;4@9AG C9D9@9AAOI ξ = 1
µ
.

&B784

d(ξ) =
ξ(ξ+ 1)

ξ− 1
. (31)

�97>B G598<FPES, KFB ξ∗ = 1 +
√
2 S6?S9FES FBK>B= 7?B54?PAB7B @<A<@G@4 HGA>J<< d(ξ), EBBF69F-

EF6GRM99 >D<F<K9E>B9 ;A4K9A<9 8?<AO BFD9;>4 D46AB `2
∗
= (πk)2ξ∗.

�4?99, <; (26) CB?GK49@ A9D469AEF6B

`2ĉ,ĉ+1

(πk)2
=

1

2





√

(

1 +
(k + 1)2

k2

)2

+ 4
(k + 1)2

k2
+ 1 +

(k + 1)2

k2



 ⩾ 1 +
√
2. (32)

�A4?B7<KAB

`2ĉ−1,ĉ

(πk)2
=

1

2





√

(

1 +
(k − 1)2

k2

)2

+ 4
(k − 1)2

k2
+ 1 +

(k − 1)2

k2



 ⩽ 1 +
√
2. (33)

�; (32) < (33) 6OF9>49F (30). □

2.2. %?GK4= CDS@BG7B?PA<>4. #GEFP F9C9DP Ω = (0, a)× (0, b). &4> >4> CB CD98CB?B:9-
A<R EB5EF69AAO9 ;A4K9A<S BC9D4FBD4 �4C?4E4 CDBEFO9, FB D4EE@BFD<@ E?GK4= A9EB<;@9D<@OI
>648D4FB6 EFBDBA CDS@BG7B?PA<>4. �?S BCD989?9AABEF<

b2 =
a2√
2
. (34)

�698S B5B;A4K9A<9 z =
(a

π

)2
, 6OC<L9@ EB5EF69AAO9 ;A4K9A<S BC9D4FBD4 �4C?4E4:

λċ,Č =
(π

a

)2
(m2 +

√
2n2) =

m2 +
√
2n2

z
, m, n = 0, 1, . . . . (35)

'CBDS8BK<@ λċ,Č CB 6B;D4EF4A<R:

µ1 = λ1,0; µ2 = λ0,1; µ3 = λ1,1;

µ4 = λ2,0; µ5 = λ2,1; µ6 = λ0,2; . . . (36)

&4><@ B5D4;B@,

µĉ =
νĉ

z
; νĉ = m2 +

√
2n2. (37)

+9D9; aĉ,ċ B5B;A4K<@ 8?<AG EFBDBAO CDS@BG7B?PA<>4, 8?S >BFBDB= dĉ = dċ. !4=89@ aĉ,ĉ+1

<; GD46A9A<S γĉ = 1. �@99@

z2 − (νĉ + νĉ+1)z − νĉνĉ+1 = 0. (38)
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&4> >4> z > 0, FB

a2ĉ,ĉ+1 =
π2

2

(

√

(νĉ + νĉ+1)2 + 4νĉνĉ+1 + νĉ + νĉ+1

)

. (39)

#GEFP dĉ(a) = d
(

(

π
ÿ

)2
νĉ

)

, 789 dĉ(y) BCD989?9AB 6 (25). �A4?B7<KAB GF69D:89A<R 4
8B>4;O649FES E?98GRM99 GF69D:89A<9.

'F69D:89A<9 5. !4 >4:8B@ CDB@9:GF>9 a ∈ (aĉ−1,ĉ, aĉ,ĉ+1), k ∈ N , EGM9EF6G9F 98<AEF69A-

A4S FBK>4 @<A<@G@4 a = a∗ HGA>J<< dĉ(a), CD<K9@ dĉ(a∗) = (1 +
√
2)2 <

a2
∗
=
(

1 +
√
2
)

π2νĉ; a2ĉ−1,ĉ ⩽
(

1 +
√
2
)

π2νĉ ⩽ a2ĉ,ĉ+1. (40)

�; GF69D:89A<= 4 < 5, 4 F4>:9 GE?B6<= (21) < (29) 6OF9>49F, KFB A4 >4:8B@ CDB@9:GF>9
` ∈ (`ĉ−1,ĉ, `ĉ,ĉ+1) < a ∈ (aĉ−1,ĉ, aĉ,ĉ+1), EBBF69FEF69AAB, EGM9EF6G9F 98<AEF69AAB9 ;A4K9A<9
I4D4>F9DAB7B D4;@9D4 B5?4EF< `∗ (EBBF69FEF69AAB, a∗), 8?S >BFBDB7B A9B5IB8<@O9 < 8BEF4FBKAO9
GE?B6<S A9GEFB=K<6BEF< &PRD<A74 EB6C484RF. �?S E<EF9@ D94>J<<38<HHG;<< E 86G@S C4D4-
@9FD4@<, A4CD<@9D, 8?S E<EF9@O ,A4>9A59D74, 6B;A<>49F CBIB:4S E<FG4J<S [10, 11]. � FBK>9
C9D9E9K9A<S >D<6OI A9B5IB8<@OI < 8BEF4FBKAOI GE?B6<= A9GEFB=K<6BEF< &PRD<A74 CDB<EIB8<F
>4E4A<9 QF<I >D<6OI. �?S B8ABC4D4@9FD<K9E>B= E<EF9@O �<D9D43 9=AI4D8F4 >D<64S 8BEF4FBKAOI
GE?B6<= dĉ(`) (<?< dĉ(a)) 6 FBK>9 @<A<@G@4 >4E49FES >D<6B= A9B5IB8<@OI GE?B6<= d = (1+

√
2)2.

#D<5?<:9AAO9 ;A4K9A<S 7D4A<J 8?<AO EFBDBAO CDS@BG7B?PA<>4 aĉ,ĉ+1, EBBF69FEF6GRM<9
A9E>B?P><@ C9D6O@ ;A4K9A<S@ 6B?AB6B7B K<E?4 k, CD<6989AO 6 F45?. 2.

&45?<J4 2. �D4A<JO EFBDBAO ak,k+1, EBBF69FEF6GRM<9 >D<F<K9E><@
;A4K9A<S@ 6B?AB6B7B K<E?4 k

Table 2. Boundaries ak,k+1 of the side corresponding to the critical
values of the wave number k

�D<F<K9E>B9 6B?AB6B9 K<E?B #DB@9:GFB> �D4A<JO

k = 1 a ∈ (π, a1,2) a1,2 = 1.70341 · π
k = 2 a ∈ (a1,2, a2,3) a2,3 = 2.13887 · π
k = 3 a ∈ (a2,3, a3,4) a3,4 = 2.76998 · π
k = 4 a ∈ (a3,4, a4,5) a4,5 = 3.36546 · π
k = 5 a ∈ (a4,5, a5,6) a5,6 = 3.65555 · π
k = 6 a ∈ (a5,6, a6,7) a6,7 = 3.85352 · π
k = 7 a ∈ (a6,7, a7,8) a7,8 = 4.3402 · π
k = 8 a ∈ (a7,8, a8,9) a8,9 = 4.74518 · π
k = 9 a ∈ (a8,9, a9,10) a9,10 = 4.92167 · π
k = 10 a ∈ (a9,10, a10,11) a10,11 = 5.28149 · π

3. �FBD<KAO9 EF4J<BA4DAO9 D9L9A<S

�G89@ <AF9D9EB64FPES 6FBD<KAO@< EF4J<BA4DAO@< D9L9A<S@< <EIB8AB= A9?<A9=AB= E<-
EF9@O (1), (2) , >BFBDO9 6B;A<>4RF CD< >D<F<K9E>B@ ;A4K9A<< >BQHH<J<9AF4 8<HHG;<< d = dĉ
6 D9;G?PF4F9 CBF9D< GEFB=K<6BEF< CB?B:9A<S D46AB69E<S (u0, v0). #D< D4EE@BFD9A<< A9GEFB=K<-
6BEF< &PRD<A74 F4><9 D9L9A<S A4;O64RFES FPRD<A7B6O@< EFDG>FGD4@<.
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�?S BFOE>4A<S FPRD<A7B6OI EFDG>FGD CD<@9A<@ @9FB8 �SCGAB643,@<8F4 6 HBD@9, D4;-
6<FB= �.�. 28B6<K9@ [16,17]. 1FBF @9FB8, A4DS8G E @9FB8B@ J9AFD4?PAB7B @AB7BB5D4;<S, CD<-
@9AS9FES 6 ;484K4I, BC<EO649@OI C4D45B?<K9E><@< GD46A9A<S@<, 6 K4EFABEF<, GD46A9A<S@<
7<8DB8<A4@<>< [18], 4 F4>:9 GD46A9A<S@< D94>J<<38<HHG;<< [437]. %A4K4?4 D4EE@4FD<64RFES
?<A9=A4S EC9>FD4?PA4S < ?<A9=A4S EBCDS:9AA4S ;484K<, ;4F9@ D9L9A<9 A9?<A9=AOI GD46A9A<=
D4;OE><649FES 6 6<89 DS84 CB EF9C9AS@ A48>D<F<KABEF<. �?S BFOE>4A<S K?9AB6 DS84 CB?GK49@
?<A9=AO9 A9B8ABDB8AO9 GD46A9A<S, <; GE?B6<S D4;D9L<@BEF< >BFBDOI A4IB8<@ >BQHH<J<9AFO
GD46A9A<S D4;69F6?9A<S.

3.1. �<A9=A4S EC9>FD4?PA4S < ?<A9=A4S EBCDS:9AA4S ;484K<. �89EP < 84?99 k 4 >D<-
F<K9E>B9 6B?AB6B9 K<E?B, BC9D4FBD A BCD989?9A 6 (14). &B784 EBCDS:9AAO= > BC9D4FBDG A <@99F
6<8: A∗=A0 + J∗, 789 K9D9; J∗ B5B;A4K9A >BA9KAB@9DAO= BC9D4FBD, >BFBDB@G EBBF69FEF6G9F
FD4AECBA<DB64AA4S > J (5) @4FD<J4 J∗. !4=89@ EB5EF69AAO9 HGA>J<< BC9D4FBDB6 A < A∗, EBBF-
69FEF6GRM<9 AG?96B@G EB5EF69AAB@G ;A4K9A<R:

A3k = 0, A∗Φĉ = 0, 3ĉ 6= 0, Φĉ 6= 0. (41)

�; (15)3(17) E?98G9F, KFB EB5EF69AAO9 HGA>J<< <@9RF 6<8

3ĉ(x) = Cĉψĉ(x), Φĉ(x) = Dĉψĉ(x), (42)

789 ψĉ(x) 4 EB5EF69AAO9 HGA>J<< BC9D4FBD4 �4C?4E4 (12), 4 69>FBDAO9 >BQHH<J<9AFO Cĉ < Dĉ

S6?SRFES EB5EF69AAO@< 69>FBD4@< @4FD<J Jĉ < J∗ĉ, EBBF69FEF69AAB:

JĉCĉ = 0, J∗ĉDĉ = 0, Cĉ 6= 0, Dĉ 6= 0. (43)

�; (43) A4IB8<@ >BBD8<A4FO Cĉ < Dĉ:

Cĉ = (1; 1− µĉ), Dĉ =
(

1;− τ
2
(1− µĉ)

)

. (44)

�4@9F<@, KFB 6 E<?G B7D4A<K9A<= A4 EB5EF69AAO9 ;A4K9A<S 0 < µĉ < 1 < C4D4@9FD D9?4>E4J<<
0 < τ < 1 E>4?SDAB9 CDB<;6989A<9 69>FBDB6 3ĉ < Φĉ CB?B:<F9?PAB

∫

Ω

3ĉ(x)Φĉ(x)dx =
(

1− τ
2
(1− µĉ)2

)

∫

Ω

ψ2ĉ(x)dx > 0. (45)

�; GE?B6<S (45) E?98G9F BFEGFEF6<9 >?9FB> 6 @4FD<KAB@ CD98EF46?9A<< BC9D4FBD4 A.

3.2. 'D46A9A<9 6B;@GM9A<=. #BE?9 ;4@9AO C9D9@9AAOI 6 B>D9EFABEF< CB?B:9A<S D46AB-
69E<S (u0; v0) = (1; 1) (8?S G8B5EF64 BEF46<@ CD9:A<9 B5B;A4K9A<S (u; v)):

u → u+ 1; v → v + 1 (46)

<; (1) CD<IB8<@ > GD46A9A<R 6B;@GM9A<=

uĒ = ∆u− (u+ 1) +
(u+ 1)2

v + 1
, τvĒ = d∆v − (v + 1) + (u+ 1)2. (47)
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#D9B5D4;G9@ A9?<A9=AB9 E?4749@B9 6 C9D6B@ GD46A9A<< (1). �BECB?P;B646L<EP D4;?B:9A<9@ 6
DS8 &9=?BD4 < BEF46?SS E?4749@O9 A9 6OL9 FD9FP9= EF9C9A<

1

v + 1
= 1− v + v2 − v3 + . . . ,

−(u+ 1) + (1 + u)2(1− v + v2 − v3 + . . .) = u− v + (u− v)2 − v(u− v)2 + . . . ,

CD<6989@ GD46A9A<S (46) > 6<8G

uĒ = ∆u+ u− v + (u− v)2 − v(u− v)2, τvĒ = d∆v + 2u− v + u2. (48)

#GEFP ` ∈ (`ĉ−1,ĉ, `ĉ,ĉ+1), 789 k 4 >D<F<K9E>B9 6B?AB6B9 K<E?B. �6989@ C4D4@9FD A48>D<-
F<KABEF< ε E CB@BMPR ;4@9AO C9D9@9AAOI

d = dĉ + ε2. (49)

&B784 GD46A9A<9 6B;@GM9A<= (48) CD<A<@49F 6<8:

uĒ = ∆u+ u− v + (u− v)2 − v(u− v)2, τvĒ = dĉ∆v + 2u− v + u2 + ε2∆v. (50)

�G89@ D4;OE><64FP EF4J<BA4DAB9 D9L9A<9 E<EF9@O (50) 6 6<89 DS8B6 CB EF9C9AS@ C4-
D4@9FD4 ε

u(x) =

+∞
∑

ĉ=1

εĉuĉ(x), v(x) =

+∞
∑

ĉ=1

εĉvĉ(x). (51)

#D<D46AS9@ >BQHH<J<9AFO CD< B8<A4>B6OI EF9C9ASI ε. #D< ε1 CD<IB8<@ > ;484K9

0 = ∆u1 + u1 − v1, 0 = dĉ∆v1 + 2u1 − v1, (52)

D9L9A<9@ >BFBDB= S6?S9FES

(u1; v1) = β13k(x) = β1Ckψĉ(x), (53)

789 3k(x), Ck BCD989?9AO 6 (41), (44), 4@C?<FG84 β1 CB>4 A9 BCD989?9A4.

