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OT PEJAXTOPA

CoBpeMeHHOE €CTeCTBO3HAHNME B HAcTOAllee BpeMsl HAXOJUTCSI B COCTOSHHAR
JAJeKOM OT PaBHOBECHHA, YTO OOYCIIOBIEHO YAHUBHTECIBHBIMA OTKPBITHSIME, K KOTODBIM
IipHBeJId HCCIEHOBAHUS! JHHAMMKWA HEJIMHEHHBIX CHCTeM H IponeccoB. Ilenwni pspg
sBricHU 7 3(p(PEKTOB, MpeIcTaBIsIBIINX COBCEM HEJABHO 3arajKu Ul HayKH, ceidac
CTalH JOCTYIHBI KAK [/ TEOPETHYECKOr0 OIWMCAHWS, TaK [JIE TUCIEHHOTO H
IKCICPEMEHTABHOI0 aHanmm3a. Bonpias JOnsS yereXoB B STOM HAlPABJICHAN CBsI3aHa C
Pe3KO  BO3POCIIHMEA ~BOSMOXHOCTSIMH, KOTODEIE —NpPEJOCTaBISET — COBPEMCHHBIA
BLIUUCIATEIbHBI! SXCICPAMEHT.

$opMupyrOImAbLCs. BO MHOrOM Onarofaps JOCTIDKEHHSM HENHHeHHOH (QHIAKN
COBpeMEHHass KapTHHa MHpa [OHYCKAeT, KaK K paHblle, HCHOJIb30BAHHE YHCTO
[eTEPMHUHACTUYECKOrO (HEHAMAYECKOr0) H CTATHCTHIECKOro (C y4eToM JefCTBHA
(pnykryammia) ommcamms. MOXHO IPHBECTH BECOMBIE APLYMEHTHI B IOJNB3Y
EMHAMUYECKOTO OIMMCAHEAS ONpefelleHHbIX 3aKOHOMEPHOCTEN 3SBOJIOIMH HEJIHHEHHBIX
cHCTeM. B To Xe BpeMA CyliecTBYeT OOHIMPHbII KJIacC IPOLECCoB, Al KOTOPBIX yueT
poym IIyKTyalii OKa3eBacTCs IEPBOCTENCHHBIM (PakToOpoM.

Hacromnmii BEOTYCK XKypHana BKIFOYAeT B OCHOBHOM paOOThI, OTHOCSILAECS KO
BTOpOMY HarpaBieHio. Peur mpmer 00 HCclefoBaHmsx, B ToH W/IM HHOHW CTeneHA
OTHOCSINIAXCS K COBPEMEHHOH CTATHCTHYECKOU TEOpHH HEeNHHEHHBIX NMHAMHYECKHX
cucreM. Huyro He HoBo mop nymoil! Bomee 60 mer masag ara mpoGrema Oblia
ccpopMymp()BaHa knaccukammu  Teopmd  konebamuii A.C.'  IloHTpsrmHbmM,

A.A. AmxgporoBbiM H A.A. Burrom B cTratke «(0) CTAaTHCTAYECKOM PpacCMOTPEHHMA
pEHaMAYeCcKuX cacTeM» (JKOT®, 1933, 1.3, Bpm.3, ¢.165). Tak yk IOIYyHHIOCH, YT0O B
Te BpeMeHa (H MHOTO eINe JIeT CIyCTsl) 3al0XeHHbie B 310 paboTe yHIaMEHTAIbHbIS
UJen He OBIafeNy yMaMmy GonbmmHcTBa HecaegoraTeneii. [loHagofmnock eunle noneeka,
4TO0BI OOLIECTBO OCO3HAID HEM3OEXKHYIO B HAX NOTPeOHOCTE B ObLIA CO3MAHbI YCIIOBHS
IS AX OCMBICJICHUS H PA3BATAS.

Tak modeMmy >Xe BoOIpoc O poiau GIyKTyanuil B HEeIMHEHHOH IWHAMIKE Tak
BaxxeH? Ilpepcrasere cebe, ¥ro Bpl HaxoguTech Ha caMmoli BEPIMHE GONBINONH TOPHI.
Barie cOCTOSHME pAaBHOBECHS, ©CTECTBEHHO, HEYCTONUEBO. CKONB YrONHO Masbie
dhayKTyaiuy DPEBENYT K NaleHuIo C FOPhl H, YTO CAMOE BaXKHOE, KIMEHHO HANPABJICHUE
CHIIBI CIIy4affHOTO BO3NSHCTBHA ONpefeNdT Baule Oymymee (echu yneneere!), Tak Kak
YCAOBHSA € PasHBIX CTOPOH IOFHOXHWS TOPbI MOTYT OKA3ATbCA TPHHUAIHAILHO
PasIEIHBIMA.

L5 HeNHMHEHHBIX CHCTEM C H3MECHEHWEM I1apaMeTpoB THIIMYHBI Oudypkaimm. B
Touyke OH(YpKALMA CHCTEMBI MBI HMEEM MPaKTHYECKHW IIOJHYI0 aHANOTHIO C
[OJIOXKEHHEM Ha BEepIIMHE IOpbL JajdbHEeHIias ©€ OBOMOLAS MOMXKET MOIHOCTHIO
OHpENEAsSTLCA BO3MYILECHHEEM.

IlppBegeHHBII TpOCTOfi NpPHEMEP ECTECTBEHHO HE HCUEpIBIBAET BCETO
MHOroo0pasus BO3MOXHbBIX SBICHUH, O0YCIOBIEHHBIX OTKJIMKOM HENHHENHBIX CHCTEM
Ha IyMOBOe BO3MyIerie. HanpaMep, #3BECTHO, UTO B HENMHEVHBIX CUCTEMAX C IIYMOM
MOTYT pPEAlIHd30BaThCA PEeXAMBI (PYHKIAOHMPOBAHHS, KOTOPLIE NPHUHIEAIHAILHO
HCKIIOUEHbI B COOTBETCTBYIONMIMX JeTePMEMHHpPOBaHHLIX cucTeMax! B Takmx ciygasx
TOBOPAT 00 MHAYIWPOBAHHEIX ITyMOM IIEPEXOfiaX.

MBe kaxeTrcs, YTO YWTaTeIsM JKypHala, yXe€ JOCTaTOYHO sICHa BaskKHOCTH
obcyxmaemoro Bompoca. CraHOBUTCA NOHATHOM NpHYRHA HHTEPECa CO CTOPOHDI
(pU3EKOB K IIOCTPOEHHIO MOIeNell 3BOMIOLUM KWBOU INPHPONBI, K HCCIENOBAHUIO
MPOLECCOB  CaMOOPTaHW3allMd KWBCH H HEXWBOH MaTepdd, K HUCCISHOBAHUSIM
NEeTEPMUHMPOBAHHOIO (aoca HW TypOyJeHTHOCTH. Bce »Tm mIpobreMbi 0e3yciioBHO
OTHOCSTCH K O0JACTH CTaTHCTHYECKOH TEOPHH HelHHENHbIX MUAAMAYECKIX CHCTEM HIIH,
KaK celyac rOBOpST, K IpobieMe ONHCaHnsA HeJMHEHHOro GpPOYEOBCKOrO [IBHKEHHS.



Sl Xoren OBl HECKONMBKO CIIOB YHEJWTH BOLPOCY PONH HIYMOB. B JHHAMEKE -
XaoTmdeckmx cuCTeM. OTKpbITHEe JETEPMHHHPOBAHHOTO XaoCAa B  CHCTEMax,
MOJIe/MPYeMbIX OOBIKHOBEHHbIMYA AE((EPEHIMATLHBIME YPABHEHASME, I KOTOPbIX
AOKa3aHa TeOpeMa CYIeCTBOBAHMS I €AUHCTBEHHOCTH pemernil, 20 et Hasag BLI3BAJIO
mok B HayugoM wMmpe! Cefiyac W TOro XyXe: CTajno sCHO, YTO (DYHOAMEHT
JIeTEPMHHACTAYECKOrO Orucanus, 6a3sHpyIolmics Ha JOKa3aTeNbCTBE PEIICHIS 3aadl
Koum s menvHelHBIX qUHAMAYECKHUX CHCTEM, fan Tpemudy! Jemo B ToM, 9To BbIIIE
KPUTHYECKO TOYKHA POXJICHES NeTCPMHHMPOBAHHOIO Xaoca, Kak CTalo SCHO H3
mocnepawx pabot rpynme: JLII. MmnpuukoBa, cucTeMa XapakTepusyercs 6eckoHedHbIM
YUCIIOM pEIeHui, KiacCu(PUKanysa KOTOPBIX OKA3bIBAeTCS B HPHHIMIEC HEBO3MOXKHCIH!
Bemp 1mo cyrm pema, peds HEET O H[OCTIDKEHAH [pefeia TPUMEHAMOCTH
HeTepMUHUCTAICCKOTO OIMCaHMs, KOTOPOE ISl He/IMHEHHBIX CHCTEM MOXET BOOOIIE HE
paborars! KakoB ke BBIXO U3 co3fgaBmieiicst curyanan? OfHO3HAYHOrO OTBETA HA ITOT
BOIIpOC, IO-BHOMMOMY, IIoKa He cymlectByeT. OpgH w3 Hamboiee KOHCTPYKTEBHBIX
OyTeH CBs3aH C pelleHneM 3ajayd OOOCHOBAHWS CYMIECTBOBAHWS M HAXOXJICHHA
HanboJlee BEpPOATHBIX pPElleHHH B 3alllyMJIeHHBIX XaOTHYEeCKHX CHCTeMaX. Brl ckaxere,
YTO 2Ta 3afada yXKe JaBHO HOCTaBJeHa M B OOMIETEOPETHYECKOM MNiaHe pellieHa:
CYWIECTBYET TEOPHS. MAPKOBCKAX IIPOIECCOR U €CTh ypasHeHue JffHmTeiHa - DokKepa
- IInanka. Ha, ecrs! OpHako, eclm cHCTeMa C [AHAMAYECKAM XaOoCOM, TO €€
pasmepHocTs N 2 3, OHa NpEHIWNHANLHO HemuHelHa W jucchnart@BHa. [lns
aBTOKONEeOAaTENbHBIX PEXHMOB B HOTMOOHBIX CHCTEMax ellle He HOKa3aHa TeopeMa
CYILIECTBOBAHUS CTAlEOHAPHOI'O pacmpefieienus!

B sxcnepmMeHTanbHOM IJIaHe TaKXKe Mmacca cloxksocTel. [lake coBpeMeHHbBIE
MOIIHBIE KOMIILIOTEPEI IOKA HE [aloT HaM BO3MOXKHOCTH IIPHONH3ATHCS K PEHICHHIO
HNONOGHBIX 3aa4. 37ech BO3HHUKACT Liedblil psif NPHHIENNANIBHEIX TPYIHOCTelH, KOTOpbie
MOXKHO OTYAcTA MpeofoNeTh YHCICHHBIM HHTEIPHPOBAHHEM  CTOXAaCTHYECKHX
muagdhepeHITAaNEHBIX YPaBHEHAN,

Takwv oOpa3oM, Ha CErofHsillHAE [eHb MpobleMa [WHAMHKY 3alTyMICHHBIX
Xa0THYECKHX CHCTEM MpefcTaBiaseT cofoli To OOMEpPHOE MoJe [EeATeNbHOCTH, Ha
KOTOpPOM MOXHO OXHAATh MHOTO YIUBHTENBHBIX PE3YILTATOB.

- Bemyck  oTkpeBaetcsi crathedl A.b. Helivana, mocBawieHHONW ONMUCaHUO U
AUTOCTPAIy KJIACCHYECKOro MeTofia KYMYJISIHTHOTO aHaji3a B IIPUNOXKEHHH K 3afade
mCcnefoBanms Oudpypkanmid B 3amIyMIeHHBIX [JHHaAMW4YecKHX cpcreMmax. CyTh 2TOrO
AHTEPECHOTO METOZa B TOM, YTO OH NO3BOJISET NpPH ONPEACICHHBIX OrDAHIICHHIX
CBECTH 3ajjayy AHaAW3a CTOXaCTHYEeCKAX VpaBHEHW# K TpPAguIMOHHOM 3ajade
ACCIIENIOBAHAS 3aBACAMOCTH pemeHwWs OT lapaMeTpa B JICTePMUHHPOBAHHBIX
ypaBHEHWSAX, 3aIHMCAHHBIX IS MOMEHTHBIX (yHKImH. PelleHue, Kak NPaBHIO, yRAeTCs
MONYYATh JIFIL B TPHONAXEHWW TayccOBOrO IIyMa, OIJHAKO W 3Ta BO3MOXKHOCTL
OKa3bIBAETCs IIONOTBOPHOM.

Crarbs npotheccopa ['ymbompprckoro yHwsepcurera. B bepnume Bepuepa
O6enuHra TOCBAMieHa NpobiieMe CMEIIAaHHOM CTpaTermy SBONIOLMM IO Boneumany -
Hapsury. ABTOp HCHONB3YeT TEepPMOIMHAMAYECKMA W OHONOIHYECKHM aCHEeKThI
SBOJTIOLFH, ONMCHIBAET OTHOCHTENLHO IPOCTHIE 3BOJIOHHAOHHBIC MOJENH H OOCYXKIACT
BOIPOC C TOUKY 3pEeHis NpoOIeMbl ONTHMU3ALNH.

Pazgen «J[leTepMuHMpOBaHHBIA Xaoc» OTKphIBaeT crathsi wppodeccopa MI'Y
P.JI. CrpaToHoBWYa, TOCBAIECHHAS TEOPETHYESCKOMY aHAIH3Y IPOOIEMBbl HOCTHKEHHS
Ipanmi B MapKOBCKOM OTO0paXeHHW C [HMHaMM4YecKHM XaocoM. B kayecrse
KOHKPETHOTO TIPHAMEPA OMICHIBACTC] OCUWIIATOP € OTPHIATEbHbIM TPCHAEM H .
neMipEPYIOIMMA CIyYaiiHEIME Bo3fedcTBmaME. B cratbe B.C. AnumeHko c¢
COaBTOPAaMH PacCMaTpHBAeTCs NpobieMa BO3HAKHOBEHNS TaK Ha3bIBAEMBIX CTPAHHBIX
HEXAOTHYECKHUX aTTPAaKTOpPOB. JTH aTTPaKTOPhl HMEIOT (hpakTaibHYIO CTPYKTYPY, HO
XapaKTEPH3YIOTCA OTCYTCTBHEM IiepeMemmBaHdi (TO eCTh B CHEKTPE JIAIYHOBCKHX
moKasaTeNell OTCYICTBYIOT MHOJNOXKUTENbHbIe). Hackonpko MHe H3BECTHO, B
OTEYeCTBEHHOH JATepaType 2To IHepsas pabora HA 3Ty TeMy. B craree
WM. Crapoburna mw B.A. YTIpHHOBCKOrO MCCHEAyeTcd mpobieMa yIpableHus
JMHAMIAYECKIM XaocoM. [IpenoXxen OPHTUHANBHBIA METON, OCHOBAHHENA Ha MPUHIMAIS
MAaKCAMyMa W3 TEOPHMYM OITAMAIBHBIX NPOIECCOB, KOTOPBIA IO3BOJISET HE TONLKO



crabENd3upoBaTh HEYCTOMYMBHIE MNEPHOAAYECKME TPAacKTOPHM CHCTEMBI, HO W
ONTHEMW3HPOBATE BPEMS HOCTUSKECHUA YIIPaBIICHUS.

BonpmmncTBO crareli paspgena «IlpmkiagHble 3afa9y HEMHHEHHOU TEOPHH
KOJe0aHuil ¥ BOMH» TIOCBSIUECHBI TTPOGNEMe MHAYIMPOBAHHEIX WIYMOM TIEPEXOOB H, B
YACTHOCTH, aHalMiy sBJIEHHSI cTOoXactmyeckoro pesoHanca. Crates M. bkMana c
COaBTOpaMH, KOTOPBIE NPEACTABISIOT COOOH MEXKNyHapOOHBIH HAyJIHBIN KOIJIEKTHB,
JAeT AOCTATOYHO COMEPXKATENBHEIM 00630p CYIECTBYIOIIEX TEOpPHU CTOXACTHYECKOrO
pesonanca. OCHOBEOE BHMMAHHE YAEICHO IIPEAMYIIECTBAM TEOPHH JMHENHOTO OTKJIMKA
B OIMCaHWH [MAPOKOrO Kpyra (DH3MYECKHX NPHMEPOB CUCTEM CO CTOXaCTHYECKHAM
pesonancoM. On@caHmr0 pagnoGHINIECKHX CHCTEM, AEMOHCTPHpYIOmHX adhdexT
CTOXaCcTUYECKOr0 PE30HAHCA, NoCBAMEeHs! craThy 1.2, Ioctaosa m B.C. Aummenko ¢
coaBTropamu. B paSorax A.H. Manaxopa ¢ coaBTOpaMu HCCIETyeTCS KJaccHUecKAas
npobnema mupdy3nn GpOYHOBCKMX JaCTHUIL Yepe3 NoTeHIHaNbHbl! 6apbep. MssecTHO,
9TC CYMECTBYET BEchbMa OTPaHUYEHHbIH KPYT IPAMEPOB aHAIATAYESCKOTO PEIeHHs 9TON
sajagd. B pabotax A.H. ManaxoBa mnpepnoxeHa HOBas MOPENb OpPOYHOBCKOTO
IBIDKEHHA B CECTEME C KYCOUHO-JIHMHEHHBIM U  KYCOYHO-NapaboimIecKuM
HOTCHIHATIOM. B stoMm ciay9ac ygajloCh MOJYIKTE CTPOroe pPEeIlIeHue 3aiatin. HaKOHeI_I, B
pabote H.B. SIHCOH mpemnpuHsTa HONBITKA HA OCHOBE 3KCIIEPAMEHTANLHON Peai3alian
9NEeKTpOKapgHorpaMmbl CEpAda delloBeKa pelldTh 3ajayy PeKOHCTPYHpPOBaHUs
MOJICTIbHBIX  ypaBHHEI. XOTs INONyYeHHBIE 3HECh DEesyabTaThl He MOIYT OBITH
OKOHYATENbHBIMA (yX OYEHb CNOXHA npo0nemal), BbI3LIBAET yBakeHHE CMENOCThH
aBTOpa, KOTOpasi O3BOMIET HAleATLCS Ha JabHEHINIE YCIEXH B 3TOM HalpaBIICHA.

51 Hapmeroch, 4TO OErNbIl aHAAW3 COEpPXXaHWA BHINYCKA XXypHala IOMOXET
q@TaTENAM B BbIOOpe Hambollee HWHTEpeCHBIX PabOT, NpOYTEHHE KOTOPBIX, KAK MbI
HafleeMcsl, IPABJICYST BHUMAHME MOJIOABIX MCCIIeoBaTesel K npodieMe H3yIeHrs POIH
QAYKTYalli B HEJMHENHbIX THHAMAIECKIX CACTEMAX.

PepakTop BBIIyCcKa, JOKTOpP (PH3.-MaT. HayK,
npodpeccop Kadenper pammocusmkn CI'Y B.C. Anuwenxo

Anuweno Baoum CeMenpeuy 3amTHl JACCEPTAUUIO HA CTEHeHb
Kasupara ¢uspKo-MaTemaTHyeckux Hayk (1970) u BOKTOpPCKYH HHCCEpPTALMIO
«MexanuaMbl  BO3HMKHOBEHHMS ¥ CBOHCTBA  [MHAMHYECKOro xaoca B
PagrodU3NYECKNX CHCTEMAX C KOHEYIHBIM 9HCIOM creneHelt caoSombi» (1986). C
1979 u no wacrosmee npema paGoraer B 06naCTH MCCHENOBAHUN JUHAMUIECKOIO
xaoca. B kavecTBe NpHITAUEHHOrO Npogeccopa uMTan Kype JEKURH Io
AUHaMM4IeCKOMy Xaocy B I'ymGonbrckom yHusepcurete (Bepimusx, 1987). C 1988 T
3aBefylomnil Karenpod pamuogusnke CapaToECKOro yHUBEpcHTeTa. ABTop 175
Hay4HBIX padoT, cpemu KOTOPEIX 6 MOHOTpacthwi U 3 yueGHHKA 10 CTATHCTHYECKOHA
pamuodusnke. Tpr MOHOrpaduy HAHCAHBI Ha ARTMACKOM S3bIKE, U3 HUX 2 KHUTH
ony6nukonanst B Jlelmmure (1987, 1989), roTosurcs BLITYCK HOBOM MOHOrpachnu
u3paTembeTsoM «World Scientific». M3parenscreom «Hayka» Bemymiena keuTa
«Cnox#ble KoneOanust B NPOCTHIX cucTeMax» (1990), xopomo u3sectHas cpemu
cremuarmucros. Copocosckuit npodeccop (1994), neficTeurempreit  unen Hero-
Mopkckoi akageMuu Hayk.
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HNPUMEHEHUE KYMYIESHTHOIO AHANIN3A LB MCCIEJOBAHMSA
BU®YPKAILIMIA TMHAMUYECKWX CHCTEM,
BO3IMYIAEMbIX BHEHVM HYMOM

A.B. Heiiman

PaccmarpusaroTes npoGiembl Ou(YPKAUYOHHONO aHaiu3a TMHAMWYECKHX CUCTEM C
wymMoM. Iznoxeda wmeromuka OucdypKalMOHHOIO aHAJH3a CTOXACTHYECKUX CHCTEM,
OCHOBaHHAs Ha KYMYJISIHTHOM pasioXeHuu. B KxauecTse NpUMepa paccMaTpHBAETCs BJMSIHYE
HiyMa Ha TOCTEJOBaTENbHOCTL KBAa3UIepHOOuuecKux Oudypkauut B OTOOpaKeHHU
OKPYKHOCTH K Ha GucbypKranuy ynBoeHus epHofa B oroOpakenny Peiirenbayma.

