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JTUHAMUMKA OMHOMOOBBIX JA3EPOB
" JMHAMMYECKUH XAOC

A.H. Opaescruti

Jan o630p paboT Ho IHHAMUKE OXHOMOZOBOTO Jasepa. Ocoloe BHUMAHUE
yAeNeHO CBOWCTBAM CTPAHHOTO AaTTPaKTOpa, COOTBETCTBYIONIETO PEKUMY
AUHaMHIECKOTO Xaoca B OJHOMOJIOBOM Ja3epe. [IpuBeseH mepeyeHb OCHOBHBIX
HaTIpaB/eHud WCC/eOBAaHUH 1o AuHAMUKe JjazepoB. Cmucox Jjurepatypsi: 160
HAMMEHOBAHUIH. '

1. Masepnbiit (1a3epHbli) aTTPAKTOP

C Touk® 3peHWs TeOpHHE KOoleOGaHmii KBAaHTOBbLI reHeparop (Masep Wim Jazep)
SBIISETCS aBTOKOJIe6aTeLHOH CHCTEMOH], OIMICBHIBAEMOHR HeTEHeHHbIMHA
suddepeHIEaNbHLIMA YPaBHEHASIMHA. JTO JHCCHIIATHBHAS CHCTEMA, NOTEPH B KOTOPOH
OOYCIIOBTICHB! TIOTJIONICHAEM W3ydeHUs pa3idyHbIME KOHCTPYKTHBHBIMA 3EMEHTaMU
(3epkanamMu pe3oHaTOpa W [p.), PENaKCAWOHHBIME IIPOLECCaMM, NPOMCXOISMIUMI B
aKTHBHOHU cpefie, H, HAKOHEI, BRIBOJAOM T'eHEPHPYEMOro JIyda W3 pe30oHaTopa AN ero
HCIONb30BaHmst norpebmreneM. IloTepr KOMIGHCHPYIOTCSL SHeprue#i HaKadkd,
BBOAEMON B aKTHBHYIO CpEfly KBaHTOBOI'O reHepaTopa. PazmdHpiM pexxuMaM reHeparyn
COOTBETCTBYIOT Da3iM4HbIC peIeHHS ONUCHIBAIOIIAX HX ypaBHEHWI. OTH PpELICHES
HarJSPHO MOTYT OBITEH MpPEJICTaBJIeHbI B BAYIC TPAGKTOPHIi B (a30BoM NpocTpancTBe [1].
YcTaHOBHBIINMCS peXuMaM reHepamum B (a30BOM IPOCTPAHCTBE ypaBHEHMA
COOTBETCTBYIOT COCTOSIHHS PaBHOBECHS. WM TPENENbHBIE IUKJbI-TPAaCKTOPHH,
OTHOCSIEECH K KJIACCY <OCOOBIX».

Oo mauvama 60-x rOHOB CUMTANOCH, YTO pazHOOOpasme OCOOBIX TpaeKTOpHit
CBOJHTCS K CIENYIOMEMY NepedHio: y3ea-(poKyc, CelIo, cerapaTpuca M IpefelbHbIH
muks. OcTranbHBle TPAaeKTOPHA - HEOCOOblE, aCHMITOTHUECKW HpHOIMKArommecs K
0coOBIM WM yRasstolmecs oT HuX. HeocoOble TpaeKTOpHH ONHMCHIBAIOT HEPEXONHBIE
IpoLECCH] B peaabHOM Hpubope.

Te 0co6ble TPacKTOPHH, KOTOPBIE «IPUTATHBAIOT» K ce6Ge HeocoOhle TpaeKTOPHH,
MOJIyYrIM HA3BaHWE AaTTPaKTOPOB. BCe 3TH XOPOLIO H3BECTHBIE OOCTOSTENLCTBA
nompoGHO H3NOXEHEI B MOHOrpathiaxX B y4eOHRKaX FCM., HampuMep, [1,2]).

Ho 60-x romoe Tomomormyeckwit o6pa3 (ha30BOr0 IPOCTPAHCTBA HEJMHEHHBIX
fupdepeHImalbHBEIX  ypaBHEHEH (opMHEPOBAlICA IWaBHEIM 00pa3oM Ha OCHOBE
ypaBHEHHI BTOPOrO NOpPsKa, ()a30BOe IPOCTPAHCTBO A KOTOPBIX AByMepHO. i
OImMCaHys PeKNMOB pab0Thl MHOTHX NPAGOPOB 3a9acTyIO TaKOH CHCTEMEI OKa3bIBAIOCh
mocratoudo. Ho B cepenmie 50-x - Hagane 60-x rofjoB NOSIBIIIECH NPHOGOPHI ¥ BO3POC
HHTTPCC K MNpoieccaM, OIrcannc KOTOPBIX npuURUnUaibRO HC YKJIagblBaJIOCk B paMKH
ypaBHeHmii BTOPOro nopsuka. IIps HcclIenoBaHHH THX NPOHNECCOB M aHanmmM3e paGoThl



armx npubopoB  ObIT  BRIZBNEH  ocoOBIH  Kdacc  pelleHmH — HEIMHEHHBIX
madbdepeHmaNbHLIX  YpaBHEHNH. BIIOCHENCTBAY 3TH PELICHAS MONYIANN HA3BaHAE
«CTPAHHBIX aTTPAKTOPOB» [3].

OTKpbITHE CTPaHHOTO AaTTPaKTopa CHOpaBelJIABO CBSA3LIBaeTCA ¢ paboroit 3.
JToperna [4]. OpHako «CTpaHHBIe» HEpEryISIpHblE DEINEHHA HENMHEUHBIX YPAaBHEHUM
OPHEMEPHO B 3TO XK€ BpeMsl GbUTH TakxXe OOHapyXeHsl B paforax [5-8], moCBsIEHHBIX
HCCIEIOBAHMEO TIPOIIECCOB I'eHepaly B KBAaHTOBBIX IeHeparopaxl.

Crepyetr otMetwTb, 4To pabora [4] Oplma cBszaHa C aHANH3OM MPONECCOB
KOHBEKIHE B atMocepe, Tak w10 B paborax [4] @ [5] pews mma o sBIeHHAX
COBEpIUEHHO pa3TmuHOi mpupopsl. Ho ymEBETENmRHO, YTO B 3THX paboTax
aHAM3APOBANIKCH COBEPLIEHHO OIMHAKOBbIC ypaBHeHnd [8].

B pauso# craThe 0COGSHHOCTH BOSHAKHOBEHHUS 1 CBOHCTBA (ha30BbIX TPACKTOPHH
THIA CTPAHHOTO AaTTPaKTOpa PACCMOTPeHbl B PaMRAX HCCIIE[OBAHMS [RHAMAIECKUX
PEXUMOB B KBAHTOBBIX [CHEPATOPAX.

Ilpouecc reHepalm B KBAaHTOBOM TI'€HEPAaTOPE OIHMCHIBAETCS YPABHCHHSIMH
Makceenna, KOTOpble B OJHOMOZOBOM mnpuOmrkeHnwm (BO30YXIaeTCd ONWH THII
KonebaHmii B pe30HATOpE TIeHeparopa) CBOFATCA K YpaBHEHMIO OCHIIISTOpa ¢
3aTyXaHueM, BO3GYKIaeMOro NOJsipA3almedt ak TABHOH cpenst [7,9,10],

@E w, dE d*P

+ + 02F = - 4x .
dr g dat de
3pecs E - anexTpryeckas KOMIIOHEHTA 3JIeKTPOMAarHaTHOro MOJS B pe3oHatope; O -
NOGPOTHOCTb; ®, - COOCTBEHHAs 9acTOTa pe3oHaTopa; P - NOoNSpH3als aKTHBHON
Cpelibl, NOTIUHAXOIAACA YPaBHCHUIM

2P 2 4P _ 2

D

= 2P = =D, NE, 2a
aw n a @ (22)
dN 1 2 dapP
——+—N=l+—FE—ro, (26)
dt T h(l)o dt

roe N - pa3sHOCTH HaceJIEHHOCTEH BEpPXHETrO H HIDKHEro pabovmX ypOBHEH B aKTHBHOM
cpene; / - HHTGHCHBHOCTh HaKadkd; T, - BpEMs peJlaKkCcallid IOIsApH3aldH,
onpepesArolee MUPHHY CIEKTPalbHOM NHAHWA; Ty - BpeMs pellakcalid¥l HacEeNeHHOCTH
ypoBHell; [l-MaTpAYHBIE  2JEMeHT  JWIONBHOTO  MOMEHTAa  4YacTHI[  Cpefpl,
B3aHMOJIEHCTBYIONIEX C H3TyYeHHEM; () - PE30HAHCHAS YaCTOTa CIeKTPalbHON JIHHAH.