3.3. 'D46A9A<S CD< ε2. #D<D46A<64S 6 (50) 6OD4:9A<S CD< ε2, 8?S A4IB:89A<S (u2, v2)
CD<IB8<@ > E<EF9@9

∆u2 + u2 − v2 = −(u1 − v1)
2, dĉ∆v2 + 2u2 − v2 = −u21. (54)

'K<FO64S 6OD4:9A<S u1, v1 (53), A4=89@ 69>FBD-HGA>J<R CD46B= K4EF< E<EF9@O (54)

f2(x) = −(µ2ĉ; 1)β
2
1ψ

2
ĉ(x). (55)

'E?B6<9@ D4;D9L<@BEF< E<EF9@O (54) S6?S9FES BDFB7BA4?PABEFP CD46B= K4EF< f2 EB5EF69AAB@G
69>FBDG Φk(x) ?<A9=AB7B EBCDS:9AAB7B BC9D4FBD4 A∗:

∫

Ω

f2(x)Φk(x)dx = −β21
(

µ2ĉ −
τ

2
(1− µĉ)

)

∫

Ω

ψ3ĉ(x)dx = 0. (56)

'E?B6<9 (56) 6OCB?AS9FES 6 B8AB@9DAB@ E?GK49, 4 F4>:9 6 E?GK49 CDS@BG7B?PAB7B C4D4?-
?9?9C<C984 6 E<?G D469AEF64 AG?R <AF97D4?4 BF >G54 EB5EF69AAB= HGA>J<<. �4?99 D4EE@BFD<@
B8AB@9DAO= E?GK4=.
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3.3.1. !9?<A9=A4S 8B546>4 6 B8AB@9DAB@ E?GK49. � B8AB@9DAB@ E?GK49 HBD@G?4 (55)
CD<A<@49F 6<8

f2(x) = −(µ2ĉ; 1)β
2
1

1

2

(

1 + cos

(

2πk

`
x

))

. (57)

%?98B64F9?PAB, D9L9A<9 E<EF9@O (54) <@99F E?98GRMGR EFDG>FGDG

(u2; v2) = β23k(x) + z0 + z(x), (58)

789 C9D6B9 E?4749@B9 9EFP D9L9A<9 B8ABDB8AB7B GD46A9A<S, EBBF69FEF6GRM97B GD46A9A<R (54),
4 6FBDB9 < FD9FP9 4 A9B8ABDB8AB7B:

z0 = (C0
1 ;C

0
2 ); z(x) = (C1

1 ;C
1
2 ) cos

(

2πk

`
x

)

. (59)

�?S A4IB:89A<S z0 <; (54) CD<IB8<@ > E<EF9@9

C0
1 − C0

2 = −1

2
β21µ

2
ĉ, 2C0

1 − C0
2 = −1

2
β21, (60)

D9L9A<9@ >BFBDB= S6?S9FES

C0
1 =

1

2
β21(µ

2
ĉ − 1), C0

2 =
1

2
β21(2µ

2
ĉ − 1). (61)

&9C9DP A4=89@ z(x). �BQHH<J<9AFO C1
1 < C

1
2 G8B6?9F6BDSRF GD46A9A<S@

C1
1 (1− µ2ĉ)− C1

2 = −1

2
β21µ

2
ĉ, 2C1

1 − C1
2 (dĉµ2ĉ + 1) = −1

2
β21. (62)

"CD989?<F9?P E<EF9@O (62) <@99F 6<8

∆(µĉ) = dĉµ2ĉ(µ2ĉ − 1) + µ2ĉ + 1. (63)

�E?< µ2ĉ ⩾ 1, FB <; (63) E?98G9F, KFB BCD989?<F9?P E<EF9@O ∆(µĉ) > 0. �E?< µ2ĉ < 1, FB BCD989?9A
>BQHH<J<9AF 8<HHG;<< d2ĉ <, CD9B5D4;B646 6OD4:9A<9 (63), 6AB6P CB?GK<@ CB?B:<F9?PABEFP
BCD989?<F9?S E<EF9@O:

∆(µĉ) = µ2ĉ(µ2ĉ − 1)(dĉ − d2ĉ) > 0, (64)

F4> >4> CD< ` ∈ (`ĉ−1,ĉ, `ĉ,ĉ+1) <@99@ dĉ < d2ĉ.
�?S 84?PA9=L97B A4@ CBA48B5<FES 9M9 B8AB 6OD4:9A<9 ∆(µĉ). 'K<FO64S EBBFABL9A<9

µ2ĉ = 4µĉ, CD9B5D4;G9@ (64) > 6<8G

∆(µĉ) =
3(4µ2ĉ + 5µĉ − 1)

1− µĉ
=

3(γĉ,2ĉ − 1)

1− µĉ
> 0. (65)

&9C9DP <; (62) A4=89@ C1
1 < C

1
2

C1
1 =

1

2

β21
∆(µĉ)

(µ2ĉ(dĉµ2ĉ + 1)− 1), C1
2 =

1

2

β21
∆(µĉ)

(2µ2ĉ − (1− µ2ĉ)). (66)
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3.3.2. !9?<A9=A4S 8B546>4 6 E?GK49 CDS@BG7B?PA<>4. #GEFP Ω = (0, a)× (0, b), EFBDBAO
CDS@BG7B?PA<>4 E6S;4AO EBBFABL9A<9@ (34), k 4 >D<F<K9E>B9 ;A4K9A<9 6B?AB6B7B K<E?4. �?S
G8B5EF64 66989@ E?98GRM<9 B5B;A4K9A<S: µĉ = λċ,Č < ψĉ = Ψċ,Č(x1, x2) 4 EB5EF69AAO9 ;A4K9A<S
< EB5EF69AAO9 HGA>J<< BC9D4FBD4 −∆ E >D496O@< GE?B6<S@< !9=@4A4

∆Ψċ,Č + λċ,ČΨċ,Č = 0, x ∈ Ω, ∂Ψċ,Č

∂n
|∂Ω = 0. (67)

�B;@B:AO FD< F<C4 EB5EF69AAOI ;A4K9A<= < EB5EF69AAOI HGA>J<=.
&<C 1. #D< m 6= 0, n = 0

µĉ =
(π

a

)2
·m2; Ψċ,Č = cos

(πm

a
x1

)

. (68)

� QFB@ E?GK49 EB5EF69AAB9 ;A4K9A<9 ;484K< 6 CDS@BG7B?PA<>9 EB6C4849F E EB5EF69AAO@ ;A4K9A<9@
µċ 6 B8AB@9DAB@ E?GK49 CD< ` = a, 4 EB5EF69AA4S HGA>J<S 4 E EB5EF69AAB= HGA>J<9= ψċ(x1) 6
B8AB@9DAB@ E?GK49.

&4><@ B5D4;B@, >BQHH<J<9AFO D4;?B:9A<= 6FBD<KAOI D9L9A<= CD< ε2 <@9RF 6<8 (58), (59),
789 µĉ = λċ,0, µ2ĉ = λ2ċ,0, 4 EB5EF69AAGR HGA>J<R cos

(

2πĉ
ℓ x
)

A48B ;4@9A<FP A4 cos
(

2πċ
ÿ x1

)

.
&<C 2. #D< m = 0, n 6= 0

µĉ =
(π

b

)2
· n2; Ψċ,Č = cos

(πn

b
x2

)

. (69)

� QFB@ E?GK49 EB5EF69AAB9 ;A4K9A<9 ;484K< 6 CDS@BG7B?PA<>9 EB6C4849F E EB5EF69AAO@ ;A4K9A<9@
µČ CD< ` = b 6 B8AB@9DAB@ E?GK49, 4 EB5EF69AA4S HGA>J<S 4 E EB5EF69AAB= HGA>J<9= ψČ(x2) 6
B8AB@9DAB@ E?GK49.

&B784, >4> < 8?S F<C4 1, GD46A9A<S CD< ε2 G:9 D9L9AO 6 B8AB@9DAB@ E?GK49. �BQHH<J<9AFO
D4;?B:9A<= 6FBD<KAOI D9L9A<= CD< ε2 <@9RF 6<8 (58), (59), 789 µĉ = λ0,Č, µ2ĉ = λ0,2Č, 4
EB5EF69AAGR HGA>J<R cos

(

2πĉ
ℓ x
)

A48B ;4@9A<FP A4 cos
(

2πČ
Ā x2

)

.
&<C 3. #D< m 6= 0, n 6= 0

µĉ =
(π

a

)2
·m2 +

(π

b

)2
· n2; Ψċ,Č = cos

(πn

b
x2

)

cos
(πn

b
x2

)

. (70)

�4@9F<@, KFB 6 CDS@BG7B?PA<>9 E6S;P @9:8G k < νĉ 6 B5M9@ E?GK49 A9<;69EFA4.
"K96<8AB, KFB 8?S EB5EF69AAOI HGA>J<= C9D6B7B < 6FBDB7B F<CB6 GD46A9A<S CD< ε2 G:9

D4EE@BFD9AO 6 B8AB@9DAB@ E?GK49. $4EE@BFD<@ EB5EF69AAO9 HGA>J<< FD9FP97B F<C4. �; D469AEF64

Ψ2
ċ,Č =

1

4

(

1 + cos

(

2πm

a
x1

)

+ cos

(

2πn

b
x2

)

+ cos

(

2πm

a
x1

)

cos
(

2
πn

b
x2

)

)

(71)

E?98G9F, KFB 6 6OD4:9A<< (58) E?4749@B9 z0 = C0 <@99F FBF :9 6<8, KFB < 6 (59), 4 E?4749@B9
z(x) <@99F E?98GRMGR EFDG>FGDG

z(x) = C1 cos

(

2πm

a
x1

)

+C2 cos

(

2πn

b
x2

)

+C3 cos

(

2πm

a
x1

)

cos

(

2πn

b
x2

)

. (72)

�BAEF4AFO C1, C2, C3 A4IB8SFES E CB@BMPR F9I :9 D4EEG:89A<=, KFB < 8?S EB5EF69AAOI
HGA>J<= C9D6B7B < 6FBDB7B F<CB6. � A4EFBSM9= D45BF9 FD9F<= F<C EB5EF69AAOI HGA>J<= A9
D4EE@4FD<649FES.
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3.4. 'D46A9A<S CD< ε3. #D<D46A<64S 6 (50) 6OD4:9A<S CD< ε3, 8?S A4IB:89A<S (u3, v3)
CD<IB8<@ > E<EF9@9

∆u3 + u3 − v3 = −2(u1 − v1)(u2 − v2) + v1(u1 − v1)
2 ≡ F1,

dĉ∆v3 + 2u3 − v3 = −∆v1 − 2u1u2 ≡ F2. (73)

3.4.1. 'E?B6<9 D4;D9L<@BEF< 6 B8AB@9DAB@ E?GK49. 'K<FO64S 6OD4:9A<S u1, v1 (53) <
u2, v2 (58), A4=89@ 69>FBD-HGA>J<R CD46B= K4EF< E<EF9@O (74) f3(x) = (F1;F2):

F1 = −2β1β2µ
2
ĉψ

2
ĉ(x)− 2β1µĉ(C

0
1 − C0

2 )ψĉ(x)− 2β2µĉ(C
1
1 − C1

2 )ψĉψ2ĉ +

+ β31µ
2
ĉ(1− µĉ)ψ3ĉ(x),

F2 = β1µĉ(1− µĉ)ψĉ(x)− 2β1β2ψ
2
ĉ(x)− 2β1C

0
1ψĉ(x)− 2β1C

1
1ψĉ(x)ψ2ĉ(x). (74)

'E?B6<9 D4;D9L<@BEF< GD46A9A<S CD< ε3 4 BDFB7BA4?PABEFP CD46B= K4EF< E<EF9@O D9L9A<R
B8ABDB8AB7B EBCDS:9AAB7B GD46A9A<S:

∫

Ω

f3(x)Φk(x)dx = 0. (75)

"AB <@99F 6<8

2µĉ(C
0
1 − C0

2 ) + µĉ(C
1
1 − C1

2 )−
3

4
β21µ

2
ĉ(1− µĉ) +

+
τ

2
(1− µĉ)[µĉ(1− µĉ)− 2C0

1 − C1
1 ] = 0. (76)

#BE?9 CB8EF4AB6>< >BQHH<J<9AFB6 C0
1 , C

0
2 , C

1
1 , C

1
2 6 (76) GE?B6<9 D4;D9L<@BEF< (75) CD<A<@4-

9F 6<8

β21f(µĉ) = τµĉ(1− µĉ)2. (77)

&4> >4> CD464S K4EFP (77) CB?B:<F9?PA4, FB ;A4> β21 EB6C4849F EB ;A4>B@ 6OD4:9A<S f(µĉ):

f(µĉ) = f1(µĉ) + τf2(µĉ);

f1(µĉ) = µĉ

(

1

2
µ2ĉ +

3

2
µĉ

)

− µĉ

∆(µĉ)

(

dĉµ
2
ĉ · µ2ĉ − µ2ĉ − µ2ĉ

)

;

f2(µĉ) = (1− µĉ)
(

µ2ĉ − 1 +
1

2∆(µĉ)
(µ2ĉ(dĉµ2ĉ + 1)− 1)