Brejgenne

IIpobneMa aHaimM3a AMHAMEYECKUX CHCTEM C yieToM (UIyKTyalpii Buepsble Oblia
cchopMynmpoBaHa H paccMOTpeHa B kiaccmueckoir pabore JI.C.IlontpsramHa,
A.A AugporoBa u A A Burra [1]. Omy6mukosandas 8 1933 romy, oma ocraetcs
aKTyaJIbHOH U 10 cell fenb. 06 3TOM CBHOETENBCTBYET €€ Ne[eBOR Ha aHTIIMHCKIE A3bIK
1 nybmmkamms B 1989 ropy B cGopruke mop pepakumeit npodgeccopos F.Moss,
P.V.EMcClintock [2]. VHTepecHO OTMETHTE, 4TO €8 aBTODbI, CO3NATENH COBPEMEHHOM
TEOpHH HeMHHeWHBIX KoncGammit, yXe TOIIA OTYETIMBO TIOHMMAIH HeOOXOIAMOCTH
BBEJCHHS B PaCCMOTpEHHE Cly4aliHbix cuil. B cBoel pabote oHE chopMyIHpPOBAIH HBE
OCHOBHBIE 3afaud. lleppad 3afjaya BhITEKaeT W3 HPHHIWIAANBHON HEYCTPAHEMOCTH
LIyMOB B DEabHBIX JUCCHIIATHBHBIX cHCTeMax. ClefoBaTesbHO, ONHCAHWe pealbHON
IUHAMMYECKOH  cHCTeMbl  Ju(bdepeHIMaNEHbIME  YpaBHEHASMHU  SBISETCS  C
HeoGxoguMOCThIO HemioumbiM. IlepBas 3ama4a dopMynmpoBanach Tak: «BblAcCHUMD
obuee nosedenIe CLCIReMbl NP HAMUMUL CAYHALHBIX MOAYKO08 U, 6 YACHIHOCHIU, Odmb
MeOpeMmuU4ecKoe FOCMPOeHUe, KOmopoe NO3680AUA0 Obl U3 SKCHEPUMEHMANLHBIX
OGHHBIX NOOOTMU K SbIACHEHUND XAPAKMEPA «CAYHAUHLIX FIOAYKO8» 8 DeadbHbiX
OuHaMu4eckux cucmemax». Bropaa 3agaua: «Jonoanums OGupkzodgposciyro obusyro
Meopuro O8UNeHULl COOOPANCEHUAMY, CBAIAHHBIMIL C YUEMOM CAYHALIHbIX MOAUKOS, 8
YACIMHOCHI, 6bLOCAUMb U3 MHONCECMEA OSUXCEHULl OUHAMUHECKOL CUCHeMbl e
OBUICEHUA, KOMOPBIE OCYUECTNBATIOMCA ¢ HAUBOABLUEL 8ePOAHOCHBIO NPU HOAUYIL
maKux moa4kos». JTH TpobieMsl, ChOPMYyITHPOBAHHBIE CBBILE INECTHIECHTH JIET
Ha3a[, OCTaroTCs akKTyaAJIbHBIMH H 1O cen ACHE.

Hanpuediiee pasBATHE TEOpUH BIMSHUS IIYMOB Ha HENWHEHHBIE CHACTEMBI B
¢usuxe ceszamo ¢ mvemamu P.JL.Crparomosmda [3], T0.JLKmmmonrommaa [4],
C.M.Perrosa [5], A.H.Manaxosa [6], B.M.Knsuxema [7] u gpyrux.



Pa3BuTHE COBPEMEHHOH TeOpHH KONeOaHPil, OTKPBLITHAE ABJICHES [WHAMAYECKOTO
Xa0ca MOCTABAIIO PSfl HOBEIX NPOGIieM, CBS3aHHBIX C OJHOH CTOPOHBI C BIMSHHUEM IUyMa
Ha juHaMuKy cHcTeM. K TakuM HOBBIM 3afjiadaM IpeXJie BCEro CleNyeT OTHECTH
npoGnemMsl GupypKampli NHHAMEYECKHMX CHCTEM B IPHCYTCTBHH IIyMa; NpO6IeMBbI
CTATACTAYICCKHUX ¥ [JUHAMAYECKMX XaPAKTEPUCTHEK CIOXKHBIX aBTOKOJEOaHMi C y4eToM
chaykryarmii; 3aia4dy, CBS3aHHBIE C aHATA30M BPEMEHHBIX PSIOB METORAMH HEJIMHERHOM
mmaMakd, C JIPyrof CTOPOHBI, HeOOXOmAMOCTH ydyera uykTyanuili eme Gosiee
HOMYEPKUBACTCS HOCTENHAMH OTKPBITHSIMA B OONAacTH Ka4deCTBEHHON TeOopuu
madrpepeHIEanbHbIX YpaBHEHAN. PeXXUMBI JEHAMHHMECKOIC Xaoca, PealA3yroulfdecs B
peanbHBIX (PU3MYESCKMX CHCTeMax 4Yallle BCErO COOTBETCTBYIOT TakK Ha3bIBAEMbBIM
KBasurunepbonumdeckuM arrpakTopam [8]. [Insi TakmX ATTPaKTOPOB XapakTEpPHO
COCYLIECTBOBAaHHE B (ha30BOM IPOCTPAHCTBE CUETHOI'O YACIA NpefeibHBIX MHOXECTB
pasnI4IHON IprHpoikl. IIpy MaoM MmeBesIeHAr TapaMeTPOB 3TH NpefelIbHbIe MHOXKECTBA
IpeTepueBaroT pasinyHble Onypkamyn. B pesynbTaTe CTAHOBATCS HEBO3MOXKHBIM JIaTh
TIONHYIO KapTHHY JUHAMUYECKHAX DeXMMOB H HX Omdypkammii [9]. Tem He MeHee, B
peaibHBIX (PH3AYECKHX CACTEMaX 9SKCIEpHMEHTaTOop HaOofaeT ONHH TIpeeibHBIN
pEKEAM, KOTOPBII IHpeicTapiser CcoOOH pe3yibTaT CJIOXHOIO B3aHMOJEHCTBHS
BHYTPCHHEY [WHAMUKW CHCTEMbI, BHYTPEHHUX INYMOB MW OKpYyXalolie#l Cpepbl.
OuepnpgHO, 9TO y4eT MyMOB HEOOXOMAM IS aHAIM3a MONOOHBIX CHCTEM KaK C TOUKH
3PEHMS NOMHOTH! PUINYECKOTO ONHUCAHUS (HEYCTPAHAMOCTD (DIYKTYalFi Kak CIIefCcTBre
(DIIyK Ty AHOHHO-AACCUTIAIIHOHHON TEOPEMEI), TaK # ¢ MATEMATHYECKON TOYKY 3PEHHS
(ynpolneHne onicanus 3a CYET CrIAKABAIOMIETO NeHCTBHS (PIYKTYaIHH ).

O6nacTk BCCNEOBaHNE HEJMHEHHBIX CHCTEM C IIyMOM 9pE3BbIUAHHO IMPOKa U
OypHO pasBmBaeTCs B IOCHejHee BpeMs. B 2To#l crarke MBI OrpaHAYAMCA JHIOb
HEKOTOPBIMA Hpo0ieMaMyl BIUSHIA 6HeU He20 uiyma Ha TAHAMEKY HeJIMHEWHBIX CHCTEM,
a IMEHHO: MBI OCTAHOBHMCS Ha PacCMOTPEHHM BOIPOCOB, CBSI3aHHBIX ¢ OHE(pypKanEsIMHA
IMHAMHMYECKHX CHCTEeM C IIyMOM. B pasgene 1 Mpl KpaTKoO OCTaHOBHMCH Ha
MaTeMaTHIeCKOM (hopManm3Me MapKOBCKHX IIPOLIECCOB (IS ONUCAHWS BIMSHES IIyMa
Ha gEHaMHAYecKue cHCTeMbl. B pasgene 2 obcyxparorca npobieMb! OugypKaldOHHOIO
aHaJym3a cucTeM C myMoM. Paznen 3 NOCBSAMeH H310XKESHAIO KYMYJISIHTHOTO TIORXOHa [Is
6uypKaU@OHHOTO aHal®3a CHACTEM C IMyMoM. B mocnepHmx pasfesiax KyMyIAHTHBIA
METOX INpUMEHSeTCs O WCCIe[OBaHMd BIUSAHHS IIyMa Ha KBa3UIIEPHOIHYECKYIO
OOCHEeROBaTeIbHOCTh OmpypKanmii B OTOOpaKeHHH OKPYKHOCTH M Ha Omdypranyu
YABOGHHS IIepUOTa.

1. MareMaTHYecKMil annapar ISl ONACAHKS BIMANNS BHEDIHETO HIyMa
Ha {UHaAMUYEeCKHe CHCTeMBbl

PaccMoTpuM [l  OUPENENCHHOCTH HENWHEHHYI0 [MHAMAYECKYIO CHCTEMY B

OTHOMEPHOM ¢hazoBoM TOPOCTPAHCTBE, OIHCEHIBAEMYIO OOBIKHOBEHHBIM
machdbepeH@anbHBIM YPaBHEHACM BHERA
x =f(x @), ' (1)

e f - HenwHelHas (DYHKIHS HepPEeMEHHON COCTOSHEAS X H O - IapaMeTp CHCTEMEI.

CymiecTByeT iBa OCHOBHBIX METOJA /71 ONMCAHMS BIMSHHAS BHEIIHETO IIyMa, KOTOPBIE
OCHOBAHEI HA TeOPHH MAapKOBCKHUX mpoxneccos [1, 4].

HepBbDi noaxon OCHOBaH Ha HCIONb30BaHUHA CTOXaCTHUYCCKHX
mudepenmuansabix ypasienmit (CITY) mwin ypasrHenmii [lamxesena. B npasyro dacThb
CHCTEMBIL BBOIITCS cygaiHbBe HACTOYHIKH, KOTOpbIe MOJENUPYIOTCS

$~KOppeNMpoBaHHBIMA CYYaiHBIMA TayCCOBBIME IPONECCAMA. JTO MPUOIIKEHHS
COOTBETCTBYET NIPETIONOKEHUIO O TOM, YTO BPEMEHHBIE MACIITA0bI BHEIIHETO LIyMa B
,ILEIHaMBHCCKOﬁ CACTEMBI HECOHU3MEPHMBI, NPUICM MPOLHECCHI B CHCTECMC 6e3 uryMa

OpPOTEKAIOT ropasfo MepneHHee. Ha CEKTpanbHOM f3bIKE 3TO O3HAYACT, 9TO CHEKTP
miyMa SBJISIETCS PABHOMEPHBIM HIH OefibiM. FITak, BMECTO [eTepMHHHPOBAHHOM



cacteMbl (1) MBI mMeeM CTOXAaCTHUECKYIO CHCTEMY, ONCHLIBAGMYIO CTOXaCTHIECKUM
mapdepeHiAaIbHBIM YpaBHEHAEM

k= fn, o) + (2D)2g()EC), @)

rae g(x) ommchbIBaeT B3aWMORFEHCTBHE CpElbl, IeHEPHPYIOIIEH BHELIHEA IHyM, C
cucreMoll; BesmumHAa D SBISETCS HMHTEHCHBHOCTBIO TayccoBa Gejioro myma &(f).

ABTOKOppeTSIHOHHA1 (DYHKI|S IyMa sBIsSeTcs S-dyHkmaed: <E(r+s)E(f)> = 8(s).
Ecmm dynxims g(x) sBisieTcsi KOHCTAHTOR, TO TaKOM IIyM HA3LIBAETCS afiiTABHLIM, B
TIPOTHBHOM Cydae ITyM Ha3bIBAeTCS MYJIbTAIUTAKATABHEIM.,

Bropoii nogxof; ocHOBaH Ha HCIIONH30BaHAN ypaBHeHWs JiHIITelHa - PoKKepa -
ITnaga (YO®II) [10]. Ilepexox or COY k YO®II Bo3MOXeH B ciaydae, KOrja
CIy4alHbIH HCTOYHEK £(1) ABASETCS OSIBIM IIyMOM, TO €CTh KOrfa CIYYadHBIA TIPOece
x(1) sABAsIETCS MApKOBCKAM [)11]. Y2OII onuchIBaeT IBOJIOLHIO BO BpeMeHA INTOTHOCTH
BEPOSTHOCTH Nporecca p(x,

9, p(x%t) = -0 fixp(x,1) + DO.p(x,1). ()

OpHako Tako# IepeXojl HEOFHO3HAYEH B CHIAYy CJIOXHOCTEH, BOIHAKAMOMAX IPH
PaccMOTpEHV CTOXAaCTHYECKWX HHTerpanoB. CymiecTBYeT HECKONBKO (hOpM 3amwch
Y3®IT u CIIY, cpenz KoTophIx Hambonee yrmorpebumiie popma CTpaToHosmda, opMa
Mo u kapeTHyeckas hopma. [leTalld JAHHOTO BOMPOCA YATATENb MOXKET HAUTH B CEpHA
nepasamx pabotr [0.JI. Kmmmounropmga [12]. OrMetsM TONBKO, 9TO /ST PACCMOTPEHUS
eCTeCTBeHHBIX duiykTyammii Hamboliee (DHU3MYECKH &JEKBATHBIC DE3yabTarhl JaeT
KHHEeTHYeCcKass (opMd, KOTopas BBITEKaeT H3 KHHETHUYECKol Teopud. [l onmcaHus
BIMSHES BHEIUHEro UIyMa C (pH3MYecKOW TOYKW 3peHms Oollee MHOOXOMUT opMa
CrparonoBnya, KoTopasi 6yieT HCHONB30BATHCS B 3TOY CTaThe. B ciyyae ajiTHBHOTO
nryma mopxops! Yiro u CrpaToHoBrya coBnagaroT. O6a mofxojia H03BOJBEOT ONpeeuTh
CTaTHCTAYECKAE XapaKTepHCTUKHU Ipomecca. Hanpumep, cTalHOHApPHYIO IDIOTHOCTH
BEPOSITHOCTH, CIIEKTP MOIIHOCTH, KOPPEJISIAOHHYIO (PYHKIMIO U ApyTHe.

[pyramMu 9acTo BCHONb3yeMbIMI MOTEIISIMA il OIACAHAS THHAMAYECKHUX CHCTEM
SIBISIFOTCS CHCTEMBI C TUCKPETHBIM BPEMeHeM HIId JUCKPETHDBIE OTOOPaKeHUI

Knt1 :f(xrv @), (4)

sgech f - ondTh HenwHelHas (YHKIMS, a O - mapaMeTp cucTeMbl. [Ijs crcrem C

TACKPETHRIM BPEMEHEM TAKK€ BO3MOXKHBI IBa Cnocoba ONMMCaHMS BIHSHUS BHELIHETO
myma. Opma u3 HEx adanormieH CHY u OocHOBaH Ha pENICHWH CTOXaCTHYECKHX
Pa3HOCTHBIX YpaBHEeHHH

X+l =f(xrv 0‘) + D1/2§"’ (5)

rae &, - mECKpeTHBI Oenmbnit mym: <€..,&.> = 8(m). YpasHenme, ormmchiBaroniee

SBOJIFOIMIO IUIOTHOCTH BEPOSITHOCTH B JHCKPETHOM BpeMeHm p(x,n), Ha3LIBaeTCH
ypasHeHneM ®pobermyca - Ileppona mmm Hemmvena - Konmoroposa [13]

plon+l) = (UD) Wilx - fy,00ip(y,n)dy, (6)

rie W(z) - INIOTHOCTh BEPOSTHOCTA BHENIHETO MyMa.

Opmako, mameko He Bcerfa CIydallHbI HCTOYHUK & MOXKHO CUMTaTh OENbIM
myMoM. HacTo BpeMeHHBIe MacHITalbl CIyYafHbIX CHJI COMOCTABAMBI C BPEMEHHBIMU
MacmitabaMy BO3MYIDAeMOH cHCTeMBL. B 3TOM ciydYae KOppessioHHas (QYHKIHSL
CyYaWHOr0 MCTOYHUKA OTIHAYHA OT 3-(hYHKUWW U TAKOYU IIYM HAZBIBAETCS LBETHLIM.
OcnosHast TPYAHOCTE, BO3HHKaIOmMAasxA 30¢Cb, 3TO HOCMapKoOBOCTDb pe3yj1bTprIO]_uer (o]
mporniecca x(f). Ammapar YO®II HenocpelcTBEHHO HENPHMEHHM IS BETHOTO HIyMa.
OpmeE B3 MeTOHOB aHaA3a COCTOMT B [JOOABACHWH NOMOJHATEIBLHBIX cay,
OIMCHIBAIONTMX MCTOYHEK BETHOro myMa [14]. Onsoit 3 mambonee pacnpocTpaHeHHbIX
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MoJleJieil IBETHOTO 1IyMa ABJIAETCS SKCHOHEHIMANIBHO KOPPEIHPOBAHHbI ['ayCCOB HIYM,
KOTOpBIi MoflepyeTcs iponeccoM OpHiutetina - Y nenbeka

&= (U )[-£+ @DYw(n)], ™)

rne w(t) - 8-KOppeNMpOBaHHBIA TayccoB IUyM, T - BpeMs Koppelsuuz myma &().
AsrokoppensmyonHas ymxkums < &t + $)&() > = (D/r)exp(-lsl/t). Benwri mym

peaymmsyercs Kax npefed T —> 0. JOnouHss ypaBHEHEE I NEPEMEHHON COCTOSHUAS
croxacTHdeckoM JudpepenimaibabiM - ypaBHeHneM (7), molywaeM pachMpeHHYIO
cactemy CIIY, B KOTOPYIO BXOJAT TOJNBKO IayCCOBBI Gelble MIyMbI, TO ECTE CIyYARHBIA
nporecc {x(7),E(z)} Oymer MapKOBCKMM ® BO3MOXHOCTh NpPAMEHEHHS almiapara
ypaBHeHM fiHmTelHa - ®okkepa - I1naHka coxpaHseTcs.

2. budrypkanme B quHAMHIECKHX CHCTEMAX ¢ HIyMOM

Kone cxopo miym npuHST BO BHEMaHEE, HEOOXOM HEPEXON OT PacCMOTPEHHS
IpeelbHLIX MHOXECTB B (pa30BOM MPOCTPAHCTBE JUHAMHYESCKON CHCTEMBI K aHalU3y
YCpPeNHEHHBIX II0 AaHCaMOMIO CTaTHCTHYECKMX XapaKTepHCTHK CTOXacTHYEeCKOro
npontecca, ommchBaeMoro CHY mm YO®IL Tak kak YOOII smngerca ITMHEHHBIM
ypaBHEeHHEM, TO B OOIIEM Cilyyae TPYRHO OXWATh Hanuyws OmpypKalwil B CHCTEME C
LIyMOM IpH A3MEHEHAN NIapaMeTPOB B OOBIIHOM IIOHAMAaHAY TepMIHA «Or(pypKalms».

TIpommmocTpupyeM nociegHee Ha IPOCTOM NIpmMepe OH(YpKAAW YABOSHHS
cocrosiHmi paBHOBecHs (pitchfork bifurcatioﬁg) [1]. B orcyrcreme myma ara Sudypratms
MOJIeTHPYETCs MOZIETIbHON CHCTEMOR

X=gex- X3, (8)

Ife BelMYMHa € sBisgeTcs OucdypkamuoHHBM HapameTpoM. Ilpm e<0 B chasoBoM

TIPOCTPAHCTBE CHCTEMBI (KOTOp()e B JaHHOM Cly4dac €CTb IIPOCTO IIpaMast JIE[HHSI)
UMECTCAd OfHO rIo6ambHO YCTOBUI'JEB06 COCTOAHME PaBHOBECHA B HaA4Yale KOOpAHHAT.
Hpﬂ HOJICKUATENBHBIX 3HAYCHIX IapaMeTpa B CHCTEME HMCIOTCA [ABa JIOKaJbLHO

YCTOWUYMBBIX COCTOSHHA PaBHOBECHS *el2 M CEANOBOE COCTOSHHEG PAaBHOBECHS B HYIIE.

3uayenne nmapaMetpa =0 smugercs 6udypkannonHsmM. Ilpu nobaBnermn ayATHBHOTO
6enoro myma uETeHcHBHOCTH D crcrema ommcbmsaetca Y 9PII suga

ap(xt) = -0 [(ex - B)p(x1)] + Dop(x1), :, .9
KOTOpOE AMEET CTAAOHAPHOE PELICHHAE Py (X) ‘ » '
palx) = Cexp[(1D)(x212 - x4/4)]. (10)

OueBnpao, YTO IpH MOOBIX 3HaveHHSX DapameTpa € YO®II mMmeer Bcerga opHO
rnobansHo ycroimmBoe crammoHapHoe pemieruwe. lllym mmpymmpyer rio6anbHyro
yCTOMYmBOCTE cucTeMbl [15], aHanms KOTOpoM MOXKeT ObITb IPOBENEH B TepMHHAX
cooTBeTCTBYIOMWX (yHkuponanoB JlsmyxoBa [4,10], wro ssasgercs aunanorom H-
teopeMbl bonmbnMana. OfHako, IpA H3MEHEHAN YIPABISIONIEero napaMeTpa HPOACXOfIT
KayeCTBEHHBbIE M3MEHEHWS CTPYKTYPhl CTAIMOHApHOW IUioTHocTH BepositHocta (10).
HeficTBATENLHO, TIPH OTPHIIATEILHBIX 3HAYCHMSIX apaMeTpa CTalOHapHAsI IIIOTHOCTh
HMeEeT OfguH TIJI00albHBII MakCHMMyM B Hadane KoopmmHaT. [[I8 HONOXWTEIHHBIX
3HAYEHAI £ CTAOHApHAas INIOTHOCTE BEPOSTHOCTH XapaKTepU3yeTCs HaIAIHEM IBYX
JIOKAJIbHBIX MAaKCHMYMOB, COOTBETCTBYIOIIHX YCTOHYHMBBIM COCTOSHESIM pPaBHOBECHS
JTeTePMUAHUPOBAHHON CHCTEMBI, U JOKAIbHBI MHHAMYM, COOTBETCTBYIOIMEH cely B
¢a30BOM HpPOCTPAHCTBE HEBO3MYIEHHON CHCTEMBL TakmM 00pa3oM, B JAHHOM cClydae
mon Omdypkanmell clefyeT IOHAMAaTb KadeCTBEHHOE H3MEHEHHE CTPYKTYpHI
CTAIMOHAPHO ILTOTHOCTY BEPOATHOCTH IIPH N3MCHEHVH YIPaBIIAOLIETO IapaMeTpa.
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Ilogobuas wpconormd NpHHATa BO MHOTHX paboTax, HOCBAILCHHBIX HpoGieMe
OmcbypKanmi TUHAMIYECKHX CACTeM ¢ ryMamu [16-19]. Opmako, B KauecTBe BEIAUMHBL
[ aHalE3a MOTYT ObITh BLIOpDAHEI pasiuyHble CTATHCTHYCCKAE XapakTEePHCTHKH:
cniexrp mommocTH [20], BpeMs IepBOTO FOCTIDKEHMS TPAMVUpb! CIyJafiHbiM IPOHEccoM
[21, 22] u mpyrze.

