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YHHUBEPCAJBHOCTD Y1 CKEMJIMHI B OTOBPAXKEHHU
OKPYXHOCTHU C IEPUOANYECKIAM BHENHUM BO3JENCTBUEM

A.I0. Xannun, C.I1. Kysueyos

Hccnepyrores cBoKCTBa CKEMMIHTa, EIMEIOIIAE MECTO B OKPECTHOCTH KPHTHYECKOH
TOUKH OTOOpaEHUA OKPYAKHOCTH C UWC/IOM BPAINEHUA «30J0TOE cpefHee» (KPWTHUECKas
Touka GM) OpH HaMMYEM KOUOJHETENHLHOTO BHENIHETO INEPHONEYECKOTC BO3JEHCTRBES Ha
cucTeMy. PaccMaTpuBaroTCS BO3MYIIEHHUS! HENMOABIDKHON TOUKU YPABHEHAS PEHOPMIPYNIELI
Deiirentayma - Kanarosa - lllerkepa, oTBe9ArOMAE BKITFOYCHHAIO IEPUOIAYECKOTO BO3IEHCTBHL.
TMokasaHo, 9TO B 3aBHCHMOCTH OT TACTOTHI BO3ACHCTBES MOTYT peaylM30BATLCA [BA THIA
CKEWJIAHTa - IepHOAMYECKOe HNOBTOpeHHe KoH(HTypamm ofiacreit npu mpeo{pasoBaHHU
nofiobusg (ckefimmer P-Tma) W KBasHNEpHONMYECKOe INOBefeHHe (CKeWnuur Q-Tuma).
CerolicTBa caMONOJOCHT OKPECTHOCTH KPHTHYECKOH TOYKH B IIPOCTPAHCTBE HAPaMETPOB
MIUTFOCTPHPYIOTCS. IIOCTPOSHALIME Ha KOMIIBIOTEPE KapTaMH JIAIMyHOBCKOTO IIOKAa3aTens Ha

IUIOCKOCTH HapaMCTpOB.
Bregenue

MsBecTHO, YTO BO3HUKHOBEHMIO XaOTHUYECKOH [MHAMUKH B MHOTOMEPHBIX
HENUHCHHBIX CHCTEMax YacTO MPE[HIECTBYeT HECKOIBKO OH(ypKaumil pOXKICHUs
KO/Ie0aTebHbIX COCTABIAIOIINX, OTHOLUIEHNE YaCTOT KOTOPBIX 3aBHCAT OT IapaMeTpPOB
3afjaud. Korma cooTHoOlIEHME 4YacTOT HPPANUOHANbHO, B CHCTEME peallu3yloTcs
KBAasUNEpUONWYEeCKAe peXuMbl. B (a3oBOM IpoCTpaHCTBE MM  COOTBETCTBYIOT
aTTPaKkTOpbl B BHAE¢ TOPOB, Pa3MEPHOCTh KOTOPBIX ONPENENSETCS KOIHIECTBOM
OCHOBHBIX YaCTOTHBIX KOMIIOHEHT. JIy4llle BCero HCclIEefioBaHa 3ajaia O Iiepexofe K
XaoCy Yyepes paspynleHue PEryISpHOro KBa3suIIepHOIUIECKOro ABIKEHNAS Ha BYMEPHOM
tope [1-9], 4ro OTBevaeT HANMYMIO B CHEKTpPE [ABYX OCHOBHBIX 4acToT. Ilpocreimreit
MOJENBIO IS aHaNu3a 3TOH CUTYallyl CIIYKUT OfHOMEPHOE OTOGpakeHHe OKPY:KHOCTH.
OrnHa n3 KOHKPETHBIX 3afad, B KOTOPBIX OHO €CTECTBEHHBIM OOPa3OM BO3HUKAET, ITO
3afaya O CHHXPOHH3AIMU KOJIe0aHWil aBToreHepaTopa NepHONIECKOA MOCIIENOBaTeNhb-
HOCTBIO KOPOTKMX HMIYIbcoB [8, 9]. B GHONOrMYECKOM KOHTEKCTE OTOGpaxKeHue
OKPY:KHOCTH IIPUBJIEKACTCS st TEOPETHYECKOrO HM3YYEHWs BOIPOCOB, CBS3AHHLIX C
pUTMaM¥ cepfieuHoi festeapHocTa [10].

MoussiM MeTOIOM HCCIEHOBAHNS CIOXKHOH IMHAMUKHW Ha IIOpore mepexopa K
Xaocy SBIsSETCS, KaK W3BECTHO, peHopmrpymmopol anamms (PT). IIpumermrensHo K
3afjaye O pa3pylIeHHM KBa3MIIEPHOAUIECKOTO peXUMa B aBTOHOMHOM OTOOpakeHWH
OKPYXXHOCTH OH GBI pa3sBUT B paCorax ®eireHOayma, KapgaHora u Ilfemkepa {2}, a
rakke Ocrnanna, Paupa u ip. {3, 4].



JInsi [eTambHOTO TEOPETHMUYECKOTO MCCIIENOBAaHUSA TPAAMLUMOHHO BbIOMpAOT
COOTHOIICHAE 4YaCTOT, 3afaHHoe MppauioHaIbHbM wicioM w=(5Y2-1)/2 - «30m0TbIM
cpefHEM». TOYKYy B IIPOCTPAHCTBE NapaMeTPOB, B KOTOPOH COOTBETCTBYIOIIMIA
KBa3WIEPHONMYECKII pEeXHM paspymuaeTcsd, OygeM Ui KpaTKOCTH HMEHOBATh
KpuTHYecKOoil Toukoi#t GM (ot cioB «golden mean» - 3on0T0e cpemee) [8, 9]. Kax
MOXHO II0Ka3aTh, B JFOGOM CKONb YrOMHO Majoll OKPECTHOCTH 3TOH TOYKH IIPUCYT-
CTBYIOT NMePHOAMUECKUE, KBA3UIIEPHONMYECKHIE U XaOTHIECKUE pexXuMbL. F3BECTHO, YTO
KprTHueckas Toyka GM mMeeT KOpasMEpHOCTh 2, TO €CTh HCUEPNbIBAIOIIME aHaI3
IMHAMUKY B €€ OKPECTHOCTH IOCTHIaeTCst B paMKax IByXIapaMeTpHuecKoro anamisa [1-9].

B macrosimeit paGoTe MbI 06paTUMCS K JOCTATOYHO €CTECTBEHHON MOIUMUKAIIY
KJIaCCAYECKON MONEIN M PAaCCMOTPHM OTOODaKEHHE OKDPYXKHOCTH IO BHEINHUM
HeprOIIecKiM Bo3sfelicTueM. OHO ONMCHIBAET, HallpUMeEp, NUHAMUKY aBTOIEHEPATOpa
fp¥ BO3MEHCTBIHM MOCIENOBATELHOCTH MMIY/IbCOB, €CITM OHa MOMYIMpOBaHa COOTBET-
cTByIOUMM obpa3zoM. B Gomee IIMPOKOM KOHTEKCTE K STOM 3afauye MOXHO IPHHATH,
HCCNeysl OIpefeCHHbIE CUTYallid Iepexofia K Xaocy dYepe3 paspylleHHe Kojefa-
TEIILHOIO PEKUMA ¢ TPEM: OCHOBHBIMY YacTOTaMH.