)

. (78)

3.4.2.  S7>4S < :9EF>4S CBF9DS GEFB=K<6BEF<. �E?< β21 > 0, FB CDB<EIB8<F @S7>4S
CBF9DS GEFB=K<6BEF< 4 6FBD<KAO9 D9L9A<S (FPRD<A7B6O EFDG>FGDO) EGM9EF6GRF < GEFB=K<6O
6 ;4>D<F<K9E>B= B5?4EF< d > dĉ, 789 dĉ 4 >D<F<K9E>B9 ;A4K9A<9 >BQHH<J<9AF4 8<HHG;<<. �E?<
:9 β21 < 0, FB CDB<EIB8<F :9EF>4S CBF9DS GEFB=K<6BEF< 4 6FBD<KAO9 D9L9A<S EGM9EF6GRF
6 8B>D<F<K9E>B= B5?4EF< d < dĉ, < BA< A9GEFB=K<6O [16,17].
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!4=89@ GE?B6<S, CD< >BFBDOI CDB<EIB8<F @S7>4S <?< :9EF>4S CBF9DS GEFB=K<6BEF<. % GK9-
FB@ (65), CD9B5D4;G9@ (78) > 6<8G

f1(µĉ) =
µ2ĉ(µĉ + 1)

6(4µ2ĉ + 5µĉ − 1)
· g1(µĉ);

f2(µĉ) =
(1− µ2ĉ)

6(4µ2ĉ + 5µĉ − 1)
· g2(µĉ), (79)

789 g1(µĉ) < g2(µĉ) A4IB8SFES CB HBD@G?4@

g1(µĉ) = 12µ2ĉ + 29µĉ − 1;

g2(µĉ) = 24µ3ĉ + 9µ2ĉ − 34µĉ + 5. (80)

�6989@ B5B;A4K9A<9 y = µĉ, 0 < y < 1. &B784 f(y) 6 (77) <@99F 6<8

f(y) =
(1 + y)(y2g1(y) + τ(1− y)g2(y))

6(4y2 + 5y − 1)
. (81)

!4L4 J9?P 4 <EE?98B64FP ;A4> HGA>J<< f(y). �BECB?P;B646L<EP 6OD4:9A<9@ µĉ =
(

πĉ
ℓ

)2
,

A4=89@ CD989?O <;@9A9A<S y, >B784 8?<A4 BFD9;>4 ` ∈ [`ĉ−1,ĉ, `ĉ,ĉ+1]. �@99@ A9D469AEF6B

(

πk

`ĉ,ĉ+1

)2

⩽ y ⩽

(

πk

`ĉ−1,ĉ

)2

, (82)

789 `ĉ,ċ BCD989?9AO 6 (27).
#D< k = 1 <@99@:

(

π

`1,2

)2

⩽ y ⩽

(

π

`0,1

)2

. (83)

'K<FO64S 6OD4:9A<S `0,1 = π < `1,2, CD< k = 1 CD<IB8<@ > A9D469AEF6G

y∗ ⩽ y ⩽ 1, y∗ =

√
41− 5

8
≈ 0.1754, (84)

789 y∗ 4 CB?B:<F9?PAO= >BD9AP GD46A9A<S 4y2 + 5y − 1 = 0, >BFBDB9 CB?GK49FES <; GE?B6<S
γ1 = 1. &4><@ B5D4;B@, CD< y > y∗ ;A4@9A4F9?P 6 (81) CB?B:<F9?9A.

#D< k = 2 <; (82) < (84) CD<IB8<@ > D469AEF6G

4

(

π

`2,3

)2

⩽ y ⩽ 4y∗; 0.2607 ⩽ y ⩽ 0.7016. (85)

#BE?98A99 A9D469AEF6B 6 (85) CB?GK9AB 6 D9;G?PF4F9 CD<5?<:9AAOI 6OK<E?9A<=.
�97>B 6<89FP, KFB E DBEFB@ 6B?AB6B7B K<E?4 k 8?<A4 CDB@9:GF>4 <;@9A9A<S y (82) G@9APL4-

9FES. % GK9FB@ A9D469AEF6 (32), (33) ?97>B CB>4;4FP, KFB 6 CD989?9 84AAO= CDB@9:GFB> EFS7<649FES
6 FBK>G, >BFBD4S CD<A48?9:<F 6E9@ D4EE@4FD<649@O@ CDB@9:GF>4@.

'F69D:89A<9 6. #D< k → ∞ CDB@9:GFB> <;@9A9A<S y EFS7<649FES 6 FBK>G @<A<@G@4

y0 =
√
2− 1 HGA>J<< d(y) (25).

�; (81) < (84) ;4>?RK49@, KFB 8?S FB7B, KFB5O 6OD4:9A<9 β21 <@9?B ;A4> C?RE, 8BEF4FBKAB,
KFB5O HGA>J<S

G(y) = y2g1(y) + τ(1− y)g2(y) (86)

5O?4 CB?B:<F9?PA4, >B784 y CD<A48?9:<F CDB@9:GF>G (83), 4 τ @9AS9FES A4 <AF9D64?9 (0, 1).

516
$96<A4 %. �., $S5B6 �. %.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 4



�4@9F<@, KFB CD< τ = 0 HGA>J<S G(y) CB?B:<F9?PA4. �EE?98B64A<9 G(y) CB>4;O649F, KFB
BA4 CB?B:<F9?PA4 CD< 6E9I y, CD<A48?9:4M<I @4>E<@4?PAB 6B;@B:AB@G CDB@9:GF>G <;@9A9A<S
y ∈ [y∗; 1], 9E?< C4D4@9FD τ @4?, 4 <@9AAB τ ∈ (0; 0.2059).

�DB@9 FB7B, EGM9EF6G9F CDB@9:GFB> <;@9A9A<S y ∈ (y1; 1), 789 y1 ≈ 0.47, A4 >BFBDB@ G(y)
CB?B:<F9?PA4 CD< 6E9I τ ∈ (0; 1).

3.4.3. 'E?B6<9 D4;D9L<@BEF< 6 86G@9DAB@ E?GK49. �?S D4EE@BFD9AAOI D4A99 EB5EF69A-
AOI ;A4K9A<= C9D6B7B < 6FBDB7B F<C4, >B784 B8<A <; <A89>EB6 n <?< m B5D4M49FES 6 AG?P,
CDBIB8SF D4EEG:89A<S B8AB@9DAB7B E?GK4S (74)3(81).

#GEFP 8?S BCD989?9AABEF< m 6= 0, n = 0. &B784 8?S A4IB:89A<S >648D4F4 4@C?<FG8O
CB?GK<@ FB :9 6OD4:9A<9, KFB < 6 B8AB@9DAB@ E?GK49 (77). �?S BCD989?9A<S F<C4 CBF9D<
GEFB=K<6BEF< A9B5IB8<@B A4=F< CDB@9:GFB> <;@9A9A<S C9D9@9AAB= y = µĉ.

�BECB?P;B646L<EP 6OD4:9A<9@ µĉ = π2νk
ÿ2
, A4=89@ CD989?O <;@9A9A<S y, >B784 EFBDBA4

CDS@BG7B?PA<>4 a ∈ (aĉ−1,ĉ, aĉ,ĉ+1). �@9EFB (82) CD<IB8<@ > A9D469AEF6G

π2νĉ

a2ĉ,ĉ+1

⩽ y ⩽
π2νĉ

a2ĉ−1,ĉ

, (87)

789 aĉ,ĉ+1 BCD989?9AO 6 (39).
#D< k = 1 <@99@:

π2ν1

a21,2
⩽ y ⩽

π2ν1

a20,1
. (88)

'K<FO64S 6OD4:9A<S a0,1 < a1,2, CD< k = 1 CD<IB8<@ > A9D469AEF6G

y0 ⩽ y ⩽ 1, y0 =

√

3 + 6
√
2− (1 +

√
2)

2
√
2

≈ 0.3445. (89)

&4> >4> y0 > y∗, FB CD< y > y0 ;A4@9A4F9?P 6 (81) CB?B:<F9?9A. �97>B 6<89FP, KFB GF69D:89-
A<9 6 ECD4698?<6B < 6 86G@9DAB@ E?GK49. �BEF4FBKAO9 GE?B6<S @S7>B= CBF9D< GEFB=K<6BEF<,
EHBD@G?<DB64AAO9 6 >BAJ9 CD98O8GM97B CGA>F4, ECD4698?<6O F4>:9 < 6 86G@9DAB@ E?GK49.

3.4.4. %F4J<BA4DAO9 D9L9A<S. $4EE@BFD96 EF4DL<9 K?9AO D4;?B:9A<S D9L9A<S CB
EF9C9AS@ ε, ;4>?RK49@, KFB 6 (75) >BQHH<J<9AF β2 = 0. %G@@<DGS CB?GK9AAO9 D9;G?PF4FO,
CD<IB8<@ > GF69D:89A<R.

'F69D:89A<9 7. #GEFP k 4 >D<F<K9E>B9 6B?AB6B9 K<E?B; 6 B8AB@9DAB@ E?GK49 8?<A4 BFD9;>4 `

;4>?RK9A4 6 CDB@9:GF>9 ` ∈ (`ĉ−1,ĉ, `ĉ,ĉ+1), 6 86G@9DAB@ E?GK49 CD< m 6= 0, n = 0 (68) EFBDBA4
CDS@BG7B?PA<>4 a CD<A48?9:<F CDB@9:GF>G a ∈ (aĉ−1,ĉ, aĉ,ĉ+1). &B784 CD< τ ∈ (0; 0.2059)
CDB<EIB8<F @S7>4S CBF9DS GEFB=K<6BEF< CB?B:9A<S D46AB69E<S (1; 1) A9?<A9=AB= E<EF9@O <
CD< @4?OI d > dĉ 6B;A<>4RF GEFB=K<6O9 6FBD<KAO9 CDBEFD4AEF69AAB A9B8ABDB8AO9 D9L9A<S

(u(x); v(x)) = ± (d− dĉ)
1/2 β1Ck cos

(

πk

`
x1

)

+ (d− dĉ) (z0 + z(x)) +O((d− dĉ)
3/2), (90)

789 Ck BCD989?9AO 6 (44),

z0 =
(

C0
1 ;C

0
2

)

; z(x) =
(

C1
1 ;C

1
2

)

cos

(

2πk

`
x1

)

, (91)

>BQHH<J<9AFO C0
1 , C

0
2 A4=89AO 6 (61), 4 C

1
1 , C

1
2 A4=89AO 6 (66).

$96<A4 %. �., $S5B6 �. %.

�;69EF<S 6G;B6. #!�, 2023, F. 31, № 4 517



0
2

4
6

8
10

0

2

4

6

8

-0.0020

-0.0015

-0.0010

0.0005

0.0010

0.0015

0.0020

-0.0005

0
2

4
6

8
10

0

2

4

6

8

-0.0010

-0.0005

0.0005

0.0010

x2 x2

x1x1

u(x) v(x)

a b
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Fig. 2. Components of the secondary solution ē(Ė) (a) < Ĕ(Ė) (b) at ĉ = 2, ℓ = 3π

!4 D<E. 2 CD<6989A CD<@9D 6FBD<KAB7B CDBEFD4AEF69AAB A9B8ABDB8AOI D9L9A<S, CB?GK9A-
AB7B 4A4?<F<K9E><, 6 E?GK49, >B784 CDBEFD4AEF69AA4S C9D9@9AA4S @9AS9FES 6 CDS@BG7B?PA<>9.

+<E?9AAO9 D4EK9FO CB?ABEFPR EB7?4EGRFES E GF69D:89A<S@<, CB?GK9AAO@< 4A4?<F<K9E><.
!4 D<E. 3 CD<6989AO D9;G?PF4FO K<E?9AAB7B <AF97D<DB64A<S A9?<A9=AB= E<EF9@O (48) 6 E?GK49
@S7>B= CBF9D< GEFB=K<6BEF< 6 B8AB@9DAB@ E?GK49 CD< A4K4?PAB@ GE?B6<<

u(x, 0) = ε cos

(

2

3
x

)

; v(x, 0) =
5

9
ε cos

(

2

3
x

)

(92)

CD< >D<F<K9E>B@ 6B?AB6B@ K<E?9 k = 2 < ;A4K9A<SI C4D4@9FDB6 ` = 3π, τ = 0.15, ε = 0.1,
d = d2 + ε2, 789 >D<F<K9E><= >BQHH<J<9AF 8<HHG;<< d2 = 5.85 6 EBBF69FEF6<< E HBD@G?B= (22).
$9L9A<9 A9EF4J<BA4DAB= E<EF9@O ;4 >BDBF><= CDB@9:GFB> 6D9@9A< 6OIB8<F A4 EF4J<BA4DAO=
D9:<@ (90), EBBF69FEF6GRM<= CB?B:<F9?PAB@G β1 = 0.2. �E?< 6 A4K4?PAB@ GE?B6<< (92) ;4@9A<FP
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Fig. 3. Numerical solution ē(Ė, Ē) (a) and Ĕ(Ė, Ē) (b) of a non-linear non-stationary system for τ = 0.15 with initial conditions
close to the stationary state
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Fig. 4. Numerical solution ē(Ė, Ē) (a) and Ĕ(Ė, Ē) (b) of a non-linear non-stationary system for τ = 0.95 with initial conditions
close to the stationary state

ε A4 −ε, FB 6 A9?<A9=AB= E<EF9@9 GEF4A46?<649FES D9:<@, EBBF69FEF6GRM<= ;A4>G «@<AGE»
6 HBD@G?9 (90).

�E?< ;A4K9A<9 τ 59D9FES <; B5?4EF<, EBBF69FEF6GRM9= :9EF>B= CBF9D9 GEFB=K<6BEF<, FB 9EFP
5?<;>B > 98<A<J9 (A4 D<E. 4 ;A4K9A<9 τ = 0.95, BEF4?PAO9 C4D4@9FDO F9 :9, KFB A4 D<E. 3), FB 6 K<E-
?9AAOI Q>EC9D<@9AF4I CB?B:9A<9 D46AB69E<S F9DS9F GEFB=K<6BEFP, AB 6OIB84 A4 EF4J<BA4DAO=
D9:<@ A9 CDB<EIB8<F.