Y4eT ecTeCTBEHHbIX (UIYKTyalii BefeT K HEIHHEHHOCTH KoadduumenTa
maddysma. Tlocnemmee BegeT K  H3MEHEHWIO AaCHMITOTHKH — CTAUHOHAPHOLO
pacnipenenennst [4]. PaccMOTpeHrEe BONPOCOB y4eTa BIMHSHEAS. ECTECTBEHHBIX IMyMOB
BBIXOJWT 3a paMKH HacTosmel craTbh. O6CyXKeHne 370l HpoGieMb! YATATENb MOKET
Haitta B paborax 10./1. Knmvounrosraa [4, 12].

DcpdexTsl BIASHES BHEHIHETO IIyMAa MOTYT OBITH YCIOBHO pasfelieHbl HAa OBE
rpymisl. K nepeoii rpymme oTHOCSTCS SIBIEHHS CABHra Gud)yPKaMORHbIX TOYEK | JITHAL
B IIDOCTPAHCTBE IapaMeTpoB 3a cueT Iyma. OgHako Takoro e NOBENEHHS MOXHO
HOCTHYb IPOCTBIM H3MEHEHWEM YHDABISIONIMX IN1apaMeTPOB HETEPMAHHPOBAHHOL
cucrembr [17, 23]. Opyrasd rpymma sBeHHH CBA3aHA C NOHSTHEM UHOYUUDOBAHHbIX
wymon nepexooos [18]. ViaMeHeHHEe HMHTEHCHBHOCTH IDyMa MPUBOTMET K IIOSBIECHHEIO
HOBBIX DEXXUMOB, KOTOPBIE HE PEallM3yIOTCS B COOTBETCTBYIOIMEH NETePMUHIPOBAHHON
cacreme. Ilapamerpsl, ompenessEomMe CBOHCTBA NIyMa (HHTEHCHBHOCThL, BpeMs
KOPpeJISIIAN), CTAHOBATCSA YIPAB/SIONEME HapaMerpami crcTeMbl. ClieqoBaTelbHo,
OnyprkalMoOHHBEII aHamU3 HEOOGXOJWMO MPOBOJWTE B pPaCIOHPEHHOM HPOCTPAHCTBE
1IapaMeTpPOB, B KOTOPOE HONOIHATEIBHO BKIIIOTAIOTCS MapaveTph! IyMa. OTMETHEM, YTO
BIIEPBEIE SBICHUE HHAYLHPOBAHHOIO LIYMOM Ilepexoja ObUIO OGHapy:XKeHO B pabore
P.JI. Crparonosmda 7 11.C. JTanga [24], nocBsImeHHOM HCCIeJOBAHAID HapaMeTPHECCKAX
(prykTyanwii B aBTOreHEpaTope.

TakmMm o©6pasoM, A48 npoBeleHHs OM(YpKaUWOHHOIrO aHANWM3a NAHAMHICCKON
CHCTEMBI C HIyMOM IIpekfe Bcero HeoOxoguMO HalTH crarfoHapHoe pemenme Y OPI1
nma ypasHenms ®pobenmyca - Ileppora Ang JHCKpeTHBIX OTOOpakeHwid. 3aTem
IIPOBOJMTCS ACCIENOBAHHE CTPYKTYPBI CTATHCTAYECKIX XapaKTEPUCTHK PN A3MEHEHHA
YNpaBIAIOIUX NapaMeTpoB. OYeBHIHO, 9TO Takasg IporpaMMa ropasfgo ClIOXKHee, 4eM
6nypKallHOHHBIN aHaNW3 J[eTepMEHHAPOBAHHBIX CHCTeM. [l JeTepMHHHpPOBAaHHEIX
cacTeM Omr(ypKaMOHHBIA aHaNA3 JacTO CBONUTCS K PEIIeHHIO anreOpanyecKux 3ajad
(onpemeneHme COOCTBEHHBIX 3HAYEHMIA MATpWl] JIHHCAPU3ALMM VI MaTpHI]
MoHO#poMuH). UHCHeHHBIE METOEbI OH(MYPKAIMOHHOTO dHANM3A TakK¥kKe XOpOWIo
paspabotaust [25]. CroxHOCTE aHamM3a CACTEM C LIYMOM HAYHHAIOTCS C ONPEAeIeHAs
CTAUHOHAapHOH TIOTHOCTH BepodrTHoctw. [Hua YOOIl craumonapHas IDIOTHOCTH
BEPOSTHOCTH MOXKET OBITh MONyYeHA AHANMTHYECCKH JIAML IS OHOMEPHBIX CHCTEM.
JIs IByMEPHBIX IMHAMIUYECKHAX CHCTEM 3TO CenaTh Jaille Bcero He ypaetcs. HanpmaMep,
AJIs1 KJIacCHYecKOro reHeparopa Bas-pep-Ilons ¢ agiuTHBHBIM ILTYMOM TOYHOE
crarmonapHoe pemenme Y I®II go cmx mop memssecrHo. Bonee Toro, yxke s
TPEXMEPHBIX JHHAMAYECKHX CHCTEM 4duCIeHHoe pemresne YOOIl mpegcrasnsger
3HAYATENLHBIC BBIYHCIHMTEIbHbIE CIOXHOCTH. UTO KacaeTcs JUCKPETHBIX CHCTEM, TO
Jaxe [yid OFHOMEPHBIX OTOOpaXkeHmil ¢ MyMOM CTallHOHAPHOE peHieHme ypaBHEHUs
dpobernyca - IleppoHa aHATHTAYECKH HAUTH HE YAETCs.

AHBanarryecKye pesylbTaThl MOXKHO MOIYYHTh B IPEAeNbHBIX CAydasXx MaiblX U
GombIITY NIyMOB [26].

Teopus Bmsmms cnaboro ITyma, OCHOBaHHAS Ha NCHSTHE KBa3HNOTEHLHAJOB,
6plIa NOCTpOEHa B Kjaccwieckux padorax A.JI.Bemrnens 1 M.U.Opeimmma {27]. B
manbHeieM B paborax I0.M. Kudepa [28], SLT. Cunas [29], M.JI. Branka [30] 6ewio
PacCMOTPEHO BAHAHUE cnaboro IMyMa Ha CTPaHHBIE aTTPakTOphl. B 4acTHOCTH, OBLIO
nokaszano [28], 9T0 Manble clilydadHBIE BO3MYIUSHHS JPHAMHYECKOH CHCTEMBI CO
CTPaHHBIM aTTPAKTOPOM NPHBOAAT K MAJbIM JKe U3MEHEHUIM MHBAPHAHTHON Mephl MiTh
CTAlAOHAaPHO! IUIOTHOCTH BeposTHOCTE. B memaBumx pabGorax [19, 31] reopms
KBa3HIOTCHIMANOB Oblna paclmpeHa Ha CACTEMBI CO CIIOXIION uHaMuKoU. W3inoxum
BKpATIe OCHOBHBIE HjIeH STOH T€OPHH.

IIpenmonoxXuM, 9TO AHHAMMYECKAs CHCTEMa HMEET aTTpakTop B N-MepHOM
¢pa30BOM IIPOCTPAHCTBE A CYIECTBYET HHBAPHAHTHAS Mepa Ha aToM arrpaktope. IIycTh
CHCTEMa BO3MYIIAETCHA CnabbM rayccoBbM OenbM IIyMoM rmTeucumBHOCTHE D, D— 0 n
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omuceBaercyd cucremoit CIY Baga
X; = £i(x) + gy(0)E(0), i=1, .., N, (11)

re <E(t+s)&,(t)> = 2D8,;5(s). Torpa HHBapHAHTHAA Mepa A CTAUMOHAPHAS IIGTHOCTD
BEPOATHOCTA py(x) BBIpaXaeTcsl dYepe3 KBAa3HNOTEHIWANn (WM HepaBHOBECHBIA
norernman) O(x) cregyonmmM 06pazoM:

Pa(x) o< exp [-®(x)/D]. (12)

Kpasumorenigan, KOTOPBIH SBISETCS aHAJIOrOM cBoGomHOH sSHeprum [4] mus
HEPABHOBECHOTO CTANMOHAPHOTO COCTOSIHUSL, 3aBACAT TOJNBKO OT IEPEMEHHBIX
COCTOSHHSI W HE 3aBHCAT OT HHTeHCHBHOCTH uiyma D. KBasmmoreHuman npuHMMAaeT

MUHPMANbHBIC 3HAYCHUS HA ATTPAKTOPe | SBIIAETCS pelieHneM ypapHeHHs [ aMHIbTOHA -
$SIxobu

fi(x)0:@(x) + DQ(x)0,2(x)0;®(x) = 0, (13)

rae Q;(x)=Z,gu(x)gu(x) - MaTpmua mubdysma. Ilocne mMonydeHRs KBa3AIOTCHIANA

CTaBHTCA 3ajjava ONpeJeicHAs JACIA SKCTPEMYMOB ®(x) IpH W3MEHEHMH YIIPABIAEOLHX
MapaMeTpoB CHCTEeMbl. YKa3aHHas MeTofuKa Oblla NpHAMEHEHa JJs HCCIEHOBaHUSA
BIMAHWSA IyMa Ha MHOCIEHOBAaTENLHOCTh OmpypKanmili YABOGHHS IIEpHOfa M Ha
IOCIIeJ0BaTeNbHOCTE KBasAnepuommiecknx oudypkammii [32, 33]. Cnegyer orMernts,
9T0 OONBIIYIO YacThb HCCICNOBAHUN 3THM METONOM NPHXOJHATCS MPOBOIUTH YHCIEHHO.
Ilpm sTOM 3apnaua mpopo/kernus OU(YpKaUWOHHBIX PEINSHHH MO apaMeTpaM, paBHO
KaKk H Docrpoesme OmypKaUmoOHHBIX AUMArpaMM B HPOCTPaHCTBE YIPaBISFOMIAX
apaMeTPOB, NPefCTaBIdeT coO60l HeTPABHATILHYIO YHCISHHYIO IpoGIeMy.

3. lIpumeHeHne KyMYJISTHTHOTO aHAIN3A /1A HCC/iefOBAHNIS BIIASTHAS
myma Ha Guypraumm

Hpes MeToma KyMyJNsSHTHOI'O aHaIH3a COCTOHMT B IIEPEXOfE OT CTOXaCTHYECKHX
YPaBHEHMII HIM COOTBETCTBYIOHIETO KWHETHIECKOTO YpPaBHEHHS K  CHCTEME
JETEPMHEHEPOBAHHBLIX ~ YPAaBHEHMI, OIMCHIBAIOINWX  3BOMIOLMIO  KYMYJSIHTOB K
HEKOTOPOMY CTAlOHAPHOMY COCTOSTHMEO [34]. B cUily HENMMHEHHOCTH CACTEMBI LETIOYKa
YpaBHEHHH, OICHIBAIOIIAX IBOIOMMIO KyMYJISTHTOB (Oy/leM Ha3hiBATh TAaKUE YPABHEHHS
KyMyNSHTHBIMHA), SBJISCTCS HE3aMKHYTOI B ypaBHEHHE WIS H-TO KyMYJSHTA BXOJSAT
KYMYJITHTB! BBICIUHX MOPSAKOB, Hampmvep, n+l, n+2 [35]. ns 3ampikasusd oToH
LEIMOYKH UCTIONB3YIOT Pas3iigHble MOAEIhHbIC IPUOIDKEHNAS, IPOCTEHIIIM K3 KOTOPBIX
SBISICTCA TAayCCOBO MPHONFKEHHE, YIMTBIBAIOIEE TOJNBKO KyMYNSHTBI TNEPBBIX H
BTOPBIX HOPAAKOB. Ilocie 3aMbIKaHWS IEMIOYKH KyMYJISHTHBIX YPaBHEHHI IOIydaeM
HOBYI0 JMHAMW4YECKYIO CHCTEMY, ONHCBIBAIOIIYIO SBOMIOLMIO KyMyJsaHTOB. CocTosSHHS
PABHOBECHSI CHCTEMBI KYMYJISHTHBIX YPaBHCHHAN OINKCHIBAIOT KAYECTBEHHYIO CTPYKTYPY -
CTAllMOHADHOH TIIOTHOCTH BEPOATHOCTH. DrQypKanyoHHBI aHANA3 CHCTEMBbl
KyMYJISHTHBIX ypaBHeHUII MoXeT OBITh NpoBelicH OOBIYHBIME METOAAMH TEOpHH
AAHAMAIECKAX CHCTeM. BaskHO OTMETHTH, 9TO aHAJM3 HOBOU JHHAMMIESCKOH CHCTEMBI
KyMYJISTHTHBIX YpaBHEHMH IIPOBOAATCS B PACIIMPEHHOM IPOCTPAHCTBE IapaMeTpoB, Kyfa
TIOMEMO TIAPAMETPOB HEBOSMYILEHHO! CACTEMBI BXOIST NApaMeTphbl, XapaKTepH3YIOIIAe
1iyM (HApUMep, METEHCHBHOCTD IIyMa | BPEMst KOPPEJIAlHN).

Bo MHOrmX cnyuyadx rayccoBO NpHGIIIDKEHWE ajeKBATHO OINHCHIBAST BIMSHUES
cnagoro myMa. D10 ObLIO IOKa3aHOo Ha NpAMEpPax HcciefoBaHusd (pa3soBOro Nepexopa B .
rIo6GanbHO CBASAHMBIX CTOXaCTHUECKHX ocumuistopax [34], Bpemen penakcanmn
OpOVHOBCKOTO NIBHKEHHAS B HMOTEHIHANaX pa3NHIHON (HOpMBI [355), cucteM pazoBoH
cuuxponusanuu [36], GucrabmibHOro ocummmATopa ¢ mymMoM [37], mupymmpoanHOro
uBeTHBIM lLiryMoM nepexopa [38], croxacrmaeckoro pesonarca [39]. B pabore [40] stor
mopgxon ObUT  NpEMEHeH NS HCCHCHOBaHMS BIMSHMS I[BETHOTO INyMa Ha

13



[OC/IETIOBATEMbHOCTS  OW(pypKalpid  yaBoeHms mepdopa, a B pabore [41] - pmin
TI0CTIEOBATENLHOCTA KBAsHIEPHONMYEecKAX Ougypkammii. B cregyrommmx pasfeniax Mbl
HONpOOHO PAacCMOTPIM TIpAMEHEHHWe KyMYISHTHOTO METOfja Ha TPUMEpax OTOOpaskeHus
OKPYKHOCTH, OIHCHIBAIOILETO OCIIEA0BATENBHOCTh KBa3HIICLHOMHIECKAX OrcypKayi, 1
orobpaxenus Gefreadayma, OIHACHIBAOIIETO ITOCTE0BATEILHOCTE GudbypRAH YIBOSHIS.

4. Binsinne myMa Ha NOCTE0BATEBHOCTh KBa3HIEPHO{HYECKUX
6udypkanui

OpryM 73 My Te# Hepexojia K XaoCy B [CCATIATUBHBIX CHCTEMax SBIAETCA IepPexol
OT XBa3HNEPHOTHISCKHX KoJedaHHK Ha TOpe K XaOoTH4YeCKOMY AaTTPakTopy. 3TOT
CLeHapHAH CONpPOBOXHASTCH IOCIEHOBATEILHOCTLIO KBAasHICpuogudeckux Gmbyprarmi
(mode-locking bifurcations) Ha Tope. HamGosiee nOmymspHOM MOHNENBIO IS
ACCIIENOBaHMs YHHBEPCATIbHBIX CBOMCTB ITOrO CcLEeHapHi SBISETCS oToOpaxkenwe
OKpyzKHOCTH (M., HampaMep, B (42, 43])

9k+1 = Gk+ Q- (K/Qn)sin(Zn@,t). (14)

OtoGpaxkenne (14) MOXeT paccMarpuBaThCa Kak HeHHENHOe npeobpaszoBanue (azbi
ocumsTopa ¢ neprofoM 1. ITapaMerp Q COOTBETCTBYET OTHOINEHWIO HEBO3MYIIICHHBIX
4acToT, a mapaMeTp K olpenenseT BeIWUMHY HENWHEHHOCTH. B CyMEpKpHTHYECKOH
obmacta  (K>1) 3r0 orofpaxkenue HeoGpaTMIMO W MOXET [EMOHCTPEPOBATH
XaoTHYECKOE MOBEIECHME. YHEBEpCalbHble CBOHCTBAa CHEWIMHra WHCCIEQyIOTCs B
HETpPYUBHAIBHOM KPUTHIECKOM ciiydae, Korga K=1 [44].

PaccMoTpuM — IOCIEmOBAaTeNBHOCTh  KBAasWIICPHOOWYECKMX  Oudypkaimii,
reHepHEPyeMBIX uracnaMu ®ubonaaun F, 1 = F,+F, ;| ¢ TACIOM BpallgHus O,

wn:Fu/FnH =1 /(1 + Fn—l/Fn)' (15)
Hpeneﬂ TIOCNIEROBATCIBHOCTH O, TIPH 71 — @ €CTh 30JI0TOC CEHEHE

w*=lime,= 0" (16)

H—yo0

Ha mnockocta mapamerpoB (Q,K) 9TO COOTBETCTBYET HAMMUMIO S3BIKOB APHOIBAA,
KOTOpbIE OrpaHHYHBAIOT OOJACTH CYIIECTBOBAHMSA DPE30HAHCOB HA TOPE C UHCIAMHA
BpamicHEs® @, IlmpmHa #3bIKOB AQ,, TeHepHpyemasd TociefoBaTenbHOCTEIO (15),
IEMOHCTPHPYET CaMOHONOGHYIO CTPYKTYDPY

AQ, o< &1, (17)

e O ABNAETCS YHABEPCAIbHOH KOHCTaHTOH, § = 2.8336... .

PaccmoropuM  Tenepsr  BUWMSHEME aIMTEBHOrO (elOro rayccoBa  iuyma.
CToxacTH4IecKOe OTOOPaskKeHAE 3AIUCHLIBACTCS B BUJIE

Q1 =06+ Q- (K/Zn)sm(Znek) + %, (18)

JeficTBre myMa BeJET K YMCHBIICHWIO MUpPHHBI SA3bIKOE ApHoinma. Boxee Toro,
CYmIECTBYET MaKCUMallbHO HNONYCTHAMAs BENMUYMHA HWHTCHCHBHOCTH MiyMa o,max (s

KaXKJOI'0 U3 S35IKOB C YMCIOM BPAIIEHHS (,), TP KOTOPOM EHIE BO3MOXHO PasjiAIdTh
JaHHbMA pe3oHaHc. CymiecTBYeT YHHBEPCALHBIA 3aKOH CKEHAIWHTA, CBS3bIBAFOINHH STY
MakCHMaJbHO JOIyCTHMYEO HHTEHCHBHOCTD IIyMa U NOPAJOK pPe30HaHCa,

o, o< B- n (19)

rae P - Apyrasi yHEBepcasibHast OCTOsIHHAsL, B = 2.306... . 3TOT pesynsrar GbUl HOMyIeH
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aHANMTHYCCKH METOJaME YaCTHYHBIX HHTeTpanoB [45] u kBasmmorerumanos [33]. Met

paccMOTpHM 9Ty mpo0OneMy METOJOM KyMyJSHTHOIO aHalim3a B TrayCCOBOM
NPAGIVCKEHAR.