Hameidt rmasHol 3agadei HyfleT UCCIEOBaHNEe CBOUCTB CKEUIIMHIA B OKPECTHOCTH
kputaueckodl Toukn GM B NPUCYTCTBUM NEPHOFMYECKOTO BHEIIHETO BO3NEHCTBU.
PaccMatprBasi BO3MYIICHUS HEMOABUKHOA TOUKM  YPABHEHWS  PEHOPMIPYINIBI
Qeiirenbayma - Kaganosa - lllenxkepa, oTBedaioljie BKIIOYEHHIO IEPHOJIHYECKOrO
BO3MEHCTBUA, MBI TIOKaXEM, YTO B 3aBHCHMOCTH OT YacTOThl BHEIIHETO BO3JENCTBUS
MOTYT BO3HHKAaTh [Ba THUIIA CKEUNUHIA, aHAIOTMYHbIE TEM, KOTOphIE OBLIM OIMCAHbBI
paHee IS CHCTEM, JAEMOHCTPHPYIOMMX yiBoeHust nepwopa [11]. B opHOM ciyyae ato
HepUOANYECKOe TOBTOPEHNE KOH(UTYpaly obnacTell IpH IIpeoOpa3oBaHmyl IOHo0us
(cketinuur P-tuma), B EpyroM - KBasumepHORMUecKoe IOBeleHWEe NpH MaciurabHOM
npeoGpazopanuy (CKedmHr Q-Tuma).

[Ins wImocTpalii CBOMCTB CaMONOROOUST OKPECTHOCTH KPHTMYECKOM TOYKH B
NPOCTPAHCTBE IapaMEeTPOB Mbl IPHBOOMM K CONOCTABIAEM KapThl JISIYHOBCKUX
TIOKa3aTresel, IEpecYuTaHHble C YUeTOM KOHCTaHT CKEUNuHra, OTyYeHHBIX U3 aHalusa
PEHOPMIPYIIIEL.

ApTorenepaTop NoJ AMHYJIbCHBIM BO3/IeACTBHEM
U oTo0paXkeHHe OKPYKHOCTH

B xagecTBe HCXOLHOTO NpHMEpa o0paTHMCH K 3afade O BO3OEHCTBHUY IIOCIENOBA-
TEJBbHOCTH KOPOTKHUX UMITYJILCOB Ha aBTOKOJIE0AaTEILHYIO CHCTEMY.

IIpemnonosxnm, 9T0 B (a30BOM IIPOCTPAHCTBE aBTOHOMHON CUCTEMBI HMEeTCS
IpeleIbHbIA HUKI, B OKPECTHOCTH KOTOPOTO TUHAMIKA OIMChIBAETCA YPaBHEHUIMY

R = -uR, (1)
é:u)-i-nR, ()

TIE R - OTKJIOHEHUE aMIUIUTYAb! OT NPENEIbHOrO UKIIA; U - K03 PHUIUEHT, XapaKTepH-
3YIOLFY CKOPOCTh PellakCalliy K IPeleHbHOMY IIAKITY; BeJITUNHA O Xapakrepu3yeT a3y
IBLCKEHNs U300paxaroel TouKkH Ha IUKJie, a @ ~ YacTOTy asTokonebanmii. KoxcTanTa
1) XapaKTepu3yeT CTeleHb HEM30XPOHHOCTH KONeOaHuil B CCTEME.

ITycte Teneps Ha cuCTeMy AEHICTBYET BHELIHSS CUJIa B BAJIE HOCIIEIOBATENBHOCTH
HMITYILCOB. KaXanii OuepefHO# TONUOK BHIBOIUT CHCTEMY U3 YCTAHOBUBLUEIOCH
peXuMa, MOCIe Yero amIUIMTyda BHOBL BO3BpaljaeTcs K TpefelbHOMY LUKy, B
pe3yibTaTe HEHCTBUS H-T'O HMIYIbCAa BO3HUKAET OOAaBKAa K aMIINTYIE, SIBIIAIOIAsACS
TepUOMYECKOl (yHKIuell hassl (IpocTefilliee NPEATIONOXKEHHE COCTOMT B TOM, UTO
3TO CHHYC):



AR =A sin2nf ,

The A, - IapameTp, XapaKTepH3YIOIyil NHTEHCHBHOCTD NAHHOTO HMITYJIbCa, a 6, - haza
KoleOaHmii B MOMEHT TOJNYKa. JJMHaMuWKa CHUCTEMb! B HHTEpBale BPEMEHH MEXITY
HMITYJILCAMH OIUCHIBAETCS YPABHEHUSIMH S

R(t)=(R,+A, sin2nb ) exp(-ut), ' 3)

8(¢) = 8, + wr + 7 J (R, +A, sin2nb, Jexp(-yr)dr =

, 4)
=0 _+ ot +nui(l-exp(-w))(R +A, sin2mb ).

Ecmu penakcamusi K TpeJeNbHOMY LMKy [OPOUCXOAUT TaK OGBICTPO, 4YTO
BO3MYILICHUE aMIUATY{bl YCIEBAET 3aTYXHYTh MPAKTHYECKH IONHOCTHIO 32 MHTEPBAI
speMer T, mexpuy n-M # (n+l1)-M mvmymecamu (exp(-uT,)—0), To mis dasel k

MOMEHTY O4CPENHOr0 HMITYJIbCa TToJIydacM

8 ,,,=6,+ol, +nutA sin2n0 .

n+l

Bsops obosnaverus r,=oT, u K /(2x)=-nu'A , npuBommM oToGpaxkeHue B ClefyoLei
copme:

0, =0 +r -(K/(2n))sin2n®,  (mod 1). (5)

n+l

3HayoK MOMYJIA YKa3bIBAaeT, YTO 3HAUYEHUS (ha30BOH NMEpeMeHHOH 0, oTyyatonuecs Ha
LEJIOE YUCIIO, CIATAIOTCS] IKBUBAJIEHTHBIMY.

B uacTHOM ciydae, Korja BHEILIHEE BO3AEHCTBEE NpefcTaBageT coboll mociero-
BaTeJbHOCTL UMITYJILCOB OTHAKOBOM aMIUIMTY/(bI, Pa3fcIeHHbIX PaBHbIMU MHTEPBaIaMi
Bpemern (to ecth r=r u K =K), cooTHomerue (5) mpeBparmjaeTcs B aBTOHOMHOE
oroOpaxenne okpyxHoctu [8, 9]. Hac, ogHako, mHTepecyeT Golee CIOXHBIHM Ciydai,
KOr7]a IapaMeTphl HMIYI6COB W3MEHSIOTCA OT IHara K mary. MoxKHO paccMOoTpeTb,
HallpuMep, MBa 4YaCTHBIX Bapuanta: (§) - HOCTeNOBAaTeNbHbIE HMITYILCH UMEOT
nepuogudeckuM 00pa3oM MOMYIHPOBAHHYIO aMIUIUTYRY, HO paBHOYAJIEHkI BO BPEMEHH,
u (i) - Bce MMIYJILCHI MMEIOT OMHAKOBYIO AMIUTUTYAY, HO MOJYNHPYETCH WHTEpPBas
MeXTy nMIyincaMu. B mepBoM cryyae B oToGpaxkeHmu (5) OypeT H3MEHATHCS B
3aBHCHMOCTH OT JUCKPETHOr'O BpeMeHW mapaMeTp K, BO BTOPOM - mapaMeTp r. Mbl
IIPENIIOYNTaeM CKOHIEHTPAPOBATh BHAIMAHUE Ha BTOPOY CHTYALMH, KOTOpasi NPABOJUT K
3afjaye 06 AIUTUBHOM INEPUOJMIECKOM BO3ACUCTBHM Ha OTOOpaKEHHE OKPY>KHOCTH.
Ecnu 3agate Mopyssiupo napamMerpa B BHIE

r, =T+ &cos (2nQn + ¢),
TO oTOOpaXxeHue (5) IpUHAMAET BUJ
6,,, =6, +7- (K /(2n))sin2nB, + ecos (2aQn + ¢). (6)

rje ¢, Q ¥ ¢ €CTh, COOTBETCTBEHHO, aMITUTYN2, YaCTOTa U (ha3za MORYJISIMA TapaMeTpa.