Cucrema ypasrenmii (1) m (2) wmmpoko mnpEMeHdeTCs A HCCIETOBAHKSA
[MHAMPAKYA KBaHTOBBLIX [eHepaTopoB, HaumHas ¢ pabor [9,10]. Mx aramms Moxer GbITh
IPOBENEH METOLOM MEN/ICHHBIX KOMIUIEKCHBIX aMIUTHTYI, KOITia BXOAAIIAE B ypABHEHUS
(1) u (2) BenMYMHBI DPECTABASIOTCS B BAje

E=Eeioet, P =Pe-iax, (3)

rge E, P @ panee N - mepneHHble GyHKIEA BpeMeHH IO CPAaBHEHWIO C BHICOKOYaCTOTHON
axcrnioHeHToN. OHE YHOBNETBOPSIIOT ypaBHeHAM | 7]

—d;t— + ;Z E = i2ne.P,  (49)
dP 1 o jul2
7 +[Tz+l((l)0- OJC)]P—'Z'——?NE, (46)

1 PaGora [5] mocryrmna B pefakuuro xypHana 28 mors 1962 rona u 6byia JONOXEHA B CEHTAOpE
TOTO Xe rofa Ha 4-M MexnyHapomsoM kKorrpecce no npubopaM CBY. Pafora [4] nocrynumna s pepakuuo
xypHana 18 nos6ps 1962 ropa.



AN 1 i
~— 4—N=J+——(EP*- E
Tt +—— (EP* - EP), (48)

xoTopeie monyyarorcs u3 (1), (2) ¢ nomompro crangapraoi npouenyps! [1]. Cucrema
ypasuenuii (4) nMeeT ciiefyIOlpe CTAMOHAPHBIE PEUICHAS:

E=P=0, N=I - (5)
n
_ h[l + (Q - (00)2"522]
\El2 = 4nhQ {1 - o (6a)
(@ - @)1 +57) =57 (0. - o), (66)

e Q = ®, - do/dt - yacrora rerepupyeMoro m3iyyerns. CrauponapHoe cocrosmme (5)
HEYCTOHIHBO, ecru

2
4 %IT]TzQ >1+ (Q - 0)0)2122. (7)

B oroMm cayuae ycnosme Bo3GyXpueHus Koie6Ganmii B Jazepe BBIIONHEHBI, W OH
reHEpUPYET U3TyYEHAe, aMIUIATYAA B 9acTOTa KOTOPOT'O ONPERENIIETCS COOTHONICHASIMHA
(6). Boiacrenue yeTOHYUBOCTH coCTOSHASA {6) MBI IPOBENEM B ABA JTalla.

[1]13]Be)1eM HOBYIO TAHAMUYeCKYIO NepeMeHHyio EP* + E*P. Us cacremsr (4) cnenyer,
97O

d .
(—+
a 20

[ist ynpolueHns janbHEHNIero aHaiusa HNPENIONOXHM, 9TO PEe30HAHCHBIE YacTOTBI
pe30HATOpa W CHEKTPANLHON JHHWHA COoBmajaroT. Torna mpasas dacTh ypasHeHus (8)
paBHa HyJIO, M BHFHO, 9YTO C TeucHHEM BpeMeHn BenmurHa EP*+E*P skcnonennmanbHo
3aTyXaeT, CTPEeMSCh K HyJEeBOMY 3HAUEHHIO. B aMIumTynHO-(a30BOM NpeCTaBICHAR
(E = Aeiv, P = Beiv) 3710 03HavaeT, 9T0 CHCTEMA CTPEMHATCS K COCTOSHHIO, B KOTOPOM
m6o A=B=0, 6o

+}1“)(EP* +B'P) = i(ay - ©)(EP* - E*P). ©)

cos( - y) =0, sin(e - v) ==L ©))

Ipu BemonHenmn ycnosmsi camoBo30yxuenus (7) cocrosame A=B=0 HeycTOW9ABO, TaK
ITO TPaeKTOpHH Ja3epa B (pa30oBOM IMPOCTPAHCTBE CTPEMSTCS B TAKYIO ero 06nacTs, rie
AMeIoT MecTo cooTHomeHns (9). B aroM ciiywae cucrema ypasuermii (4) pacnagaercs
Ha IBe

dA ,

—_— —— A =1+ 2nwB, 10
7 + 0 nwB ( .a)
dB 1 jul2

+ B=% NA, 106
dt Ty h ( )
N 1 1

_ N=I3F—AB, 10

dt * T1 * h ( B)

a 06nacThb (pa3oBbIX TPAEKTOPYI - Ha JBE NON00IACTH, B ONHON U3 KOTOPBIX sin(Q - y)=

=1, a B apyroit sin(p - y) =-1. OTr nopo6AACTH CONPUKACAIOTCA B TEX MECTax, I7e

obpamatorca B Hyns b0 A, mabo B. B MecTax CONPHKOCHOBEHHS CHCTEMA MOXKET
miepeiiTe ©3 ofHOU 06JacTh B APYryro €3 SHEPreTHIECKOro «KaTakiam3Ma». IIpn TakoM



NEepeXOfie pasHOCTh (Pa3 MeHdeTcs Ha 7. XOTHA [0 CBOeMy (QU3W9eCKOMY CMBICIY
aMIUIATYBI A B B - NONOXWTENbHBIE BEINYWHBI, W3MeHennme 3Haka sin(p - ) npu

nepexore Mexay NoRoOIacTIMH MOKHO NpHITHCATL W3MEHEeHHWIO 3HaKa aMIUIUTYABL,
¢pOpMaNBHO [OMyCTHB CYHICCTBOBAHWE KaK ITOJNIOXKATE/BHBIX, TaK U OTPHHATENBLHBIX
3HayeHV A B B. I1pn TakoM fperoioKeHud e OACACTEMbI YPaBHe M CIIHBAlOTCA B

OfHY CHCTEMY

dA )

_— “_A=2 , 11
. 0 T B (11a)
a1 iz

B Ly o , (116)
dt 1, y;/
dN 1 1

—_——+—N=]--—AB. 11
= + - I - AB (118)

Ypasrenus (11), uccrneoBasne KOTOPBIX BIEpBBIe GHUIO IPOBELEHO B [5], ¢ TOUHOCTHIO
Mo 0603HAYEHHIT COBIAJAIOT ¢ CHCTEMOY YpaBHEH M, HCIIOIL30BAHHOM B padote [4].

Ins ananusa ypasrermii (11) mx yno6Ho 3amicats B Ge3pa3MepHBIX IEPEMEHHBIX:
X - aMIUTMTYAA KoJeOaHmi OIS, y - MONSPU3AIH; Z - IACIO JACTHI, HOPMHPOBAHHBIX
TaK, 4YTO B CTAI[WOHAPHOM COCTOSHHE x=y=*l, z =1. BBepeM Tax:ke Ge3pasMmepHoe
BpeMs 1=t/1,. Torna cucrema ypasuenmit (11) mprverT Bup

dxldt = -o(x - y), (12a)
dyldt = -y +xz, (126)
zldt = - b(z - 1) - b(r - 1)xy, (128)
rme '
6 = 01/20, b =1/, r=4nltt,0lLE (13)

Ho ceoeMy ¢usmueckoMy CMBICHY KO3(¢WIMEHT 7 eCThb OTHOMICHWE MOIHOCTH
HaKaYkKd K ee HOPOTrOBOMY 3Hauen#mro. CTalliOHAPHBIE DEIIeHHsI 3TOH CHCTEMBI CYTh:
a) x=y=0, z =r; 6) x=%1, y=%1, z=1. D10 HOpMEpOBauubNi BHY pemerri (5) um (6).

OueBHNHO, YTO PEINCHHE «a» COOTBETCTBYET OTCYTCTBHIO TeHepalmu, OHO yCTOHTMBO'

o JIsmyHOBY, ecnu r<l, TO ecThb IOPOroBOe YCIOBWE I'eHEpAldd HE BHINOJIHEHO, W
TepsieT YCTOHYMBOCTH HPH BBINOJHEHHAW TOPOroBoro yciosus r>1. Pemuerme «6»
COOTBETCTBYEeT CTAlEOHAPHON IeHepald ¢ HOCTOSHHOM ammumarynoil. Y3 (6) smmHO,
9TO OHO CYMIECTBYeT, ecim r>1. AHamu3 pemenmii «6» Ha yCTOHIMBOCTE 1o JIsmyroBy
[5-7] mpuBOIMT K ChEAyOMEMY XapaKTEPACTAYECKOMY YPaBHEHIIO

B+2R(A+b+0)+Mr+0)b+2bo(r-1)=0 (14)

mia nokasareneir JIamynosa A. VI3 sroro ypasmemms cnegyer, 49ro mpm o<l+b
CTaIlnOHAPHBIE PEIIeHUs «0» YCTOHUHBEL, eCid r>1, TO €CTh €CNH BHIOJIHEHO YCIOBHE
caMoBO30YXKIEHHI KBAaHTOBOTO remHeparopa. Ilpm o>1+b cranmoHapHble pEIICHAS
YCTOMYHMBEI IMITH B HHTEpBaJe

o(c+b+3)
c-b-1 "

YroGhl OTBETETb Ha BONPOC, YTO K€ NPOMCXORWT NPH 7r>r*, HEOOXOAWM YHCIEHHBLIN

amamm3, Takoit anamm3 mokasan [5-7], ¥To HpA r>r* CTAUMOHAPHBIA PEXHAM IeHepalin

CMEHSETCA CJIOXKHBIM aBTOMOJY/IAIMOHHBIM IIPOIIECCOM, XapakTep KOTOPOI'o IiepefaeT
puc. 1, BasTeri m3 pabors! [5]. BmmHo, yTo B cHCTEME NPOMCXONAT MOCTENEHHO

l<rers, r= (15)

o



0 25 50 100

Puc. 1. B XaoTW4eckoro asroMopylismponroro Pmc. 2. Paseuras BO  BpeMeHM  KapTHHa

nponecca mpn r>r*; r=20, 6=4, b=1 [5] )r(ig;rp[r:iacxoro aBTOMOJY/ISIMOHHOTO NpoLecca Py