BeeneM crauana o6o3gaueHAS BN KyMYJISHTOB
xk-‘=‘<6k>, ykE<ek2> - <9k>2, (20)

Ife CKOOKH ycpepHeHHs < - > O3HAYalOT YCpEeJHeHHe [0 aHcaMOIr0 peamu3augi
CTOXaCTAYECKOro Imporecca ék- YPaBHeHHSI, OITUCBIBAIOIIAC 3BOJIIOIWAIG KYMYJIAHTOB,

MOTYT OBbITh BHIBE[EHEI HETOCPENCTBEHHO U3 CTOXACTHYECKOro oroOpaxenns (18) mnm
M3 COOTBETCTBYIOMEro ypaBHeHns ®pobennyca - Ileppona. [IpmamMas Bo BHEMaHFE,
YTO B rayccoBoM npubiwkerny <sin(2mr8;) > = exp(-2n2y,)sin(2nx,) [35], momyuaem

X1 = X+ Q — K/(2r)exp(-2my,)sin(2nxy),
s = e+ K/(4m2){(1/2)[1-exp(-8m2y )cos(dnx,)] - exp(-4n2y,)sin(2mx,)2) -

- 2Kexp(-2n2y,)cos(2mx, )y, + o2, (21)
HauanbHbie YCIOBHS A7 KYMYJISIHTHOIO OTOOPaKeHHs OlpeielsOTC s KaK
x0=6p, =0, (22)

rge 6; ABISETCA HENOABHXKHOH TOYKOH COOTBETCTBYIOWIEH [eTEpPMHHAPOBAHHOH
CACTEMBI. 3ajlaHFe HadalbHbIX 3HAYCHWI KYMYJISHTOB B TAKOM BHAC COOTBETCTBYET
HavaIbHOMY pacupefeseHmo B Bane 5-pynxknun: p(0,0) = 8(0- 6;). Taxmm o6pa3oM, Mel
NONy“aeM [AHAMUYECKYIO GHCTEMY, KOTOpasi COIEP:KHT HOBBIH mapaMmeTp -
MHTEHCUBHOCTH IIyMa, H© fajibHelliee paccMOTpeHme OyJeT OpOBOJATHCS B
pacimpeHHoM mpocTpancTe mapametpos (Q,K,c). Ilpemver mHTepeca COCTaBISIOT
HEMOIBIXHBIE TOUKY KyMYJISHTHOro orobpaxenns (21). Badypkammym KyMyJIsHTHOTO
OTOOpaKeHNs] COOTBETCTBYIOT KAYECTBEHHBIM H3MEHEHWSM CTalMOHAPHOU IUIOTHOCTH
BeposTHOCTA. OfHaKO, TaK KaK 3BOJIOHAS KYyMYJISHTOB B IayCCOBOM MPHONHXEHAN
OIUCHIBAETCS JUCKPETHLIM OTOOpaskeHWeM, TO OnypKalMOHHbI aHaIA3 MOXKET OBITh
npoBefieH 00bIYHbIME MeTofamu [25]. B npepene cnaboro myMa Mbl MOXXeM YHPOCTATH
orobpaxkenue (21), ocTapisag TONLKO NAHENHEIE WICHB [I0 BTOPOMY KYMYJISIHTY Y;

Xt = X+ Q — K/2m)(1-2n2y,)sin(2nx,),

Y1 = [1 - Keos(2meg) 2y, + o2, (23)

{Ipexpae Bcero Ha puc.l moKaszaH pes3yibTAT IACICHHOTO pacdeTa IUIOTHOCTH
BepogTHOCTH P(8) it croxacTuueckoro otodpasxkerus (18) u rayccoBa anmpoKCAMAIIHSE
OJIHOTO W3 MakCAMYMOB. 3HaueHHs NapamMeTpoB BBIOpPaHB! B 0ONACTH CYIIECTBOBAHMS
pe3oHaHca ¢ UMCIOM BpamieEMsa ©s=5/8 m cmaboro myma o=10-3. IlnotHOCTH
BEPOSITHOCTH HMEET BOCEMb MaKCHMYMOB B CHJIy CYIIECTBOBAHHSA HENOJBIDKHON TOYKH
nepuona 8 B HeBO3MyImEHHOH cucteMe. Kaxkpmpii M3 MakcmMyMoB P(8) MoxeT ObITh
amIpOKCAMHAPOBAH [ayCCOBBIM paclpeficicHHEM BAa

Ps0(8) = [1/(2my,@)12]exp[-(8- xo®)2/(2y )], (24)

e xo) 7 yo{) - KOOpHARHATHI i-TOH KOMIIOHEHTBI HENOJBIKHON TOYKH KyMYJSIHTHOTO
orobpaxerns (23). AuanormyHasi KapTHHA IIOJy4aeTCs A APYTAX YHECEN BPAINCHUS.
TakmM 00pa3oM, rayccoBo NpuOIDKeHHe AaeT KOPPEeKTHOe ONMCaHWe CTPYKTYPEI
TUIOTHOCTH BEPOSITHOCTH.

Hanee wMpl mpoBOoguM JBynapaMeTpuueckmil OmypKalHOHHBIM aHamW3 Ha
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Puc. 1. IlnotHocts BeposTHOCTH OTOGpaxeHus (18), nonyyeHwas YHMCNEHHBIM MOTETMPOBAHMUEM:
@ - TNOTHas CTPyKTypa; 6§ - OTMEYEHHbI MAaKCHMyM; TOYKH COOTBETCTBYIOT YMCIICHHOMY
MOJIE/THPOBAHUIO, HENPEPbIBHAS JIHMA COOTBETCTBYET raycCOBOH annpokcuManiuy (24)

TIOCKOCTH TapameTpoB (,0) npr KPUTHHECKOM 3HAYSHWN NapaMeTpa HeJIHHEHHOCTH
K=1 Bpons HOCHENOBATENHHOCTH UHCENl BpalleHWs, BemylleH K 30JI0TOMY CEYECHHMIO.
Budypkanpodsbie JTHHAM, W300paXKeHHBIE Ha pHC.2, COOTBETCTBYIOT OH(pypKaimmaM
POSK/ISHIS PE3CHAHCHBIX LFKJIOB (HEIONBIXHBIX TOYEK) C MHCJIAMH BpaIlleHAs o, =1/2,
2/3, 3/5, 5/8, 8/13. BudypkauOHHRIM YCIIOBEEM Ha 3THEX JIMHEAX ABIACTCA PaBEHCTBO
«+1» OJHOTO W3 MYILTHILIKATOPOB HENOIBIKHON TOUKY (IpYrof MyJIbTHIUIAKATOP MO
MOJIYJTEO MEHBIIIE eJ[HHILIbI). ITH Or(hypKAIHOHHbBIE JIMHAY UMEIOT Kopa3MepHocTs 1. M3
PHCYHKa BUFHO, YTO CYIIECTBYIOT TPaHAYHbIE 3HAYECHUT UHTEHCHBHOCTH IIYMa O, s
KaXJOro pe3oHaHca, ONpeeIsronye 06IacTh CymeCTBOBaHAs PE30HAHCE Ha MIIOCKOCTH
napameTpoB (Q,6). Touku Ha GHYpKAIEOHHOH [@arpaMMe, COOTBETCTBYIOLEE ITHM
3HAYEHWSIM, MMEIOT KOpa3MEepHOCT: 2, Tak Kak 3TH OH(QypKalHOHHbLIE TOYKH
OMpEeNieNAIOTCS  [ByMA YCIOBHSMH: TIEpBOE - paBeHCTBO «+1» ofsoro m3
MYJILTHIIEKATOPOB; BTOPOE - MAKCAMYM Om()ypKammoHHO KprBoi o(Q).

TayccoBO UPUOKEHWE KOPPEKTHO ONWCHIBAET CHUTYALUHIO NPEREHbHO MAalbIX
[IyMOB, KOI'Na MOTeHIPABHBIE SMbI, COOTBETCTBYIONIHE YCTOHUMBEIM (PHKCAPOBAHHBIM
TOYKAM HEBO3MYINEHHONM CHCTEMBI, XOpOWo pasneieHs! (cM. puc.1). Mpn npubmxenmm
K TOYKaM Gu(pypKanay CyIeCTBEHHBIM CTAHOBUTCS HHAYLEPOBAHHAS IyMoM fuddy3us
[Yepes MoTeHIaNbHEe 6apbephl, pa3fessoie MIHAMYMBI ITOTeHIAaNa. B aToM ciydae
rayccoBO IpHOMDKeHAE, KOHEYHO, HEYHOBIICTBOPHTENBHO ONMMCHIBACT JUHAMHUKY OTOH
aachdysun. s koppekTHOro onmcanust mucGys3uu 9epes oTeHIHaNbHble 8apbepshl, B
MPHUHLHIE, HEOOXOMIM YYeT BCeX KyMyJHTOB. OIHAKO B 3TOM CJIyd9ae KyMyJSHTHbIE
ypaBHeHus He OyfyT HeMOHCTPHpoBaTh Ombypkarmy B OOBIYHOM HOHMMAHHHM 3ITOTO
TepMuHa. JTOT hakT oTMedaincs B Mororpadwma B. Xoperxemke m P. Jlederpa [18].
Heficteurensao, YODII mveer rnoGampHO yCTOHUIMBOE CTalMOHAPHOE pEINCHHE,
KOTOpOe HE MNpeTepleBacT BETBICHUS IPU HU3MEHEHWHM YIPABISIOIErO Iapamerpa’.
CrnepopaTenbHo, Onpypkammy OyayT OTCYTCTBOBaTh B /11 CTAlOHAPHBIX pelIeHUH
TIOJIHO¥ CHCTeMBI KYMYJSHTHBIX ypaBHeHUWil, ['ayccOBO NpmONMKEHWE, TPH KOTODOM
KaXJbIl MakCAMyM IUIOTHOCTH  BEPOSATHOCTH — allIPOKCHMEPYETCS  IayCCOBBIM
pacrpejelcHAEM, IO3BOJN4ET MOMY4HTh OHGYpKAlEH B CUCTEME KyMYJIAHTHBIX
ypaBHEHmI, KOTOpBle (PaKTHYECKHI COOTBETCTBYIOT HM3MEHSHHIO YHCAa 3KCTPEMyMOB
CTAUMOHAPHOH IUIOTHOCTH BepositHocTA. ITONIOXKeHWe OKCTPEMYMOB OIpelelsieTCs
IEePBLIMHA KYMYJISHTAMH, BTOpbIE KYMY/SHTHI TIO3BOJSIFOT Y9eCTh JeHCTBHE HIyMa B
HEepBOM HOPSAKE IO MaIoMy lTapaMeTpy HHTEHCHBHOCTH 1IIyMa.

¥ HanommmM, uTo OuypKariil HEBOIMYILUEHHOH CHCTEMbI OTPAXANOTCS B H3MEHEHHH 4MCNA
IKCTPEMYMOB CTAllHORAPHOH IITOTHOCTH BEPOSTHOCTH CHCTEMBI C LIIYMOM
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Puc. 2. Buyprauuonsas guarpamMma orobpaxe- Puc. 3. 3aucimocTs G,MaX oT 11 (KBagpaThl) U am-
nust (23) ' NPOKCHMANWs €€ 32KOHOM B, Beyy = 2.23(mumms)

Bepremcd K paccMOTpeHHIO OrypKALFIOHHO! JyiarpaMMbl pHC. 2. BaXHO OTMETUTS,
9TO IOCHENOBAaTENBHOCTE G,  YIOBJICTBOPAET 3aKOHY CKeHnmHra o,m oc B -n ¢

nokazateneM B = 2.23 (puc. 3). Takum 06pa3oM, KYMyJsSHTHEI aHATH3 B TayCCOBOM
TpROIIDKCHUH JJaeT KOHCTAHTy CKeHIMHra, HAXONSIMyIOCsS B XOPOIIEM COOTBETCTBHH C
pE3yabTaTaMi CTPOTOi TEOPHH.

BxirodeHWe B pacCMOTpPEHME KyMYJSHTOB BBICIOMX IOPSAKOB HE H3MEHSET
KayeCTBEHHYIO KapTHHY NHoBeleHWs! cucreMbl. OFHAKO 3[eCh BO3BHHMKAIOT CIIOXHOCTH,
CBS3aHHBIC C UHACIEHHBIME ajropurMamy Om(YpPRKAIMOHHOTO AHANW3a JUHAMAYECKON
CHCTEMBI KYMYJSHTHBIX ypaBHEHHit. Tak KaK CHCTEMa pacCMaTpUBaeTcd i OUCHb
ManbiX 3HAUCHWH MHTEHCHBHOCTH ITyMa, TO BO3HHWKAIOT Ipo0ieMbl ¢ OIMMOKaMHA
OKpYTJICHHS TIpH HCCIENOBAHUM IWKIOB OOJNBLUIOTO Nepuofa. IIp: y4ere BBICHIHX
KYMyJISIHTOB pa3MEpHOCTh CUCTEMBI KYMYJSIHTHBIX YpaBHeHWH BO3pacTaeT §,
CIIEIOBATETHHO, BO3PACTAIOT CIOXKHOCTH TIPH aHaymm3e OnypKanmil LUUKIOB GOMBIIHX
nepuopoB. [ToaToMy mccnefopaHue BIHSHUS y4eTa BBICIIHX KyMYJISHTOB Ha BEJTHTUHY
KOHCTAHThI CKEHJIFHTA B HACTOAIIEH paboTe HE paccMaTpHBaeTCH U OVIeT IpefMeTOM
TAIPHEAMMX UCCIICTOBAHMMA.

TIpuMmeneHue XyMyJISHTHOT'O aHam@W3a MO3BOIAET pACCMOTPETh B Ciiydai
MyJILTHIUIMKATABHOIO HIyMa, KOTOPBIA MOXET paccMaTpHBAThCS KaK CTOXAacTHYECcKas
MOTyIISAIAA TapaMeTpa HelmHelHocTr K

B1 = O+ Q — [(K + £,)/(2n)]sin(2m6,). (25)

Mertop, n3m0oXKeHHbII BRIIE, NAST ClEyIoniee KyMYISHTHOE OTOOpakeHre B FayCCOBOM
OpEOIIDKEHAR

X1 = G+ Q = K/(2m) (1-2m2y,)sin(2mx,,),

Y1 =1 - K cos(2nx) 2y, + K¥(4r2)o2sin(2mxy). (26)

Pesynprar GucypKanuOHHOTO aHAJNA3a 3TOH CHCTEMBI A MOCIENOBATENLHOCTI JUCET
Bpalie¢HWsA, BEAYIIAX K 30J0TOMY CEYEHHIO, [aeT PpE3ynbTaThl Ka4eCTBEHHO
aHAJIOTHIHbIE CYYat0 ajUTHBHOrO 1myma (cM. puc.2). JIis CKeilnHra AHTeHCHBHOCTH
[yMa MbI ONYYAIA KOHCTAHTY Py, = 2.26. Heobxogmmo oTMETATH, ITO Ka9€CTBEHHO
AHAJIOTHYHbIE PEe3yNALTATHI il MyTHTHTUTAKATABHOTO U aUTABHOIO MIyMa ITONyYaroTCs
TONBKO B TIperiene Manbix mymoB. IIpm onpenencHHBLIX BelWUYAHAX HHTEHCHBHOCTH
MyJNLTUILAKATUBHOTO I1IIyMa BO3MOXHBI MHIYLMpPOBAaHHLIE IMyMoM mepexomsl [18],
KOTOPBIC HEe PeaTA3YIOTCs IPY BOSMYIICHAN AJINTHBHBIM IIyMOM.
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5. KyMyISHTHEIR aHAIN3 BARSHASA MIyMa HA TOCIE[0BATEIbHOCTE
Ouchypxauuii yxpoenus nepuosa

Tpapumonsclt  MOfENbIO, ONMCHIBAIOWIEH MOCICHOBATEIBHOCTS OubypKALEmA
YOBOEHHS IIEpHOfa, BeNymleli K [MHAMHAYECKOMY Xaocy, SBISeTCS CeMeficTEO
TACKPETHBIX OTOOpameHwd X,,1=Ax,a), rme f(x,a) - yHKIES ¢ KBagpaTHUHBIM
MakCHMYMOM, a - YIIPaBJisIomual napamMeTp. B fampHedmeM Mul 6ygeM paccMaTpHBaTh
KOHKPETHYIO hopMy, oTobpakerne Defirenbayma

X1 = 1- ax,,2. (27)

B orobpaxenmu (27) ¢ smugercs ORGYpKAIEOHHBIM NapaMeTpoM. BrdypkalponHas
TIOCNIEOBATEIbHOCTE HETIOXBIDKHBIX TOUEK Iepmofia 2¢ MMeeT MEeCTO I 3HAYESHWH
napamMerpoB a;: a;=0.75, a,=1.25, a;=1.368099, ... . Kpnrageckaq Touxa a.,=1.40115...
COOTBETCTBYET HaKOMIeHMIO OudypKalmil yBOeHEs [IEPHONIA U EPEXONY K Xa0Cy.

C y4eToM agiaTHBHOI'O ITyMa HOyJaeM CTOXaCTHIECKOe OTo0paKeHne BUAA

Xpi= 1 - ax2+ ok, (28)

[Jie O - mapaMeTp, onpele oLy HETeHCUBHOCTS Genoro mymMa &, Bimanme miyMa Ha
IOCTIEROBATENBHOCTL GH(YpKalHil YABOSHAS NEPUORA PACCMATPHBANIOCh B psfie paboT
(cM., nampuvep, [46] u mureparypy, yxkazanHyro B Heit). OCHOBHOM Pe3yJIbTaT COCTOUT B
TOM, YTO B MPHCYTCTBUH IIyMa HOCIENOBaTENbHOCTL OHM(YpKALMi yIBOeHWs Iieproja
CTaHOBHTCS KOHEYHOH. bonee TOro, cymecTBYeT VHEREPCANBHBIA 3aKOH CKSHUNIBIra,
CBSI3BIBAROINMN MaKCHMANHHYIO BEJIWUHHY MHTEHCHBHOCTH IMyMa G, H BO3MOXHOCTH
HaOmoeHrsI HETOIBIDKHOM TOUKY nepuoja (Lukia) 2

O o W, (29)

rie p=6.557.. sBAseTCS YHWBEPCANBHOW KOHCTAHTOH. JTOT pE3yNbTaT NOIyUYeH
pa3IAYHBIME TEOpeTHIeCKAMY MeTOolaMu. B HacTosinieM pasfefie Mbl HIUIFOCTPHPYEM
NpAMEHeHAe KYMYISHTHOIO AaHANM3a [UIsI HUCCIENOBAHHS YHUBEPCAILHBIX CBOUCTB
CHCTEMBL.

Bsenem 06030a9eHIS KyMYJISTHTOB [IEPBOrO B BTOPOTO IOPSIIKOB B BHJiE

X,=<x,>, Y,=<x2>-<x,>2 (30)
Torga B 'ayccoBOM IpEGIIKEHNHA TOMy9acM KyMyISHTHOE OTOOPaXEHAE BAIA

Xn+1 =1- a(Xn2+ Yn)a Yn+l = 4a2X,,2Y,, + o2, (31)

a 3meck, K4k W B MOpefpyviiieM IpmMepe
OTOOpaKEeHH OKPYXKHOCTH, MBI paccMar-
puBaeM ciiyda#l crmaboro Iiyma, OCTaBISIS
TONLKO JAHCHHBIE YWICHLI IO BTOPOMY
KymynsanaTy. HauaneHele ycnopws Ong
KyMyJISIHTHOH CHCTEMBI 3aIHCHIBAIOTCH B
]1 Buge  Xg=xy, Yo=0, rme x, sBnserca

1.6

14

12 . o
HEUONBIDKHOW TOYKOU COOTBETCTBYIOIIETO

nepuofa. brdypkaimonHas gmarpamMma Ha
IIOCKOCTH MAapameTpoB (@,0) s LUKIOB
mepmoga 2!, 22, 23, 24 m 25 mokazama Ha
puc.4. Tak xe, xaxk #m Wid OTOGPAKECHUST
OKPYXHOCTH, OH(YpKaIMOHHbIC JHHHH
0.6 Lo cal oot ot sl COOTBETCTBYIOT YCJIOBHIO PaBEHCTBA «+1»
’ o2 OHOrO H3 MYJbTHIUIMKATOPOB HENOJBH-

KHOW TOYKH COOTBETCTBYIOWIETO HEPHOJA.

Puc. 4 BudypxanHonras marpamma oToOpa- BH(pypKauHOHH:M J@arpaMMa IIOKa3bIBAET

31 i
serms (31) HaIA9Ae TDAHAYHBIX SHAYCHEY murencws-

1.0

0.8
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HOCTH IMyMa Og#, KOTOpble 00O3HAuyeHBI KBafpaTaMe Ha puc.4. OTH TOUKM Ha

OM(YPKANFONHBIX NHHASX HMMEIOT KOPAa3sMEPHOCTh 2 W ONPENeiSIOTCS NOMOJHHA-
TeNBHBIM YCIIOBHEM: PAaBEHCTBO BTOPOrO MyJbTHINIAKaTopa «-1». Ilocienoaresb-

HOCTb O;MaX YIOBJIETBOPSIET 3aKOHY CKEUIMHIA Oymax o | -k ¢ KOHCTAHTOM Heup=6-592.
Taxnm 06pa3oM, Mbl HONYYWIA PEIYILTAT, HAXONMIIANACS B XOPOIIEM COOTBETCTBIH ¢
TCOPETHYECKUM 3HAYEHHEM KOHCTAHThI CKEHNMATa [1=6.557.

JakmodyeHne

B nHacrosmes pa6oTe MeI pACCMOTpEIH HEKOTOPBIE [POGIEMBI GA(YPKAIIEOHHOTO
aHalm3a AHHAMAYCCKUX CECTEM, BO3MYIAeMbIX BHEIHAM IymMoM. ITonpo6Ho minoxena
METOJHKA, OCHOBAaHHAS Ha IPUMEHEHHH KyMyJNSHTHOTO aHaim3a. [JaHHLI HOmXOR
TIO3BONSET NEePeBECTH 3a1ayy HCCIIENOBaHMA CTOXaCTHYECKOM CHCTEMBI (CHCTEMBI C
IyMOM) B ILIOCKOCTh NpoGIeM OH(YPKALMOHHOTO aHANH3A JETEPMUHAPOBAHHBIX
JMHAMIIeCKuX cucTeM. VIcmomb»30BaHpe KyMYJSIHTHOTO MOAXOQ WUIOCTPHDPYETCS Ha
OpUMEpE  HCCHEAOBAHWS  IIOC/IEMOBATENbHOCTH OHMypkammii B OTOOpaskeHAA
OKPYXHOCTH H oToOpakenvd Pelirenbayma.

ABTOp BbIpaXKaeT HCKPEHHIOIO mpm3HartensHocTh I0JI. KimMouroBmuy m
B.C. Anmnenko 3a NOmiep:KKy pa0OTRI H lLieHHBIe 3aMedanmst. ABTOp Gnaromaped
J.Kurths, U.Feudel, W.Ebeling, A.S.Pikovsky m L.Schimansky-Geier 3a o6cyxpenne
pE3yNBTATOB PabOoTHL.