PT-anamm3 kpaTnyeckoit Toukna GM

Kax w3BecTHO, Ha INUIOCKOCTH HapaMeTpOB aBTOHOMHOIO OTOOpaXKEHUs
OKPYXHOCTH, TO ecTb npu e=0 B ypaBHemmu (6), xpuTuueckas Touka GM mMeer
KOOpIMHATSHI [2-4, 8, 9]

(1K) gy = (0.606661063470112..., 1). (7)



Pl-aganus [uHaMMKd B oTO# TOYKe passuT B paborax [2-4]. IIocKOMBKY MbI
cobUpaeMcsl HCCEHoBaTh CBOHCTBAa CKEAIMHra B OKDECTHOCTH TOukM GM B
IPUCYTCTBHM BHEIIHErO [EPHOANYECKOr0 BO3[EHCTBHL, HEOOXOIUMO [PEITIPHHSITEH
COOTBETCTBYIONMYI0 Mopubmkaipio PI'-anammsa. DToO MOXKHO CenaThb 1O aHaJOTHH C
paGoramm [11-13], rme Takoro poma mccienoBanwe GLIIO MPOBENEHO ST 3amavl o
NEPHOAMIESCKOM BO3MEiCTBUH Ha OTOOpasKeHNe, NEMOHCTPUPYIOLee IIEPexo K Xaocy
yepes yaBoeHus nepropa no deiirendaymy.

IlepermiueM oToOpaXkeHHe OKPYKHOCTH C BHEIIHMM Bo3fe#ictBueM (6) B
CIIEAYIOIEM BHTE!

X, =F00) =f(x,) +yhy(x, ) + e[Z,(x,) exp(2niQn + i} + c.c.], (8)

rie f{x)=x+rq,~1/(2n)sin(2mx) - yHKIWS, 3agaromias BU aBTOHOMHOTO OTOGPAXKEHIS B
KpHTHYECKON Touke GM; uieH yh,(x) OTBEYAeT 3a CHBHI MapaMeTPOB OTHOCHTENHHO
KPHTHYECKON TOuKY; hyHKIMA Z,(x) ONpenenseTcss BUIOM BHENIHEro BO3ACHCTBYA HA
CHCTEMY; «C.C.» 03HAUaeT KOMILIEKCHO-CONPsKEHHEH wieH. CpasHuBas gopmyisl (6) u
(8), BWMM, WTO IS paccMaTpMBAEMOrO HAMH HCXOHOIO OTOOP&XKEHHS CilefyeT
HOJIOXKHUTD Zo(x)=1/2. IlockonbKy Hac WHTepecyeT AMHaMWKa TONBKO B OKPECTHOCTH
touku GM, mapamerpsl y 1 ¢ GYIEM CUMTATh MabIMHA. JacTOTy BHEUIHETO BO3NEHCTBUA
Q nojaraeM 3afaHHON HEKOTOPbIM palMOHANBHBIM YHCIOM: Q=p/g, THe p 4 ¢ Uelble.
CooTBETCTBEHHO, IEPHOT, BO3AEHCTBHS PABEH ¢.

OcHoBHas uges PI'-ananusa B paGorax Peirendayma - KanaHosa - Illenkepa u
Psgga ¢ coaBTOpamMu COCTOWT B cHEyIOIIEM. «3070TOE cpefHee» MOXeT OBITH
AIIPOKCHMHUPOBAHO IIOCNE[IOBATEIbHOCTI0 TMOFXOMALINX Hpobell, onpenenaeMeIX
OTHOLUEHUAMY yhcen Pubonayyn,

w=lim,_,_o, o=F,/F,meF=0, F=1, F=1, F;=2, F=3..., F_=F +F,,.

A
Brenem o6o3nauenue F

., A8 F -KpaTHO# KoMnosmiuH otoGpaxeryi (8), HaumHas ¢
uiara n=F n

F..x=1 FoFetN FaF AV E s (-, F,(r)))) -Fy

(TlopyepkHeM, dYTO 3ajaiolias HMCXOHHOE OTOOpaxeHne YHKIMSA 3aBHCHT OT
IMCKPETHOTO BPEMEHY, TaK YTO HET HHBaPHAHTHOCTY OTHOCHTENLHO CHBUra IO MHAEKCY

m). [danee, omepaTop 3BONIOUWH 3a F,,, WTepauuil MPECTaBHM B BHIE CyNEPIO3HUIHH

oneparopos 3a F U F | uTepalyil, To eCTh

A

F

A A
w0 X = Fg oF ot

Craprys ¢ F|=1 u F,=1, onpefienuM cOOTBETCTBYIOLINE ONEPaTOPb! KakK

Fy gt = £(x) + hy(x) + [¢Z, (x) exp(ig) +c.c.],
IATLZx = f,(x) + vh (x) + [¢Z,(x) exp(2riQF, + i9) + c.c.].

3neck cnefyeT nONOXuTh f, ,(x)=f(x), hy ,(x)=hy(x), Z, ,(x)=Z,(x). Ouneparop F,, Mo-
XeT GbITh NPEICTaBIEH B BHIE KOMIOZMIMH: Fy =F, ~F, .. Torna MOXHO 3ammicaTs:

x5, = Fy o = £,0500) + 11 (50 a(6) + y(B ()] +
+ efexp(ip)[f ' (F,(0))Z,(x) + Z,(f,(x)) exp(2miQF,)] + c.c.}.



Iocnennuit onepaTop NpUBOAUTCS K BUAY

Fyg6 = £,00) + 1hy(x) + e[Zy(x) exp(ig) + c.c.], 9)
rme
() = £ (), (10)
hs(X) =f11(fz(x))h2(x) + h1(fz(x))’ (11)
Z,(x) = £ (£,())Z, (%) + Z, (£,(x)) exp(2miQF,). (12)

BBefieM HOBYIO mepeMeHHY0 X=A x, OTIMYaIoOMIyfocs OT cTapodl MacmraGoM Ha
daxTop A, , KOTOpLI# BeIGUpaeTcs kKak A, =1/f, (0), n onpenenuM nepeHOpPMUPOBAHHEIE

bysKIpM
]‘;N (r) g (Alllx)/ Aln ? hm (x) cpIll (A x)/ AIII ? Z (x) wl" (AIN x)/A

Beegem Takxke pmA ymoGcTBa (DasoBYIO HEpEMEHHYIO w,=2nQF,, KOTOpyiO B
MaIbHEHIIEM YCIOBUMCS HasblBaTh nepeHopmupyemol ¢pasoi. Torma cucreMma
ypaBrermii (9)-(12) moxxeT GbITH Mepenucana B BUjie

Fy X = 85(X) + vo,(X) + e[w,(X) exp(i) + c.c], (13)
8:;(X) = oq0,8,(0,7 8, (X 015)), (14)
cp3(X) = a3g'1(a2‘1g2(X/a3))cp2(X/ (13) + a3a2cp1(a2-1g2(X/ (13)), (15)
P, (X) = 0,8, (0, g, (XM a) J, (Xloy) + a3a21p1(a2'1g2(X/ a,)) exp(iw,), (16)
W, = w,/(F,JF,), (17)
rge
am-i-l m+1/A - 1/[a'mgm l(am—lgm(o))]'
Kax BUIHM, HOBI:II?I‘HaGOP [g3, (93, '11,)3, } OHPCHGJISII-OHII/Iﬁ OIIepaTop SBOJIIOIUH

A

F,, BbIpXKaETCst TIOCPEJICTBOM ONPENENIEHHbIX COOTHOIIEHMH Yepe3 Ba MPeNbITYLIX
Habopa {g,, ¢, VY, w ) 1 {g,, @,, P,, W, }. IIOBTOpSIS aHATOTHYHEIE PacCyKJIeHIs CHOBA U

CHOBa, MOXXHO IIOCTPOHUTH ITOCHENOBATECIILHOCTE ONEPATOPOB 2BOIHOINA F £0° 3a[JaHHbIX

HabopaMi {g,, @,, ¥, W,}.