HapacTarone MybCallid BOKPYT OffHOM W3 CTaumoHapHbIX Toyek: C,(x=y=1, z=1) umm
Cy(x=y=-1, z=1), a 3zareM cHCTeMa COBEpIacT NEPECKOK B OONACTH JPYroro
HOJIOKEHAsT pasHOBecus # T.0. Ha prc. 2 mpeficrapieHa pa3BaTas BO BpeMEHH KapTHHA
aBTOMONYJISIIIUOHHOI'C Iporiecca. Bpems npeObiBannsl CHCTEMBI B OKPECTHOCTH TOU WA
APYro# CTAlHOHAPHOM TOYKH ABIseTCs Cayuainoi semmunHoi. ITosToMy Bech mpouecc
B IENOM HOCHT CHyyYaiiHpIi Xapaktep. IIocMOTprM Ha IOBeJeHME CHCTEMBI B
aMIIETyAHO-(ha30BOM mpepcTaBieHwd. Ha puc. 3 mokas3aHO H3MeHeHHe BO BpEeMEHHU
chHyca pasHOCTH (pa3 1 mHTeHcHBHOCTH m3nydeHns [11]. O6pamaror Ha ce6s BHAMaHTE
ofcyXkpaaBlImecd paHee pe3Kue CKadKd pasHocTd ¢a3. VI3 pacyska © BEAHO, 9TO CKadKH
a3 npomcxopaT upr oOpallicHHM WHTEHCHBHOCTH B HyJdb. B 3Toll yactm ¢pa3oBoii
TPaeKTOpUH CYHMIECTBEHHYIO pOIb MOIYT ArpaTh faXke HeGonbome MyMbl, KOTOpbIS
BCEeITa IPHCYTCTBYIOT B MO0OM - CACTEME, HO KOTOpble He Y4TEHBI IIpU BBHIBOJE
ypasHeru# (12). Beelienre Takmx IyMOB B ypaBHeHws (4) B Ka4eCTBE JIAHKEBEHOBCKAX
CHJI W YHCIeHHOE HCCIeJOBaHMe UX NpHd MpEeXHeM YCIOBHH - ©.=0 mokazamo, 9ro
HeOONIbIINEe N0 UHTEHCHBHOCTA IIyMBI 3aMETHO CKAa3bIBAIOTCA Ha [WHAMHUKE pa3HOCTH
¢pas. Ilepexone! pasHocTH (pa3 OT SHAYEHHH A/2 K 3HAYCHHSM -T/2 TOPSIOT XapaKTep
[IEPECKOKOB, CTAHOBSChL Gojiee mwiapHbME (puc. 4). OTMETHM, YTO HUCIOIL30OBAHUE
crcTeMsbl ypaBHeHwit (4) B 9TOM Cilyyae NPUHLAAANILHO, TAK KAK B IPACYTCTBHAM [IyMOB
TOXJecTBeHHOro obpainenus Bemmuwmnbl EP*+E'P B Hyob He NMPOHCXONHT HUKOTAA.
MoxHo oxu\jark, YTO B IIEPEXONHOM pexumMe, korfa EP*+E*P eme He paBHO HYyIIO,
m3MeHeHnAs (ha3pl OyIyT HOCATh XapakTep OTHOCHUTEIBHO IUIABHOTO NEpexofia, a He
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Puc. 3. UsMenenne 8o BpeMenn curyca pasHoctd ¢asz (1) u uareHcUBHOCTH M3nydenns (2) B 061acTH
Xa0THHUECKOTo mBrkenus [11]
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Puc. 4. Iepexon /2 <>- n/2 pasHoctd a3 nons u Puc. 5. Ilepexon /2 <>~ /2 pasnocTn a3 nonst ¥
TOJSPH320UH B IPHCYTCTBUM BHENHUX UIYKTyall  MONSpM3alid B CAyyae Ha4aJbHOTO COCTOSHM,
npY  HAYANBHOM COCTOSHHMM, COOTBETCTBYIOLIEM  OTBEYAIOLIEr0 CTPaHHOMy artpaktopy (I), H
00nacT# CTPaHHOTO arTpakTopa: ] - gucmepcEs — MPOU3BOIBLHOrO HAYAlLHOTO COCTOSHYS

mryma 10-42 - 10-3 3 - 5. 10-3

fapakTep CKadka, NaXe B OTCYTCTBHE liyMa, JuCleHHBHI pacdeT NONTBEPIKNAET 3ITO
npemmonokenre. FEcimm  BpifpaTh  HadalbHBIE — YCIOBHS,  YOBJIETBOPSIONWMHA
coorromenn:o (9), To H3MeneHwme pasHOCTH (Pa3 NPOHCXOMMT ckaukoM. IIpm BeIGOpe
HAYaJbHBIX YCIOBWNA, HE YAOBJIeTBOpsitommx ycnopmio (9), dasza m3Mensercs MIABHO
(puc. 5). ITo Mepe Toro, KaK crcTeMa NpAGIICKAETCS K OONACTE aTTPaKTOpa, KPyTH3HA
H3MCHEHMSA (1)33];1 BO3pacTacT.

2. ®a3oBbIi HOPTPeET Ja3epa

IlepBasi HOTBITKE NPOAHATM3APOBATH (PA30BBIA HOPTPET XAOTHIECKUX PEHICHMH
ypasuernii (12) Gbuia npemnpursta B pabote [4] mis 0=10, 5=8/3. Puc. 6 pmaer aBe

IUVIOCKHE TIPOEKIMH TpeXMepHOro ¢pa3oBOro mOpPTpeTa pemleHus, MOJydYCHHBIE
YHCTEHHBIM HHTerpupoBaddem ypapHermi (12). Umcna Ha TpaeKTOpHAX O3HAYAIOT

zZ
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Puc. 6. [Ilpoexuus _asoporo mnoprpera Puc. 7. TpexMepHbii TOpTPET  CTPAHHOTO
Xa0TUYECKOro mpotecca [4] aTTpaxropa ypasHeHuit (12)



HOCTIEJOBATENbHOCTh JBIKCHMS CHCTEMBI IO ITHM TPacKTOpHsSM. B cOOTBeTCTBHH C
pucyHROM (ha3oBas TPaeKTOPHS PacKpyuUMBAeTCS N0 CIHMPAJd BOKPYT COCTOSHHSA
paBHOoBecust (,, a 3aTeM mepecKakWBaeT HA COHpalb B OKPECTHOCTH COCTOSHHS
pasHoBecust C; (Touka 17), mocie 9ero BHOBB BO3BpAINAETCs B OKPECTHOCTE ToukH Cp U
7.1 Kasanoce Gbl, Kak 310 Bo3MOXHO? Beflb ocTaBasich B INOCKOCTH Z=1, TpaekTopum
HOKHEI Iepeceuncs mpm mepexofme w3 obmactm C; B obmacte C, «Beipydaer»
TPEXMEPHOCTH (pa30BOro NPOCTPAHCTBA. PackpyumBasice OKOMIO COCTOSHWS PABHOBECHS
Cy mmm C,, TpaeKTOpHs CMEINAETCSA MO OCH Z, TaK 9TO IIPH Mepexofie K APYroMy HEeHTPY
TIPUTSCKEHAA NIEPECEYCHAs TPACKTOPUH He NporcxoiuT. TakuM 06pasoM, MBI BEIUM, 9TO
CYIIECTBOBAHHE CIOXKHOrO aHCAMO/IS HeNEPECeKAOMIXCS TPACKTOPHA BOZMOXKHO JIAIITH
B (pa30BOM IIPOCTPAHCTBE, pa3MEPHOCTh KOTOPOro GOMBIIE BYX.

TpexMepHbIi BER (ha3oBoro nmoprpeTa ypaeHeumit (12) mpencrasien ma puc.7.
Brepsbie s napameTpoB 6=10, b=8/3 on 6bin BrrumcIeH B paGore[12]. Do ommH u3
IPUMEPOB  CTPAHHOIO aTTPAKTOpa - NPHTSITHBAIONIEH CIOXHON TpaeKTOPHH,
CYIMIECTBEHHO OTIHMYAIOMEHACA OT KBa3HIEPHOAUUECKUX OpOHT HIH 3aMKHYTHIX OpOUT
THIA NPEeAbHOrO HAKIIA.