Paboma uacmuuno nooodepiwcusasacy 3a cuem cpedcme MexcOyrapodrozo
Hayunoeo ®onda (epanm NRO 000) u Iockomumema no ebicutemy o6pazosauuro
Poccuu (epanm 93-8.2-10).
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Capamosckull zocydapcmeerHblll Hocmynuaa e peoarxyuro 10.01.95
YHUBepcumem nocae nepepabomru 15.03.95

THE CUMULANT APPROACH FOR THE INVESTIGATION OF
BIFURCATIONS OF DYNAMICAL SYSTEMS DRIVEN BY
THE EXTERNAL NOISE

A.B. Neiman

The problems of bifurcation analysis of noisy systems are considered. The tech-
nique of bifurcation analysis based on the cumulant expansion is proposed. The noise in-
fluence on the mode-lockirg bifurcations in the circle map and on the period-doubling
bifurcations in the Feigenbaum map is considered as examples.

Heiiman Anexcandp Bopucoauy - poguncs B okTs6pe 1962 roga. OxoHIHI
chusnueckuit  axymerer CapartoBckoro ymuBepcuTeTa (1984).  3amuTmn
FUCCEPTALMIO Ha CONCKaHKe YIEHOU cTernecHd KaHauaaTa QU3MKO-MaTeMaTHYeCKHX
HayK N0 cneuganpHOCcTH pammodusnka (1991). B Hacrosinee BpeMs - NOKTOPAHT
kachenpel paguodusuku. Asrop Goxee 35 mnyOmukarmmii B MEXAYHAPOAHLIX H
OTe4eCTBeHHbIX m3nanustX, O6nacTh HayYHBIX HHTEPECOR: HeNWHEHHas MUHAMuUKa,
CTOXACTHYECKas OuHaMuKa HeUHERHBIX CHCTEM, TEOPHA cnyqai?rﬂmx HIpoUECCOB H
Teopus HEGOPMaIHH.
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NONLINEAR DYNAMICS OF MIXED EVOLUTIONARY STRATEGIES
FOR SOLVING OPTIMIZATION PROBLEMS -

Werner Ebeling

Several elementary strategies of evolution are investigated and described by simple
mathematical models, leading to a highdimensional system of coupled differential equations.
The stationary states of the system correspond to relative optima and the stable attractor cor-
responds to the finai solution of the optimization problem. Special attention is devoted here to
mixed Boltzmann - Darwin strategies modelling basic elements of thermodynamic and bio-
logical evolution respectively. A continous model leading to one p.d.e., the corresponding ei-
genvalue problem and several applications are discussed.

1. Introduction

Our world including biological species, the ecological communities and human so-
ciety appears to be the result of a special search process: natural evolution. There is no
external program which controls this search for weli-adapted solutions. Our world is
fundamentally based on the selforganization of matter which is a highly complex non-
linear process {1-7].

Evolution we understand here as in earlier work as unlimited sequences {spirals in
Hegel's picture) of selforganization steps [1,2]. Selforganization is defined as the spon-
taneous formation of order in open entropy-exporting systems. One of the most evident
features of evolution is the tendency to form ever more complex structural and behaviour
modes during the course of time. The understanding and explanation of the trend to com-
plexification and optimization forms the heart of any research program dealing with
problems of evolution. Modern research has shown that the strategies developed in the
process of natural evolution might also be of interest for the design and construction of
technical systems. Pioneering work in this direction was done by Holland, Bremermann,
Rechenberg and Schwefel [8-10].

2. Models of the Basic Strategies of Evolution

Analyzing the mechanisms of natural evolution we find several basic strategies [8-14];
the main of them are:

1. Boltzmann strategy. The fundamental goal nature tried to reach in its course of
evolution up to the appearance of life is the optimization of certain thermodynamic func-
rions. In our present understanding the metagalaxis was the result of a giant vacuum fluc-
tuation which extended through an inflationary process and led to an hot and quickly ex-
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panding plasma. The expansion of this very hot plasma started about 10-20 billions of

years ago. The expanding plasma tried to maximize its entropy and this was the basic

reason for the formation of the chemical elements and for the clustering of matter which

finally led to galaxies, stars and planets.
The Boltzmann strategy has three important elements:

a. Motion along gradients to reach steepest ascent of entropy. :

b. Various stochastic processes including thermal and hydrodynamic fluctuations. Thank
to these fluctuations locking in local maxima was avoided.
¢. Decrease in temperature during the adiabatic expansion of our world.

Let us consider for example a numbered set of states i = 1,2,....n each characterized
by a potential energy U, and a population x(f) at time ¢. Then the simplest model of a
Boltzmann process which tends to find minima of U, is

0,xi(1) = L (Ayx(t) - Ajxd1)), €]

1 if U;> U,

A, =A0 3 jo M
v { exp {(U; - U)/T), otherwise. - @)

A;jo = Aj ;0.

In other words a hill-down transition is always carried out and a hill-up transition
occurs only with a small rate which decreases exponentially with the height of the
threshold.

2. Darwin strategy. This second important natural strategy appears in the universe
only in the process of biogenesis i.e. about 3-4 billions of years ago. The basic elements
of a Darwinian strategy are:

a. Self-reproduction of good species that show maximal fitness.

b. Mutation processes due to error reproductions that change the phenotypic
properties of the species. '

¢. Increase of the precision of selfreproduction in the course of the evolution of life.

Considering again as an example the population of ~ states a simple model reads

a,x,- = (E, - <.E>) X; + Ej (Aijxi - Ajix,-). (3)

Here E; denotes the fitness (expressed by the rate of self-reproduction) of species i in
the population and <E*> is the population average.

The two strategies discussed so far will be denoted in the following as elementary
strategies. For completeness let us mention only other more difficult strategies which
were developed by nature in the course of evolution, as e.g. Haeckel strategies, Volterra
strategies etc.[1,2,10-12].

3. Mixed Boltzmann - Darwin Strategy. Boltzmann and Darwin strategies show
several parallels but also essential differences [10-11]. Both strategies are well suited to
find the extrema in landscapes of potential functions. In general it will depend on the
structure of this landscape, what search strategy is the better one. The qualitative analysis
carried out in earlier work [11] suggests that in the case that no knowledge about the
structure of the landscape is available, it will be advantageous to apply the Boltzmann
strategy combined with annealing. This strategy seems to be more universal; it will al-
ways work. However, thermodynamic processes have the tendency to be locked in rel-
ative extrema surrounded by high threshold. In the other hand, Darwinian processes are
able to cross high barriers by tunneling if the next minimum is close. In any case we have
seen, that both strategies are quite different and we might expect that there exists a class
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of problems, where the Boltzmann strategy is better and another class of problems where
the Darwin strategy is more appropriate. In such a situation it seems to be a good idea to
develope a strategy which possesses components from both elementary strategies.

In order to model mixed strategies let us consider again a numbered set of states
i =1, 2. ..., n each characterized by a potential energy U, and a population x,(¢) at time ¢.
Then a simple model of a mixed strategy with the property to find minima of U, is

ax; =y(<U> - Ux; + Z; (A5 - Ajix), (4)
1, if U, > U,

Ay = A0 { ! : (5)
exp {B(U; - Uy)} otherwise,

with

f’“}‘:jo = Aji09 B = 1/T. (6)
The new models described by eqgs. (4)-(6) contains as a special case the Boltzmann
strategy for y = 0. The Darwin strategy is obtained for y=1and T — oo.

3. The Continuous Model of Mixed Strategies
and the Associated Eigenvalue Problem

Since the mathematical problem connected with the solution of the coupled non-
linear differential equations (4)-(6) is extremely difficult, let us simplify it. We introduce
a corresponding continuous model leading to one partial d.e. by replacing the vector x; by

a continuous function x(g, ¢) and restricting mutational changes to small steps [1,11].
With these assumptions we get a mixture of Fisher - Eigen and Fokker - Planck equations

dx(q, 1) = y[<U> - Ulg)}x(g, 1) + D[Ax(g; 2) + Bx(q, HVU(q) |- (™)

For § = 0 (T — o) this is the standard Fisher - Eigen equation which is solved for ¢ — oo
by a Gaussian-like distribution centered around the absolute minimum of U(g). For
v = 0 results the standard Fokker - Planck equation which is solved for ¢ — oo by the
Boltzmann distribution

xo(q) ~ exp [-BU(q)] (8)

which possesses a maximum around the lowest minimum of U(g). In the general case
v> 0, B > 0 the following ansatz is useful

x (g, t) = exp [ﬂo <Usdt - BU(q) 2] ¥(q, 1). (%)

This substitution transforms the nonlinear p.d.e. (7) into a linear equation for y(g, 1)
which is similar to the Schradinger equation with imaginary time

d(q, 1) =D[ay(q, 1) - V(9)]¥(q. ©) (10)
with the effective potential
V(g) =y U(q) - (DI2)BAU(q) + (D/4) (VU(q))~ (11)
The new linear equation which is solved by
y (Qa I) =X an‘yn(q)exp('gn't ) (12)

Here the eigenvalues ¢, and the eigenfunctions v, are determined by the stationary
Schridinger problem



DAy,(q) +[ &, - V(g) Twu(g) =0 o (13)

fgr ;he effective potential. In this way we get the complete explicite solution of eq. (7) in
e form

x(qa t) = exp[-BU(q)/Z ] ’ E an\un(q)exp(-e,,t)/chexp(-s,,t). (14)

The coefficients a, and ¢, are defined by

a, = ldg x(¢.0) v.(q),
(15)
¢ = a,ldg v.(q).

In the limit ¢ — oo our solution converges to

x0(g) = exp [-BU()/2 ] - (ao/co) Wo(q) (16)

where yy(q) is the ground state wave function which is centered around the deepest min-

imum of the effective potential V(g). A deeper mathematical analysis of the solution giv-
en above is in preparation [15]. A

4. Application to Optimization Problems

Let us first show that the dynamics of the mixed process is problem-solving that
means it will find the absolute minimum of U(g) which is the target of the search. Since
the Boltzmann factor has a maximum at the deepest minimum of the potential U(g) we
see that xo(q) is centered near to the latter. In other words, the dynamics of the mixed
strategy converges to a point attractor near to the minimum of U(g) which is searched,
i.e. the strategy is indeed problem solving, In order to guarantee the exact convergence to
the minimum of U(g) we may use a kind of annealing y — 0 and B — <. Since for y=0
the ground state solution of eq. (13) is

wolg) = exp[-BU(g)/2 ] a7

we see that xy(q) degenerates in the limit of the annealing process to.a 8-function cen-
tered around the deepest minimum of U(g). This proves that the dynamic process con-
verges in the limit y — 0 , B — oo and ¢ — oo indeed to the absolute minimum of U(g).

In earlier work we considered the application of mixed Boltzmann - Darwin
strategies based on the discrete form of the mixed strategies given by egs. (4)-(6) to the
travelling salesman problem (TSP) and the related cost problem (CP) [13]. For example
we considered routes between 100 towns stochastically distributed on a square as well as
routes connecting 16 «real» towns. The potential corresponding to the TSP is the total
length of a closed tour connecting all towns [13]

U=XLG,)) (18)

where L(i, j) is the distance between the towns i and j. The «real» towns considered in
our earlier work were: Schwerin (B), Rostock (A), Stralsund (P), Neubrandenburg (C),
Stendal (H), Potsdam (D), Berlin (I), Frankfurt (E), Cottbus (Z), Dresden (R), Chemnitz
(T), Gera (N), Halle (K), Leipzig (S), Suhl (O), Erfurt (L). The distances then were tak-
en from the data given in a common calendar for automobile kilometers. The problem
was of course not, to solve a realistic touring problem but, to find good strategies which
yield short tours in a modest time. It could be shown by simulations that in this respect
mixed Boltzmann - Darwin strategies have very good scarch properties. We mention
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also another variant of those strategies which includes aging of the searchers, a strategy
which was called a Haeckel-type strategy {12]. _

In owr simwlations the number of representatives (selesmen) in the ensemble was
varied between 29 znd 27. We calculated the mean value of the dispersion and the best re-
sults obtained by & search in a given fixed total computer time. It was shown that en-
sembles with 4-32 representatives give the best results with respect to the mean value,
the best value and the dispersion of the results. The interpretation of these findings is the
following: certain amount of parallelism is a useful element of good search strategies. The
computer time which is lost for simulating a number of parallel searchers is gained by
certain advantages of parallel search as e.g. the possibility of exchange of experience. In
our mixed strategy this is modelled by the Darwinjan elements: competition between
searchers, survival of the fittest. However when the number of searchers working in par-
allel is too high. in our case exceeding the number 32, the parallelism costs more than one
can gain from it. According to our experience, a successful strategy requires a fine bal-
ance between parallelism and individualism on one side and between Darwinian and
Boltzmann elements on the other side.

Similar results were obtained by the analysis of a cost problem with the potential

U=3%C(i)) (19)

where the cost for travelling from town / to town j was derived from the distance by mul-
tiplication with a rendom number in the range (0.2 + 1.2). The cost problem does not sat-
isfy a triangle inequality and must be considered therefore as a different class of op-
timization problems. The results show again certain advantage of including Darwinian
elements into the search strategy. Let us underline that N = 1 corresponds to a pure
Boltzmann strategy and N = 2,4,...,128 to a mixed Boltzmann - Darwin strategy. In this
case we are simulating a population of N salesman which are searching simultaneously
and which are coupled by a competition for the best results. The simultaneous search was
simulated always on a single sequential computer. Of course it could in principle be car-
ried out also on a net of parallel processors. Since the coupling (acts of selection) be-
tween the elements of a Darwinian ensemble is a rather seldom event, the speed up by
using such an N-processor net might be near to N. Possibly the real power of mixed
strategies inciuding Darwinian elements will show up only on parallel computers with 4 -
32 parallel processors [14]. This question has to be left to future work, as well as a deeper
mathematical analysis of the mixed strategies [15], which were described here in a more
qualitative way.
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HEIMHEUHAA THHAMUKA CMEMAHHBIX 3BOIOIMOHHBIX
CTPATETHA I PEMEHUSA IMMPOBJIEM OIITHAMU3A LN

Beprep 36eaunz

Hccnenyrorcs HECKONBKO NMPOCTBIX CTPATerdd 3pomolym. OHH — ONMCHIBAIOTCS
IPOCTEIMA MaTEMATHYECKHME MOJIENISMH, CBOIAIUINMHCA K MHOCOMEpHOH cHcTeMe
cBa3aHERIX uddepeHIEanbHLIX ypaBHeHmd. CTanpoHApHBIE COCTOSHHS CHCTEMBL
COOTBETCTBYIOT OTHOCHTEJIHHBIM ONTHMAJBHBIM YCIIOBHSM, a YCTOWYMBBIN aTTPaKTOp
COOTBETCTBYET OKOHYATEIbHOMY pelieHmio npobieMsl onrtaMmsarmmd.  Ocoboe
BHEMAaHHE yHAeasieTcd CMellaHHol crpaTermm bonbiMana - [lapsuHa, Mopemmpyroiiei
OCHOBHBIE OJIEMEHTB! TePMOJUHAMHAYECKON B OHONIOrAIeckol sromronan. O0cyxnaeTcs
pacripefieicHHast MOJEIb, CBOAsHIasicd K ofHoMYy mucdd¢epeHnranbHOMy ypaBHEHHAIO B
YaCTHBIX NNPOH3BOJHbIX, POOIeMa COOCTBEHHBIX 3HAUSHUH B DS IPAMECHEHAM.

Bepuep OJfeaunz - oxkowuun Pocrtoxckud ymmeepcurter (1958),
npoceccop, 3aBefylolliiii Kaceppoit cTaTtucTimdeckol usmru ['yMGonbackoro
yuuBepcuTeTa B bBepmuHe. VM3BeCTHLIM (DU3HK-TEOPETHK, ONUH M3 BELYLUBX
CNENMAACTOB TI0 TEOPHY IPONECCOB CaMOOPranu3aliil U SBOMIONUA OTKPBITHIX
HEepaBHOBECHBIX CHCTeM pa3Hoi npupopel. Ero yuemmku ycmemno pafoTarorT BO
MHOTHX YHHBEDCHTeTaX W HayuHbIX uHCTHTYTaX. Fimeer Gonee 20 KHUT: OT
¢hyHIaMeHTANbHBIX MOHOrpadil NO TeopuM HHU3MKH Ma3Mbl O HAYYHO-
TONMYNAPHBIX KHAT HO cuHEepretdke. Ero KHUTH HEOJHOKDAaTHO H3[aBaJMCh Ha
aHITIMIICKOM U Ha PYCCKOM S3bIKaX.
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INHAMMAYECKHUI XAOC B CUCTEME C MAPKOBCKUMM
OTOBPAKEHUAME ¥ IKCHOHEHIMATLHBIA XAPAKTEP
BbBIXOA U3 METACTABIWIIBHOIC COCTOAHMA

PJI CmpamonosuH

Pacemorpena — muHaMiueckas — Teopust  (DAYKTYaUHOHHOrO — BEIXOfd K3
MeTacTaGUILHOrO — COCTOAHUS, KOTOPYIO  MOXHO  NPOTABONOCTZBATL  W3BECTHOH
Tudby3UOHHGH TEOpHM, OCHOBAHHOM Ha MApKOBCKOM TEODHH JOCTIDKEHMS TPaHHLL
JiuHamMuueckasi TCOpUs IPUMEHIMA B TOM Cly4yae, KOrja CliyJailHble BOIASHCTBUA HE BXOAST
B MHAMHUYECKHE YPABHEHUs, HO YDABHEHNUs TAKOBLI, ITO HMESTC JMHAMUUeCKHH Xaoc (ecnu
OTCYTCTBYET yreura (hasosbix Touek). [Jokasaro, 4TO 3aKOH BhIXOHA 13 MeTacTaGuILHOTrO
COCTOfHHS  fBAAETCA  OSKCHOHEHUMaTbHbM. Halfieno cpepmee BpemMs  XKU3HM M
KBa3WCTAlMORapHOE paclpefieNicHHe BEPOSTHOCTH. B Ka4eCTBE TIPHMEpPA DPACCMOTpPeH
OCLMINSATOP € OTPHUATENLHbIM 3aTyXaHHeM M [eMIKDHPYFOIHME TONYKaMd. 3HaueHHus
HapaMeTPOB B3SThI TAKVIMHU, UTO HMEET MECTO AONTOXABYLIEe METACTabHIILHOE COCTOSHUE.

B muonepckoit padore Kpamepca [1] camomnpom3sonpHBIM pacmal MONEKYIbI
TPaKTyeTCsd Kak OGYCJIOBIICHHBII (DIYKTyallsMHA BBIXON K3 IOTEHLHMAIbHON sMbl. Ilp
3ToM (hIIyKTyalmOHHBIe BO3AEHCTBHS &y (f) B CTOXaCTHYECKIX YPaBHEHHSIX

Yoo = [ulx) + Eo(0), o=L,...,r (D

CYATAIOTCS  BeIbTa-KOPPEIHPOBaHHEIMU. B aTOM MNpHONTKeHHEW NpOIecc SBIIeTCs
rachhy3HOHHBIM  MapKOBCKHM, a K MpPOIECCY BBIXOZ H3 NOTCHIUATILHOH AMEI
NpAMEHAMa MapKO3CKas Teopus NocTmkenms rpammy {2, 3]. B aroi Teopmu ymaercs
HOKa3aTh 3KCHOHEHIMANBHBI XapaKTep CaMOIIPON3BOIBHOIO paciaja.

HyxHo oTmeruTh, OfHaKo, 9ro npuMmenerwe ypasuenust (1) x mpobieme
CaMOUPOH3BOJIBHOTO pacraja CJOXKHON MONEKYNIbl BBI3BIBAET COMHeHmA. HescHo, deM

HOpOXKIEHb! ciyuatimbie Bosgeictsas &,(f). Ecmm oHm sgBismorcst  chepcTsueM
B3aUMOJIEHCTBHS BEIIEICHHON MOEKYIBI C OKPYKAFOLIMMI MOJEKYJIaMA, TO €€ paciaj
He SIBJISETCS CaMOIIPOU3BOILHLIM. Ecnu £,(f) OpoXIeHbl IpOYnMy CTENEHIMI CBOGOIB
V1s-e-sYm MOJIEKYIIBL, TO, CTPOIO FOBOPS, BMecTo (1) mMeeMm

Xa=Jo(®) + Ea(x(2), y(1)), )

Yo = Folx, y). (3)

YemmHeHHas MONeXya MMeeT KOHEYHOe TCIIO CTeneHell CBOGONBI B MO3TOMY &, He
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MOryT OBITB CTPOrO AenbTa-KoppemmpopammbiMé [4]. Kpome Toro, ciyuaiimbie
BO3MEHCTBESA &, He MOTYT GBITh HHHOBANHOHHBMA. CTPOro ToBOpS, HPH ITOM CIIEOBATIO

OBl pacCMaTpHBaTH COBMECTHYIO cuCTeMy ypaeHeruit (2), (3), onpenemsroniyo npomece
{x(2), y()}. Ypasuerns xe (1) memocrarouso.