CornacHo pesynbrataM paGoT [2 4] (cm. rakxe [8, 9]), mocnemoBaTeNBLHOCTD
byHKImi g, cxomuTcs K yHEBepcanpHOl (ymkiuu g(X), ABIMIOUIENCS pelIeHHeM
(OYHKIIMOHATILHOTO YPaBHEHUS

8(X) = a?g(o'g(X/ ), (18)
o = -1.28857455395436...

rae

€CTh VHUBEpCAJIbHAS KOHCTAaHT4, SBIAIOIIANICS IIPENEJIOM IOCIeNOBaTeILHOCTH
K09()(pUIIMEHTOB NEPEHOPMUPOBKH C.. '
IlocnenoBaTenbHOCTE (PyHKIMH @, BemeT cels Kak

9, (X) = 2, (8)%(X), (19)

e 9, 1, - COBCTBEHHbIE YKCNA U (QYHKIIMH, IOJyYEeHHbIE U3 DEIIEHNS YPABHEHUST



x(X) = dag' (o g(X/a)x(X/ @) + ay(o g (X @)).
C TOuKH 3peHHs aCHMITOTHYECKOrO NOBENEHHs (IpH GONMBUIEX k), U3 BCEro CIEKTpa
COOCTBEHHBIX 3HAUCHUH CYLIECTBEHHBI TOJILKO [Ba!

8, = -2.83361065589116... n &,= o’ = 1.66042438109870....

OHM 1 OTBEYAOT 32 JBYXMApaMeTPHIECKHll CKEHIMHT CTPYKTYPhI S3bIKOB ApHONbMA Ha
mockoctu (r,K) aBToHoMHOTO oToGpaxenus [1-9).

O6patuMcs Termepb K HOBOM 4vactu PI-anamusa, x ypasuenusm (16) u (17).
HHTepecysich acHMITOTHYECKUM TOBEICHUEM PELICHNS, Mbl MOXEM 3aMEHHUTD g, U o,
COOTBETCTBEHHO, Ha g U o ¥ 3alIMcaTh Ha k-i uTepauuu npeodpasosanus PT°

Yy (X) = ag'(a'g(X/ a))p (X/ @) + oy, (o g(X/ ) Jexp(iw,), (20)

=w(E/F,,,). (21)

Wi

CyiuectBenHo, uyto ypaBuenuwe (20) copmepXuT nepeMeHHbI KO3(PhUUKMEHT B
NOCNENIHEM YNieHe, KOTOPBIH 3aBUCHT OT NEPEHOPMUpPYeMOH asel w ={2aQF ).

OueBUNHO, aCHMITOTHYECKOE MoBefeHne QyHKimi ¢, OyneT ONpemenaThes
CBOMCTBaMM IIOCNIENOBATENLHOCTH w,. IIpoBefieHHbIE HAaMM YHCIEHHbIE pPacYeThl
IOKAa3aJIi, YTO JUIst BCEX NMPOTECTHPOBAHHBIX PAMOHANBHBIX 3HAYEHHH YacTOThl Q=p/q
IIOCIIENOBATENBLHOCTD W, OKa3bIBAETCsl MIEPUOMMIECKOM (¢ TOYHOCTBIO IO HECYIIECTBEH-
HBIX pasHocTel, KpaTHbIX 2r). CooTBeTcTByrOmui Nepuon 6ynem o603Hadats N(Q). OH
KpaTeH TOMY IIEpHOMY, ¢ KOTOpbIM B IociefoBaTenbHocTH PuboHadun BCTpEYaroTCs
4icna, fenuMble Ge3 ocTaTka Ha ¢. [lauusle o nepuogam N(Q) Inis pasiauyHbIX YacToT
BO3felicTBUA Q NpuBefeHE! B Tabauye.

Urak, dyukimonansuoe ypaBHeHue (20) comepsKuT nepeMeHHbli KoahduiuesT
¢ nmepuonom N(Q) o «peHopMBpeMeHu» k. IToCpeNCTBOM HONCTAHOBKY

Ve (X) = v E(X) (22)

ypaBuenre (20) CBOIUTCS K CHCTeMe JIMHEHHBIX YpaBHEHMH, ONpEeNsIoiel 3agauy Ha
COOCTBEHHBIE YKClIAa U COGCTBEHHBIE BEKTODLI. PellluB ee, MOXXHO HaliTH CIIEKTD BEJIH-
YKH v, COOCTBEHHBIX 4UCe]l IMHEapH30BaHHOTO ypaBHeHus PI', # cOGCTBEHHEIE BEKTOPBI,
KaX[bli U3 KOTOPBIX ofpefenseTcs HabopoM (PYHKIMH-KOMIIOHEHT {El, Eyrees EN}.

daxTudeckn, U3 BCeX COOCTBEHHBIX YMCET, MMEOIIUX MECTO HpH 3a{aHHOM
IapaMmeTpe 4acToThl L, Hac OyET MHTEPECOBaTh TOJILKO caMmoe Honblioe o abCoNIoT-
HOM BejM4YMHE, TAaK KaKk HMEHHO OHO OTBEYAaeT 3a HOBBIC CBOHMCTBA CKEHIMHIA B
[IPOCTPAHCTBE N1apaMeTPOB, CBS3aHHbBIE € EPUOTUYECKIAM BHEIIHUM BO3[IEHCTBHEM.

Yrobel onpefenuTh crapilee COOCTBEHHOE 3HAYEHME V YUCIEHHO, IOCTyIaeM
crefyromyM 06pazoM. @YHKIUK alllPOKCUMUDPYIOTCS NMONHHOMAaMH, a Mpeobpa3oBaHue
PI', xoTOpOMy OHH IOBEPTarOTCS, PEANN30BAHO B BUEe KOMOBIOTEPHOU MpPOrpaMMBI.
JTa mporpaMma Ha BBIXO[le BBIJAET HOBBIH Habop KO3(GUIHEHTOB s OUepenHOoH
thyHK1IAY IO HAaGOpaM IS IBYX NPEABbIIYIUX. 3anaBas «3aTpaBouHble» QYHKIHH Y, (X) U
,(x), monydaeM nocnefyoye (QYHKINE MyTeM NMpsiMbIX UTepaimii orobpaxenuit (20)
u (21). Ilpu k—>co mocnenoBarenbHOCTS byRKIHE (W, (X)), , . BeneT cebs xak

& s &
[Whkers Waszs -0 ka+N}k=0,1,2,...,m = e, VE,, Y §N}k=0,1.2,.‘.,oo’

rme v - HauOolnblllee IO MOAYIIO COOCTBEHHOE YHCNIO. TakuMm o6Gpa3oM, ero MOXKHO
HaliTH KaK OTHOIIIEHHE

v= w(N+1)k(0)/ka(O)‘

Wrak, nepropuyeckoe BO3EHCTBHE ONMpPEAETICHHON JacTOThI Q Ha 0TOOpaKeHHE
OKPYKHOCTH NPHBOJUT K IOSBIECHHIO HOBOIO COOCTBEHHOIO HHCIA JIMHEAPH30BAHHOTO