�4>?RK9A<9

1. "5?4EFP A9GEFB=K<6BEF< &PRD<A74. !4=89A4 B5?4EFP A9B5IB8<@OI < 8BEF4FBKAOI GE?B6<=
A9GEFB=K<6BEF< &PRD<A74 8?S E<EF9@O �<D9D43 9=AI4D8F4 E C4D4@9FDB@ D9?4>E4J<< A4
C?BE>BEF< C4D4@9FDB6 (τ, d), 789 τ 4 C4D4@9FD D9?4>E4J<<, 4 d 4 >BQHH<J<9AF 8<HHG;<<.

2. �D<F<K9E><= >BQHH<J<9AF 8<HHG;<<. !4=89AB S6AB9 6OD4:9A<9 >D<F<K9E>B7B >BQHH<-
J<9AF4 8<HHG;<<, >B784 E<EF9@4 D4EE@4FD<649FES 6 CDB<;6B?PAB= B7D4A<K9AAB= B5?4EF<.
#B>4;4AB, KFB >D<F<K9E><= >BQHH<J<9AF 8<HHG;<< ;46<E<F BF EB5EF69AAOI ;A4K9A<= BC9-
D4FBD4 �4C?4E4 6 84AAB= B5?4EF<. 'EF4AB6?9A4 ;46<E<@BEFP >D<F<K9E>B7B >BQHH<J<9AF4
8<HHG;<< BF I4D4>F9DAB7B D4;@9D4 B5?4EF< 6 E?GK49 BFD9;>4 < CDS@BG7B?PA<>4. 36AB A4=89-
AO 6OD4:9A<S 8?<AO BFD9;>4 < 8?<AO EFBDBAO CDS@BG7B?PA<>4, CD< >BFBDOI CDB<EIB8<F
«E@9A4» >D<F<K9E>B7B 6B?AB6B7B K<E?4. �4AAO9 6OD4:9A<S A4=89AO <; GE?B6<S D469AEF64
98<A<J9 A9>BFBDB= >B@5<A4J<< EB5EF69AAOI ;A4K9A<= BC9D4FBD4 �4C?4E4 γĉ. #B>4;4AB,
KFB 8?S G>4;4AAOI B5?4EF9= 8?S >4:8B7B >D<F<K9E>B7B 6B?AB6B7B K<E?4 EGM9EF6G9F 98<A-
EF69AAB9 ;A4K9A<9 I4D4>F9DAB7B D4;@9D4, CD< >BFBDB@ A9B5IB8<@O9 < 8BEF4FBKAO9 GE?B6<S
A9GEFB=K<6BEF< &PRD<A74 EB6C484RF. 1FB@G ;A4K9A<R EBBF69FEF6G9F FBK>4 @<A<@G@4 >B-
QHH<J<9AF4 8<HHG;<<, D4EE@4FD<649@B7B >4> HGA>J<S BF 8?<AO BFD9;>4 6 B8AB@9DAB@
E?GK49 <?< EFBDBAO CDS@BG7B?PA<>4 6 86G@9DAB@ E?GK49. #DB6989AB ED46A9A<9 E GE?B6<S@<
A9GEFB=K<6BEF< &PRD<A74 8?S E<EF9@O ,A4>9A59D74.

3. &PRD<A7B6O EFDG>FGDO. 9FB8B@ �SCGAB643,@<8F4 S6AB A4=89AO A9E>B?P>B C9D6OI K?9-
AB6 DS8B6 CB EF9C9AS@ A48>D<F<KABEF<, >B784 >BQHH<J<9AF 8<HHG;<< A4IB8<FES 6 B>D9EF-
ABEF< >D<F<K9E>B7B ;A4K9A<S. $4EE@BFD9A<S CDB6989AO 8?S BFD9;>4, 4 F4>:9 8?S CDS@B-
G7B?PA<>4 6 E?GK49, >B784 EB5EF69AAO9 HGA>J<< BC9D4FBD4 �4C?4E4 <@9RF FG :9 EFDG>FGDG,
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KFB 6 B8AB@9DAB@ E?GK49. #B?GK9AO 8BEF4FBKAO9 GE?B6<S @S7>B= CBF9D< GEFB=K<6BEF<,
CD<6989AO CD<@9DO 6FBD<KAOI D9L9A<= A9?<A9=AOI GD46A9A<=. #D98?B:9AAO= CB8IB8
ABE<F B5M<= I4D4>F9D < @B:9F 5OFP D4ECDBEFD4A9A A4 8DG7<9 E<EF9@O D94>J<<38<HHG;<<.
!4CD<@9D, E<EF9@G ,A4>9A59D74, (<FJ)PR3!47G@B, �DQS3%>BFF4, @B89?P «5DRE9??SFBD»
< 8DG7<9.
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Abstract. The subject of this work is the study of local dynamics of full-coupled chains of a great number of oscillators
with a large delay in couplings. From a discrete model describing the dynamics of a great number of coupled oscillators,
a transition has been made to a nonlinear integro-differential equation, continuously depending on time and space variable.
A class of full-coupled systems has been considered. The main assumption is that the amount of delay in the couplings is large
enough. This assumption opens the way to the use of special asymptotic methods of study. The parameters under which the
critical case is realized in the problem of the equilibrium state stability have been distinguished. It is shown that they have
infinite dimension. The analogues of normal forms 4 nonlinear boundary value problems of Ginzburg3Landau type have
been constructed. In some cases, these boundary value problems contain integral components too. Their nonlocal dynamics
describes the behavior of all solutions of the original equations in the balance state neighbourhood. Methods. As applied to
the considered problems, methods of constructing quasinormal forms on central manifolds are developed. An algorithm for
constructing the asymptotics of solutions based on the use of quasinormal forms for determining slowly varying amplitudes
has been created. Results. Quasinormal forms that determine the dynamics of the original boundary value problem have been
constructed. The dominant terms of asymptotic approximations for solutions of the considered chains have been obtained.
On the basis of the given statements, a number of interesting dynamical effects have been revealed. For example, an infinite
alternation of direct and reverse bifurcations when the delay coefficient increases. Their distinguishing feature is that they have
two or three spatial variables.

Keywords: boundary value problem, dynamics, delay, oscillators, normal form, stability.
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�6989A<9

%A4K4?4 D4EE@BFD<@ J9CBK>G <; N E6S;4AAOI BEJ<??SFBDB6 6FBDB7B CBDS8>4 E ;4C4;8O64R-
M<@< E6S;S@<

üj + au̇j + uj + F (uj , u̇j) =
N
∑

k=1

akuj+k(t− T ), (1)

F (u, v) 4 8BEF4FBKAB 7?48>4S A9?<A9=A4S HGA>J<S, <@9RM4S 6 AG?9 CBDS8B> @4?BEF< 6OL9
C9D6B7B, T > 0 4 ;4C4;8O64A<9, <A89>E j @9AS9FES BF 1 8B N < 8?S ?R5B7B J9?B7B k ;A4K9A<S
uk+N (t) BFB:89EF6?SRFES E uk(t). &4>B7B F<C4 @B89?< 6B;A<>4RF 6B @AB7<I CD<>?48AOI ;484K4I
D48<BH<;<>< [138], ?4;9DAB= H<;<>< [9313], @4F9@4F<K9E>B= Q>B?B7<< [14, 15], F9BD<< A9=DBAAOI
E9F9= [16321] < E@., A4CD<@9D, [22].

'8B5AB ;A4K9A<S uj(t) 4EEBJ<<DB64FP EB ;A4K9A<S@< HGA>J<< 86GI C9D9@9AAOI u(t, xj),
789 FBK>< xj (j = 1, . . . , N) D46AB@9DAB D4ECD989?9AO A4 A9>BFBDB= B>DG:ABEF<.
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#D98CB?4749@, KFB >B?<K9EF6B Q?9@9AFB6 J9CBK>< N S6?S9FES 8BEF4FBKAB 5B?PL<@:

N � 1. (2)

1FB GE?B6<9 849F BEAB64A<9 C9D9=F< BF 8<E>D9FAB= BFABE<F9?PAB u(t, xj) E<EF9@O (1) > GD46A9A<R
E D4ECD989?9AAO@< A4 BFD9;>9 [0, 2π] C4D4@9FD4@< 8?S HGA>J<< u(t, x)

∂2u

∂t2
+ a

∂u

∂t
+ u+ F

(

u,
∂u

∂t

)

=
1

2π

2π
∫

0

Φ(s)u(t− T, x+ s)ds (3)

E C9D<B8<K9E><@< >D496O@< GE?B6<S@<

u(t, x+ 2π) = u(t, x). (4)

(GA>J<S Φ(s) BCD989?S9F E6S;< @9:8G Q?9@9AF4@< <, 6BB5M9 7B6BDS, ;46<E<F BF C4D4@9FD4 ε.
!4CD<@9D, 6 E?GK49 B8ABEFBDBAA9= [17] < 8<HHG;<BAAB= [2] E6S;SI ;A4K9A<S Φ(s) EBED98BFBK9AO
6 B>D9EFABEF< B8AB= <?< A9E>B?P><I FBK9> BFD9;>4 [0, 2π]. �89EP CD98CB?4749@, KFB HGA>J<S Φ(s)
BF C4D4@9FD4 ε A9 ;46<E<F. � QFB@ E?GK49 J9CBK>< CD<ASFB A4;O64FP CB?ABE6S;AO@<.

"EAB6AB9 CD98CB?B:9A<9, >BFBDB9 BF>DO649F CGFP > CD<@9A9A<R 4E<@CFBF<K9E><I @9FB8B6,
;4>?RK49FES 6 FB@, KFB C4D4@9FD ;4C4;8O64A<S T 6 (3) S6?S9FES 8BEF4FBKAB 5B?PL<@:

ε = T−1 � 1. (5)

� >D496B= ;484K9 (3), (4) CDB6989@ ;4@9AG 6D9@9A< t → Tt. � D9;G?PF4F9 CD<IB8<@ > E<A7G?SDAB
6B;@GM9AAB= >D496B= ;484K9

ε2
∂2u

∂t2
+ εa

∂u

∂t
+ u+ F

(

u, ε
∂u

∂t

)

=
1

2π

2π
∫

0

Φ(s)u(t− 1, x+ s)ds, (6)

u(t, x+ 2π) ≡ u(t, x). (7)

#BEF46<@ ;484KG B5 <EE?98B64A<< CB6989A<S 6E9I D9L9A<= <; A9>BFBDB= 8BEF4FBKAB @4?B= <
A9 ;46<ESM9= BF ε B>D9EFABEF< AG?96B7B EBEFBSA<S D46AB69E<S 6 (6), (7) CD< 8BEF4FBKAB @4?OI
;A4K9A<SI ε. #D< <;GK9A<< ?B>4?PAB= 8<A4@<>< (6), (7) J9AFD4?PAB9 @9EFB ;4A<@49F 4A4?<;
6BCDBEB6 GEFB=K<6BEF< D9L9A<= ?<A94D<;B64AAB7B 6 AG?9 GD46A9A<S

ε2
∂2u

∂t2
+ εa

∂u

∂t
+ u =

1

2π

2π
∫

0

Φ(s)u(t− 1, x+ s)ds (8)

E >D496O@< GE?B6<S@< (7).
$4EE@BFD<@ I4D4>F9D<EF<K9E>B9 GD46A9A<9 8?S (8), (7)

ε2λ2 + εaλ+ 1 = fk exp(−λ), (9)

789 fk 4 >BQHH<J<9AFO (GDP9 HGA>J<< Φ(s):

fk =
1

2π

2π
∫

0

Φ(s) exp(−iks)ds, k = 0,±1,±2, . . . .
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� FB@ E?GK49, >B784 6E9 >BDA< GD46A9A<S (9) CD< 6E9I k = 0,±1,±2, . . . <@9RF BFD<J4F9?PAO9
< BF89?9AAO9 BF AG?S CD< ε → 0 69M9EF69AAO9 K4EF<, D9L9A<S >D496B= ;484K< (8), (7) 4E<@CFB-
F<K9E>< GEFB=K<6O, < D9L9A<S (6), (7) E 8BEF4FBKAB @4?O@< < A9 ;46<ESM<@< BF ε (CB ABD@9
C[0,2π] × C(R2)) A4K4?PAO@< GE?B6<S@< EFD9@SFES > AG?R CD< t → ∞. �E?< :9 GD46A9A<9 (9)
<@99F >BD9AP E CB?B:<F9?PAB= < BF89?9AAB= BF AG?S CD< ε → 0 69M9EF69AAB= K4EFPR, FB D9L9A<S
(8), (7) A9GEFB=K<6O < ;484K4 B 8<A4@<>9 (6), (7) EF4AB6<FES A9?B>4?PAB=.

�89EP 5G89F D4EE@4FD<64FPES >D<F<K9E><= E?GK4=, >B784 6 (9) A9F >BDA9= E CB?B:<F9?PAB= <
BF89?9AAB= BF AG?S 69M9EF69AAB= K4EFPR, AB 9EFP >BDA<, >BFBDO9 EFD9@SFES > @A<@B= BE< CD<
ε → 0. "F@9F<@, KFB 6 E?GK49 >BA9KAB= D4;@9DABEF< >D<F<K9E>B7B E?GK4S @9FB8<>4 <EE?98B64A<S
?B>4?PAB= 8<A4@<>< IBDBLB <;69EFA4. "A4 BC<D49FES A4 @9FB8 <AF97D4?PAOI @AB7BB5D4;<= < @9-
FB8 ABD@4?PAOI HBD@ (E@., A4CD<@9D, [23325]). )4D4>F9DAB= BEB59AABEFPR 6E9I D4EE@4FD<649@OI
A<:9 ;484K S6?S9FES FB B5EFBSF9?PEF6B, KFB 6 A<I D94?<;GRFES 59E>BA9KAB@9DAO9 >D<F<K9E><9
E?GK4<, >B784 59E>BA9KAB @AB7B >BDA9= I4D4>F9D<EF<K9E>B7B GD46A9A<S EFD9@<FES > @A<@B= BE<
CD< ε → 0. #BQFB@G @9FB8O <AF97D4?PAOI @AB7BB5D4;<= < ABD@4?PAOI HBD@ A9CBED98EF69AAB
A9CD<@9A<@O. �89EP EGM9EF69AAB <ECB?P;G9FES D4;D45BF4AAO= 6 [17,26330] CB8IB8, E6S;4AAO=
E CBEFDB9A<9@ 59E>BA9KAB@9DAOI >64;<ABD@4?PAOI HBD@.