B jamuoil paGoTe MBI PACCMOTPUM MeXamrH3M SKCHOHCHLHAIBHOLY Pasiaid, HO
OCHOBAHHbI Ha BHENIHWX CIyYaliHBIX BO3AEHCTBHAX. B Hamle# Teopmw cymecTBeHHO,
ITO JOCTATOUHO HEeOOJBINON MOJEA(HKALNE METACTaOHILHON CHCTEMBI, W3 KOTOPOH
BO3MOXKEH BBIXOf, YTOOBI HONYyIATH CTAOHNIBLHYIO CACTEMy U HaoGopor. Ilpm Takoi
MoprKalaA NPAOOPETEHHNE WM IIOTEPS CBOMCTBA CTa0HIBHOCTH IIPOMCXONHT 6e3
PE3KOro M3MEHCHHs YPaBHEHWI ABIDKEHHs. Mb! IpeanonaracM ypaBHEHHS JBAKCHUS
TaKnMH, YTO B CTaOWIBHOH CHCTEMe HMeeTCs HEHAMMYecKMH Xaoc. lorja B
COOTBETCTBYIOMEH MeTacTalWIbHOW CHCTEME BO3MOXEH SKCIOHCHIMANLHBIA pacmaj
u XoTd ObI POECC, IMATAPYIOIAH TaKOBOH, /A BpeMsl KW3HH JOCTATOYHO BEIHKO
OO CPaBHEHMIO C MOCTOSHHON BPEMEHH YCTAHOBJCHHS KBa3UCTALMOHAPHOTO
pacnpefienensds (WIM CTALOHAPHOIO B COOTBETCTBYIOUIEH cHCTeMe 03 yTeukw
a30BBIX TOYEK). Y CIIOBHE GONBINOIO BPEMEHA XHU3HH, TO €CTh MaJIOH yTeukn (ha30BBIX
TOYEK AHATOTHYHO M3BECTHOMY YCIIOBHIO GOJIBINON BBICOTHI NOTSHIHAILHOIO Oaphepa
110 cpaBHeHHIo < kT B Teopmm Kpamepca.

OTMeTuM, 910 NIpY YPaBHEHWSIX JBMKEHUS, HE NArOIMUX (UHAMAYECKUN Xa0C, HET
9KCIIOHEHIMAILHOTO paciafia METaCTaOMILHOIO COCTOsIHUA. TONbKO IpH HAAMAIECKOM
xaoce B Ciydae, OmHMChBaeMOM ypasHemmsME (2), (3), K KOHe4HON CHCTeMe
OpUOMICKEHHO NPMMEHMMBI PE3yNbTaThl CTATHCTUYECKOM (DH3HKH, ONpefcigromue
CTaTUCTHYeCKHe CBOMCTBAa ciaydaiuelx BosgedictBmil &,(f) B (1). WMmade teopmst
Kpamepca cTaHOBHATCS HEMPHAMEHAMOIL

Yro0B] MOKa3aTk TEOPETUUECKHA BO3MOXKHOCTH SKCIIOHEHIAANIBLHOTO Paciaja [pH
OTCYTCTBHH CJIy4aiHBIX BO3JCHCTBAN W3BHE, PACCMOTPAM HETaMWILTOHOB Ciydali.
Tlycte pmewokenne B (a30BOM HPOCTPAHCTBE TAKOBO, YTO 3a BpeMs T WMEeT MecTo
MapKOBCKO€ KyCOUYHO-JIAHEHHOE OTOOpazkeHre

X' = F(x) (4)

[IPOCTPAHCTBA COCTOSIHMH B celst. 3mech X = (Xq, ..., X,.), X = x(2), ¥’ = x(++Ty).

HavseM ¢ Toro ciydas, KOrjia pacuajg OTCyTCTBYeT, TO €CTh OTCYTCTBYET BBIXOJ .
u300pakaromed TOIKH 3a obnacts R cTabuiapsbix cocrosami. [IpennonoxmmM, aro (4)
OCYIIECTBJSIET MAapKOBCKOE KyCOUYHO-IHHeHHoe orobpaxkeHme obnacte R B cebs. Bto
3HA9AT, 9TO OONACTh CTaCWiIbHOCTH R MOXKHO pas3burh Ha mopgobmactm {R;} Takmm
ofpa3oM, 4TO NpH OTOOpa’keHHH Kaxpas momobaacTs R; mepexofuT B OFHY HIX

HECKOJIBKO nofobiacteil ER%, ey SR%J. (n; 2 1), mprdeM 310 OTOGpaXXEHHE

Ry R/ = T Ky, (5)

TIPOHCXOPWT JmHeHHO. BBopsa Marpuny dy = XSy, SNEMEHTHI KOTODOH PaBHBI HYIO
HIIW eqyHrIe (dkj = 1, ecm nmepexop u3 R; B Ry Bosmoxen, u d; = 0 B mpoTEBEOM
ciy4ae), IpaByio 9acTh (opMys! (5) Ipa MF0G0M j MOXKHO 3ammcaTh 2 R dy.
O6o03maumm gepes V; = IR,| o6vem obaacta R, B cany mmefHoCTH 0TOOpaXeHAA
(5) HeTpyaHO HaifTH BEPOSITHOCTHA IEPEXOfa P[%%.I R,] m3 R; B xaxxyro U3 nofobuacTeH

i)(ajl,...,% . IIpu yciioBuw, 9To0 pacnpeficsienne B R; GbLI0 PaBHOMEPHBIM, AMEEM

®jnj
P [mocﬂ] 9{J] = Vaji/ EI:IVOLﬂ H . (6)
3pecs j moboe u i=1,...,n; Vicnonb3ys Marprny dy;, opmyite (6) MOXKHO IpHaTE BHN

Py=P[R A RIVidy ! X,V dy, ™
roe k yxe moboe.
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T1ycTh ILIOTHOCTh BEPOSTHOCTH B R SBIAETCS KYCOYHO-IOCTOSHHOM: w(x)=p;/V;
npE x & R, 3necs p; - BEpOsSTHOCTH Momagar®s B K. [IpeoGpasosanme pacnpeneneHns
B@pOS{THocm 3a BpeMsi Ty ONpefeisieTCs OPMYNon OGbI‘iHOI“O Buma

pll+1] = & pypi[1]s (8)
rae p;{l] = p{i{Tn+ 1;] Tlpm 3TOM yCTIOBHE CTAIMOHAPHOCTH PACHPENETIEHHAS BbIPAXKAETC
_\‘PaBHeHHeM

pt= Zj Pub;st. 9)

IlycThs Tenephb BO3MOXKeH BBLIXOU H3 o0nacTu cocTosHmU R, HpudeM BbuOeMHAL
TOYKa VKe He BO3EpalllaeTcs B Hee. IIpeinonoxmM, 9To Kaxpmas nogobnacte N
o0:acTi R HEHEHHO 1peodpaizyeTcs B 00nacTh E)’{(11 yeers R s KOTOPBIE YXKe He 0043aHb!
uenuke .. nexate B ‘R. Ilpu 3TOM Ta 4acTh o6nacm R, 0. KOTOpasg Haxogurca B R,
cbo3meaeTest Ry, . to ecthb R, = R0 N R. Hanee myers V0 =IR0I, V, =IR,|. Teneps
OyIeM meTh BMecTo (7)

OueBumHO, ITO TEIE]Db
Zk pLJS ], (93)

TO €CTh YCJIOBMC COXpaHCHUSA BEPOATHOCTH kakal HEe 00SZaTeNnbHO YOOBIIETBOPACTCA

npr Beex j. ToaTomy m3 (9) yxe He BeITekaeT yciopme s = 1, ecim B (9a) mmeeT

MECTO 3HaK «< » XOTsI Obl IPH OJfHOM 3HAYEHIH J, TO €CTH CTAIAOHAPHOE pacnperienesne
HEBO3MOXHO. OnMHaK0, BMECTO CTammHapHoro pacnpefenienns Tellepb MOXHO HAiTH
paclpefiefiecRie BEPOATHOCTH pf, coxpaHsoniee (opMy NpH SKCHOHEHIHAILHOM
yGbiBamuu cCyMMapHoli BeposrtaocTd. [lonmoxkus

pll] = Al p,0= e Hp,0, A= -lnA (10)

npu 2;pP = 1, n3 ypanHeHus (8) nomydaem

ijkjpjo :Apk(), (11)

Orcrona MOXHO HadTE A ® p0. 3HaueHWe A; OUpPENENieTCd KaK MaKCHMALHOE
3HavdeHue (TOMBKO VIS MaKCHMalbHOTO 3HadeHmss Bce p = 0), mpum xoTopom

[ETEPMUHAHT MAaTpuupl i py - Ay Il obpamjaercs B EHymb, TO eCTh BO3MOXHO
HeTpuBHaLHOe perierue {p,0) ypasuenus (11). TIposous cymmuposaswe B (11) mo &k u

YUUTBIBas, 9TO L0 = 1, maxomum

Al = ijpkjpjog 1
3JTa Ben@UMHA MEHbIIE eNUHUILI, €CHH X0Td ObI AN OfHOH HMopobIacTH R;, mmeronient

HEHYJIEBYIO BEPOSTHOCTE p, CHpaBE[IMBO CTPOrOe HEPABEHCTBO Xy py; < 1. B aroM

cnydae, feVCTBATENBHO, AMEET MECTO HECTAGHIBHOCTE,
Herpym#o mowsTh, 9rc cpemHee BpeMs XU3HH B PAaCCMOTPEHHOM  CIIyYae
onpefenseTca hopMyIon ‘

T = To/ln(1/Ay). (12)

3aMeTmv TakxKe, WO B CHy4ae CTaOUIBHOM CHCTeMbl CpefHE# Koathhument
SKCTIOHEHIHATIEHOTO YBEIHUeHAT O0bEMA, PACCIUTAHHBIA Ha CIMHMILY BpEMEHH, paBeH
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1
o= T Zpjt In(V; 1 5, Vidy).

Tlpu sToM MOXHO mMOKa3aTh, 9T KOI(DGUIWEHT DACTSOKEHHI O HE MEHbIIE 3ITOH
Beymuniel OB COBIIAJJACT C 0y I OMHOMEPHOTO claasoBoro POCTRAHCTER,

HyxXHo oTMETHTb, 9TO B PacCMaTpPEBaEMOM CIlydae IIpH O > 1, Korma mMeeTcs
MMHAMIIECKHI Xaoc, oToOpakerume (4) He WCKMOYAET BOMOXHOCTH TEpEecedeHHms
dazoBrix TpaekTopmii. [ToaTOMY TEHAMHYECKHI Xa0C BO3MOXKEH B IOJOOHBIX CHCTEMAX
OpA pa3sMEpHOCTH (Pa30BOTO IPOCTPAHCTBA MeHbIE TpeX. UToOB! 3TO mepecedcHme
ObLIO BO3MOXHBIM, A depeHIuanbHbe TAHAMAYECKAS YPaBHEHUS ABYCKEHUS JOILKHBI
SBbITH HETPATUIWOHHBIMA, CKaXKeM, COIEPKATH 3ama3/bIBaHue

xo(t) = fulx(t- 4)), A>0.

B xawecTBe NpOCTOro KOHKPETHOTO IpHMEpPa PAcCMOTPAM OCHELISTOP C
OTpHIIATENbHEIM 3aTyXaHHEM H C JeMicupyrompma Tondkamu [5,6]. Ero mosenenve
OIHCHIBACTCS YPABHEHAEM

Y- 28y + (@2 + 82)y = -hd(y.c- b)yd(y), (13)

roe %(z) = (1+sgn z)/2, y.. = ¥(t - &) oBo3HauaeT 3amas3gbIBAHEE HA BEChMa MAJIYEO
BenwuuHy €. Y pasrenye (13) o3navaer, YT0 CIpaBeABO ypaBHEHHE

y - 28y + (wg? + 82)y=0,

ecti y < b. Ecma ke y > b > 0, TO B MOMEHT NPOXOXJEHAS TOUKA y = 0 MasTHUK
ACHBLITBLIBAET TOTIOK HABCTpedy JIBIDKEHHIO, KOTODbIH TPEBOAAT K MTHOBEHHOMY

YMEHBIIEHWIO CKOPOCTH Y Ha 4 > 0, TO ecTh K Ipeobpa3oBaHAIo Y — y- A

IIpy  orcyrcTBEE TOINYKOB  aMIUETyfla KonebaHWli  SKCIIOHCHIWAIBLHO
VBEJIAIMBACTCS, IIpAYEeM 33 nepuof =271/ IPOUCXOWT YBEJIWICHHE aMIIIWATYObI B
y = edTopas. IIpw Hanw"w® TOTIKA AMEET MECTO TaKoe OTOOpaKeHHUe 3a IepHOY,

o upH x < bfy, (14)
w-h npux > bly,

Ifie X I X - 3HaYeHns] CKOPOCTH y HEMEVICHHO MOCTIE TEPECeIeHrs TTOMYMpPAMOH y > 0,

y =0, To ecTs ocne ToM4Ka, €CIA OH €CTh.
PasymeeTcs, B ciydae npeoGpasosauns (14) ne npu BeeX 3HAYCHAAX NAapaMeTpPOB
v & h/b mMeeT MecTo MapKoOBCKOe oTobpaxenre. IIpocTeimit MApKOBCKHH Ciydail (mM

A OrPAaHMYMMCs]) MBI HOJTYYAM, ECIH TOIOXKAM Y = Y, = (1+ 512)/2 (To ectb Yy2- ¥5-1=0) u

h/b = y-1. Torpa crammoHapHasi MIOTHOCTb BeposATHOCTH w(y,y) COCPESOTOYEHa B
obnactyu, KOTOpasi 3alITPAXOBaHa Ha pHC. 1. B 3To# 001acTd IPOUCXONAT XaOTHIECKOE
OCIJUIAIAOHHOE IBMKeHMe. CTaliOHapHOE K€ paclpefieficHHe MEPEMEHHOW X
cocpenoTodeno Ha wmatepBane (a,b), rne a = b-h Ilocnegmmit cocTOET H3 JBYX
nogERTepBanoB R, = (a, ya) u Ry, = (ya, b). IIpn orobpaxernmu (14) mHTepsanm R;
nepexomuT B R,, a R, B R1+R, (puc.2).JIpm sroM marepan R,'=RN pasgensercs va R, u
R, B cooTHOwterAn 1/ ITo mo3BoIsgET 6e3 TPyAa OHpefeldTh MATPHIy BEPOSTHOCTH
nepexopa (7)

=0, pn=1, pr=(vo+1)-1=2-7, DPar=Yo-1. (15)
IIpomsseneM Telieph Malylo JAcOpManMi0 C TeM, 4YroObl MOSBHIACH
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Puc. 1. O6nactb dasoBoro npocTpancTsa, B Puc. 2. TIpocToli npumep MapKOBCKOro otoGpa-
KOTODO# JIekAaT XxaoTH4eckue a3oBble TPACKTODHU  KEHHUs

(YzYo)

HecTaOGUILHOCT. BO3bMEM HECKONBEKO Gomnbinee 3HageHRe O B Y =Yy+¢ (e>0). [Ipz sTom
nonoxuM h =(1-y2)b, Tak 4To oOTCOpaKeHHe 3a NepHox OyjieT UMeTh BO

_,_{yx upH x < bly,
w-(1-y2)b npu x> bly.

370 oroGpaxkenme NpU Y=Yy+€ HOKazaHo Ha puc. 3. OHO NepeBOIMT HHTEpBAN
R1=(b/3, bly) B R,=(bly, b), a uareppan R, B R1+R0, tae R0=(bly, (y+y 2-1)b). Touxs,
nonasie Ha mHrepsan (b, (y + v -2 - 1)b), yXe He BO3BPAINAIOTCS, a YXOUAT B
GeckonegHOCTs. 3acch Yy 2-1 = 14+(7-dy)e+0(e2) =1+(5-2012)e+0(e2). Tenepy B
orneraue ot (15) 6ymem uMeTh

pu=0, pu=1, pr=y2=2-1- 2y 3e+0(e?),
pr=y =Y 1 -1y 26 +0(e2).
Torna mMakcAManbHEIA KOpeHb Ay ypaaerns lIp,;- Ad;ll GyneT Takos:
Ar=1- (w-1)e+ O(e2).

X YunThiBass TaKXke BTOPOH KOpeHb A,
[ 7 pacnipefienerne p;{/] MOXHO 3ammcaTh

pill] = AqlpP+Aqip .

Korpga sTOpoil wmern B mnpaBoii 4acTu
NPAaKTHYECKH ICUE3HEeT [0 CPaBHEHUIO C
MEPBBIM, MOMYYAM IPOCTYIO 3SKCHIOHEH-
muanbayio 3asucaMocts {10). Tem cambm
B [JaHHOM IIpAMepe 3KCIOHEHIMAILHBI
pacmaj [EWCTBHUTENLHO WMEET MecCTo,
mpugyeM cornacuo (12) cpemmee Bpems

BV |— - — -

Yo7 RN NN =
. L L > SKU3HA PABHO T,, = YpI o/e.

o o ’ B 3zakimuenwe HYXHO OTMETHTb,
Puc. 3. OtobpakeHte npy BO3MOKHOCTH BbIXOAA YTO MapKOBCKEE NpeobGpazosanus (8) mis
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BEPOATHOCTEH, JalOLMe IKCNOHEHIHMANbHBIH 3aKOH pacnajia, MOXHO HONydMTh M B
TaMHAIETOHOBOM CJIy9ae Kak NPHOIIEKEHHEIE, ECIM JACKPETH3APOBATE BPEMS A Pa3GHTh
(pa30BOE IPOCTPAHCTBO Ha SmeMeHTapHble sueiikn {R). Ilpm srom BeposTHOCTH |,
Iiepexofia py; HO-TPEeKHEMY ONpPEAeNIIoTCa KakK Ta fons (pa3oBoro o6beMa, KOTopas
npn npeoSpasosarmd (4) nomagaer B Ry, To cotb py =IRNRIK;|. Snecs R=TH, -
00macTh, B KOTOPYIO MepexomuT R; 3a ONH mar.

Hannoe uccaedosanue 4acmuuro ¢uHancuposano zparmom ND 1000

Meacoyrapoonozo nayunozo gonoa u epanmom ND 1300 Mewdyrapodnozo HayuHozo
@onoa u Poccuiickozo npasumeavcmaa.
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THE DYNAMIC CHAOQOS IN A SYSTEM WITH THE MARKOV MAPPING
AND THE EXPONENTIAL LAW OF EXIT
FROM METASTABLE STATE

R.L. Stratonovich

The special kind of the metastable state and the fluctuational exit from it are con-
sidered. The process in the system is near to the auto-stochastic process (the dynamic
chaos) described by extending the Markov mapping if life-time of the state is great. It is
shown that the exit law is exponential. Thus the process of the metastable state exit is an-
other example of the exponential exit along with the potential well exit considered in the
diffusional Markov exit theory.

. Cmpamonosuy Pycaan Jleonmuesus - pogmics 8 1930 rogy 8 Mockse.
Oxouuun ¢usmieckuit hakynsTeT MOCKOBCKOrO rOCYAAPCTBEHHOTO YHUBEPCHUTETA
(1953). Tlocne OKOHYaHMs aCIHMpPaHTYpel Hpu (u3ndeckoM parymbrere MIY
paforaer TaM Xe. 3allMTHN AHCCEPTAarHI0 Ha COHCKAHHE 3BAHAS KaHJMaTa
hU3MKO-MATEMATHYECKHX HAYK B 00MacTd Teopun duykTyauui (1956), a Takxe
NOKTOpCKyfo muccepraumio  (1965), NOCBSINEHEYIO YCNOBHBIM — MapKOBCKHM
NpOLECccaM ¥ ONTHMaNbHOW HenmHeHHOM (uibTpaums. ABTOp MOHOTrpadui
«M36paHHble BOMPOCHL TeopM (QIYKTYallid B PDajMOTEXHUKE», «YCIOBHBIE
MAPKOBCKHE MPOUECCH! ¥ AX IPUMEHEHHE K TEOPHHA ONTHMANLHOLO YNPaBIIERUs»,
«TIpMANMAL] afanTUBHOTO npueMma», «Teopus uupopMaimm» # «Henmuelmnas
HepaBHOBECHAS TePMOIUHAMUKAY», Ony6IMKoBas 60bIIOE YHCIIO HAYYHBIX CTaTel
10 BLINIEYKazaHHLIM HamnpawneuusM. Jlaypear JIoMorocoBckoft mpemun MI'Y,
Jiaypear 'ocygaperBensoil npemun CCCP, 3aciyxeHHbIi npodeccop MI'Y.
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MEXAHM3MBI PORAEHNA CTPAHHOTO HEXAOTUYECKOIO
ATTPAKTOPA B OTOBPAXEHKNT KOJBIA C
KBASMOEPHOIUMYECKIM BO3IENCTBUEM

B.C. Anuwenko, T.E. Badugacosa, O.B. CocHosuesa

TMpuBeneHbl peayibTaThl UHCIEHHOrO MONETHPOBAHMA RMHAMMKH [IBYMEDHOTO
OTOOpaXKeHHsl KOMbLA C BHEITHUM KBA3WUNEPUOTMTYECKUM BOINEHCTBUEM HAa MIOCKOCTH
VIIPABJISIIOM{HX 1[APAMETPOB. Y CTAHOBIEHB! MeXaHM3Mbl OOpa3oBaHMs DEXHMa CTPaHHOTO
HEXAOTHYECKOIC ATTPAKTOPA U ero rpyGoCTSb 110 OTHOLISHHIO K BJIMSHMIO BHELIHENO LUIYMa.
PesyanTaThl WONYYEHL! € MCHONBL30BaHMEM METOHA HOCTPOEHHS CH(YPKAUMOHHBIX
[UarpamMM, asaii3a (asoBbiX NOPTPETOB AaTTPAKTOPOB, pacyeTa aBTOKOPPENAUMOHHBIX
(PyHKUi, IOTO.THEHHBIX MPUMEHCHIEM METONA PAUHOBANbHON AIMPOKCHMAITHIL.