Tabnuia

Q | Iepuog N(Q) vl arg v Tun ckeitunra

0 1 2.83361065 n P
1, 16 690109.532 0.0 P
e 24 112818867 0.0 P
2 10 2202.30663 0.79101604 Q
Y 20 4192174.76 0.0 P
314 48 1.35984624x101¢ 0.0 P
2/ 24 119101569 0.0 P
314 28 6.21312900x10° 0.0 P
1, 6 95.5105145 0.59851103 Q
45 40 1.52212247x1013 0.09557059 Q
3y 10 1335.00232 0.65025055 Q
3ig 24 25524454.0 0.0 P
2, 16 100480.780 0.0 P
314 36 5.13620730x1011 0.0 P
310 60 6.31537750x101? 0.0 P
*I13 28 309689580 0.0 P
A 8 329.570755 0.0 P
314 48 2.03335713x1015 0.0 P
4 10 2166.74895 -0.39638565 Q
Tlig 18 1633210.57 -1.24919695 Q
3g 12 16700.1629 -0.56210947 Q
851 16 1062840.11 -0.65025184 Q
31a 28 1.73437205x1010 0.0 P
l1g 24 267302442 0.0 P
2 20 4192174.76 0.0 P
Iy 36 3.60438506x1011 0.0 P
3ip 24 206389500 1.14787857 Q
8.9 18 413134.129 0.52055924 Q
3, 16 78245.8906 0.0 P
e 24 187703591 -0.78777353 Q
4 24 16037145.9 0.0 P
S 10 943.996261 0.12189284 Q
1, 3 7.38728606 n P

YPaBHEHUS PEHOPMIPYIIbI, TAaK YTO CBOMCTBA CKEHNMHIa B OKPECTHOCTH KPHTUUECKOH
toykyt GM B IIpocTpaHCTBe apaMeTpoR OYRAYT ONPEACISATHCS TPOHKOH KOHCTaHT

(8,Y, 8,7, v}.

OOparyM BHMMaHWE Ha INIPaBUIO HEPEHODMMPOBKH BPEMEHHOIO MAcIiTala,
BbITEKaromee U3 ypasHenust (21). Ha kaxno#t urepauwu npeobpasosanus PI' cdhasosas



nepeMeHHas w, YMHOXaeTCs Ha nokasarens F/F, |, B Tpefiesie CTpeMsIIics K ol
CnenosatenbHO, DOMHOMY nepuoy PI'-nipeoOpasoBanus 0TBEYaeT MEpecyeT XapakTep-

HOrO BPEMEHHOTO MacIuTada IHHaMIYEeCKUX PEKUMOB Ha (hakTop ™.

THnbI cCKeHINHTa B 0TOOPAaKeHAH OKPYXHOCTH
B NPHCYTCTBAH BHENIHEro BO3eNCTBHA

PaccMoTpuyM onepaTop 3BOMIOLMH Ha k-if mrepaupy PT-npeoGpa3zoBanus

f?’kNX = g(X) + v9,(X) + [y, (X) exp(i¢) + c.c.]
WM, YUTBIBAS aCHMITOTHHECKHE CBORCTBA (hyHK I (em. (18), (19) u (22)),
F X = g,(X) + Ard Moy, (X) + AK8,M + e[WE (X) exp(i¢) +cc.],  (23)

e Arsr-gy AK=K-1. Orcrona cnefyeT, 4to B ofIeM claydae MOIyT IPHCYTCTBOBATH
TPpH poOfia CYIleCTBEHHbIX BO3MYIIIEHN! HENOABMKHON TOUKY ypasHenus PT

Bo-nepBbIX, IpH Baprauuy apaMeTpa r BKIIOYaeTcsl BO3MYIIEHHE, KOTOPOMY 32
nomHbIi nepuon PT-npeoGpasosarms N(Q) cOOTBETCTBYET KOHCTaHTa CKelimuara 8, Y.

Bo-BTOpDBIX, Bapuamuy napaMerpa K oTBevaeT THI BO3MYLUEHWS, [IsI KOTOPOIO
MacmrabHast KOHCTaHTa 3a nepuoy PI'-peoGpasopanus pasxa d,".

Hakoney, Tperuit BHJ BO3MYLIEHHS BO3HMKAeT C BKJIIOYCHHEM BHEIIHETO
HEPUOJNHYECKOTO BO3NEUCTBHS, U C HUM AacCOLUMMPYIOTCS HOBBIE 3aKOHOMEpPHOCTH
CKEHIIMHTa, 3a KOTOPhIe OTBEYAeT KOHCTaHTa V.

Pesynoratel pacdeToB [OKasblBalOT, 4YTO B 3aBUCHUMOCTH OT 4acTOThI
BO3MleHcTBUA & COOCTBEHHOE UHCIO V MOXET OKazaTthes [eHCTBUTEILHBIM WIH
KOMITIEKCHBIM. 3TO INPUBOJUT K BO3HMKHOBEHHUIO JBYX THIIOB CKCHIMHTA, KOTOPLIE,
ciefiysl TepMuHOTIOrUY padoTsl [11], Gynem Ha3bBaTh P- 1 Q-THIIOM, COOTBETCTBEHHO.

Urobbl chenaTh OObsICHEHHMsT Oojee TPOCTHIME U HATIBITHBIME, OrpaHWIAMCS
OOCYKJEeHEeM CHUTYallii, KOIfa INpPHUCYTCTBYIOT TONBKO NEPBBIA W TPETHH BUJIbI
BO3MYILEHHS, /7151 4ero B ypaBHerun (23) nonoxum AK=0.

PaccMoTpuM cHauyana ciydail JeHCTBUTENLHOTO COGCTBEHHOro yucna v. (3o
WMeeT MeCTO, B 9aCTHOCTH, Ipu Q=1/, wmu 1/3.) Kak supgro u3 (23), nepenopMuposka
napamMeTpoB Ar—ArB ™ u e—>e/v* Tpu NEHCTBUTENHHOM v IPHBONUT K TOMY, UTO BHUJ|
oreparopa SBOJIIOIMM Ha XapaKTEepHOM BpPEMEHHOM Macuirabe, YMHOXKEHHOM Ha o™,
OyneT coBlajaThk ¢ NCXONHBIM. [ToaTOMY B cHcTeMe OylieT pealin30BaThbCs AMHAMUYECKAN
pEXMM, TONOOHBI IepBOHAYaJbHOMY, HO C IpYIrdAM XapakTePHLIM BPEMEHHLIM
MaciiTaboM.

Ha puc. 1, a, 6 TpyBOAMTCS WILTIOCTPALMS CKEHIIMHTA TS Cllydas Q=1/2. Ha puc.
1, a mpepcraBneHa KapTa Ha IUIOCKOCTHM HapaMeTpoB (Ar, €), Ile B KaXIo# TOyKe
3HAUEHHE JIAIYHOBCKOTO IIOKasaTelsl KOGUPYeTCs OTTEHKOM ceporo userta. Jhus
HOCTPOEHMS aHAJOIWYHOM KapThl Ha PUC. 1, 6 MBI IepecunThIBAEM MACIITA0 MO 0CAM
KOOpmuHAT To npaBuny (Ar,e)—>(Ar/d%e/v) ¥ ymMHOXAaeM B KaxXo#l TOUKe KapThl
3HAYEHKE JIAMYHOBCKOrO NoKa3aTeNs Ha « . CpaBHUBASI NONYYEHHbIE KAPTHI, Mbl BHIUM,
4YTO OHM BH3YaJbHO IpakTW4ecKu HeoTimuummbl, (Ha caMom pene, cremneHb
COOTBETCTBUS CTAHOBUTCS TEM IIy4llle, YeM MEHBIIIAs OKPECTHOCTh KPUTHIECKON TOYKN
paccMaTpHBagTCsL. )