� D4;89?4I 133 CD98EF46?9AO <EE?98B64A<S A4<5B?99 64:AOI >D<F<K9E><I E?GK496.
� >4K9EF69 BEAB6AOI D9;G?PF4FB6 CBEFDB9AO F4> A4;O649@O9 >64;<ABD@4?PAO9 HBD@O, A9?B-
>4?PA4S 8<A4@<>4 >BFBDOI BCD989?S9F CB6989A<9 6E9I D9L9A<= <EIB8AB= >D496B= ;484K< (6), (7)
6 @4?B= B>D9EFABEF< EBEFBSA<S D46AB69E<S.

� D4;89?9 4 D4EE@BFD9A EGM9EF69AAB 5B?99 E?B:AO= CB ED46A9A<R E D4;89?4@< 133 >D<F<-
K9E><= E?GK4=, >BFBDO= D94?<;G9FES 8?S A9E>B?P>B <AB=, AB 5?<;>B= > (6), (7) >D496B= ;484K9

ε2
∂2u

∂t2
+ εa

∂u

∂t
+ u+ F

(

u, ε
∂u

∂t

)

=
1

2π

2π
∫

0

Φ(s)

[

u(t− 1, x+ s)−

−u(t− 1, x)

]

ds, u(t, x+ 2π) ≡ u(t, x). (10)

%B89D:4A<9 D4;89?4 5 CBE6SM9AB B5B5M9A<R D9;G?PF4FB6 CD98O8GM<I D4;89?B6 A4 5B?99
B5MGR >D496GR ;484KG

ε2
∂2u

∂t2
+ εa

∂u

∂t
+ u+ F

(

u, ε
∂u

∂t

)

=
1

2π

2π
∫

0

Φ1(s)u(t− 1, x+ s)ds+

+
1

2π

2π
∫

0

Φ2(s)
∂u(t− 1, x+ s)

∂t
ds, (11)

u(t, x+ 2π) ≡ u(t, x). (12)

%89?49@ B8AB GCDBM4RM99 CD98CB?B:9A<9 BFABE<F9?PAB A9?<A9=AB= HGA>J<< f(u, u̇).
�OL9 7B6BD<?BEP, KFB QF4 HGA>J<S 8BEF4FBKAB 7?48>4S < <@99F 6 AG?9 CBDS8B> @4?BEF< 6OL9
C9D6B7B. +<EFB F9IA<K9E>< CDBM9 <ECB?P;B64FP A9?<A9=ABEFP f(u, u̇) FD9FP97B CBDS8>4 @4?BEF<,
FB 9EFP 8?S CDBEFBFO A<:9 EK<F49@, KFB 6 (1)

f(u, u̇) = b1u
3 + b2u

2u̇+ b3uu̇
2 + b4u̇

3. (13)
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"C<L9@ ;89EP EFDG>FGDG 6E9I E?98GRM<I D4;89?B6. "A4 8?S 6E9I A<I B8<A4>B64. %A4K4-
?4 6O89?SRFES C4D4@9FDO ;484K<, CD< >BFBDOI A45?R849FES >D<F<K9E><= E?GK4= 6 ;484K9 B5
GEFB=K<6BEF< AG?96B7B EBEFBSA<S D46AB69E<S. �4F9@ D4EE@4FD<649FES ?<A94D<;B64AA4S >D4964S
;484K4 < CD<6B8<FES 99 I4D4>F9D<EF<K9E>B9 GD46A9A<9. #BE?9 QFB7B <EE?98G9FES 4E<@CFBF<>4
6E9I F9I >BDA9= I4D4>F9D<EF<K9E>B7B GD46A9A<S, 69M9EF69AA4S K4EFP >BFBDOI EFD9@<FES > AG?R
CD< EFD9@?9A<< > AG?R @4?B7B C4D4@9FD4 ε. &4><I >BDA9= B>4;O649FES 59E>BA9KAB @AB7B. !4 <I
BEAB69 8?S ?<A94D<;B64AAB= ;484K< EFDB<FES EB6B>GCABEFP EC9J<4?PAOI D9L9A<=. &4><9 D9L9A<S
G849FES ;4C<E4FP 6 HBD@9, >BFBD4S 8BCGE>49F <ECB?P;B64A<9 <I 8?S 4A4?<;4 D9L9A<= (E A9<;69EF-
AO@< 4@C?<FG84@<) <EIB8AB= A9?<A9=AB= >D496B= ;484K<. '849FES BCD989?<FP S6AGR HBD@G 8?S
7?46AB7B CD<5?<:9A<S (CB C4D4@9FDG ε) EBBF69FEF6GRM97B D9L9A<S. 'E?B6AB B5B;A4K<@ 99 ;89EP
K9D9; εU1. $9L9A<S A9?<A9=AB= >D496B= ;484K< <M9@ FB784 6 6<89

u(t, x, ε) = εU1 + ε3U3 + . . . .

�4@9F<@, KFB BFEGFEF6<9 ;89EP >648D4F<KAOI CB ε >BQHH<J<9AFB6 E6S;4AB E F9@, KFB 6 <EIB8AB@
GD46A9A<< A9F >648D4F<KAB= A9?<A9=ABEF<. "FABE<F9?PAB U3 ;4D4A99 <;69EFAB, KFB BA4 C9D<B8<-
K9E>4S CB A9E>B?P><@ E6B<@ 4D7G@9AF4@. #B8EF46?SS 6@9EFB u(t, x, ε) CD<6989AAB9 6OD4:9A<9,
8?S BCD989?9A<S U3 CD<IB8<@ > EC9J<4?PAB= ?<A9=AB= A9B8ABDB8AB= >D496B= ;484K9. 'E?B6<9
D4;D9L<@BEF< QFB= >D496B= ;484K< 6 G>4;4AAB@ >?4EE9 HGA>J<= CB;6B?S9F 6OC<E4FP GD46A9A<9
8?S A9<;69EFAOI 4@C?<FG8, 6IB8SM<I 6 U1. #B?GK9A<9 F4><I GD46A9A<= < S6?S9FES >BA9KAB=
J9?PR. !9?B>4?PA4S 8<A4@<>4 QF<I GD46A9A<=, <I 9M9 A4;O64RF >64;<ABD@4?PAO@< HBD@4@<,
CB;6B?S9F BC<E4FP ?B>4?PAB9 CB6989A<9 D9L9A<= <EIB8AB= >D496B= ;484K<. "F@9F<@, KFB 6OCB?-
A9A<9 GE?B6<= D4;D9L<@BEF< GD46A9A<= 8?S U3 CB;6B?S9F 6 S6AB@ 6<89 BCD989?<FP QFG HGA>J<R.
!<:9 5G89@ <ECB?P;B64FP HGA>J<R U3, AB HBD@G?O 8?S QFB= HGA>J<< 8?S >D4F>BEF< <;?B:9A<S
<AB784 CD<6B8<FP A9 5G89@.

1. "C<E4A<9 >D<F<K9E><I E?GK496

$4EE@BFD<@ I4D4>F9D<EF<K9E>B9 GD46A9A<9 (9). +9D9; f B5B;A4K<@ A4<5B?PL99 <; K<E9? |fk|:

f = max
−∞<k<∞

|fk|. (14)

�BECB?P;G9@ES @9FB8<>B= D45BF [26328,31]. �6989@ 6 D4EE@BFD9A<9 69?<K<AG

γ0 =











1, 9E?< a2 ⩾ 2,

a2

4

(

4− a2
)1/2

, 9E?< a2 < 2.

"F@9F<@, KFB
γ0 ⩽ 1 < 0 < γ0 < 1 CD< a2 < 2

<
γ0 = 0 CD< a = 0.

� [28] CB>4;4AB, KFB <@9RF @9EFB E?98GRM<9 GF69D:89A<S.

�9@@4 1. #GEFP 6OCB?A9AB A9D469AEF6B

f < γ0.

&B784 CD< 6E9I 8BEF4FBKAB @4?OI ε 6E9 >BDA< (9) <@9RF BFD<J4F9?PAO9 < BF89?9AAO9 BF AG?S
CD< ε → 0 69M9EF69AAO9 K4EF<.
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�9@@4 2. #GEFP 6OCB?A9AB A9D469AEF6B

f > γ0.

&B784 CD< 6E9I 8BEF4FBKAB @4?OI ε GD46A9A<9 (9) <@99F >BD9AP E CB?B:<F9?PAB= < BF89?9AAB=
BF AG?S CD< ε → 0 69M9EF69AAB= K4EFPR.

"F@9F<@, KFB 6 GE?B6<< ?9@@O 1 6E9 D9L9A<S >D496B= ;484K< (8), (7) < (6), (7) <; @4?B= < A9
;46<ESM9= BF ε B>D9EFABEF< AG?S EFD9@SFES > AG?R CD< t → ∞. �E?< :9 6OCB?A9AO GE?B6<S
?9@@O 2, FB ;484K4 B 8<A4@<>9 (6), (7) S6?S9FES A9?B>4?PAB=: 6 B>D9EFABEF< AG?96B7B D9L9A<S A9
@B:9F 5OFP GEFB=K<6OI D9L9A<=.

� 84?PA9=L9@ CD98CB?4749FES, KFB <@99F @9EFB >D<F<K9E><= E?GK4=: CD< CDB<;6B?PAB@
H<>E<DB64AAB@ γ1 8?S C4D4@9FD4 f 6OCB?A9AB ?<5B D469AEF6B

f = γ0 + ε2γ1, (15)

?<5B
f = −γ0 − ε2γ1. (16)

&9@ E4@O@ <EE?98GRFES >D496O9 ;484K< (8), (7) < (6), (7) 6 >D<F<K9E>B@ E?GK49.
$4EE@BFD<@ 6BCDBE B5 4E<@CFBF<>9 6E9I F9I >BDA9= GD46A9A<S (9), 69M9EF69AAO9 K4EF< >BFB-

DOI EFD9@SFES > AG?R CD< ε → 0. %BBF69FEF6GRM<9 4E<@CFBF<K9E><9 D4;?B:9A<S CD<AJ<C<4?PAB
D4;?<K4RFES 8?S E?GK4S, >B784 a20 > 2 < 8?S E?GK4S, >B784 a20 < 2.

�9@@4 3. #GEFP 6OCB?A9AB GE?B6<9

a20 > 2. (17)

&B784 γ0 = 1 < 8?S F9I >BDA9= λk(ε) (k = 0,±1,±2, . . .) GD46A9A<S (9), 69M9EF69AAO9 K4EF<
>BFBDOI EFD9@SFES > AG?R CD< ε → 0, <@9RF @9EFB 4E<@CFBF<K9E><9 D469AEF64:

1) 6 E?GK49

f = 1 + ε2γ1 (18)

<@99@

λk(ε) = 2πik + ελk1 + ε2λk2 + o
(

ε3
)

, k = 0,±1,±2, . . . ,

789

λk1 = −2πika, λk2 = −2π2k2
(

a2 − 2
)

+ 2πika2 + γ1;

2) 6 E?GK49

f = −1− ε2γ1 (19)

<@99@

λk(ε) = iπ
(

2k + 1
)

+ ελk1 + ε2λk2 + o
(

ε3
)

, k = 0,±1,±2, . . . ,

789

λk1 = −π
(

2k + 1
)

a, λk2 = −
1

2
π2

(

2k + 1
)2(

a2 − 2
)

+ iπ
(

2k + 1
)

a2 + γ1.

$4EE@BFD<@ ;4F9@ E?GK4=, >B784

0 < a2 < 2. (20)

�6989@ A9E>B?P>B B5B;A4K9A<=. #GEFP θ = θ(ε) ∈ [0, 1) F4>B9 ;A4K9A<9, >BFBDB9 8BCB?AS9F
8B J9?B7B 6OD4:9A<9 ω0ε−1, 789

ω0 =











0, 9E?< a2 > 2,
(

1−
a2

2

)1/2

, 9E?< a2 < 2.
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#B?B:<@

R1 = (ia− 2ω0)γ
−1
0 exp

(

− iΩ0

)

,

R2 =
1

2
R2

1 + γ
−1
0 exp

(

− iΩ0

)

,

R3 =
(

a− 2iω0
)

R1γ
−1
0 exp

(

− iΩ0

)

.

�9@@4 4. #GEFP 6OCB?A9AO A9D469AEF64 (20). &B784 8?S F9I >BDA9= λk(ε) (k = 0,±1,±2, . . .)
GD46A9A<S (9), 69M9EF69AAO9 K4EF< >BFBDOI EFD9@SFES > AG?R CD< ε → 0, <@9RF @9EFB
4E<@CFBF<K9E><9 D469AEF64

λk(ε) = i
(

ω0ε
−1 + θ−Ω0 + 2πk

)

+ ελk1 + ε2λk2 + o
(

ε3
)

,

789

λk1 = R1

(

θ−Ω0 + 2πk
)

,

λk2 = R2

(

θ−Ω0 + 2πk
)2

+R3

(

θ−Ω0 + 2πk
)

+ γ1 exp
(

− iΩ0

)

,

CD<K9@ 6OCB?A9AO EBBFABL9A<S

ReR1 = 0, ReR2 < 0. (21)

2. �D<F<K9E><= E?GK4= A4 AG?96B= @B89

�89EP CD98CB?4749@, KFB

γ0 = |f0| < |f0| > |fk| (k = ±1,±2, . . .). (22)

�EE?98B64A<9 CDB6989@ BF89?PAB 8?S E?GK496 (17) < (20). %D4;G BF@9F<@, KFB EBBF69FEF6GRM<9
D9;G?PF4FO 8?S A<I EGM9EF69AAB D4;?<KAO. #D< GE?B6<< (17) D9L9A<S HBD@<DGRFES A4 K4EFBF4I
CBDS8>4 1, <I A4;B69@ @98?9AAB BEJ<??<DGRM<@<. #D< GE?B6<< (20) D9L9A<S EB89D:4F K4EFBFO
CBDS8>4 ε−1, CBQFB@G A4;B69@ <I 5OEFDB BEJ<??<DGRM<@<.