Crpannbii artpaktop ypasaenml (12) B HacTosumee BpeMsi AOCTATOUYHO TJYOOKO
A3y9eH C IOMOINBIO YHCIACHHBIX MeTooB (cM. [13-23] m umTmpyemyro B HEX
marepatypy). Ha puc. 8 moctpoersr ocobbie TpaekTopun cucteMsl (12) B TpexmepHOM
(hasoBoM mpoctparcTBe XYZ g 6=10, b=8/3 [20-22]. ITnockocTs T mpoBefeHa gepes
coctosiEms pasHoBecmsi C; m C, neprneHmukynspro ocH Z. YpaBaedms (12) mMeroT
INIOCKOCTb - CeIapaTpHcy, IPOXONUIyI0 depe3 cocrosmhe pasHoBecas Cy(0,0,r) u
Tepecekaroilyr0 IIOCKOCT: X 1o JmHMM AB. [IBmxeHme 1o o060l TpaeKTOpHH,
JIeXailied B 9TOU IUIOCKOCTH, HAIpaBJIeHO B CTOpPOHY cocTosmmst pasHoBecHda C, m
OKaH4IHBaeTCH B 310l Touke. M3 Touku Cy BBIXOIAT [BE CENapaTpHChI - «YChI» Sy U S,
uyiye b0 B «CBOM» COOCTBEHHBIE cocTosHAA paBHOBecHS Cy u C,, mubo B cMeXHBIE,
B 3aBHCHAMOCTH OT 3HaueHWs napamMetpa r. Ha cepmm prc. 9 npencraBneHo moBefcHHE
TPaeKTOPHii, COOTBETCTBYIOINUX PelieHAsM ypasHerus (12), B Ipoekumy Ha III0CKOCTh,
npoxopamyto gepes Touku Cp, C; n C,. Koopaunara U Ha NIOCKOCTH 5TOH MpOSKIHH
OTKJIAJILIBACTCS B HAIIPABJICHUHA PSMOIL, COefrHAromel cocTosHns pasaoBecus Cy u C,.

Kak yxXe oTMesamoch, OpEm r>1 B KBaHTOBOM TIeHEpaTOpe BO3HHKAIOT
aBToKONe6anus. W3 neycroiumBoro coctosums pasHosecmst (0,0,/) (cM. pmcyHOK) B
3aBHCAMOCTH OT HAYAIbHBIX YCJIOBHI CACTEMA IO «ycam», CellapaTpHucaM, CTPeMHITCS K
opHoMy u3 cocrosinmii papHopecus C; mmu C, (wamomumyM, uto C; m C, OpefcTaBIsIOT
cofoif aBTOKONEGAHAS C IOCTOSHHON ammmmTyfoi). OKa3pBaeTcs, 9TO KpoMe
KPATHUYECKUX 3HAYeHWH MapaMeTpa r, PaBHBIX 1 | r*, CYIIECTBYIOT €Ile [Ba 3HAYSHW,
KOTOphlE MBI HA30BEM F; A 17y, HPH r>ry IIPOACXOAHUT KadYeCTBECHHOC HWIMECHCHHE
a30BOro MOpTpeTa: NOSBISIOTCA HEYCTOHUMBBEIE MNpeNelibHbIE IMKNEI (IITPHXOBas
MMHUS), a cemaparpuckl S; H S,
«MEHSIOTCS» (POKycaMm.

YBenmuyeHue r MpUBOJHUT K TOMY, UTO
IIpH 7>r, POXKIAETCA CTPaHHBIH aTTPaKTOP.
On 3amomuser BCIO  OOMacTh  BHE
npefieIbHbIX [EKIIoB. CenapaTphAcel S; 4 S,
CTPEMATCS yXe& HE K  COCTOSHHAM
paBHOBeCHS, a  OKaHUMBAIOTCA  Ha
HEeyCTOWIABBIX npejeTsHBIX OEKJIax.
TloBemenne cHCTeMBI B 3TOM CIydae
KauyeCTBEHHO PA3NWYHO B 3aBHCHMOCTH OT
HayallbHBIX ycioBmil. Ecmm HauanpHbIE
YCJIOBHS TAaKOBEI, YTO CTapToBas TOYKa
NEeXUT B Ipefenax ¢a3oBoii IOBEPXHOCTH,
OrpaHMYEHHON IHMKJIAMH, TO CHCTeMa,

Puc. 8. Ocolsle Tpackropuu ypassenwit (12) B
COoBEpIIast OCIOHANIAITAN, [puxoIAT B TPEXMEpHOM MPOCTPAHCTEE .
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Puc. 9. Tpynna Z -§ mpoexuuit dasosoro npocrpancTsa ypasHeruil (12) NpH pasniudHLIX 7

cocrosaue C; unm C,. B 3TOM ciydae YCTAHOBUBIIMCSH PEXXUMOM SBASETCS IeHepanusa
H3TyYEHHsI C TOCTOSHHOW ammnuTygod. [lpyrme HadanbHBIE YCIOBHS IIPHABOMNST K
CTOXaCTHIECKHUM KONNeGaHTsIM.

IIpu panbHelneM yBE/IMYEHHH + PAJEyC IAKJIOB YMEHBIIAETCS, A IPA 7>F* OHH
CIMBAOTCA ¢ cocTosHUsIMEA paBHoBecus C; u C,, nepenaBag UM CBOIO HEYCTONIABOCTE;
BCa o00nacTh, OrpaHdueHHAs CcemapaTpacaMH S; ® S;, CTAHOBHTCH CTPAHHBIM
arrpakTopoM. CHcrema BefeT cebf HelpelncKa3yeMo He3aBUCHMO OT HadalbHBIX
YCIIOBHIA.

AHam3 YCTOHYABOCTH B MAJIOM TO3BOJIIET OTBICKATL JIAOML r*, 1y U ¥, HAHAESHLI
METONOM YHCIeHHOro aHammsa [22]. 3apacamoctu r1(6), 1,(c) u r*(6) UpecTaBIeHb HA
puc. 10. Ilpm panpHeimeM yBemmueHwm r BOMW3A r= 220 CTpaHHBIA aATTPAKTOP
TEePEXONET B TIpenelbubnt K [22]. Uncnennsii anayms B [22] nposeped ansg =10 m
b=8/3, Tak uTo OucdypkanmmoHHOe 3HaueHme =220 OTHOCHICA K KOHKPETHBIM
senmmHaM O 1 b. [Ipu ymMeHbIIeHMH 7 OT r* CHCTEMa OcTaeTcs B (pa30BOM HPOCTPAHCTBE
CTPaHHOTO aTTPaKTOpPa BIUIOTh JO F'=r,, KOTJa CTpaHHbIN aTTpakTop mcuesaer [11]. B
obmacte r<r, TOUKa B ¢)a30BOM [IPOCTPAHCTBE YCTPEMISETCS K YCTONTWBEIM

cocrostaasaM pasHoBecus C; uma C,. Takmm
lll o6pa3oM, HKMEeT MEeCTO THCTEepPe3uCHOe
40 _H MOBENIEHWE  TOUKH B cbazoBoM
i

r

HIPOCTPAHCTBE MpH BO3pacTanmw i oT 1 fo
r>r* 1 00paTHOM YMEHBIIEHHAH [0 1.
3Hauenue b=8/3 wmcmomp3yeTca B
Pa3IMYHbIX pacueTax TPAJATAOHHO,
HauuHas ¢ paborsl [4], xora B pacuerax,
NPOBENIEHHBIX B padorax [5-8], mapamerp
b=1. ®uzmEka nazepoOB He [OMIyCKaeT
|'\ sHayedwil b>1, HO oOlWcaHHBIE BHOOE
| : ocobenpHOCTH ¢ha30BbIX TpaekTOpHh
0 10 0 = ocratorcs B cuie m mpu b<1. Tem me
MeHee, THHAMIPKA Jia3epa IyBCTBATEILHA K
Puc. 10. 3aBicUMOCTb KPUTHUECKMX 3HaueHwii rq, HM3MCHCHMIO IapameTpa b. Ha pmnc. 11
1y, ¥ OT napameTpa © npu b=1 NpEACTaB/ICH  XapakTep  aMINMHTYRHBIX

20 Hi
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Puc. 11. Tlepuomuueckue Oynbcaupd aMIMTYARE nons (¢) ¥ [POSKOMM NPeAefbHOro Lukia (6, &)
cucremsl (12) npr b=0.03; 6=5; r =28

nynbcangii B (pa3oBBIi NMOPTpET Nasepa IpH MainoM 3uadenmu b [23]. B arom ciydae
=10, TaK 4ro Bbl6pa}1Hoe 3HayeHue r>r*. OpHaKo, Ja3ep HE HAXOAWTCA B peKuMe
XaOTHYECKHX MYJNbCalii: MMEIOT MECTO PETyIspHBIE MyNbCAIH, COOTBETCTBYIOLIHE
CAMMETPUYHOMY TPEfENbHOMY LEKNY THNA BOCEMepKH. Pmc. 12 JEMOHCTPHpPYeT
CI{eHapHil Tepexofia K Xaocy NPH YBETMHEHAA TapaMeTpa b [23]. Cuagana npeneabHbII
UK TepseT cavMeTpuio (prc.12, a) ¥ NpH fanbHedneM YBeIIeHnr b Xa0TA3APYyeTCs,
TPOXORs Yepe3 CTaiy| yhBoeHns nepuofa (puc.12, 6, ). 3aTeM KoneGaHdst CTAHOBSTCSI

ey
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Puc. 12. TTocnenosaTenbHOCTL PEXXUMOB cucTeMsl (12), COOTBETCTBYIONIAS YBEMUECHHMIO NapaMeTpa b
ot 0.05 po 0.1; 0=5; r =28
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BHOBB DEryJISipHBIMA, a NpefesbHbI HEKII OISITH NIpHOOPEeTasT CHMMETPHIO, HO y3Ke B
BUfie YRNBOSHHOW BOCHMEDKHW. JTOT ClEHApWii IIOBTOPSETCS HECKONLKO pa3 co Bee
YMEHBIIAFOIMAMUCS HHTEpBanaMy a3MeHeHns b. Hakoren, npu 5=0.15 oyepennas cepas
YOBOCHUS IIEpUOja IPEBOJUT K BOZHUKHOBEHUIO Pa3sBUTOrO CTPAHHOI'O aTTpakTopa THIla
arrpaktopa Jloperna. OTMeTEM, Wro yOBOGHHE INIEpHONA - O[AH K3 XapaKTEPHBIX
CIleHapHEB [epexofa K CTPaHHOMY arTpakTopy. Ilo-BHAMMOMY, OH TECHO CBS3aH C
MEeXaHH3MOM BBIPOXKJIEHHOTO NTapaMeTpHIecKoro BO30yXMeHHus KoaeOaHmii ¢ YacTOTONH,
paBHOI MONOBHHE 9acTOTHI MOKYJISIMH ITapaMeTpa (0 mapaMeTpHYecKoM BO3OYKeHAN
cM., Hanpmep, [2]).