Brenenue

B mocnepsme rofbi BHEMaHHUE MCCIENOBaTeNECli NPHEBICKIN aBTOKOIeOaTEIbHBIE
chCTeMBl ¢ OWTapMOHHYECKHM BO3NEHCTBHEM H WX MAUCKpEeTHLIe MOACNH B BHJE
OTOOpa:KeHuH ¢ KBa3WIICPHONHUECKIM BO3ACHCTBREM. bHrapMOHHYECKOE BO3NEHCTBHE
[I03BONTAET 3afaTh H3BHE (PUKCHPOBAHHOE HPPANWOHANLHOE YHCIO —BpauieHud
(coOTHOIICH)E 9aCTOT BO3HEHCTBHSA) U TeM CaMbiM OGECIEYHTDL IpyGoe 3prOIMyuecKoe
KBA3HUEPHOJUYECKOE JIBMXKEHHE 172, MCKIIIOYMB sIBICHUS CHHXDOHM3AlWW Ha 12 npm
papHaly napaMeTpoB. C yBeNHYEHHEM IlapaMmeTpa HENUHEHHOCTH CHCTEMBI KA
aMILIETYALI  BO3NENCTBHA peaqM3yeTCss Nepexof K Xaocy depe3 paspylleHue
3Progu4eCcKoro AByMepHoro Topa. brudypKkallmoHHbN MEXaHH3M TaKOT'0 [IepPeXofia UMeeT
cBol ocobermnoctn. Kax moxasann EcCleqoBaHms psga aBTOpPOB [1—9], B CHCTeMax, O
KOTOPBIX HEST pedb, IEPEeXoly K XaoCy 4acTO NPEAUIeCTBYET BOSHHKHOBEHHE pekuMa
TaK Ha3bIBAEMOr0 CTPaHHOIO HexaoTHdeckoro arrpaktopa (CHA). o onpenenermro
CpeGomsxn u mp. [1], crpanuemv aTTPAKTOPOM Ha3kIBaeTCAd NPUTATHBRAIOIIEE NPEeIbHOe
MHOXECTBO B (PAa30BOM IIPOCTPAHCTBE CHCTEMBI HE COCTOSMINEE U3 KOHEYHOrO UuUCia
TOYEK ¥ He ABNAOINIEeCs KycodHo-TuddeperuapyemMemM. [IpE 9TOM «CTpaHHOCTL» U
«XaOTHYHOCTb» ABISIOTCH Pa3NUYHBIMM = XapaKTEepUCTIKaMHA arTpakTopa H He
00s3aTENBHO COMYTCTBYEOT JDYr JAPYLY. ATTPakTOp MOXKET HMeThb (DpakTalbHYIO
CTPYKTYPY 1 ApOOHYIO pa3sMepHOCTh Xaycaopda (To ecTs (bITh CTpaHHBIM) U IIPH 3TOM
9KCIIOHCHIIMANbHOEe pa3beranwie TPAacKTODHE H [epeMEUNBAHUE HA HEM MOTYT

OTCYTCTBOBaThH (TO €CTL  aTTPakTOp MOXKET BBITH HEXaOTHLIECKE]VI). B CIIEKTDpE
TSIMIVHOBCKHX roxanareletl Tpaexroputi, npuHajgraexamux CHA | HeT NOIOXKATEIBLHOTO

[IoKazatreilg. YTro IIO3BOJISET OTIHYHTh CTpaI—IHB[ﬁ HEXaOTHAYECKHH aTTpakTop OT
CTPaHHOTO xaoTHieckoro arrpaktopa (CXA). Tpysmwee ormramts CHA ot
KBa3HTIEPHONHYSCKOTO IBEKEHHS, ONHAKO B NOCTENHAE I'0;{bl pa3paboTal pax MEeTOLOB
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NO3BOJISICIIAX CHENarb ITO C NOCTATOUHOM CTENeHBI0 HOCTOBEPHOCTH, HANIPEMED
MeTORE! pefnoxennsie B [2,10,11].

B nacrosmieil pa6ote paccMaTpuBaeTCs pa3pymicHAE 3PrOFHIECKOrO JBYMEPHOTO
TOpa, clieHapud BozHukHOBenus1 CHA m TIEpeXO]] K Xa0Cy B MOJIENBHOM omﬁpaxcenma
KOJIblE C KBASHIEPAOMAICCKAM BHCTHAM BO3IICHCTBECM

1. Hccaepyemasn Mopeiib

MopeneHOe oOTOGpaxkeHme KONbIA ¢ KBa3UIEPHONUYECKEM BO3NEHCTBHAEM®,
3aNHCAHHOE B aBTOHOMHOMN (hOpMe ¢ OMOMIBIO BBEICHHS JONOMHATENBHON NEPEMERHOM
Z,= n (Texyuias ¢asa BO3NEHCTBU), AMEET BH]

Xne1 = X, + Q — [K/(2m)[sin(2mx,) + vy, + Acos(2rz,), mod 1,

Yus1 = W~ [K/(2m)]sin(2rx,), (1)
Zp1=Z,+ ®, mod 1.

ITpu caneHOM cxaTun (ManbIX 3HaYCHHAX NAapaMeTpa y) ANHAMEAKA 3TOr0 OTOOpaKeHHAs
MOXeT He OTIMYaTbCs OT AUHAMHUKH ONHOMEpPHOro HeoOpaTHMOro oToOpakeHHs
OKPY:KHOCTH C KBa3HIEPHOIMIESCKHM BosuelicTsneM. Opuako oroOpaxenme (1)
smisiercss  obpatemMbiM  (jddeomopdE3MOM), UTO  MO3BONISIET  ACHOIB30BATh
NONy9IeHHbIE I HEro Pe3ylibTaThl NPAMEHATENLHO K fAdQdepeHInaIbHLEIM CACTEMAM.
[Ins peammszall peXmMa IpyOoro 3SprogmdecKoro JIBYMEpPHOIO Topa IapaMeTp Q
¢mkcrposancs pasebmM 0.5. TeM caMmblM W3 DacCMOTPEHHS MCKIFOYAJICS PEXUM
TPeX9acTOTHBIX KBaswmiepuopmueckux Konebaumii 73. Ilpm Q=05 B aBTOHOMHOM
OTOOpaXeHHA KOJbIA CYM[ECTBYeT IWKJI mepHoia 2 (Pe3oHaHC Ha TOpe C YHCIOM
ppamenust 1/2). Ilpu KBa3HIEpHOTAICCKOM BO3JNEHCTBHY BO3HHMKACT NBYXOOXOHHAS
uHBapAaHTHasl KpuBasd. [lapameTp muccmnaumm Yy Boidmpanca pasueiM y =0.01, uwro
ofecriegnBajio CAIbHOE cxkarue. Jacrora BO3eHCTBAS, 3ajaromas Bropoe (BHelmHee)
YACIIO BpaleHms, (MKCAPOBAIach paBHOM 30I0TOMY CedeHnio o = wg = 0.5[0.512-1] .

HOuaaMuka CcHCTeMBI MCCIEfOBanach Ha IUIOCKOCTH HapaMeTpoB A-K, rae A -
aMIMTYIAa BO3feHCTRYS, K - MapamMeTp HelnHeHHOCTH.

2. Budypkanuonsas frarpaMMa CHCTEMbI

Ha puc. 1 npegcrapnena 6racdypkarmoHnas faarpaMMa cucTeMsi (1) Ha rockocTa
ynpabisromx napamerpoB A- K. Ilpm Bapmammm napaMetpoB A m K B cHcTeme
HabIofanuch cuenyolae OngypKanud JAHAMAIECKHX PEXXUMOB!

1 - 6ndypranus oObegUHEHAs JacTeil JBYXOOXONHOrO aTTpakropa (IuHHES /).
Kak oxkasanoch, ata Oudpypkanus maGmomaeTcs Kak B obmacte xaoca (oObegunenne
nenr CXA), tak u B ofnactd Ksazunepropmieckux femkermi. [Ipm obnemmrennn
yacTed IBYXx0O6X0OHOI HHBapAAHTHOU KprBOii o6pasyetcst CHA,

2 - oundypramms poxpgenus CHA B pesynpraTe OObLefUHEHHST [IBYX
COCYIIECTBYIOIIMX B (pa30BOM HPOCTPAHCTBE KBA3UIIEPAOIUYECKHX AaTTPAKTOPOB
(ms 1y);

3 - ¢pakranmsanus @HBapEAHTHON KpHBOU c mepexofoM K pexuMmy CHA mHa
yanwn [y (nyHKTHD);

* TapMonmueckoe BozfeicTene Acos(270n) ¢ nppauoHanLACH 4acTOTOH (O B JUCKPETHOH CHCTEME

(1) coorBercTByeT OMrapMOHHUecKOMY Bo3medicTeuio B mucpdepesumambholl cucreme. Crepys paHee
onyo mKoBaHHLIM paGoraM [1-11], MBI GymeM Ha3bIBaTh TakOW BHI BO3MEHCTBHSA KBA3UMEDHOIUIECKHM
(npuMearne aBTOPOB).
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0.4 0.8 0.8 A

Puc. 1. budypkaiiiossas aiarpasMa cucremst (1)
Ha TIOCKOCTH N&paMeTpoB «aMIITyna
BO30eHCTBHS A - mapaMeTp HelHHeHHOCTH K»: [y -
JUHAS OOBE[MHEHHs HBYX 4acTedl WHBapUaHTHON

Kpusoll; [ - auHMa  oObeguHEHHS  JBYX
VHBAPHAHTHBIX KPUBLIX; [3 - JNMHMS pa3pyiucHus
VIHBAPHAHTHOH KPHEOR B pesynbrare

(hpakTamusaiuy; /4 - rpavuLa xaoca; [ - oGnacth
KBA3HIIEPHOAMIECKOrO pexkuMa; 2 - obnacts CHA,
3 - oBnacte, B KoTOpoit cyuwlectsyer qubo CHA,
GO KycouHO-THhMEePeHIMPYEMOe MHOXKECTBO, He

4 - mepexon oT pexmma CHA x
pexXAMY CXA Ha NVHAA l4,
COIIPOBOKAAIONIMIICS TIOSBJICHASM
TOJTOXUTENILHOrO {I0KA3aTelii B CHCKTPE
JAMYHOBCKAX MoKasaTeelt cacremst (1).

Ha 6n(pypKalMOHHOH [Harpamme
OTMEICHEI obnactu Pa3TAIHBIX
MWHAMUYECKUX pexXAMOoB. B obmacta 1
cymecTByeT BCrofy muddepeHmmpyemMas
AHBapUaHTHAA KpHBasi 12,
mddeomopduas oxkpyxuocta. Obnacts 2
- obmacte cymectpoBaumi CHA. B
obmacte 3 MoxeT HabmIogaTbcd Kak
pexem CHA, Tak ®  KycOYHO-
mupchepeHIpipyeMoe  MHOXECTBO,  HE
spasmoineecs ga 12, wg CHA. O6nacts 4
COOTBETCTBYET XaOTHUSCKOH HIWHAMHAKE.
T'naos ma OMpYpKaUHMOHHYIO JHArpaMMy
MOXHO BLIICIUTH 4eTBIpE  CUeHApHd
nepexofa OT TINAgKOH  HMHBApHAHTHOMN
kpuBoi Kk CHA. u xaocy, Habmogaronmecs
IpH pa3siuvHbIX aMIUIATYRaX A C pOCTOM
napameTpa HenuHelnoctd K. PaccmoTprM
noppobHee 3TH JeThIpe CUEeHAPHA.

romeomMopcHOE TOpy; 4 - obnacts CXA

3. CueHapuu BO3HMKHOBECHNSA CTPAHHOTO HEXAOTHYECKOTO ¥ Xa0THYECKOI'®
ATTPAKTOPOB NPH Pa3PyHICHIH HHBAPUANTHOH KPHBOI

PaccMmoTpuM mpomecc paspylieHHS HHBAPHAHTHOM KpUBOI INpH BapHaligy
napamerpa K u uxcupopandoM 3Hauenma A=0.15. Kax BupHO H3 6udypKarmoHHOM
gHarpaMMbl HA pHC. 1, NpH 3TOM 3HAYeHMH AMIUIMTYABl BO3NEHCTBHS paspylieHue
KBa3UIIEDHONHUYIECKOr0 peXXHMa IPONCXONUT Ha JHHEW [, npu OOLeMWHEHWA dYacTeid
[BYXOOXONHO# HHBapHaHTHON KpuBoi., O0bequHEHNE YacTell aTTPaKTopa NPORCXOIHT B
TOT MOMEHT, KOI'la B Pe3yJIbTaTe HCKaXKeHAs (POpPMBI HHBaPHAHTHOH KPHBGOYU ¢ pocToM K
OPOMCXOIUT €€ KacaHWe B KakOH-TO TOuYKe CeJUIOBCGH MHBApWaHTHOM KpUBOH,
Pa3EeNsIONiedl YacTh aTTPAKTOpa, I0CTE UEero CEIJIOBOS KBABHICPHOARYECKOE IBIDKEHAE
paspyiiaeTcsd, a WacTH [PHTATHBAIOWIEH HHBAapHaHTHOH KpPHWBOW OOLETHHSIIOTCSI.
Iomo6Has 6udypKaims Gbia BIEpBbie ommcasa B [9].

Ha pmc. 2,a,6 npexcTasiens! ZX-TIpoeKIMA aTTPakTOpoB Ao (puc. 2,a) | mocie
(puc. 2,6) 6adypkanum oObeIMHEHAs YacTell HHBapUaHTHOM KpuBoi npr K=1.56035 u
K=1.56040, coorserctBenno. Ha Bmg oHM Mano OTIMYAIOTCA.  YBEPEHHO
IHarHOCTHpOBaTh OudypKalmo oOBEIMHEHHS JeHT MOXKHO, HCIONB3ysd H3oGpaxenwe
(a30BbIX TOYEK dYspe3 wHrepaluio. B 3ToM cioydae [0 Oudypkaimy TONydaeMm
n300paXkeHue TOABKO YacTH aTTpakropa (pHc. 2,6), a mocne GHMYPKAImd - IOJIHOE
uzobpaxenne arTpakropa (puc. 2,2). Ha puc. 2,0, mnpencrasnennl rpadbukm
abCONFOTHOM BEMMHELI aBTOKOPPENSImONHOH dyrkimm hyy(t)! go (em. pme. 2,0) m
nocne (cM. pHc. 2,e) Gudypramy o6beIMHEHEs YacTell MHBAPHAHTHON KPUBOH. MOXHO
BHIETH, YTO AaBTOKOPPENSUHOHHAA DYHKIHS UyBCTBUTENbHA K Oudypraumm
o0beqMHeHUsT YacTell aTTpPaKToOpa, B pe3ylnbTaTe KOTOpPOH BORHUKAET ClyYaliHag
KOMIOHEHTA [JBESKEHWS, CBA3aHHAd ¢ HEpEry/sIpHBIMH nepexoiaMu (pa3zoBoH TOYKHA
MEXHY 4YacTsM# arTpakTopa. HaMdpme TakuX TepexomnoB MPWBONHUT K CHANAHHED
ABTOKODPEIMIHOHHCH (PYHKIMHA (CM. pHC. 2.¢).

Ilocne Omdpypramuu OObefWHEHAS 9acTell HHBapHAHTHONH KpHBOII oGpasyeTcs
aTTPaKTOp, He ABISIOMIMNCH KyCcOUHO-HH(MGEpEeHIIpyeMbIM  MHOXKECTBOM M,
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Puc. 2. Tonnele ZX-npoeiuu aTtpakTopoe mpu  Puc. 3. Ssomoums Qparmenta MHBapHAHTROM
aMILTETYRE BO3IEHCTBUA A= (.15 no Guq)ypxaumd KpH.BOﬁ IIpH aMIUIWTYRE BO31EeUCTBHS A=0.15 ¢
obbeMHeHNST HacTell NHBapDMAHTHON KPUBOH (4) i  POCTOM TapaMeTpa HeJMHeRHOCTH

nocie o0beguHEeHus (6), 82 - ZX-npoekuuu TeX

K€ aTTPaKTOPOB, ONYMEHHBIE NPU H300pasKeHHH

¢hazoBoH TOUKH depe3d UTepaluio; 0, ¢ - rpaduxy

aGCOMIOTHON  BENHYUHLI  ABTOKOPPEJASMOHHOH

dyHKIME [0 ¥ nocne OuypKaumu oO0beFUHEBUs

YacTel MHBAPHAHTHOH KPMBOH, COOTBETCTBEHHO

CJIEA0OBATENBLHO, HpPENCTABIAONMA COOOM CTpaHHBIM aTTpakTop. Tak Kak craprmi
HCHYJICBOH JIANYHOBCKMH INOKA3ATENb Ay, OCTaeTcd elle OTPHIATEeNBHBIM, TO
BozHuKarommli aTrpakTop ectb CHA. Ha pmc. 3, g-2 npepcraBneHa 3BONMIOUHS
(pparMeHTa WHBApDHAHTHONM KpHBOH ¢ pocroM K, mnpemmecTByiomad Oudyprauum
obnemmHeHn 4actedl. HalGmomaercss BOZHAKHOBEHHWE MENKOMACIHTAOHOH CTPYKTYPBI
CKJIaJIOK Ha WHBApWAHTHOU KpWBOH. Pa3BHTHE 3THX CKIQNOK W IPHBOIUT K KACaHWIO C
CEeNIOBOl MHBapHAHTHOW KpUBOY B 00befAHeHAIO JacTell arTpakropa. Ha puc. 3,0m 3, ¢
npefcTaBleHbl ABa pasHoMacmTabHeX. (parmenta CHA npm K=1.60, parommx
TIpEACTaBIEHNE O €ro «BHyTpeHHeM ycrpoiictBe». C pocroM K cTpykTypa arTpakropa
MPOJOIBKAET YCIOXHATHCS 1 tpy K=~1.685 crapiimi Hery/eBoii JIMIyHOBCKHANR I0Ka3aTeNb
CTaHOBHTCH OJIOKUTETbHBIM, YTO COOTBETCTBYET Nepexony oT CHA k CXA.

Onst  moprBepxpewmsi cymectsosanmsi CHA npm  Ke[1.5604;1.685] 6bur
HCIONB30BaH METOJ PAUMOHANBHON anmpokcmMaimu Ilmkosckoro - Poimens [10].
MerTop cOCTOMT B CIIEAYIOIIEM: pacCMaTPHBAcTCA PallmOHATBHOE NPHOMMIKEHAE YHCIA
ppamenus o, =F;/F;,, the F, m F;,; - TOCIeNOBaTeIbHBIE WiEHbl OCHOBHOIO piAa
®ubonavyun. PanmonampHOW aimpoKcuManwell aTTpakTopa Ha3kIBAeTCHS MHOXKECTBO
touek X,(Z,), tHe Z, - HavambHad (aza BosgedictsEs; Ze[0; 1/F,,]. Ecmm
paupoHanbHas arIpOKCHAMal|s aTTpakTopa He sBISeTcS aa(pdepeHimpyeMbmM
MHOXECTBOM Ha BceM muteprane Zoe[0; 1/F,, ] npu k—eo (peambno mpu HOCTATOYHO
fonpomMx k), TO COOTBCTCTBYIOIW aTTPaKTop NPU 0=W; SBISETCH CTPaHHLIM (M
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Pyc. 4. PaumonansHas annpoKCiMallilg aTTpakTopa Puc. 5. BudypxaiiioHHas parpaMmMa Ha fI0CKOCTH
ans A=0.15, K=1.60, w;=377/610 napaMeTpoB «HavalbHas (pa3a BO3INEHCTBHA Zy -
mapaMeTp HesuHeiHoct® K» gna A=0.15 m

palliOHAJIBHOTO HpM6HM)KCHHH qucna Bp&LL(ﬁHHX"_

@;=55/89

HEeXAOTHIECKUM IIPE OTCYTCTBHAM MONOXKWTENLHOrO JIANYHOBCKOTO NOKazaTeins). Ecim
np®  Bapuaumyu Z, HaGnrofaoTcs OmdypKaludH IIpefelIbHOTO MHOXECTBa, TO
pampoHaJbHas ~— anmpoxcmMammst  arrpakropa  X,(Z;) He  Moxer  OwiTh
g pepeHImpyeMpiM MHOXecTBOM BCrogy Ha [0; 1/F,,;]. CnepgopaTenpro, nammdme
fupypralimii OpH H3MEHSHNM Z; CBHACTEIbCTBYET G CYLIECTBOBAHHM CTPAHHOTO
aTTpaKTOpa B MCXOOHON CHCTEME.

Ha puc. 4 npepcrasnesa palloHanbHas almIpoOKCAMAIMS arTpakTopa mpu A=0.15,

=1.60 mns w,=377/610. Muoxecrso X,(Z;) ouesugno e muchpepernmpyemo. Omo
ocTtaeTcss  Hemupd)epeHIEpPyeMbIM W Tpu  Oolice  TOUHBIX  palEGHAILHBIX
anmpoxkchManmax. Ha puc. 5 mpeacraBiena Ou(ypKa@oHHas Iu@arpamMMa PexXmMOB Ha
IIIOCKOCTH TapaMerTpoB Zg,- K Jd paloHaNbHOrO MPHOMIDKEHHA YHCHa BpaueHuS
=55/89. Ha nwuwmi [, OpoHCXOEAT KECTKHI Hepexof oT 1mKia nepuopa gsa (2C) ua
omuoneprommdeckmil wukn (C). Manee (B 3amITpUXOBaHHOM 00NMAcTH) HaGIIOHAETCS
MHOXKECTBO  pa3nuuHblx  Omdypxammii, oOpa3ylommx  CIOXHYIO  CTPYKTYpY
oucdbypxanmosnsx nrHAA. Takmm obpaszom, pa K>K;~1.562 nabmroparorcs 6undypkarmm
HpeebpHOr0 MHOXECTBA TOUeK OpE Bapuaumd Z, CrlepoBaTerbho, B 9TOH 06AacTH
sHaveHmit K cymecTByeT CTpaHHBId arTpakTop. Ilpm K<K,=1.685 om samusercs
HexaoTmdeckuM. IiomydeHHas METONOM pAai[EOHANBLHON AalmMpPOKCUMALWY  HIDKHSS
rpanuua obnacte CHA HecKoIbKO IpeBbINacT 3Ha49eHne K, IpH KOTOPOM IIPOACXONUT
ordypkama oObeIHERHA YacTeli WHBapWaHTROA KpmBoh. Ilpuumsoil 3TOTO, MO-
BUIEMOMY, SIBISETCsI KOHEUHAd TOYHOCTh PAMOHATLHOTO NPHOIMKEHWS YHCHa
BpaIeHusl.