2.1.  98?9AAB BEJ<??<DGRM<9 D9L9A<S. #GEFP EA4K4?4 6OCB?A9AB A9D469AEF6B (17), FB
9EFP a20 > 2 < γ0 = 1. &B784 F9@ >BDAS@ λk(ε), B >BFBDOI D9KP L?4 6 ?9@@9 3, BF69K4RF D9L9A<S
vk(t, ε) ?<A9=AB= >D496B= ;484K< (8), (7) < vk(t, ε) = exp(λk(ε)t), 4 ;A4K<F, D9L9A<9@ (8), (7)
S6?SRFES HGA>J<<

v(t, ε) =
∞
∑

k=−∞

ξk exp
(

λk(ε)t
)

,

789 ξk 3 CDB<;6B?PAO9 >B@C?9>EAO9 CBEFBSAAO9. �?S E?GK496 (15) < (16) QFB 6OD4:9A<9 @B:AB
CD98EF46<FP EBBF69FEF69AAB 6 6<89

v(t, ε) =
∞
∑

k=−∞

ξk(τ) exp
(

2πiky
)

= ξ(τ, y)

<

v(t, ε) =
∞
∑

k=−∞

ξk(τ) exp
(

πi(2k + 1)y
)

= ξ(τ, y),

789 τ = ε2t, y = (1− εa)t, ξk(τ) = ξk exp
(

(λk2 + o(ε))τ
)

.
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$9L9A<S u(t, y, ε) A9?<A9=AB= >D496B= ;484K< (6) < (7), «5?<;><9 > >D<F<K9E><@» D9L9A<S@
v(t, ε) ?<A9=AB= >D496B= ;484K< (8), (7), <M9@ 6 6<89

u(t, y, ε) = ε1/2ξ(τ, y) + ε3/2u3(τ, y) + o(ε2), (23)

789 ξ(τ, y) 3 A9<;69EFA4S 69M9EF69AA4S HGA>J<S, 8?S >BFBDB= 6OCB?A9AO GE?B6<S:

1) 6 E?GK49 (15) 4 GE?B6<9 C9D<B8<KABEF< CB y

ξ(τ, y + 1) ≡ ξ(τ, y); (24)

2) 6 E?GK49 (16) 4 GE?B6<9 4AF<C9D<B8<KABEF< CB y

ξ(τ, y + 1) ≡ −ξ(τ, y). (25)

#B8EF46<@ HBD@4?PAO= DS8 (23) 6 >D496GR ;484KG (8), (7) < 5G89@ CD<D46A<64FP >BQHH<J<-
9AFO CD< B8<A4>B6OI EF9C9ASI ε. &B784, EB5<D4S >BQHH<J<9AFO CD< ε3/2, CB?GK<@ GD46A9A<9 8?S
u3(τ, y). �; GE?B6<S 97B D4;D9L<@BEF< CD<IB8<@ > 6O6B8G, KFB ξ(τ, y) S6?S9FES D9L9A<9@ >D496B=
;484K<

∂ξ

∂τ
=

(a2

2
− 1

)∂2ξ

∂y2
− a2

∂ξ

∂y
+ γ1ξ− b1ξ

3 (26)

E >D496O@< GE?B6<S@< EBBF69FEF69AAB (24) <?< (25). %HBD@G?<DG9@ <FB7B6O= D9;G?PF4F.

&9BD9@4 1. #GEFP 6OCB?A9AO GE?B6<S (17), (18)
(

(17), (19)
)

< b1 6= 0. #GEFP HGA>J<S ξ(τ, y)
S6?S9FES B7D4A<K9AAO@ CD< τ→ ∞, y ∈ [0, 1] D9L9A<9@ >D496B= ;484K< (26), (24)

(

(26) < (25)
)

.

&B784 HGA>J<S

u(t, y, ε) = εξ(τ, y) + ε3u3(τ, y) (27)

CD< τ = ε2t, y = (1− εa)t G8B6?9F6BDS9F >D496B= ;484K9 (6), (7) c FBKABEFPR 8B o(ε3).

�; QFB= F9BD9@O E?98G9F, KFB CD< EHBD@G?<DB64AAOI GE?B6<SI CBEFDB9AAO9 >D496O9 ;484K< (26),
(24) < (26), (25) <7D4RF DB?P ABD@4?PAOI HBD@ 8?S >D496B= ;484K< (6), (7). "F@9F<@, KFB 9E?<
b1 = 0, FB 9EFP GE?B6<9 F9BD9@O 1 A9 6OCB?AS9FES, < b2 6= 0, FB <;@9A9A<S A969?<><. #BE?98A99
E?4749@B9 6 (26) ;4@9AS9FES A4 −b2ξ

2∂ξ/∂y < HBD@G?4 (27) CD<A<@49F 6<8

u(t, y, ε) = ε1/2ξ(τ, y) + ε3/2u3(τ, y).

2.2. �OEFDB BEJ<??<DGRM<9 D9L9A<S. #GEFP 6OCB?A9AB A9D469AEF6B (20), FB 9EFP
a2 < 2. �BDAS@ λk(ε) (k = 0,±1,±2, . . .), B >BFBDOI 7B6BD<?BEP 6 ?9@@9 4, BF69K4RF D9L9A<S
vk(t, ε) ?<A9=AB= >D496B= ;484K< (8), (7) vk(t, ε) = exp(λk(ε)t). �A4K<F < HGA>J<S

v(t, ε) =
∞
∑

k=−∞

ξk exp(λk(ε)t), (28)

789 ξk 4 CDB<;6B?PAO9 >B@C?9>EAO9 CBEFBSAAO9 FB:9 G8B6?9F6BDSRF >D496B= ;484K9 (8), (7).
'K<FO64S 4E<@CFBF<K9E><9 HBD@G?O 8?S λk(ε), CD98EF46?9AAO9 6 ?9@@9 4, 6OD4:9A<9 (28) @B:AB
;4C<E4FP 6 6<89

v(t, ε) = E(t, ε)ξ(τ, y).
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�89EP CB?B:9AB E(t, ε) = exp
[(

i(ω0ε
−1 + θ−Ω0) + εR1(θ−Ω0)

)

t
]

,

ξ(τ, y) =
∞
∑

k=−∞

ξk(τ) exp(2πiky), τ = ε2t, y = (1 + iεR1)t,

ξk(τ) = ξk exp
(

(λk2 + o(ε))τ
)

. !4CB@A<@, KFB EB7?4EAB (21) ;A4K9A<9 iR1 69M9EF69AAB.
$9L9A<S u(t, y, ε) A9?<A9=AB= >D496B= ;484K< (6), (7) 6 D4EE@4FD<649@B@ E?GK49 <M9@ 6

6<89 HBD@4?PAB7B DS84

u(t, y, ε) = ε
(

ξ(τ, y)E(t, ε) + ξ̄(τ, y)Ē(t, ε)
)

+ ε3u3(t, τ, y) + . . . . (29)

� QFB@ 6OD4:9A<< ξ(τ, y) 3 A9<;69EFA4S, CB8?9:4M4S BCD989?9A<R >B@C?9>EA4S HGA>J<S, >BFBD4S
S6?S9FES 1-C9D<B8<K9E>B= CB CDBEFD4AEF69AAB= C9D9@9AAB= y:

ξ(τ, y + 1) ≡ ξ(τ, y), (30)

4 ;46<E<@BEFP BF 4D7G@9AF4 t HGA>J<< u3 3 C9D<B8<K9E>4S.
#B8EF46<@ (29) 6 (6), (7) < 5G89@ CD<D46A<64FP >BQHH<J<9AFO CD< B8<A4>B6OI EF9C9-

ASI ε. &B784, EB5<D4S >BQHH<J<9AFO CD< ε3, CD<IB8<@ > GD46A9A<R BFABE<F9?PAB u3. 'E?B6<9
D4;D9L<@BEF< QFB7B GD46A9A<S 6 >?4EE9 C9D<B8<K9E><I CB t HGA>J<= EBEFB<F 6 6OCB?A9A<<
D469AEF64

∂ξ

∂τ
=−R2

∂2ξ

∂y2
+R4

∂ξ

∂y
+R5ξ− ξ

2 ∂ξ̄

∂y
−

−
(

3b1 + iω0b2 + ω
2
0b3 + 3iω30b4

)

exp(−iΩ0)ξ|ξ|
2, (31)

6 >BFBDB@ R4 = −i(2R2(θ−Ω0) +R3), R5 = R2(θ−Ω0)
2 +R3(θ−Ω0) + γ1 exp(−iΩ0).

�6989@ B5B;A4K9A<9. �89EP < A<:9 K9D9; εn = εn(θ0) 5G89@ B5B;A4K4FP F4>GR CBE?98B64-
F9?PABEFP εn → 0, 8?S >BFBDB= θ(εn) = θ0. %HBD@G?<DG9@ BEAB6AB= D9;G?PF4F.

&9BD9@4 2. #GEFP 6OCB?A9AO GE?B6<S (20) < (15) < CGEFP 8?S CDB<;6B?PAB H<>E<DB64AAB7B
;A4K9A<S θ0 ∈ [0, 2π) >D4964S ;484K4 (31), (30) <@99F B7D4A<K9AAB9 CD< τ→ ∞, y ∈ [0, 1] D9L9A<9
ξ(τ, y). &B784 A4 CBE?98B64F9?PABEF< εn = εn(θ0) HGA>J<S

u(t, y, εn(θ0)) = εn(θ0)
[

ξ(τ, y)E
(

t, εn(θ0)
)

+ ξ̄(τ, y)Ē
(

t, εn(θ0)
)]

+ ε3n(θ0)u3(t, τ, y)

CD< τ = ε2n(θ0)t, y = (1 − εn(θ0)a)t G8B6?9F6BDS9F >D496B= ;484K9 (6), (7) c FBKABEFPR 8B
o(ε3n(θ0)).

&4><@ B5D4;B@, >D4964S ;484K4 (31), (30) S6?S9FES >64;<ABD@4?PAB= HBD@B= 8?S (6), (7) 6 D4EE@4F-
D<649@B@ >D<F<K9E>B@ E?GK49. � E<?G GE?B6<= (21) QF4 >D4964S ;484K4 S6?S9FES C4D45B?<K9E>B=.
%FDG>FGD4 99 D9L9A<= @B:9F 5OFP E?B:AB=. 1F4 >D4964S ;484K4 BCD989?S9F 7?46AO9 K?9AO 4E<@C-
FBF<K9E><I CD<5?<:9A<= D9L9A<= <EIB8AB= ;484K< >D496B= ;484K< (6), (7). "FER84 E?98G9F, KFB <
?B>4?PA4S 8<A4@<>4 (6), (7) F4>:9 @B:9F 5OFP E?B:AB=. "F@9F<@ 9M9, KFB CB HBD@9 >G5<K9E><9
A9?<A9=ABEF< GD46A9A<S (31) E?B:A99, K9@ 6 >?4EE<K9E>B@ GD46A9A<< �<A;5GD743�4A84G.
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2.3. %<EF9@4 E @4?O@< >BQHH<J<9AF4@< E6S;9=. �OL9 5O?B CB>4;4AB, KFB >D<F<K9E><=
E?GK4= 8?S >D496B= ;484K< (6), (7) CD< a = 0 D94?<;G9FES CD< f = 0. �89EP CD98CB?4749@,
KFB >BQHH<J<9AFO a < f S6?SRFES 8BEF4FBKAB @4?O@<, FB 9EFP 8?S A9>BFBDOI a1 < γ1 <@99@
EBBFABL9A<S

a = εa1, f = εγ1 (0 < ε � 1). (32)

!<:9 D4EE@BFD<@ ;484KG <@9AAB F4>B7B F<C4, FB 9EFP E >D496O@< GE?B6<S@< (7) <EE?98G9@
GD46A9A<9

∂2u

∂t2
+ εa1

∂u

∂t
+ u+ f(u, u̇) =

ε

2π

2π
∫

0

Φ(s)u
(

t− ε−1, x+ s
)

ds. (33)

�?S ?<A94D<;B64AAB7B 6 AG?9 GD46A9A<S I4D4>F9D<EF<K9E><= >64;<CB?<AB@ <@99F 6<8

λ2 + εa1λ+ 1 = εfk exp
(

− λε−1
)

.

�9E>BA9KAB @AB7B >BDA9= λk(ε) (k = 0,±1,±2, . . .) QFB7B I4D4>F9D<EF<K9E>B7B GD46A9A<S EFD9-
@<FES > @A<@B= BE< CD< ε → 0 < A9F >BDAS E CB?B:<F9?PAB= < BF89?9AAB= BF AG?S CD< ε → 0
69M9EF69AAB= K4EFPR. &9@ E4@O@ 6 ;484K9 B5 GEFB=K<6BEF< AG?96B7B D9L9A<S (33) D94?<;G-
9FES >D<F<K9E><= E?GK4= 59E>BA9KAB= D4;@9DABEF<. �?S λk(ε) <@9RF @9EFB 4E<@CFBF<K9E><9
CD98EF46?9A<S

λk(ε) = i+ ελk1 + . . . ,

4 λk1 S6?S9FES >BDA9@ >64;<CB?<AB@4

λk1 +
1

2
a1 = −

i

2
γ1 exp

(

iθ− T1λk1
)

. (34)

(<7GD<DGRM4S 6 (34) 69?<K<A4 θ = θ(ε) ∈ [0, 2π) 8BCB?AS9F ;A4K9A<9 Tε−1 8B J9?B7B >D4FAB7B
2π. "F@9F<@, KFB >64;<CB?<AB@ (34) <@99F 59E>BA9KAB @AB7B >BDA9=.