3. Pa3sMepHOCTD CTPAHHOTO aTTPaKTOpa

M3ydenme crpaHHOTO aTTpakToOpa KakK TOMOJOrHYeCKOro  ofOpa3oBaHms
NOKAa3bIBAET, 4TO 3TO 3AMKHYTasi COBOKYIIHOCTH B3aHMHO HEYCINOUHU6bix TPAEKTOPHH,
HECMOTPS Ha TO, YTO COBOKYIIHOCTH TPAGKTOPHI KaK LEJOE SIBISETCA NPUTATHBAIONICH,
TO eCTh YCIMOL4UGol. ITO OKa3bIBAETCS BO3MOXKHBIM, IIOCKOIBKY B Pa3iHIHBIX TOYKaX
ha30BOrO NPOCTPAHCTBA KaX[asd W3 TpaeKTOpUH HEYCTOAYMBA HE IO BCEM
HampaBlICHHsIM. B HEKOTOpBIX HANpaBlCHUSX Maible OTKJIOHEHHS OT TPaeKTOpHU
HAapAaCTaioT, B APYIHX - yOBIBAIOT.

IIpemionoxuM, 9TO B HAYadbHBIA MOMEHT BpeMEHH HEKOTOPbI 00bEeM 3TOro
(hazoBOro mpocTpaHcTBA 3allONHEH TOYKAaMU C IUIOTHOCTBIO Py, MYyCTh 9TH TOYKH
COOTBETCTBYKOT DPA3NWIHBIM HAYANHGHLIM 3HAUEHWAM BelWUMH X,y,Z. PaccMarpusas
IBIDKEHWE TOYeK B (Da30BOM NPOCTPAHCTBE Kak TIHApOfMHammdeckoe [2], MoxXHO
HAMMCATh YpaBHEHWE COXPAHEHNS INIOTHOCTH

9 +div(pv) =0, (16)
ot

TJIe V - BEKTOP CKOPOCTH TOYeK ¢ KoMioHeHTamn (x',y",2'). Ecim B HauanbHbLE MOMEHT
pacnpefieieHre TOYEK B BbIGpaHHOM o0beme (Pa30BOTO IPOCTPAHCTBA PABHOMEPHO
(pg He 3aBHCHT OT X,y,z), TO B 9TOT MOMEHT

o
P _. podivv. 17)
ot
W3 ypasuenmi (12) crepyer, uro
divv=-(c+b+1)<0 . (18

HE 3aBMCHT OT TIOJIOXKEHMSA TOYKW B (ha30BOM TIpocTpaHCTBe. 1loaToMy u3MeHeHHe
TIFIOTHOCTH €O BPEMEHEM IPOHCXOIHUT PaBHOMEPHO BO BCEM IIpOCTpaHCTBe. Ecmu B
HaYanbHbId MOMEHT po HE 3aBHCHT OT KOOPQHHAT, TO TaKOE NONOXKEHAE COXPAHATCS 1 B
JanbHEMIIIEM, TAK YTO YPaBHEHUE

-g—i— + pdivy = 0 (19)

OIUCHIBAET W3MEHEHNe TUIOTHOCTE TOYeK B (ha30BOM IPOCTPAHCTBE B TEdEHME BCErO
spemern. U3z (18) u (19) cnepyer, aro

p = peexp{oc + b + 1)1, (20)

TO eCTh IJIOTHOCTh TOYEK B (pa30BOM IIPOCTPAHCTBE PacTET CO BpeMeHeM, a obpaTHast
eil BemmymHa - OOBEM, 3aHMMaeMbIH TPAEKTOPHSMA NBICKCHHU, cxkuMaeTcs. CxkarHe
da30BOro 00LEMA THIMIHO [NiSl [ACCHIATUBHBIX aBTOKONEOATEIBHBIX CACTEM, IOTepHu B
KOTOPBIX BOCIIOJIHSFOTCS 33 CYET BHEIIHAX HCTOYHWKOB. CXKATHE He O3HAYaeT, 4To

12



(bazoBbIl O0BEM HENPEMEHHO CTATHBAeTCS B TOUKY. «Pa3oBas KHUKOCTH» MOXKET
pacTeKaTsCS MO NOBEPXHOCTH. Kak yxxe oTMedanoch B pasfele 2, B cliydae ypaBHEHH
(12) oma pacrekaercs MO MHOTEM MIOCKOCTAM, HE MPEICTABIAOMEM B CyMME
KOHTHHYYM (KaHTOPOBO MHOXECTBO), Takmm 00pa3soM, pa3sMEpHOCTh CTpPAHHOTO
aTTpakTOpa MEHbINE PasMEPHOCTH (hpa30BOTO IIPOCTPAHCTBA YpaBHEHHWi, pEIICHUEM
KOTOpLIX OH aBngeTca. Ho kak et mats pasymHoe oupenenesue?

Iitst Toro, 9To6bl COOTHECTH KOH(MHIypalldio CTPAHHOIO aTppakTopa CO BCEM
o6keMOM  (a30BOr0 NPOCTPAHCTBA, OKa3adoCh YHAOOHBEIM BBECTH pPa3sMEpPHOCTH
CTpaHHOrO arrpakropa. Uro0bl BBECTH €€ HambOJNee €CTECTBEHHBIM O0Opa3’oM,
pPaccMOTPHM, KaK CBs3aHa OOBIYHAsA pa3MEpHOCTH (ha30BOIO NMPOCTPAHCTBA ¢ YHCIOM
TOYEK, 3aNOJHIOIMX HEeKOTOphl ero obbeM V. [Ias 3TOro 3amoiHUM BbIOpaHHBIN
00beM d-mMepHOro (Ha30BOTO- NPOCTPAHCTBA d-MEepHHIMH KyOHKaMH CO CTODOHOH 4.
Ecaa wmcno omax Ky6mkos N(a), To oueBmgHO coorHomemme V = adN(a). Ilpm
GeCKOHEUHOM YMEHbIIEHNA CTOPOHEI Kybnka a umcio N(a) GymeT 6ecKOHEedHO pacTd, a
PaBeHCTBO HCTHHHOTO o6beMa B 00mero o6bxeMa BeeX KyOuKOB GyeT BRIIOMHSTECS BCE
ToyHee. BBeieM Ge3pasMepHyIO CTOPOHY Kybmka e=aV-1/d y 3ammieM BbIpaXXeHWe s
obbema B popme

lim e4N(e) =1. (21)

e—0

W3 sroro cooTHOIIeHWs cpa3y CciledyeT BbIpaXkKeHme IS pasMepHocTd (ha3oBOro
IPOCTPaHCTBa

. InN(g)
d=lm———=.
20 In(1/¢)

Yo6epeM Temepb u3 oObeMa BCe KyOHKH, B KOTODBIX HE COJEPXKHATCA TOYEK,
DpUHAJJIEXKAIAX CTpaHHOMy arrpakTopy. Ocrapmieecss YHCIO TOYEK CTPAHHOLO
arrpakropa ofo3HaumM N,(e). Torma mo amamormm ¢ (22) MOXKHO ONpepeHTh
pa3MepHOCTh CTPAHHOTO aTTPaKTOpa

(22)

_ iy BN (E)
B &0 111(1/8) ’

KOTOpas MOXeT GbITh ApoGHBIM 9mCIoM. I1oaTOMy pasMEpHOCTH IIONy9H/ia Ha3BaHHE
JpoGHOM, wiH ¢pakTaTbHOH. Y Aaloch CBA3aTh PA3MEPHOCTh D CTPAHHOrO aTTpakTopa ¢
nokasarensMu JlsmyHosa [24,2], 9To ympomaeT ee BermMcieHue. Onpenenessas TakuM
0o06pa3oM pa3sMEpHOCTL CTPAHHOrO aTTPAKTOpa BCErJa MEHBIIE NOJHOW pa3sMEepHOCTH
dazosoro npoctpancTBa. B yactaoCTH, 1nis ypasHermi (12) meem 2<D<3.