YactoTe BO3MEUCTBHA 9:1/3 COOTBETCTBYET TOT K& THI CKeflmuHra. IIpowmi-
TIOCTPUPYEM €r0, BBIOpAB JPYIYIO IUIOCKOCTH ITApaMETPOB. 3aMeTHM, UTO BHELIHEE
BO3JEHICTBIC MMEET NOMUMO aMIVIATYBI €llle OfMH apaMeTp - ¢asy, U IOCTPOUM
TANYHOBCKYIO KapTy B KOOpHOHHaTax A =t¢cosd, B=csing. Ecin m3sMeHnTh MaciiTab 1o
oGemm ocsiM Ha (PaKTOp v, a BpEMEHHO! MacmTal - Ha (axTop w® (Tak Kak N(1/5)=8),
TO I0JIyYaeM KapTHHKY, TOROOHYI0 HCXOIHOM (cM. puc. 1,8, 2).
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Puc. 1. Kaprei &IAmyHOBCKHX IIOKA3aTeNeit M1 NEPHONMIECKM BO3CYXKAEMOTO OTOGpaKeHHUs
oxplyxmocm (6) (npu K=1): Ha mwiockocTd mapaMeTpoB (Ar,g) A 3HaueHMsA HapameTpa (4acTOTHI)

Q=1/; (a,6), n Ha mIockocTU (A =ccos, B=esing) p1a R=1/5 (8, 2) 1 mas Q=1/, (3, ). Tona ceporo

ugeTa oT Bejoro go UEepHOr'o COOTBETCTBYIOT 3HAMEHUSM JISIIYHOBCKOT'O IOKA3aTEN B HHTEPBANC OT
MuHyc GeCKOREUHOCTY 10 HYJI4. YBellmyeHHe MANLIX (hparMedToB KapT (@, 2, ¢) WLTIOCTPEPYET Hallk-

ue ckeitimtra P-tana (g-2) u Q-tuna (0-<¢). YBennuenne (pparMedTOB CONPOBOXIAACTCH NEPECYSTOM
3HAYEHAs! JIAITYHOBCKOrO NOKasaTess HyTeM YMHOXKEHWs Ha (PakTop w”
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Hpyroii T ycTpoHCTBA OKPECTHOCTH KPHUTHUECKOM TOYKH BO3SHHKACT, €CIH
COOCTBEHHOE WHMCIO Vv TpH JAAHHOM YacTOTE MEPHOJMYECKOro BO3JEHCTBHS Q
OKa3bIBaeTcA KOMIUIEKCHLIM. B 3TOM cliydae MOXKHO mepernucars ypasHenne (23) B Bupie

= g(X) +Ar d My (X) + e[WIFE,(X) exp(i¢+ ik arg v) + c.c.]. (24)

OO6paTyM BHEMaHWE, YTO IIOF 3HAKOM 3KCIIOHEHTHI HOSBUIOCL claracMmoe ikargy,
KOTOpPOE MOXKHO WHTEpIPETAPOBATh Kak J00aBKy K (paze BHEIIHErO NEPUONHYECKOro
Bosfeticreus. ClegoBaTenbHO, Ha INIOCKOCTH NapaMeTpoB (4,B ) mepeHopMHUpPOBKa ocell
KoopauHaT Ha ¢akrop WI* He TpHUBENET K BOCOPOMIBENEHUIO CTPYKTYPhI OKPECTHOCTH
KpHUTHYecKOil Toukh. W3 puc. 1, 0, e BUIHO, YTO XapakTepHas CTPYKTypa OKPECTHOCTH
IIOBTOPSIETCS ¢ TOYHOCTBIO JI0 TOBOPOTA Ha HEKOTOPBIY ONpefelIeHHbI# yron. [Ing Toro
4yTOOb! NONYYUTb BOCIPOHM3BEACHHE NMHAMIYECKUX PpEXHMOB, CIIEAyeT IEpedtd K
KooppuHatam (A',B’), omnpenensieMbix 1o TpaBuny A'+iB'=(A+iB)/v*, TO ecTb
OCYIIECTBUTL MOBOPOT IIOCKOCTH (A,B) Ha yrom (-kargv). @uswyeckd B Kaxpoi
KOHKPETHO! TOYKE MNPOCTPaHCTBA ApaMETPOB 3TO COOTBETCTBYET MU3MEHEHHMIO (hasbl
HEPUONTIECKOTO BO3[EUCTBHS Ha CUCTEMY Ha COOTBETCTBYIOIIYIO BEJTHUMHY.

O6o00mieHHbIe JaHHblE [TO 3HAYEHUSIM KOHCTAHTHI V VISl PA3MYHbIX YacToT Q U
COOTBETCTBYIOIMIEAM THIIAM CKeHJIMHTa IpHBEIeHb! B Tabnuie. 3HaueHHA Q 3aJal0TCa Kak
PALMOHAbHBIE YHCIA MEPBBIX IIECTH YPOBHEH NOCTPOEHMS TaK Ha3bIBAeMOTO NiepeBa
Oeitpu [14]. B Tabimiie MpecTaBIeHb! JAHHbIE JTUIIH TS YACTOT U3 HATEpBana Q<]0, 1/2],
MOCKOJILKY JIpyrasi MOJOBHHA €IMHMYHOTO WHTEpBala YCTPOEHA CHMMETPHYHBIM
obpasom.

Xopowel wmocTpanuei ckelimura P- # Q-Tina MOTYT CITYKHATE «KOJUIAXKU» U3
JISIIIYHOBCKMX KapT, BBITONHEHHBIX Ha TIOCKOCTH (Ar,e) B IBOAHOM JIOTapU(IMIAIECKOM
Maciurae. B 9THX KOOpIMHaTax 3ameHa TepeMeHHbIX Ar—Ar/IdV u e->¢/lvl orBevaer
CHBUTY BOIb IBYX OCEed KOOPIMHAT Ha BenuamHbI NInld, |  Inlvl, cooTBeTCTBEHHO.

IlpurmMas BO BHUMaHHE CKEWIWHT, MbI MOXKEM CTPOHTDH JISIYHOBCKUE KADPThHI B
IBOMHOM JtorapuhMuyecKoM MacmTade B HEKOTOPOH 0GNACTH W3MEHEHHs apaMeTpoB
Ar ¥ & i pasHbIX uTepaumil npeobpasoparnus PT', a 1oToM yIOpsAROYUTE 3TH KapThi TaK,
9TOObI TOKPHITH HEKOTODBIM IMPOKHI HHTepBan u3MeHeHwst lglArd m lglel. TIpm
NOCTPOCHIN KapT 3HAYECHNE JIANYHOBCKOrO IIOKa3aTess B KaXkAoH ToukKe HOPMUpYeTCs
Ha dakrop -7, 10 B, rme [3 -log,; ((5"*-1)/2). Ha puc. 2, a, 6 Takue «KOIIaXIm» IPENCTaB-
neHsl st Q='/3 1 Q=1/,. B nepsom ciyyae Ha KapTe MOXHO BUICTH TEPHOTHIECKOE
nopropenue opMbl obmacrell (ckeinmer P-Tuma). Bo BropoM ciywae (Q-rum
CKEHTWHTa) TIOBTOPEHNE (hparMeHTOB KapThl He HAGIIONAeTCsl, XOTS B CPEHEM TPaHuNA
Xaoca pacnojiaraeTcs BIOJIb NPSAMON JIMHIY BIOJIHE ONpe/leIeHHOIO HAKJIOHA.