$9L9A<S A9?<A9=AB7B GD46A9A<S <M9@ 6 6<89 HBD@4?PAB7B DS84

u = ε1/2
(

ξ(τ, x) exp(it) + ξ̄(τ, x) exp(−it)
)

+ ε3/2u3(t, τ, x) + . . . , (35)

6 >BFBDB@ ;46<E<@BEFP BF 4D7G@9AF4 t 3 2π-C9D<B8<K9E>4S. #B8EF46<@ (35) 6 (33). #DB<;6B8S
EF4A84DFAO9 89=EF6<S, CD<IB8<@ > GD46A9A<R 8?S u3. �; GE?B6<S 97B D4;D9L<@BEF< 6 >?4EE9
2π-C9D<B8<K9E><I CB t HGA>J<= CB?GK49@ GD46A9A<9 E H<>E<DB64AAO@ ;4C4;8O64A<9@ 8?S
BCD989?9A<S A9<;69EFAB= >B@C?9>EAB= 4@C?<FG8O ξ(τ, x):

∂ξ

∂τ
= −

1

2
a1ξ−

i

2
exp(iθ) ·

1

2
π

2π
∫

0

Φ(s)ξ
(

τ− 1, x+ s
)

ds+

+
1

2

(

3ib1 − b2 + ib3 − 3b4
)

ξ|ξ|2. (36)

%HBD@G?<DG9@ BEAB6AB= D9;G?PF4F.

&9BD9@4 3. #GEFP 6OCB?A9AB GE?B6<9 (32) < 8?S CDB<;6B?PAB H<>E<DB64AAB7B ;A4K9A<S θ0∈[0, 2π)
GD46A9A<9 (36) <@99F B7D4A<K9AAB9 CD< τ → ∞ D9L9A<9 ξ(τ, x). &B784 A4 CBE?98B64F9?PABEF<
εn = εn(θ0) HGA>J<S

u(t, x, εn) = ε1/2n

(

ξ(τ, x) exp(it) + ξ̄(τ, x) exp(−it)
)

+ ε3/2n u3(t, τ, x)

CD< τ = εnt G8B6?9F6BDS9F GD46A9A<R (33) c FBKABEFPR 8B o(ε
3/2
n ).
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�; QFB= F9BD9@O E?98G9F, KFB D4ECD989?9AAB9 GD46A9A<9 (36) S6?S9FES >64;<ABD@4?PAB= HBD@B=
6 D4EE@4FD<649@B@ E?GK49. �?S GD46A9A<S (36) CDBEFB <EE?98B64FP 6BCDBEO B EGM9EF6B64A<< <
GEFB=K<6BEF< CDBEF9=L<I J<>?B6 6<84 ρ exp(iστ). #B8DB5A99 A4 QFB@ A9 BEF4A46?<649@ES.

3. �D<F<K9E><= E?GK4= A4 A9AG?96B= @B89

�89EP CD98CB?4749@, KFB A4<5B?PL<= CB @B8G?R >BQHH<J<9AF (GDP9 fk HGA>J<< Φ(s)
<@99F BF?<KAO= BF AG?S AB@9D k0, FB 9EFP

f = max
−∞<k<∞

|fk| = |fk0 |, k0 6= 0

<
|fk0 | > |fk| CD< k 6= ±k0.

$4EE@BFD<@ >D<F<K9E><= 6 ;484K9 B5 GEFB=K<6BEF< AG?96B7B EBEFBSA<S D46AB69E<S >D496B=
;484K< (6), (7) E?GK4=, >B784 8?S A9>BFBDB7B δ

fk0 =
(

γ0 + ε2γ1
)

exp(iδ). (37)

#D<6989@ 4E<@CFBF<K9E><9 HBD@G?O 8?S 6E9I F9I >BDA9= I4D4>F9D<EF<K9E>B7B GD46A9A<S (9),
69M9EF69AAO9 K4EF< >BFBDOI EFD9@SFES > AG?R CD< ε → 0.

!4CB@A<@, KFB I4D4>F9D<EF<K9E>B9 GD46A9A<9 (9) CB?GK49FES 6 D9;G?PF4F9 CB8EF4AB6>< 6
(8) D9L9A<= 1=?9D4

u±k (t, x, ε) = exp
[

± ikx+ λk(ε)t
]

. (38)

�?S A4IB:89A<S >BDA9= λk(ε) CD<IB8<@ > GD46A9A<R

ε2λ2 + εaλ+ 1 =
(

γ0 + ε2γ1
)

exp
(

± iδ− λ
)

. (39)

"FER84 CB?GK49@ 4E<@CFBF<>G λ±k (ε):

1) CD< a2 > 2 <@99@ λ−k (ε) = λ̄
+
k (ε) < λ

+
k (ε) = iδ+ 2πki+ ελk1 + ε2λk2 + . . ., 789

λk1 = −ia
(

2πk + δ
)

,

λk2 =
1

2

(

2− a2
)(

δ+ 2πk
)2

+ γ1 + ia2
(

δ+ 2πk
)

;

2) CD< a2 < 2 <@99@ λ±k (ε) = i(ω0/ε+ θ± δ−Ω0 + 2πk) + ελ±k1 + ε2λ±k2 + . . ., 789

λ±k1 = −i
(

γ0 exp(iΩ0)
)−1(

2iω0 − a
)

K±
k , K±

k = θ± δ−Ω0 + 2πk,

λ±k2 =
1

2

(

λ±k1
)2

− γ1γ
−1
0 −

(

R±
k

)2
− aλ±k1 − 2iω0λ

±
k1 = A±

(

K±
)2

+B±K± + γ1γ
−1
0 ,

K± = θ−Ω0 + 2πk ± δ,

A± =
(

γ0 exp
(

i(Ω0 ∓ δ)
)

)−1
−

1

2

(

(a− 2iω)
(

γ0 exp[i(Ω0 ∓ δ)]
)−1

)2
,

B± = −i
(

a2 + 4ω2
)(

γ0 exp[i(Ω0 ∓ δ)]
)−1

.

"F@9F<@, KFB Re λ±k1 = Re λk1 = 0, Re λk2 < 0 < Re λ±k2 < 0.
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3.1. %?GK4= a2 > 2. � QFB@ E?GK49 CBEFDB9A<S 6 >D<F<K9E>B= E<FG4J<< A4 A9AG?96B= @B89
@4?B BF?<K4RFES BF CBEFDB9A<= D4;89?4 2. $9L9A<S A9?<A9=AB= >D496B= ;484K< (6), (7) <M9@
6 6<89

u(t, x, ε) = ε
(

ξ(τ, y) exp
[

iδ(1− εa)t+ ik0x
]

+ ξ̄(τ, y) exp
[

− iδ(1− εa)t− ik0x
]

)

+

+ε3u3(t, τ, x, y) + . . . , (40)

789 CB t, x < y ;46<E<@BEFP C9D<B8<K9E>4S, τ = ε2t, y = (1 − εa)t. #B8EF46?SS (40) 6 (6), (7)
< EB69DL4S EF4A84DFAO9 89=EF6<S, CB?GK49@ E?98GRM<= D9;G?PF4F.

&9BD9@4 4. #GEFP k0 6= 0 < a2 > 2 < CGEFP ξ(τ, y) S6?S9FES B7D4A<K9AAO@ CD< τ→ ∞, y ∈ [0, 1]
D9L9A<9@ >D496B= ;484K<

∂ξ

∂τ
=

1

2
(a2 − 2)

∂2ξ

∂y2
+
(

a2 + iδ(a2 − 2)
)∂ξ

∂y
+

(

1

2
δ2(2− a2) + γ1 + ia2δ

)

ξ− 3b1ξ|ξ|
2, (41)

ξ(τ, x+ 2π, y) ≡ ξ(τ, x, y) ≡ ξ(τ, x, y + 1). (42)

&B784 HGA>J<S

u(t, x, ε) = ε
(

ξ(τ, y) exp
[

iδ(1− εa)t+ ik0x
]

+ ξ̄(τ, y) exp
[

− iδ(1− εa)t− ik0x
]

)

+

+ε3u3(t, τ, x, y) (43)

G8B6?9F6BDS9F >D496B= ;484K9 (6), (7) E FBKABEFPR 8B o(ε3).

"F@9F<@, KFB CD< b1 = 0 < b2 6= 0 CBE?98A99 E?4749@B9 6 GD46A9A<< (41) ;4@9AS9FES A4

−b2

[

iδξ|ξ|2 + 3ξ2
∂ξ̄

∂y
+ 2|ξ|2

∂ξ

∂y

]

,

4 4E<@CFBF<>4 D9L9A<= 6 (43) <89F A9 CB J9?O@ EF9C9AS@ ε, 4 CB EF9C9AS@ ε1/2.

3.2. %?GK4= a2 < 2. �89EP, 6 BF?<K<9 BF D9;G?PF4FB6 D4;89?4 2.2, ;489=EF6B64AO A9 B8A4, 4
869 J9CBK>< >BDA9= λ+k (ε) < λ

−
k (ε). %A4K4?4 66989@ B5B;A4K9A<S. #B?B:<@

E± = exp
[

ik0x+ i(ω0ε
−1 + θ−Ω± δ)t

]

.

$9L9A<S A9?<A9=AB= >D496B= ;484K< (6), (7) <M9@ 6 6<89

u(t, x, ε) = ε
(

ξ+(τ, y)E+ + ξ̄+(τ, y)Ē+ + ξ−(τ, y)E− + ξ̄−(τ, y)Ē−
)

+

+ε3u3(t, τ, x, y) + . . . , (44)

789 ;46<E<@BEFP BF t, x < y 4 C9D<B8<K9E>4S. #BE?9 CB8EF4AB6>< (44) 6 (6) < CBE?9 EF4A84DFAOI
89=EF6<= CB?GK49@ 8?S BCD989?9A<S A9<;69EFAOI 4@C?<FG8 ξ±(τ, y) >D496GR ;484KG C4D45B?<K9-
E>B7B F<C4

∂ξ±

∂τ
= −A±∂2ξ±

∂y2
− i

(

2A±(θ−Ω0 ± δ) +B±
)∂ξ±

∂y
+

+A±(θ−Ω0 ± δ)
2 −B±(θ−Ω0 ± δ) + γ1γ

−1
0 +

+ 3ξ±
(

|ξ±|2 + 2|ξ∓|2
)(

b1 − ω
2
0b3 − ib4

)

+ iω0b2ξ
±|ξ±|2 (45)

E >D496O@< GE?B6<S@<
ξ±(τ, y + 1) ≡ ξ±(τ, y). (46)

%HBD@G?<DG9@ CB?GK9AAB9 GF69D:89A<9 6 6<89 F9BD9@O.
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&9BD9@4 5. #GEFP 0 < a2 < 2 < CGEFP 8?S CDB<;6B?PAB H<>E<DB64AAB7B ;A4K9A<S θ0 ∈ [0, 2π)
>D4964S ;484K4 (45), (46) <@99F B7D4A<K9AAB9 CD< τ → ∞, y ∈ [0, 1] D9L9A<9 ξ(τ, y). &B784 A4
CBE?98B64F9?PABEF< εn = εn(θ0) HGA>J<S

u(t, x, εn) = εn
(

ξ+(τ, y)E+ + ξ̄+(τ, y)Ē+ + ξ−(τ, y)E− + ξ̄−(τ, y)Ē−
)

+ ε3nu3(t, τ, x, y),

789 τ = ε2nt, y = (1− εna)t, G8B6?9F6BDS9F >D496B= ;484K9 (6), (7) E FBKABEFPR 8B o(ε3n).

4. �D<F<K9E><9 E?GK4< 6 >D496B= ;484K9 (10)

#D<AJ<C<4?PAB AB6O9 QHH9>FO @B7GF 6B;A<>4FP 6 E<FG4J<<, >B784 >D<F<K9E><9 E?GK4<
D94?<;GRFES B8AB6D9@9AAB A4 59E>BA9KAB@ @AB:9EF69 @B8. $4EE@BFD<@ F4>GR E<FG4J<R A4
B8AB@ A4<5B?99 D4ECDBEFD4A9AAB@ CD<@9D9, >B784 6 >D496B= ;484K9 (10) <@99@

Φ(s) ≡ const ≡ f0. (47)

�<A94D<;G9@ 6 AG?9 QFG >D496GR ;484KG. � D9;G?PF4F9 CB?GK<@ ?<A9=AB9 GD46A9A<9

ε2
∂2u

∂t2
+ εa

∂u

∂t
+ u = f0

[

1

2π

2π
∫

0

u(t− 1, x+ s)ds− u(t− 1, x)

]

(48)

E C9D<B8<K9E><@< >D496O@< GE?B6<S@<

u(t, x+ 2π) ≡ u(t, x). (49)

)4D4>F9D<EF<K9E>B9 GD46A9A<9 8?S (48), (49) <@99F 6<8

ε2λ2 + εaλ+ 1 = fk exp(−λ), k = 0,±1,±2, . . . , (50)

789

fk =

{

0, 9E?< k = 0,

−f0, 9E?< k = ±1,±2, . . . .
(51)

(<>E<DG9@ CDB<;6B?PAB γ1 < CB?4749@

f0 = γ0 + ε2γ1. (52)

#D< QFB@ GE?B6<< 8?S 6E9I, >DB@9 B8AB7B, GD46A9A<= 6 (50) <@99F @9EFB 59E>BA9KAB@9DAO=
>D<F<K9E><= E?GK4=. %?98GS D4;D45BF4AAB= 6OL9 @9FB8<>9, D9L9A<S A9?<A9=AB= >D496B= ;484K<
(10) <M9@ 6 6<89 HBD@4?PAB7B DS84:

1) CD< GE?B6<< a2 > 2 <@99@ γ0 = 1 <

u(t, x, ε) = εξ(τ, x, y) + ε3u3(τ, x, y) + . . . (53)

2) CD< GE?B6<< a2 < 2 <@99@

γ0 =
a2

4
(4− a2)1/2

<

u(t, x, ε) = ε
(

ξ(τ, x, y) exp
[

i(ω0ε
−1 + θ+ δ−Ω0)t

]

+

+ ξ̄(τ, x, y) exp
[

− i(ω0ε
−1 + θ+ δ−Ω0)t

]

)

+

+ ε3u3(t, τ, x, y) + . . . (54)
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� (53) < (54) τ = ε2t, y = (1 − εa)t, ;46<E<@BEFP BF x 4 2π-C9D<B8<K9E>4S, BF y 4
1-4AF<C9D<B8<K9E>4S, BF t 6 (54) 3 2π/ω0-C9D<B8<K9E>4S, 789 ω0 = (1− a2/2)1/2. � E<?G GE?B6<S
(51), A4 HGA>J<R ξ(τ, x, y) A9B5IB8<@B A4?B:<FP GE?B6<9

Mx(ξ) = 0, 789 Mx(ξ) =
1

2π

2π
∫

0

ξ(τ, x, y)dx. (55)

#B8EF46<@ 6OD4:9A<9 (54) 6 (10). %B69DL4S EF4A84DFAO9 89=EF6<S, CB?GK<@ GD46A9A<9
BFABE<F9?PAB u3. �; GE?B6<S 97B D4;D9L<@BEF< 6 G>4;4AAB@ >?4EE9 HGA>J<= CB?GK<@ D469AEF64:

1) CD< a2 > 2

∂ξ

∂τ
=

(

a2

2
− 1

)

∂2ξ

∂y2
− a2

∂ξ

∂y
+ γ1ξ− b1

(

ξ3 −Mx(ξ
3)
)

, (56)

ξ(τ, x, y + 1) ≡ −ξ(τ, x, y), ξ(τ, x+ 2π, y) ≡ ξ(τ, x, y); (57)

2) CD< a2 < 2 (6 B5B;A4K9A<SI D4;89?4 2.2)

∂ξ

∂τ
= −R2

∂2ξ

∂y2
+R4

∂ξ

∂y
+R5ξ− ξ

2 ∂ξ̄

∂y
− 2|ξ|2

∂ξ

∂y
−M

(

ξ2
∂ξ̄

∂y
+ 2|ξ|2

∂ξ

∂y

)

(58)

E GE?B6<S@< (57).

#D<6989@ <FB7B6O9 GF69D:89A<S.

&9BD9@4 6. 1) #GEFP a2 > 2 < CGEFP ξ(τ, x, y) 4 B7D4A<K9AAB9 CD< τ→ ∞, x ∈ [0, 2π], y ∈ [0, 1]
D9L9A<9 >D496B= ;484K< (56), (57). &B784 HGA>J<S

u(t, x, ε) = εξ(τ, x, y) + ε3u3(t, τ, x, y)

G8B6?9F6BDS9F >D496B= ;484K9 (48), (49) CD< τ = ε2t, y = (1− εa)t E FBKABEFPR 8B o(ε3).
2) #GEFP 0 < a2 < 2 < CGEFP ξ(τ, x, y) 4 B7D4A<K9AAB9 CD< τ → ∞, x ∈ [0, 2π], y ∈ [0, 1]

D9L9A<9 >D496B= ;484K< (58), (57). &B784 HGA>J<S

u(t, x, ε) = ε
(

ξ(τ, x, y) exp
[

i(ω0ε
−1 + θ+ δ−Ω0)t

]

+

+ ξ̄(τ, x, y) exp
[

− i(ω0ε
−1 + θ+ δ−Ω0)t

]

)

+ ε3u3(t, τ, x, y)

G8B6?9F6BDS9F >D496B= ;484K9 (48), (49) CD< τ = ε2t, y = (1− εa)t E FBKABEFPR 8B o(ε3).

&4><@ B5D4;B@, >D496O9 ;484K< (56), (57) < (58), (57) S6?SRFES >64;<ABD@4?PAO@< HBD@4@<
8?S (48), (49). "F@9F<@, KFB A4?<K<9 6 GD46A9A<SI (56) < (58) <AF97D4?PAOI E?4749@OI CB
CDBEFD4AEF69AAB= C9D9@9AAB= CB;6B?S9F 6 S6AB@ 6<89 A4IB8<FP 7?48><9 CB τ < y < EFGC9AK4FO9
CB x D9L9A<S. �9F4?PAB QF< 6BCDBEO <EE?98B64?<EP 6 D45BF4I [32334], CBQFB@G ;89EP A4 A<I A9
BEF4A46?<649@ES.

5. "5 B8AB@ B5B5M9A<< D9;G?PF4FB6

�BDBF>B BEF4AB6<@ES A4 D4EE@BFD9A<< 5B?99 B5M9= >D496B= ;484K< (11), (12). �OC<L9@
I4D4>F9D<EF<K9E>B9 GD46A9A<9 8?S 97B ?<A94D<;4J<< 6 AG?9

ε2λ2 + εaλ+ 1 = (fk1 + ελfk2) exp(−λ), k = 0,±1,±2, . . . , (59)
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789 fk1 < fk2 4 >BQHH<J<9AFO D4;?B:9A<S HGA>J<= Φ1(s) < Φ2(s), EBBF69FEF69AAB, 6 DS8 (GDP9.
#B?B:<@ 6 (59) λ = iωε−1. � D9;G?PF4F9 CD<IB8<@ > GD46A9A<R

(

1− ω2 + iaω
)(

fk1 + iωfk2
)−1

= exp
(

− iωε−1
)

. (60)

�;GK<@ 6BCDBE B EGM9EF6B64A<< 69M9EF69AAB7B >BDAS ω0 6 GD46A9A<< (60). "5B;A4K<@ K9D9;
pk(ω) HGA>J<R

pk(ω) = |1− ω2 + iaω| · |fk1 + iωfk2|
−1.

1F4 HGA>J<S A9B7D4A<K9AAB D4EF9F CD< ω→ ±∞. #BQFB@G EGM9EF6G9F F4>B9 ω0, KFB

pk(ω0) = min
−∞<k,ω<∞

pk(ω).

%HBD@G?<DG9@ B8<A CDBEFB= D9;G?PF4F.

�9@@4 5. #GEFP p(ω0) < 1. &B784 CD< 6E9I 8BEF4FBKAB @4?OI ;A4K9A<SI ε 6E9 >BDA< GD46-
A9A<S (59) <@9RF BFD<J4F9?PAO9 < BF89?9AAO9 BF AG?S CD< ε → 0 69M9EF69AAO9 K4EF<.
�E?< :9 p(ω0) > 1, FB CD< 6E9I 8BEF4FBKAB @4?OI ;A4K9A<SI ε GD46A9A<9 (59) <@99F >BD9AP
E CB?B:<F9?PAB= < BF89?9AAB= BF AG?S CD< ε → 0 69M9EF69AAB= K4EFPR.

&4><@ B5D4;B@, >D<F<K9E><= E?GK4= 6 ;484K9 B5 GEFB=K<6BEF< D94?<;G9FES CD< GE?B6<< p(ω0) = 1.
#BE?9 QFB7B CD<6989AA4S 6OL9 @9FB8<>4 C9D9ABE<FES A4 >D496GR ;484KG (11), (12).

�4>?RK9A<9

$4EE@BFD9A 6BCDBE B ?B>4?PAB= 8<A4@<>9 CB?ABE6S;AB= E<EF9@O BEJ<??SFBDB6. �O89?9AO
>D<F<K9E><9 E?GK4< 6 ;484K9 B5 GEFB=K<6BEF< EBEFBSA<S D46AB69E<S. #B>4;4AB, KFB BA< <@9RF
59E>BA9KAGR D4;@9DABEFP. "EAB6AO9 D9;G?PF4FO EBEFBSF 6 FB@, KFB D4;D45BF4A 4?7BD<F@ CBEFDB9-
A<S EC9J<4?PAOI A9?<A9=AOI >D496OI ;484K 4 >64;<ABD@4?PAOI HBD@. �I A9?B>4?PA4S 8<A4@<>4
BCD989?S9F 4E<@CFBF<>G 6E9I D9L9A<= <EIB8AB7B GD46A9A<S 6 B>D9EFABEF< EBEFBSA<S D46AB69E<S.

�64;<ABD@4?PAO@< HBD@4@< S6?SRFES CDBEFD4AEF69AAB D4ECD989?9AAO9 A9?<A9=AO9 >D49-
6O9 ;484K<, A4CD<@9D, >?4EE<K9E><9 GD46A9A<S �<A;5GD743�4A84G, CBQFB@G @B:AB E89?4FP 6O6B8
B FB@, KFB 8?S >?4EE4 D4EE@BFD9AAOI ;89EP ;484K I4D4>F9DAO E?B:AO9 < A9D97G?SDAO9 >B?954A<S.

� ;46<E<@BEF< BF 69?<K<AO C4D4@9FD4 a 4 >BQHH<J<9AF4 CD< u̇ 6 (1) 4 D9L9A<S S6?SRFES
?<5B @98?9AAB BEJ<??<DGRM<@< (CD< a2 > 2), ?<5B 5OEFDB BEJ<??<DGRM<@< (CD< a2 < 2) E
4E<@CFBF<K9E>< 5B?PLB= K4EFBFB=. �64;<ABD@4?PAO9 HBD@O <; D4;89?4 4 EB89D:4F 9M9 B8AG
CDBEFD4AEF69AAGR C9D9@9AAGR. 1FB, >BA9KAB, CD<6B8<F > GE?B:A9A<R 8<A4@<K9E><I E6B=EF6
D9L9A<=.

#B>4;4AB, KFB >B?<K9EF6B E6S;4AAOI GD46A9A<= 6 >64;<ABD@4?PAB= HBD@9 BCD989?S9FES
K<E?B@ D46AOI CB @B8G?R >BQHH<J<9AFB6 (GDP9 HGA>J<< Φ(s). �4:A4S DB?P CD<A48?9:<F <
;A4K9A<R 4D7G@9AF4 δ 8?S EBBF69FEF6GRM<I >BQHH<J<9AFB6 Φ(s).

"EB5B BF@9F<@, KFB 6 DS89 >64;<ABD@4?PAOI HBD@ CD<EGFEF6GRF <AF97D4?PAO9 CB CDB-
EFD4AEF69AAB= C9D9@9AAB= E?4749@O9 BF A9?<A9=AB= HGA>J<<. 1FB CD<6B8<F > FB@G, KFB D9L9A<S
>64;<ABD@4?PAOI HBD@ @B7GF EFDG>FGDAB GE?B:A<FPES. !4CD<@9D, 6 S6AB@ 6<89 @B:AB BCD9-
89?<FP 7?48><9 < C9D<B8<K9E><9 CB 6D9@9A<, < EFGC9AK4FO9 CB CDBEFD4AEF69AAB= C9D9@9AAB=
D9L9A<S < 6 A9>BFBDOI E?GK4SI <EE?98B64FP <I GEFB=K<6BEFP.

"5D4F<@ 6A<@4A<9, KFB 6 E?GK49 @98?9AAB BEJ<??<DGRM<I D9L9A<= 8?S CBEFDB9A<S >64;<-
ABD@4?PAOI HBD@ ;489=EF6B64A4 FB?P>B A9?<A9=ABEFP b1u3 HGA>J<< f(u, u̇). �E?< b1 = 0 < b2 6= 0,
FB CDB<EIB8<F EFDG>FGDAB9 GE?B:A9A<9 D9L9A<= < E@9A4 4E<@CFBF<>< D9L9A<= <EIB8AB7B GD46-
A9A<S. �?S 5OEFDB BEJ<??<DGRM<I D9L9A<= ;489=EF6B64AO 6E9 >BQHH<J<9AFO HGA>J<< f(u, u̇).
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�<A4@<K9E><9 E6B=EF64 <EIB8AB= >D496B= ;484K< (3), (4) CD< a2 < 2 KG6EF6<F9?PAO > <;@9-
A9A<R C4D4@9FDB6. 1FBF 6O6B8 E?98G9F <; FB7B H4>F4, KFB, 6B-C9D6OI, 6 >64;<ABD@4?PAB= HBD@9
CD<EGFEF6G9F 69?<K<A4 θ = θ(ε) ∈ [0, 2π), >BFBD4S CD< ε → 0 59E>BA9KAB @AB7B D4; CDB59749F 6E9
;A4K9A<S BF 0 8B 2π. �B-6FBDOI, CD< D4;?<KAOI ;A4K9A<SI θ 8<A4@<>4 >64;<ABD@4?PAB= HBD@O
@B:9F D4;?<K4FPES [35], 4 ;A4K<F, CD< ε → 0 @B:9F CDB<EIB8<FP A9B7D4A<K9AAO= CDBJ9EE CDS@OI
< B5D4FAOI 5<HGD>4J<=.

�4:AO= 6O6B8 >4E49FES DB?< 5B?PLB7B ;4C4;8O64A<S 6 D4EE@4FD<649@OI J9CBK>4I. % B8AB=
EFBDBAO, 6E9 4A4?<F<K9E><9 CBEFDB9A<S CD< 5B?PL<I T CB;6B?SRF S6AB 6O89?<FP >D<F<K9E><9
E?GK4<, A4=F< 4E<@CFBF<>G >BDA9= I4D4>F9D<EF<K9E><I GD46A9A<= < CB?GK<FP 4E<@CFBF<K9E><9
HBD@G?O 8?S D9L9A<=. % 8DG7B= EFBDBAO, CD< T � 1, 6E9 >64;<ABD@4?PAO9 HBD@O EB89D:4F 9M9
B8AG CDBEFD4AEF69AAGR C9D9@9AAGR, CBQFB@G @B:AB E89?4FP 6O6B8 B5 GE?B:A9A<< 8<A4@<><
E6B=EF6.
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