D (23)

4. CucreMbl ¢ IMPoKoil MuHHeHA yennenns. HeasBTroHomubIe cucTemsl

HOna nazepa BuguMoro ¥ OMIDKHETO HH(MPaKpPacHOTO [WAlla30HOB THIMYHA
IMpOKas JIMHAS aKTUBHOTO BellecTBa (0<< 1, b<<1). B aTOM Cilyuae KpHTHYECKOTO
napaMeTpa r* He cymectsyeT. OfHAaKO, H TaKHME CHCTEMBI OOMNAfalOT MHTEPECHOM
TAHAMUKOM.

Mpa o<<l, b<<l (1)<<T,T;) B YMEPEHHOM 3HAYECHWM IlapaMeTpa CaMo-
BO36YX/IEHHAS © MOXHO B ypaBHeHun (46) mpeHeGpeuyb DPOM3BOJHON ¥ HCKIIOUMTH M3
ypaBHeHmit nonsipusanuro. Torga cacreMy (4) HeTpyaHO NpeoGpa3oBaTh K BANY

aw 1 :
—— t+ — W = oNW, (24a)
dt Tc
dN 1
—— +—N=1- 20NW, (246)
dt T1
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rme 1. = Qlo.; W = A% (8rhiw); o = drelple/{A(1+(w, - w)?t;2). K cacteme (24) cenyeT
IPHCOSAHATS ellie ypaBHeHne fiist (ha3bl oI

— = G(OJC - (Do)’sz. (25)

Ho oHo B aToM ciyuae gBAFETCS COMYTCTBYIOLIAM, He OKa3bIBas MPSMOrO BIHASHHS Ha
muHaMuEKy Jnaszepa. Kaszamock Obl, [UHAMAYECKHE BO3MOXHOCTE cHCTeMBI (24)
IPAMUTHBHBL. HETPHABUAIBLHOE COCTOSHIE PABHOBECHS

W=w(-1), N=1/(o1), W,=1/(201), r=otml (26)

BCeITla yCTOMYHBO, eci >1. OFHaKo, Kak MoKa3blBaeT HIDKECIISIY O aHAIA3, TAaKOH
IPOCTOM OTHOMOJIOBBII Jla3ep 06IafaeT «CKPhITHIMUY JUHAMAYECKAMH Pe3epPBaMHM.

BeepneM Gespasmepuble Bemmaaunel X=W/(W (r-1)), 1=Qqt, roe Qo=((r - 1)/17.)172,
U UCKJIFOYHNM W3 ypaBHeHWi (24 ) mHHaMuaeckyio mepeMertyio N. ITomyaam

X7 - (X)2UX+ X(X - 1) = (X" X; 1), 27)
e XX 1)y =-X[1+(r- DX], e=1/(Qry), ()=dldr. (28)

XoTsl B aBHOM Ciyduae mpaeas 4dacTb (27) SBHO He 3aBHCHT OT BPEMEHH, MBI BBEJHA
BpeMs B KauecTBE ONHOLO H3 apryMEHTOB (hyHKUMM f s mprjaHds ypasuenuro (27)
6oree o0Iero BUNa.

Ecmu t; >> 1., 4TO M MHOTHMX Ja3epoB mMeeT Mecto, To € << 1. [Tostomy
ypaBuenne (27) MOXHO peulaTh METOOM Pa3JIOXeHHs B P 10 APaMETPY €

X(1) =Xp(1) + eXy(z) + 2Xn(T) + ... . (29)
OueBrfHO, YTO GyHKIMSA Xy YIOBIETBOPSET YPaBHEHUIO
Xy - (XX + Xo( X, -1) = 0. (30)
BepermeM nepeMennoli Y=In X; 3ToMy ypaBHEeHHIO MOXHO IIpARaTh opmy [25]
Y'+er-1=0. (31)

Ypasrerue (31) MoxeT ObITH MCTONKOBAHO, KaK JBMXKEHHE MATEPHATHHON TOUKHA B
noxe norenumana U(Y)=eY-Y. B HeKOTOpBIX CIly4asix Takas 3alMCh SBISETCA Gojee
ynoGroil. ¥YpaeHenme (30) umeer muTerpupyrommii MuoxwuTens 2X(/X? © MOXKeT OLITH

CBEJICHO K HOoNHOMY mucdepeHimany

1
dl— (Xo')? + 2X, - 2InX,] =0, (32)
X2
OTKyJa
1
-_— (XO,)z + 2X0 - 2111X0 = C, (33)
X2
C - NMpOH3BOJIbHAA TIIOCTOSHHAA HWHTECTPUPOBAHUS. Tenepb 3aJavya  CBOOUTCA K
UHTETPUPOBAHUIO yPaBHEHHSL
XQ’ =% XO (C - 2X0 + 2]_[1X0) (34)

OvyeB@HO, YTO €r0 HHTCIPHPOBAHAE CBONATCA K KBafgpaType, HO HONYYaromImics
muTerpan He Oeperca B oneMeHTapHBIX GyHKImsIx. Ilockonbky dyrkipm Xo(t;C)

HTpalOT BAXHYIO pOib B JWHAMUKE Ja3epoB (¥ psfga ApPYTHX aBTOKOAeOaTEIbHBIX
CHCTEM), OHH 3aCIyKABAIOT CHEUMANLHOIO BHUMAHHS KM MOTYT OBITh Ha3BaHBI

14



Cl

X' 1
20 1
10 1

410

-20

a ’ £

Puc. 13. a - TpaekTOpHH, COOTBETCTBYIOLWE pPeIUeHHSIM ypasHenus (34), Ha ¢a3oBOi NMIOCKOCTH
(X", X) mnssmavenmit C: 1 - 10, 2 - 15, 3 - 20; 6 - rpadmdeckoe npejcTaBlIeHne pellicHUil ypaBHEHNS
C/2-X-1nX=0; I-rpaduk InX, 2- rpadhux C/2-X nns gByx pasuwix 3Havennit C (C” > C')

Aaseprbviny Gynkyuamu. [ns HIX MoXHO BBecTd ofosHadenne La(x; C) H Ha OCHOBE
ypaBHeHms (33) cocTaBHTH anropmTM Musd pacdera. OKasblBacTcs, ONHAKO, YTO IS
mocraTouHo Gonbumx C MOXHO HaliiTH NpuO/FCKeHHOe pemieHue ypaBHemmil (34),
BBIpasKeHHOE Uepe3 3eMeHTapHble dyHKimu [25]. ’
3aMeTnMm npexpe Bcero, 910 Xo(T; C) - nepaogudeckre (PYHKIMA BPEMEHH; 3TO
cinepyer u3 ypasHeHms (34), koTopoe B (Pa30BOii IIOCKOCTH MMEET PELICHHEM JIBE
TPacKTOPHH, COOTBETCTBYIOLIUE 3HaKy (+) H 3HaKy (-). DTH TPacKTOPHM SBISIOTCS
B3aMMHBIMHE 3epKabHbIMA OTPaKEHISIMEA OTHOCHTEINIHLHO OCH abCIMCC, 3aMBIKAOIIMEACS
Apyr Ha apyra B Toukax X,'=0 (puc.13, a). O4eBmaHO, YTO 3TH TOYKA ONPEREIAIOTC
ypaBHEHHEM
C - 2X0 + 21nX0 = O. (35)

Jli1s HarIAGHOCTH 9TO ypaBHEHHE MpeACTaBieHO rpacudeckn (puc. 13, 6). I3 prcyHKa
BHAHO, 9T0 X,,, pacTeT ¢ pocToM C, aCAMITTOTHYECKH cTpeMsichk K C/2 npu Gombumx C.
Xnin yOpmBaeT ¢ poctoM C ¥ acEMITOTHYECKA CTpeMHUTCS K  3HAYCHHIO
exp(-C/2). TakuM o6pa3oM MOXHO mpefcTasgTh cebe, uTo X, (1;C) npm Gombmmx C
AMeeT BHA MNEPHOJTUYECKH NOBTOPSIOIIUXCS MMIYJIBLCOB C JOCTATOYHO OONBINOH
aMIUTATYION B MaKCAMyME W MailbiM 3HadcHweM B MuHEMyMe (puc. 14). TEM MOXHO
BOCIIOJTb30BATECS Ui BBINHACICHUA ACHAMITOTHYECKMX 3HAYeHWH 3THX (YHKUHMHA B
OKPECTHOCTSX MaKCAMyMa B MUHHMyMa HMITYJILCA.

O6nacts X, << 1. B arom cnyuae | InX, | >> X, v (34) nepexomgr B cnefyromee
ypaBHeHHE!

Xo’ =% XO (C + 21.UX0)1/2. (36)
PelieAre 3TOr0 ypaBHEHHS BHIPAKAETCS B SJIEMEHTAPHBIX (PYHKIHIX
X, = expli[(t +6,)2 - C], (37)

91 - HpOHSBOJII:HaH KOHCTaHTa nn’rerpnpOBa}msl.
. O6nacts X, >> 1. B atom cayuae | InX, | << X;, Tak 4T0

XO, =% XQ (C - 2X0)1/2. R (38)

3TO ypaBHEHHE TOXE HHTETPHPYETCS B 2JIEMEHTAPHEIX (hyHKIHAX
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X?« Xo = CR[ch(C122)(t £ 6)]-2  (39)

6, - NpoHM3BO/IbHAS KOHCTAHTa HHTETPH-
popanms.