F NL+1

JaknogeHue

B pammoit paGoTe Gbimd NpoaHaN3HPOBAHbI CBOKCTBA CKEMIHHTA B IPOCTPAHCTBE
TapaMeTpoB MEPUOTNIECKH BO3GYXKIAEMOTO OTOGPAKEHHS OKPYKHOCTH B OKPECTHOCTH
KpATHYECKOH Toukn GM, OTBeyaromell paspylieHHIO KBa3HIIEPHOSMYHOCTH C YUCIOM
BPALICHUS «30JI0TOE CpefiHee». Ll paccMOTpEHb! BO3MYIIEHUS HETORBHKHON TOUKH
ypaBHEHHs peHOpMIpymmbl PelireHOayma - Kapanosa - Illenkepa, cooTseTcTByROImME
BKJIIOYCHHUIO MIEPUONMYECKOrO BO3NEHCTBUSA. IIpyM 3TOM BO3HHMKAET HOBOE COOCTBEHHOE
YHUCIIO JIMHEApU30BaHHOI0 YypaBHCHHUS PEHODPMI'PYIIIbI, 3aBHCHlHee OT napamerpa
YaCcTOTHl BO3OCUCTBUA. DTO COOCTBEHHOE YHCIIO MOXKET ObITH MeHCTBUTCIBHBIM MIIH
KOMIUIEKCHbIM, COOTBETCTBEHHO, B POCTPAHCTBE NapaMeTpOB PEaM3yIOTCs HBa THIIA
CKeHJIMHTa:

* TepuopuuecKmit (P-THIl), KOTNa CTPYKTYphl B IPOCTDAHCTBE MApaMETPOB
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Puc. 2. «Kommaxu», cocTaBlIeHHbIe 13 (PparMeHTOB JISHYHOBCKUX KapT B ABOHHOM JIOrapadMIaIecKoM
macrrabe (Igl-rgy . 1gle!). Tona ceporo mpera oT GeMOro MO YEPHOTO COOTBETCTBYIOT 3RAUCHUIM
TIEpeHOPMHAPOBAHHOIO JISIYHOBCKOTO HOKa3aTens A/lr-rGMlﬁ, e P=-log, ,((51/2-1)/2), OT MHUHYyC
OecKOHeHHOCTH [0 Hyld. MoxHo HaOMONAT: NEPHONAYECKOE non'lrope}me KoH(Urypauai
IMHaMuYecKuX peskumoR (P-trm ckefmumra) mnst Q=Y/; (a), ¥ KsasumeprONUYECKOE UepeNOBAHHE
(bparMenTOB, cooTBeTCTBYIOWMES Q-THIY cKeilimHra, ipi Q=1/, (6)

BOCIIPOM3BOJATCA B M&IBbIX MacIUTabaX MpH NepEeHOPMHPOBKE KOOPAMHAT Ha (haKTOpI
CKEHITUHTa;

» KBazunepuwopmueckmit (Q-TMm), TpPE KOTOPOM [OBYMEpHAs CTPYKTypa
IMHAMHYECKUX PEXUMOB Ha IFIOCKOCTH NTApaMeTPOB ABNAETCS KBA3UIIEPUOTHYECKOH, HO
B TPEXMEPHOM IPOCTPAHCTBE MAPaMEeTPOB BOCHPOW3BONUTCS NIPH NiepecyeTe MaciiTaba
C TOYHOCTBIO [0 TIOBOPOTA HA BEKOTOPBIif yrOlL.

H3BecTHO, 4TO TuIl IOBEISHA, accOLMUpyIoNmiics ¢ Kpurnueckoi Toukoit GM, ¢
NPUCYHIMMHE €My YHUBEpCAIbHBIME CBOMCTBAMM CKEHIMHTra MOXeT HaOMIONATbCA B
Pa3MYHBIX HENMHEeNUHBIX MCCHNIATHBHBIX cucreMax [15-19], aBTroHOMHOE oTOGpaxkKeHNe
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OKPY>KHOCTH MOXKeT paccMaTpuBaThCsi Kak HawmOonee yHROOHBIE [V HCCIIENOBAHUA
TIPEfICTABUTEND COOTBETCTBYIOLIETO Kjacca yHUBEpcalnbHOCTH. OGHapyxeHue HOBbIX
3aKOHOMEPHOCTEH CKEH/IMHra B THHAMHKE OTOOpaKeHMsS OKPYKHOCTH IpH BHEUIHEM
HEPUOIUIESCKOM BO3[ICHCTBUYE NTO3BOJNAET NPENIONIOXUTh, YTO aHAJIOTWUHBIE SBIICHUS
OymyT HMETb MeCTO M B [pYTEX CHCTEMaX, OTHOCHIIMXCA K TOMY K€ KIaccy
YHUBEPCAIBHOCTH, IPY HAMYMH [IepHOgUIecKoro BosfeficTaus. 11o-sugnMoMy, Toro xe
pofia 3aKOHOMEPHOCTH OYIyT IPOSIBAATBLCA B OIPENEsIEHHBIX O0NacTSaX [IPOCTPAHCTBA
MapaMeTpoB IIPHM pacCMOTPEHHH 3ajadd Iepexofla K Xaocy uepe3 paspyLleHue
TPeX4acTOTHON KBa3WMIIepHOIWUHOCTA. B o0ieM ciydyae sTa 3afadya 4pe3BblYaiHO
CIIOXHA, U TI03TOMY JIFOGBIE YacTHBIE pe3yJIbTaThl, IPOJMBATOIIHE CBET Ha OCOOEHHOCTU
COOTBETCTBYIOIIEH ITMHAMUKH, MOTYT OKa3aThCs BaXKHbIMM JUIsi TPOIBUXKEHHS B €€
aHanuse.
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UNIVERSALITY AND SCALING IN THE CIRCLE MAP
UNDER EXTERNAL PERIODIC DRIVING

A.Yu. Jalnine, S.P. Kuznetsov

We investigate scaling properties of a neighborhood of the «golden mean» critical
point in the circle map in presence of external periodic forcing upon the system. We
consider such perturbations of the fixed point of the Feigenbaum-Kadanoff-Shenker
renormalization group equation, which are initiated by periodic forcing. We show that,
depending upon the frequency of external forcing, two types of scaling behavior can be
observed. The first (P-type) is associated with periodic repetition of the structures of
dynamical regimes in parameter space under subsequent scaling transformations. For the
second case (Q-type of scaling) quasiperiodic behavior of structures in the parameter
space takes place. The both types of scaling are illustrated by parameter-space diagrams
for re-scaled Lyapunov exponents.
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BEMBJIETHBIN AHAJIU3 BPEMEHHBIX PSIIOB
BAPHABEIDBLHOCTN CEPAEYHOI'O PUTMA

HA.A. Typosckuii, B.B. Muwwn, JI.A. bumioyxas,
L. B. Kuceaesa, B.H. Hrxosaes, H.H. Tlpocrypui

Ha ocHoBe BefisiicTnOro anamsa HPCJUIoKSH MCTO){ Bhyenciu ocofenuocrest
BETCTATHBHON peryssinin  BapnabenbHOCTH cepjieuHoro pirMa  uenioseka. [lposejiena
OHCHKA KOJIMUECTBAa KOHTYPOB peryfsiiy BapuaGenbHOCTH cepjieHoro purMa. TMokasaHb
THITONIOTHYECKHE PEakUMH BapHaGeJLHOCTH CeplieuHoro pHTMa Ha pasjinHBIC  THIL!
9K3OTEHHBIX BJHAHII B DasNHUHBIX BO3PACTHBIX rpymniax. BuyBHHYTO npeanonoxenie o
CBA3H XapaKTEPHUCTHK «BCIJIECKOB BCHBIETHON MJOTHOCTH MOIUHOCTH» C XapaKTepoM
AJIANTaIMH TUIOJ(A K BHYTPHYTPOGHOI THITOKCHH.

Bpepenue

MeTojibl  CHEKTpanbLHOTO aHajM3a IIMPOKO  HCIONB3YIOTCA B M3YUEHHH
[IMHaMMUYECKHX PeakLii Lesoro psjia CUCTEM U OpraHoB Ye/OBEKa Ha W3MEHSIOUIHECH
thbakropel oxpyxaroweil cpejpl. Ilpumepamu peakumit ajianTalld MOTYT CIYXHTb
U3MEHEHHE  3NEeKTPHUECKOl  aKTUBHOCTH  MO3ra, CKOpOCTb W MpoTeKaHue
OHOXMMMUYECKHX HPOLECCOB, PeakLM CEepAeYHO COCYAHCTOH cucTeMbl. B uacTHOCTH,
BapuaGesibHOCTb  (M3MEHUMBOCTB)  CEPJIeYHOro  pHTMa, OTpaxaiouiast — CrelieHb
HATPSPKEHHOCTU  afianTuBHbIX peakuuit opranusma [1,2]. CranjaprThbie METOJMKH,
HCHIONIb3YEMbIE B COBPEMEHHONH MEJMUMHCKON npakTuke [2] jas 3ajaq  aHanmsa
BapuabenbHocTH cepaeudoro putMma (BCP), He M03BOJISIIOT OUEHHTL BpPeMEeHHYIO
JMHaMUKy npouecca. OHM, Kak MpaBWIO, OCHOBAaHbl Ha IPEJUIONOXEHHH O
CTaUMOHAPHOM XapaKTepe peakuMid BererarBHOro romeocrasa. ns wuccrenopanis
BPEMEHHON CTPYKTYpbl cHTHajla HEOOXOJUMO [PUMEHEHHE METOJ(0B, [03BOJISIOUHX
OTCHEJUThL  2BOJIOUHMIO  (PYHKLHOHANBLHO  3HAUMMbIX  UYACTOTHLIX  KOMIIOHEHTOB
HccielyeMoro curuaia. BelBneTHblit ananus [3,4], unipoko ucnosb3yemblil B ochejinee
BpeMst B pasiiuuHbIX 00J1acTsX, N03BOJISIET NPOBECTH TAKYIO OLEHKY.

Tax B pabote Stefanovska A. et al. [5] ¢ noMouiblo BeiiBiIeTHOrO aHanH3a Obin
ornpeJieJicH 4acTroTHLIM JiHana3ol nokasarenei MUKDOIUPKYIFIUU, COO'I‘BG'PC'I‘nyloul,uﬁ
3HJIOTENHANLHON akTUBHOCTH, Joho S. et al. [6] BellBneTHbIT aHANN3 NPUMEHUI JUIs
BbISIBIEHNS AKTMBALMM CHMIIATHYECKOrO OTJIEJa BEreTaTMBHOM HEPBHOW CHUCTEMBI
(BHC) B orser Ha uwemuio Muokapja, Kadambe S. et al. [7] ucnoanzosann
AMajiMvecKoe BeipneT-npeoGpa3oBanie g onpepenenus Komiiekca QRS na 9K



Hensro Hame#t paGoThl SBAAJACH OLEHKA B3AMMOBISHUS (DUIHOOTHYECKH
3HAUMMBIX YaCTOTHBIX uana3oHoB psafoB BCP ¢ moMolns1o BEHBIETHOTO aHamm3a.

1. OG0 LeETEI M METOREI

IIng BeipaGoTKE OOIMUMX MPHHIWIIOB BEHBIETHOrO aHANW3a KapNHOHHTEPBAJIO-
rpamMM ObLIM BBIOpaHBI TPYIIIB] HCIBITYEMBIX B Pa3HbIe MEPUOMbl OHTOTEHEe3a, IS KaxK-
JIOTO M3 KOTOPBIX XapaKTePHBI CBOM OCOGEHHOCTH MeXaHu3MoB peryisiua BCP [8, 9].

Tpynna 1: 53 nnopa co cpokoM recramym 36-40 Henens. MlccnenoBamich BpeMeH-
HEIe PSibl, IIOJyYEeHHbIE METOIOM aHTEHATaNbHOU KapuoTOKOI paghui (TaXOI‘paMMbI)
3aBHCHMOCTB YaCTOThI cepeunblx cokparennit (YCC) mnona oT BpeMeH. :

Ipynna 2. 30 peteit Ge3 maTONOTHM CEPACYHO-COCYAUCTOM CHCTEMBI B BO3pacTe 6-
13 ner. UccnepoBamuack RR-unTepBanorpaMMel - PericTpanysl BpEMEHH MEXIY ABYMS
coceaumMA 3youamu R xva KT

I'pynna 3: 60 crymentos B Bospacte 17-25 net. PaccmarpuBaiuch RR-uHTEpBA-
JIOTpaMMBI.

Ilepen npoBefeHUEM BEHBIETHOIO aHAM3a M3 CHTHANA BEIYMTAJNICH MOCTOSHHbBIN
TpeHp. Ons uccnenoBaHusi BpeMeHHOU cTpyKTyphl BCP ucnonb3oBanock HelpepbIBHOE
BeliBneTHOE npeobpasoaHue [3]

W(ah) =S fvl(-bYald:, a beR, a0, (1)

3peck a - MacmiTal BeHBIETHOrO Npeobpa3oBanusd; b - BpeMsl, OTCYETh! MCCAERYEMOTO
pana; R - MHOXKECTBO LeNbIX 4ncell. B KadecTBe aHanmmsupyrowed (yHKIMH WUCIIONb-
30Banach 6asucHas yHkums setiBnera Morlet [10]

wO — x—l/4eimgne-n2/2, (2)

Ha puc. 1 npencrasiena aHTeHaTanbHad TaxorpaMma U €€ BelBIIeTHAs Auarpam-
Ma. I'ecranmoHHBI cpoK miofa 35 Heleldb, COCTOSIHVE YMEPEHHOH BHYTpHYTPOOHOH
rHIoKcur. Hanwume mpeBOBUNHOM CTPYKTYPBI JIOKANLHBIX 3KCTPEMYMOB CBHUAETEID-
CTBYeT O CaMmoIIOfo0HMM HCCIEyeMOoro Ipollecca, UTO, B KOHEYHOM HTOTE, OTPaXKaeT
CYLIECTBOBaHNE HEPAPXUN MEXAHU3MOB pEryIIsALIUM.

Ha ocnoBe Marpuilel Be#BIE€THBIX KO3((UIUEHTOB CTPOMINACE CKEHIOrpaMMBbl,
3ajjaHHbIE KaK CpeflHee KBapaToB BeWBIETHRIX Koadduumento W(ab) Ha 3anaHHOM
Macmrrabe a

V(a)=alNZ, (W(ab)) - 3)

SBnsace Qyskumelt MacmTaba, CKEHIOrpaMMa OTPaXaeT Ty Ke MH(OPMALUIO, YTO H
CIeKTpalibHas [IOTHOCTh MOIHOCTH Pyphe, sBrsromascs QyHKiyed oT gacTothl. I1o
AHAJIOTMHU CO CHEKTPAILHON IOTHOCTBIO MOIIHOCTH CHEeKTpa ®Pypbe BBEEM MOHSTHE
BeliBeTHON moTHocTH MotngocT (BITM). Kak m3BecTHO, BeliBneT-IpeoGpasoBaHuie
IMeeT MPEUMYIIIECTRBO neper npeoGpaszopanueM ®ypre mpexye BCero 3a CYeT CBOMCTBA
JIOKANbHOCTH Y BeHBJIETOB. BejiBleTHoe NMpeoOpa3oBaHie, NMPEACTABIMIOMEE KaK Obl
BPEMEHHYIO Pa3BEpPTKy CIEKTpa, MO3BONSET IONYYNTh U 6ojee JIOKAIU30BaHHYIO BO
BPEMEHI QHEPIETHYEeCKYI0 HH(OPMAIMIO. DHepreTHYecKMe RUArpaMMBl  (CKeiio-
rpaMMbl) CTPOMJIACH Ha KPaTKOBPEMEHHBIX (IIPMMEPHO 2-3 CeKyHfbl) OTpE3Kax, 4To
OO3BOJIMIIO OTCIEKHBATh JUHaMUKy npouecca. Ha ckelno-rpaMMax BBINEISUIMCH
CpI/I3I/IO.TIOI'H‘ICCKYI 3Ha4YAMbIC YacCTOTHBIC IHAIa30HLI, OTBETCTBEHHBIE 32 pa3IM4YHbIC
THNLI MeXaHW3MOB perymsumd. Ilpn aHanuse KapIII/IOTOKOI’paM_M epynna 1)
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