Temepy npemmonoxmM, w10 (37)
OIHACHIBAET peIlieHHe He TOMbKO A X, <<1,
uo ¥ BO BceM mHTepBaye 0< X, < 1, a (39)
_ . mOpeicraBiaseT co0oli pellleHHE Ha BceM
0 T T Tt mHTepBaie X, < Xp < 1. OcHOBaHHeM ais
TaKOr0 NPENNONONEHNAT CIIYKAT TOT (aKT,
yro obmacTk oOxono X, =1 cHcTeMa

ApOXONMT OBICTPO, X HEKOPPEKTHOCTh
BBIOOPA (PYHKUMH B 3TOH 00aCTH Majlo CKaXEeTCs Ha ONWMCAHMM JHHAMHAKM CHCTEMBI B
enoM. Toraa u2 3TuX QYHKIHN MOXHO IOCTPOUTH pelleHAe ypasHeHus (34), mist yero

nX HEOOXOIMMO HPHPABHATE («CHMTH») B TOUKax T; u T, (puc. 14). Takoe cumsanme
ONpENENAT KaK 3HAYEHUS Ty, T, T3, TaK U 3HAYEHHS HEONPEJEIEHHBIX KOHCTAHT 6 ,.

OrmeTraM, uTo npa Gonpiwx C (hYHKIME CIIABAOTCS HE TONBKO IO BEJIWIHHE, HO U 110
[pOW3BOTHON. BBHIONHAS NHpoleAypy CIIMBaHUS, HAXONAM NPHONICKEHHOE 3HAYCHHE

Xo(t - 6;,C)

T
t
!

Puc. 14. K pacuyeTry napaMeTpoB penaKCcalMOHHLIX
nynbCallii Jasepa

[ explhf(t -6)2 - C], 0<t-06<1,
Xo(t - 6; C) =4 C2[ch(C12/2)(T - 6 - 8;)]2, 1,<7 - 0< 1, (40)
| explh[(t -6 - 6,)2 - C], <7 -0<1,,
e
8; = C12 + 2/Cirarcch(C/2)12, 6, =20, (41)
a
Ty = 0 +C12, 1, = 0+ C12+ (4/C12)arcch(C/2)12, 13 =6 + 26;. (42)

Bemuamia 6 npom3BONBHBIN [apaMETP, KOTOPBI B aBTOHOMHOM CHCTEME OCTAeTCH
HEONPEHCACHHBIM.

Teneps MOXHO ONpPENEeNUTh IEPHON MyNbcalmit 7 U JIUTENBHOCTE UMITYIbCA.
Herpynso Bugets (cM. puc.14), uro

T =13 - 0 =2C12+ (4/C12)arcch(C/2)12. (43)

Ileprog pacTeT ¢ POCTOM MAKCEMANBHOTO 3HA4YeHWS mMuyneca  X,.=C/2.
[ naTeBbHOCTE UMITYIIBCA, ONIpefeNsaeMast IO ero HOIyBBICOTE,

Ty, =(4/C1?)arcch212 ~ 3.525/C2 (44)

y6eBaeT ¢ pocrom (. TakmM o6pa3oM, ¢ pPOCTOM HHTEHCHBHOCTH HMIIYJILCA €ro
IUTATENBHOCTD YMEHBINAETCS, a HHTEPBall MeXY VMIIYJIbCaMy yBelnuuBaeTcs. B mrore
CpelHssd HMHTEHCHUBHOCTBL IIOYTH COXpaHSAeTCs. bonee CTpPOTrMii YUCHAEHHBII pacdeT
IIOKa3piBacT, YT0 OHa MEJJIEHHO PACTET C POCTOM Xmax-

OueBHHO, YTO HOMHOE pellieHHe ypasHenus (33) oupepensercs dyukmmeit (40),
TIOBTOPSAEMOI C HepHONOM &3). OmacepiBacMble TakuM 00pa3oM HEPHOTHIECKHAE
HyIbCalid MOIUHOCTH W3JIydeHHs Jja3epa OOBIMHO HA3bIBAIOT DEIaKCAIAOHHLIME, 2
COOTBETCTBYIOIIMI UM HpeeNbHbIA UK ~ PellakKCAUOHHBIM.

IMockomeky mapamerp C B ¢ymkimm Xo(t; C) MOXeT IPHHAMATL JIEOObIE

MOJIOXKATENbHBIE 3HA4YCHHA, 2Ta (YHKIWS ONpefeseT KOHTHHYYM IEepPHOFHYESCKHX
pemermti ypasuenns (30). Peansnoe wenmmelinioe ypaerenue (27), B ormwame ot (30),
HMeeT KOHEYHOE YHC/IO MMepHOIHYECKHX DEIleHHH, TO €CTh KOHCTaHTa C [oiDKHA
NPAHAMATH KOHEYHOE 9HCNIO 3HayeHmd. OKa3piBaeTCs, YTO 3TH 3HadeHHs C SBISIOTCH
penieHieM YpaBHeHHS]
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F(C) = fT Xy, Xo; 1) Xy X 2)dr = 0. (45)

Me1 se OymieM 3fiech NPHBOJHTL JOCTATOYHO JIMHHOIO BBIBOTA 9TOTO COOTHOMICHWS,
OTCBINAA 9ATATEN K IUTEPaType [26]. 3ameTnm ymamE, YTO MAES ero BEIBONA BOCXONUT
K A.llyankape u cocrouT B crefyiomeM. MimeTcs X;, cleyiomuil TieH pa3ioXeHust
pelneHns B psAf HO MaloMy mapameTpy € B 9ToM npuOmmKeHWH B IpaBofl 4acTé

ypaBHeHHi OyIeT CTOATh M3BECTHAs YKe (DYHKIES BPEMEHH C HEONpejesieHHbIM
3HaYeHHEM KOHCTAHTBH! C, a B JI€BO# 9acTW - JIMHEapH30BaHHOE OTHOCHTEIBHO X;

ypaBHenne (30). Ecn@ Mbl MIDEM NepHOIUUECKHE PpELICHHS HCXOJTHON CHCTEMBI
ypaBHeHHMH, TO X; TOXE JOMKHO ObITh IepmogmiyeckuM. Okas3pBaercs, OfHAKO, ITO

PElICHAE IMHEAPH30BAHHOTO ypaBHEHH NIPH NPOU3BOALHOM C HMEET HENePUONAIECKHE
wieHsl. [Inst Toro, 4To0bI pellieHde CTalo HepAOAUYECKAM, HEOOXOIAMO HNOTPEGOBATD
oOpaieHns HenepHOATIECKAX WIEHOB B HyNb, 9T0 W IPUBOIAT K YpaBHeHuto (45).

Ecmu B cooTHOweHne (45) nopcraBath 3Hagenue pyukmmn (X', Xq; 1) u3 (28), To
B pe3yibTaTe Mbl HOXy4uM TpusHansHoe pemenme C=0. Takium o6pa3oM, cama 1o cebe
cUcTeMa ypaBHEHMH (24) obnagaeT cKymHOM gEHaMEAKo. Ho cuTyanms pesko MeHseTcs
maxe mpe HeGomeinom m3venenww ¢yekimm f(Xy, Xo; ). IIpopeMoncrpapyem 31O

YTBEPXKJCHAE HA NPHUMEpE 3afa4d O MAloH MOJYISAUUH NOOPOTHOCTH ONHOMOJOBOTO
nasepa. MccaenyeM pemenus ypasHeHm

aw 1

— [1 + mcosQ(z - 9)]W = oNW; (46a)
av 1

—— +—N=1- 20NW. (466)
dt Ty

Ot cucreMms! (24) OHE OTIMYAOTCS BBESHEEM NEPHOAMIECKOrO A3MEHEHRS NapaMeTpa,
OIHCHIBAIOLIEro 3aTyxanue OTOHOB B pe3onarope. Koaddwmert MORyIApHE noTephb
npefnonaraeM MaibiM. Torna MOXKHO TOKa3aTh, ITO

X, X 1) = XL+ (r - DX] + m(Qe,)(Qot.)Xsin[Q/Q(x - 8)]. (47)

[ ympomieHns MaTeMaTHIeCKUX BBIKIATOK MBI BBIOHPAEM CHCTEMY OTCHETa BpPEMEHH
Takoy, 9ro ee Hadano (t=0) coBmajaeT ¢ MHHEMYMOM HMITYJIBCOB, [C€HEPUPYEMBIX B
yCTAHOBHBITIEMCS peXXuMe, B 0=Qy0 - NOCTOSHHAs BEJIMYMHA, OMUCHIBAOMIasl (ha30BbIi

CHBAT MEXJy CHTHATOM MORyISUmd o
reHepapyeMsM u3ityuermeM (puc.15).
BynemM  HckaTe  DepHOTAYECKHE
peurenns ypasHeHwdt (46), ¢ mepHOEOM
T=27n/Q. B coorsercTsuu ¢ (43) 3amanme
repuoya OJJHO3HAYHO onpefesieT
koucraury C. I1oaTOMy @IpE 3afaHHOM m
ypaBuenme (45) omnpefemmr 3HagYeHHE ™\

napamerpa 0. ns onpenenenms F(C)
HeoOXOMEMO BBIYHCIATH COOTBETCTBYIO- 0
nwi wHTerpan mo nepuony 7. Pas6mBas
BECH nyTe HAHTETpApOBamMs Ha TpPH
uarepBana: ot 0 Ao 11, OT T1 B0 T; ¥ OT T 7O < 4 -
T3, MBI MOXEM B KadecTse X, HCIIOIb30BaTh 0

3af ) COOTHOIIE Prc. 15. K pacyery BO3GYXASHUS PENaKCANUOHHBEIX

2
40). B pesymerate monydacu nyibcanuii Nasepa METONOM MOJYNSNWA NOTEPh B
pe3oHaTope

a¥
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F(C) = - r[2/3C32 + 2C12(In2C - 2)] - 4m(sin8)(Q1,)/(Qqt)InC. (48)

Ilpr mocraTodso Gonpmx 3HAUYeHHAX C Ieprop IyJbCalii NPaKTHIECKH paBeHn 2C12
(mmt B pasmepHoM Bpemenn 2C12/Q,). IlosroMy B paccMarpuBacMOM Clydae
C = n2Q2/Qy?, m u3 yeiosus F(C)=0 nonyyaem COOTHOUECHAE

r 1, C2+3C(In2C - 2)

msing = - — —

49
on T InC (49)

IMockonexy | sinfl < 1, To w3 coornomenns (49) BbITeKaeT NOPOroBOE YCIOBHE Ha
TIyOuHy MOy JISIIIFHA
r 1. C2+3C(In2C - 2)
mz—— .
67 T InC

(50)

Tak Kax 1./7;<< 1, To 09eHb HerIyGoKON MONYIANAR JOOPOTHOCTH JOCTATOYHO, YTOORI
BO30YIHTH IITyGOKHAE MyILCAIMA JIa3ePHOTO B3Iy IeHH.

UrcneHHblE HCCAENOBAaHWS IMOKa3bIBAIOT, YTO OpH IOCTENEHHOM YBENHYCHUW
rinyGHHBI MOTY/ISLIHH CHCTEMA IPOXONUT Jepe3 ceprio OudypKaupil ynBoeHHs Neproga
H, B KOHEUHOM CYeTe, BXOJAT B PEXXUM JHHaMAYECKOTO Xaoca.

Tlepexon x xaocy B iasepe ¢ Mopgyasumell JOOPOTHOCTH BO3MOXKEH HE TONBKO
TIPH YBEJAYEHIH [ITyOUHBI MOTY/ISIAN, HO K TIPH W3MEHEHHH ee JacTorhl. B paGore [27]
AccaefoBaNachk CHCTeMa ypasHenwit (24) mpm crhepyrommx mHapamerpax: 1;=10-3 c;
7.=1.4-10-8 ¢; 6/=2-1011 c-2. IIpu huKCApOBaHHOK IIyOHHE MONYISIHN ¥ H3MEHEHNN €€
JacTOThI HaOIIOHAJCs IepeXxof OT PeryispHbIX HylbCaluil K Xaocy depe3 yABOCHHE
nepuopa ocuuanmii. Haubonee nHTepecHpnl pe3yIbTaT STHX PacdeTOB COCTOUT B TOM,
gyro npH /2n = f =119 kI'n 1 m =2% BO3HUKAIOT [{Ba COCYIIECTBYIOIHX aTTPaKTOpa,
COOTBETCTBYIOMIUX cyOrapMormkaMm fi2 m f/3. 3T0 06CTO4TENbCTBO AEMOHCTPHPYET
puc.16. B 3aBrcmMOCTH OT HaYaIbHBIX YCIOBHI Jasep reHEPUPYyeT IyIbcaumd aubo C
neprogoM 2/f mbo ¢ nepropoM 3/f. B wacTHOCTH, Ha puc. 16 pu HaYanEHOM YCIIOBHH

W, =4-108, W, =0 cucTeMa BBIXOFET Ha IITPUXOBOH IAKA, a mpu Wy =2.105, Wy=-2-106 -
Ha IWKJI, HADHCOBAHHEI CIUTOIHON jmumeil. B pabore [27] yrsepkpaercsi TakxKe, 4To
TIOGOPOM HaYaNbHbBIX YCIIOBII YiaeTcs BBIATH HA TPETHit LK ¢ nepronoM pasabmM 10/f .

X’ -

3 ‘\\}\\
5
E' 2 - fom-n.

e

B Il x

1

0

73 fm f

Puc. 16. Cnextp mynbcauuit Xy BHI NPeTeTbHBIX IAKIIOB B (ha30BOM HpocTpaHcTe Jjlasepa (X',.X) ¢
IEPUOHYECK) MOYIUPYEMbIMI TOTEPSIMI Pe30HaTOpa (pacyer)

5. Mogenb HEOXHCPOJHOrO YIIAPEHUS

B ocHoBe ypaBHeHmH (2) NneXUT AByXypOBHEBas MOJe)b BEILECTBA. Y PABHEHHS,
OMHCHIBAFOMIHE PEXAMBI TeHEPALAN B PeatbHOM JIa3epe, MOTYT 3aMEeTHO OTIAIAThCS OT
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ypasHenuii (2). OmHO M3 TakWX OTNMYMA COCTOMT B HEOGXOGEMOCTH yd9eTa
HEOJHOPOJHOCTH ([VIsl Ta30BBIX JIA3POB - JOMILIEPOBCKOrO) YIMPEHNS CIEKTPATHHOL
mmaan. HeopnopopHoe ymmpesme MOXHO y4ecTh B paMKax [BYXYPOBHEBOH MOJENH
aKTHBHOTO BEIUECTBA, CUMTAsl, YTQ B PE3OHATOPE C HOJEM B3aNMOReHcTBYeT Gonbiuoe (B
npepeie - GECKOHEYHO 6OMbIIOE) KOMMIECTBO ABYXYPOBHEBBIX CHCTEM C Pa3IAYHbIME
PE30HAHCHBIMHA YacToTaMH ®. B TaxoM ciyuae ypasHenus (4) mis nonspusammy n Gucia
YaCTHL[ OCTAHYTCHA HEH3MEHHBLIMH, 4 B YPaBHEHWH VI NOJS B IPaBO# 9acTH FOIKHA
CTOATH CYMMa IIOJApH3alldi, COOTBETCTBYIONIMX IIGPEXOiaM C  PpasIM4HBIMA
PE30HAHCHBIMHA JaCTOTaMH,

-Z_Z + ;"Q IE = 2n00.JP() g (e,000)doo, (51a)
[g + iTz + (0 - 0)]P(®) = - i _':_'2 N(W)E, (516)
[%t + —12]N(m) = I(@) + -;lh[Ep*(m) - B*P(o)], (518)

roe g(w, wy) - HOpMHUPOBaHHas Ha efEHANY (JOpMa KOHTYPa HEONHOPOIHO YIIMPEHHON
JIVHUHM C HEHTPOM B TOUKE Y, [{®) - ClieKTpasibHasg IOTHOCTS HAKAYKH.

Ypasuenua (51) Tpymuer g asammsza. Mopens mpocTefuiero npubimkeHus K
HEOTHOPONHO YIIMPEHHOH JMHAW COCTOHT B NPEANONOXEHHHW, 97O ¢ IOJIeM
Olpefie]IEHHOH MOJBI pe3oHaTopa B3aWMONEHCTBYIOT JBE COBEpPUICHHO OJMHAKOBBIE
JIMHAA aKTABHOI'O BEILECTBA, COOCTBEHHBIE YACTOTHI KOTOPBIX M, W (. PAaCHONOKEHEI
CHMMETPHYHO 110 00€ CTOPOHBI OT COGCTBEHHOH HaCTOTHI MOIBL. JTO COOTBETCTBYET
CIy4al0 COBlANCHAS PE3OHAHCHOM YacTOThl HEOTHOPOFRHO YIIMPEHHOH CIEKTpalibHOH
THHEM )y ¢ COGCTBEHHOI wacToToil pe3oHaropa. JacToTHBII mMHTEpBan @, - ©. -
IpefmoNaraeTcs paBHBEIM HEONHOPORHO!N INWpHEE JUHWH. Y PaBHEHHS, OMMCHIBAIOINAE
- JUHAaMPKY TeHepalui B paMKax TaKoH MOJIeH, IMEeIOT BHJ

dxldr = -o(x - y), (52a)

dyldt = -y - i&v + (1+ £2)xz, (520)
dzldt = -b(z - R) - bI2(R - 1)(x"y + xy*), (52B)
dvldt = -v + i€y + (1+ E2)xw, (52r)
dwldt = -bw - bI2(R - 1)(x*v + xv*). (52m)
B 31EX ypaBHEeHUsAX
P(w,) + P(0.) ; P(o,) - P(o.) _
P; =Y Ps =W
N@)+N@) _ N@)-N@) _
N, - N, v
0 - o 2r
& - ) T2 = 1+ ?';2 )

P, - smauenme cyMMapHON nojspr3anmy, a N, - 3HadeHAe cyMMapHOI'O SHCIa JacTHIl B
pexnMe cranpmoHapHO# renepaumd. OcranbHele oGO3HadeHWs Te Xe, YTO H B
ypasHeHmsax (12). :
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