B ceuennn A=0.3 SudypKaumonHOH mHarpaMMe! pac. 1 s 3HageHmi K, MEHBIMIX
Hexoroporo 3HadeH#s K;=1.046, B (ha30BOM NMpOCTPaHCTBE CHCTEMBI CYIIECTBYIOT JBE
IByXO0XOQHbIE HMHBapHaHTHLIE KpuBble 112 u 7,2, obnanaroine B3anMHON CHMMeTpHER
oTHOcETENbHO 3aMmeHbl X—1-X, Z-1/24Z. Tlprm K=K, npoucxomur Gudypxanms
00beIHHEHNS ABYX ITHBAPHAHTHBIX KPHUBBIX, aHAJIOTHYHAS 110 CBOEMY MEXaHWU3My paHee
paccMOTpeHHO# Owdpypkaii OObeJMHEHHA 4YacTedl NIByXOOXONHON WHBAPHWAHTHOMN
KpHBOH. B pesynbrare aroit Omdyprammu Takke Bosmmkaer CHA. IMpn K>K,~1.0698
CTaplii HEHYNIeBOU IIAIYHOBCKHH IIOKA3ATENb CTAHOBATCA TOJOXHTEILHBLIM I
ofpasyetrcs CXA. Ha puc. 6, a npeacrasness! ZX-Ipoekiupm aTTpakTopos 152 u 7,2 1o
OX OOBEINHEHAS H TPaPHK aGCOMOTHOHM BENHUHHB! ABTOKOPPENSIHOHHON (hyHKIHH,
COOTBETCTBYIOUICH JBIDKEHHAIO Ha 3THX arTpakTopax, Ha pHC. 6, 6 npHBeeH CTpaHHBIN
HEXaOTHYECKHH aTTpakTop, obpasyrommiics B pesyibTare obvemumedus T:2 m T,2 H
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COOTBETCTBYIOMIMH rpadrK aBTOKOppeId-
nueHHo# dyrkima. Puc. 6, ¢ mnmoctpu-

pyer pexuM cmaboro xaoca.
ABTOKOppENALNOHHAS (DYHKIAS IEMOH-
CTpMpyeT YYBCTBUTECJILHOCTE K

Gudypraupn OObLEIMHEHNST aTTPaKTOpOB,

Hocje KOTOpOl OHA HAYWHAET CIIafaTh.
Cuenapmii paspylienns HHBapHaHT-

HoOU KpuBo¥ nipa A=0.4 TaK Xe KaK W IpH

A=0.15 CBSI3aH ¢ brdypranuei
o0bemuueHns yacTen IBYX06XORHOMH
UHBAPWAHTHOM KpHWBOW, B pe3ynbTaTe
kortopo#t  oopasyerca CHA.  3ra
onrchypranps HabirogaeTcd npu

bl a

L
15

K=K;=1.0310. Opmako, npa pajbHEHIIEM
yBeqmmaeruy K CHA MoXeT BBIPOXIATHCS
B KycoyHo-mu(epeHIEpyeMoe  MHO-
KeCTBO, KOTOpOE TPYHAHO OTIHYHTH OT
CHA. Ha puc. 7 HabGnrofaeTcsi TONBKO
opua Obucdypran|s, coCTOIAd B XKeCTKOM
nepexofie ¢ ABynepHoamIeckoro uukna 2C
Ha  omHomepmommueckmit  mumkn  C. ) £ pHE i o Fass il
Budypxanmm npH Bap@aym = Z, : ' W<
HaBIFONAIOTCH B OTPAHMYEHHOH o6macTH * e

mmenenass Ke[K;; K|, tme K,=1.0455.
Hadinesnass TagkmMm CIIOCOGOM  HMXKHSAS
rpanmita cymiectBoBasusi CHA xopomo
COOTBETCTBYET pe3yibTaraM HaOIFONEHHs

Puc. 6. ZX-npoekimu (ha3oBbIX NOOPTPETOB U
COOTBETCTBYIOILINE rpacukn abcosroTHOH
BEIWYMHEI aBTOKODDE/AUYOHHBIXK GyHKUME HAms
pexXuMoB, HaOmoparonmxcsi npy  A=03 wu
pasmuHblX K: a - [Be B3aWMHO-CHMMETpHYHBIE
HABapHaHTHLle KpuBble, 6 - CHA, 6 - xaoc

¢hazoBpIx mpoexnmil. 3Hauenme K, @OpH
KOTOPOM HpOHCXOIUT Omdypkarms OOBeWHEHUs 4YacTell WHBapHaHTHOH KpHBOH,
MOJYYEHHO C MIOMOCIIBIO ITOCTpoeHAs (ha30BBIX MPOEKIWH ¢ H300pakeHAEM TOYeK Yepe3
ATepanyio. JTa KpHBas IPaKTHYeCKH COBNafaeT ¢ HWKHeW rpasmnein CHA,
TONyIEeHHON C TOMONBIO NOCTpOeHWs  OH(YpKallHOHHONW  JmarpaMmbl AN
pamMoHAIBFHOTO TpHOIKeHHs g Ha pmc. 8 mOpefcraBieHa pam@oHANbHAs
anmpoKcHManms arTpakTopa. Ee xapaktep nogTeepxpaeT Hammdme pexmma CHA B

K]
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0.0 0.01 Z,
Puc. 7. BudypkauoHHas fEarpaMma Ha I10CKOCTH
[apaMeTpoB «HadanbHas alza BospelicTeus Zg -

napaMeTp HemuueliHoctu K» pmna A=04 wu
palMOHAILHOrO NPUO/MCKSHHS YHCAa BPAUIEHAS

@,=55/89

Puc. 8. PaunoHanbHas ANNPOKCAMALHS aTTpaKTopa
mns A=0.4, K=1.04, ©,=377/610
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uarepBanie (K, K,|. Crapmmil HeHyneBoi
JAIYHOBCKEH  IIOKA3aTeNlb  CTAHOBUTCH
TIONOATENb M Jams tpu K=K3=1.520.
Omnako, CTHA MoOXeT BO3HEKATH H
6e3 nomormm 6OHdypranyuy oO0bLeIHHEHUS
gacred  MHBAPWAHTHOH  KpHBOW WM
o0beHHEHHES] DPA3MYHbIX MHBAPHAHTHBLIX
kpEBeIX. OO0 9TOM  CBHAETEJIBLCTBYET
CreHapuii  pa3pyiieHHS  WHBapHAHTHON
KpHUBOH B ceueHmn A=0(.2 6ndypKallnoHHON
mmarpammer  puc. 1. Ilepeomaudanbro
riaafgKas AHBapHaHTHAs KpHUBas ¢ pocToM X
uckaxaercs. DBosmmkaror Bce Oosee
MeAKHe  CKIagKd.  [IpOMCXOpHT  Tak
Has3blBacMasi (ppaxTanu3aIms TOpa,
ommcanHas emie B pabote Kamexo [12].
[pon3ssomuas 0X/0Z B pa3iMYHBIX TOYKAX
FHBApDUAHTHON KpUBOW pacTeT, H Ipu
HekoTropoM  K=K(=1.285  mpepenbHoe
MHOXECTBO llepectaeT ObITh madde-
peHimpyeMbIM (B JaXke  KYCOYHO-

maddEpeHIEPYEMBIM ). Paspymenne
Piic. 8. dparMenTs! ZX-NpoeKuuii aTTpakTOpoB U HHBApHAHTHOU KpHUBOH NpONCXONuT
COOTBETCTBYIOLL1E rpaduKkis afcomornol  PaHbIe, YeM  BO3HUMKACT  SKCIIOHEH-
BBHOH;HHBI aBTOKOPPENALHOHHBIX q;)yHKI[Hﬁ onda HATRHOE pa368ra}me TpaSKTopHﬁ. HPH
A=0.2 npu pasniyHelx K: g - KBa3HTEPUOIHIECKIH
pexuM, 6 - pexuM CHA, g - xaoc yKa3anHOM 3Haqemu aMHm’Hym’}
BO3CUCTBHUA crapumn HEHYJICBOU

JIAIYHOBCKMH TOKa3aTellb CTAHOBUTCS NMOJOXKHATENbHBM Npd K=K,=1.305. B maTepBane
KelKy; K,] cymecrByer CHA. OH BO3HEKAaeT He B pe3ylbTare KakoH-JmOO
6udypKalu®, a SBOMFOLUOHHBIM MyTEM B pesyibTaTe (ppakTalu3anyd HHBAPHAHTHON
kpusoi. Ha puc. 9 npencrapnens! HeGonmemme (parMeHTsl ZX-NpOoeKI? aTTpakTopa u
COOTBETCTBYIOIUHE TIpaduKH MOLyNS aBTOKOPPENSINOHHOY (DYHKUHM i II&TKOH
MHBapHAHTHOM KpUEeoli (pHC. 9, 4), CTPaHHOrO HEXaOTHIECKOro arrpakropa (puc. 9, 6) u
XaOTHYECKOTO aTTpaKTopa Ha Iopore ero BosHmKHOBeHmd (pmc. 9, 8). Ha pucynkax
OpuUBEAcHPl 3HAYEHHS CTApOIero HEHYIEBOIO JIAMYHOBCKOIO TOKA3ATENSt  Agy,.
ABTOKOppeaHosHas (PYyHKIAs B JAHHOM cliydae cinabo H3MEHseTCs ¢ 06pa3oBaHAeM
CHA, TaKk Kax oH ¢OpMUPYETCA 3BONIOLHOHHLIM IyTEM.

J711 HOATBEPXNIEHAS CYIIECTBOBAHUS
pexnmva CHA npu A=0.4 6plna mocTpoena
OuypkannoHHas pUarpaMma, IpelCcTaB-
nenas Ha puc. 10. Ha nummm [, npoucxomur
JKECTKHY Hepexofl or uukaa 2C Ha KaKoe-
b0 Jpyroe MHOXKECTBO TOuek (uaime
Bcero Ha nuky 3C neprona 3). Benue 1ok
JHHUA CYINEeCTBYyeT 00IacTh CO CIOXHOM
CTPYKTYpOU OH(YpKaIWOHHbIX yvewir. st

JEOGOT0 K>K=1.284 HEU30EKHO
P R HabmopatoTcs OmcypKalmy MpefesibHOro
00 0011 2, MHOXECTBA 0OpPH BapHal|m Zy, 4YTO
) O3Ha4YaeT  CYNIECTBOBAHWE  CTPAHHOI'O
Puc. 10. Bu@ypsaluoHHAA  gparpaMma  Ha

Ay N "
RrocKocTH  mapaserpes  Zoo K ama AS02 i aTTpaKTopa B 3TO# 00jacTH 3HadeHmi K.

PALHOHAILHOTO NPUGTICKERHs HHCNMa  BpalleHHs XaoTHYeCKIM 3Ke CTPAHHBIA aTTpakTop
©,=55/89 CTaHOBHATCA TONLKO pu K=K ,~1.305.
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4. Bnusinne niyma Ha pexum CHA

MOXHO cudTaTh YCTaHOBAEHHHIM, ITO IEPEXOAy K Xaocy IpH pa3pymIeHMH
ABYX9aCTOTHBIX IPrOfuHeCKUX KBa3ZMIIEPHOIUYICCKHUX KoneOanmi NpEeAECTBYET PEXKUM
CHA, cymecTByrommii B KOHEUHOlM 06nacTy mauenuil napaverpor. Omiaxo, ocracres

Amax ]

Padgrgriaegy
[

Sya il

A Ladaatan b S
001 002 003 004 D

a A=015 K=1.60

-

N

-023

siraaiarlaragtgn

-033 3

A=04 K=1.04

Puc. "11. 3amucHMOCTh CTapiUero HEHYNEBOro
JSMYHOBCKOTO — HOKasaTess OT HHTEHCHBHOCTH
MIyMOBOrO RO3feficTeud Ha oroOpaxenue (1) B
pexume CHA npu 3sadennsx napaMerpos A=0.15,

HESICHBIM Bomnpoc o rpy6octn pexuma CHA. He npmsener mu jobabieHne cinaboro
mwyMa B orofpaxenne X xaora3anmd geuekends gsa CHA, To ects x nepexogy CHA —
aNIITHBHOTO HOpPMAaJILHOrO O€JIoro IiyMa BBOAWAOCH JMOO B HEPBOE ypaBHEHHE
(sosmyinenme nepeMenHod X) @GO B TpeTbe ypaBHenwe (Bo3MylieHme (hasbl
HHTEHCHBHOCTSX IuymMa D. Pesynbrarsi,

nonydeHHsle s ABYX pexumoB CHA, 00

Cly9al0 BO3MyLICHWs IlepeMeHHO# X, a ]

KpEBbIe 2 - K CIIy4Yar0 BO3MYIIEHAd a3kl

JHIIb OPA JOCTATOYHO CHITBFHOM HMIYMOBOM

BosfeticTBaM.  IIpudmnol  XaoTw3aiimm

(TyKTyanmii ~ XOpOINO  H3BECTEH B ] 1

Heymuelnoft pmHammke. Ilpm A=0.4 ¢

TOJBKO HE CTAHOBHTCH HOJIOXKHATC/IBHBLIM,

HO JlJaXe HecKojIpbKo ymeHpmiaercd. K

TaxmM 06pa3oM, MOXKHO CHEaTh BBIBOJ O

rpy6octa pexmva CHA, BosHEKaromero

CXA, 1DposBisiQUIEMYCI B BO3HHKHOBEHPN HOJOXWTEJISHOIO  IISIIyHOBCKOTO
nokaszareng? g oTBeTa Ha 9TOT BOHPOC OBLIO OPENNPHHSTO UCCISTOBAHAC BIIHSHUS
cna6oro myma Ha EHaMAKY orobpaxkenns (1) B pexxmve CHA. Bospefictare B dopme
BO3JEUCTBHASA). PaccCuWThiBanoch 3HAUYCHHE

CTapIiero  HEHYJIeBOTO  JISITYHOBCKOTO

HoKa3aTelns opu Pa3AYHbIX A//sl
mpencraBreHsl Ha pmc. 11, a @ 6, ]

coorBercTBenHo. Kpumpble I oTHOCITCI K o1 2

sosmeiictBEs. [Ipm A=0.15, K=1.60 (cm. 02

puc.11, @) crapiumii ISMyHOBCKHAN NOKa3a- 00

TeNb Apax CTAQHOBHUTCS IOJIOXKHUTEILHBIM

JBUKEHAS SIBISETCS yBENICHAE

«9¢phexTABHOrO» 3HAYEHMA MapameTpa 3

nemmueimocTr. Takol aeKkT BIHAHASL 013 3

pocToM mapamerpa HemmHedHOCTH K B

mareppaie 1.040 £ K < 1290 crapmmii

HeHYNIeBON NAIyHOBCKMI IOKasaTedb HA

AHANOTAIHOMY Pe3yNbTaTy NPUBOIWT W 6

mobapneHme IiyMa B OTOOpaXEHHE IIPH

K=1.040, g9ro otpaxeno Ha pmc. 11,6.

OpE paspyLIeHAn 3profudeckoro topa 1?2

0 OTHOMIEHWIO K cjaboMy IIyMOBOMY

BO3NIERCTBUIO.

K=1.60 (a) u A=04, K=1.04 (6). Kpusre I
COOTBETCIBYIOT CJy4alo BBEJIEHHs] LlyMa B HepBOE
ypaBmenue  orobpakenust (1), kpuspie 2
COOTBETCTBYIOT CHY4Yar0 BBEJEHWA IIyMa B TPETbe

ypasHeryie oroGpaxenud (1)

Brisoapi

Ha ocHOBammm pe3y/ibTaroB  HPOBENEHHOrO  WCCIEHOBAaHHWA [HHAMHKH
orobpaxenms (1), a Takke Ppe3yILTATOB HCCIEHOBaHMs OTOOpakeHmss XeHOHa ¢
KBAa3HIIEPHONMYECKAM BO3NEUCTBHEM M PE3YJILTATOB [IPYIHX aBTOPOB IO HCCIIEHOBAHHIO
crcTeM Tofo6Horo Tana [2,4,5,9] MOXHO 3aKIIOYHTh, YTO MEPEXOAY K Xaocy mpH
paspylleHMd  SProfWyeCKHX  KBA3WIEPHORHYECKUX  Konelammil  o0s3aTelnbHO
TIPEMIeCTBYeT PEe WM CTPAHHOFO HeXaoTHYecKoro arrpaxropa. Orobpaxemme (1)
ACMOHCTPHPYET TP BO3MOXNHBIX CUSHAPHA (POPMAPOBAHMIL CHA unpm paspyiuemmn
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HHBAPHAHTHON KpHBOH: 1 - Sugyprayus ob6veOuHeHls Yacmeli K6a3unepuoouecKozo
ammparxmopa, 2 - 6udypkayua  o0OveduHeHus  03yX  K6A3UNEPUOOUYECKUX
AITUTIPGNITIOP OS) 2. 95Pa;<ma~/1uaau,ua mopa ¢ 360AUUTHHBLM nepexoaOM K pexcumy
CHA. YcraHOoBIeHa YyBCTBHTEIbHOCTh ABTOKOPPENALMOHHOM (PYHKI[AA K HEepEeXofy B
pexmi CHA npo repsoM W BTOpOM CLEHapuax mHepexora. IlokazaHa cTpykrypHas
verotumBocTe  CHA, BO3HHKaolero OpH PaspyllieHdH 3profuyecKoro Topa K
NeACTBHIO C:1a00T0 eQIHTHRHOrO OiyMa. [IpaMeHeHHBI B pafoTe METOJ PalHOHaIbHON
armporcmyanm - [ikosckoro - ®ofiiens mokaszan CBoKO  3@EKTHBHOCTL IpH
anargoctuke CHA © rpasmn ero cymectBopanus. O)JHaKoO, CIETyeT OTMETHTH
CVIIECTBOBaHHe Psiia HEPELIEHHBIX IpOOJIeM, KaCAroUMXCs paspyIleHus IPTrOAYeCKuX
KBa3RMepHOTHYeCKUR ABIKeHHH i nepexofa K CHA u xaocy. K HmM oTHOCHTCS BOIIPOC
O pomHl CelioBbIx gBMKeHHH B (QopMHpoBaHEH xaoca (SBISETCS JM  Xaoc
ksasmrumnepdomuecian?), o BosmdkHoBenur CHA mpu paspymenmd aprogu4yeckoro
TPEXMEPHOTO Topa 13, o 6EdypKalHOBHO CTPYKType OONacTH CHHXpoHM3anmd Ha 13 n
GudypKaNHOHHBIX MeXaHW3Max cuHXpoHH3augm B obnacth CHA m 1.0, OTMedeHHBIE
BOINPOCHI MOT'YT CAY>KHAThH TeMOH [aibHEUIHX HCCIER0BaHNN,

ITonw3yemca Bo3MOXHOCTRIO nobmaromapwrh JuKurths, A Ilmkosckoro =
U.Feudel 3a obcykneHme pe3ynsTaToB paboThl U IOMOLIL B IPOBEEHUH PacueToB.

PaGoma wacrmuuno @punancuposasacy 3a cqem cpedcms MexdyHapooroeo
Hayunoeo gonda (eparm NROOOO) u I'ockomumema no evicutemy obpasosanuro Poccuu
(eparm 93-8.2-10).
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MECHANIS:I\_/_[_S OF STRANGE NONCHAOTIC ATTRACTOR BIRTH IN
THE RING MAP WITH QUASIPERIODIC EXCITATION

V.S. Am’shchenko, T.E. Vadivasova, O.V. Sosnovtzeva

The results.of computer simulation of the dynamic of two-dimensional ring map
with quasiperiodic excitation are represented on the control parameter plane. The mech-
anisms of the strange nonchaotic attractor regime appearance and its roughness in relation
to external noise addition are established. The results were obtained using a method of
bifurcational diagram drawing, analysis of attractor phase portrets, autocorrelation func-
tion calculation, with addition of rational approximation method.

Baousacoea Tamvsina Eg2enveena - pomunack B 1958 rogy. Oxonunna
usnueckuit dakymsrer Caparosckoro yuupepcureta (1981), acrmpautypy Ha
kacheppe pammodmsuxku CIY u sam@rena guccepTanyio Ha CTeneHb KAHFMAATa
tusuko-mMaremaruueckux Hayk (1986). B nacTosiliee BpeMs SBNSETCS NOLEHTOM
kadenpe! pamuocdusuky CapaToBCKOro yHusepcurera. MMeer 27 nybnuxanwit B
OTEUYECTBEHHON 1 3apyOeKHOMN MedaTh.

Cocnosyesa Oavea Baadumuposna - pomanack B 1966 rogy. Oxonumna
(uzmueckuii  dakynerer CaparoBckoro yaueepcwreTa (1989). PaGorana
nxesepoM B HYW Mexanwxw u usuku mpu CaparosckoM yuueepcuTere (1989-
1992).B macrodiliee BPEMA ABNSETCH aCNUPaRTXON Kadbeapsl paguodmavkn CIY.
Hmeer 5 nyGmukaruil B 0TeYeCTBEHHOH U 3apy0eKHOM nedaTH.
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OAHAMBYECKNI METOJ ONTHMU3ALINNA
YIIPABIIEHIA XAQOCOM

H.M. Cmapobuney, B.A. Yepunoscicuti

TlpepsaraeTcs MeTOR YNpapleHds TPacKTOPHAMH Ha CTPAHHOM ATTPAKTOPE,
MO3BONAIOLIEH TepPEBOIUTL HX B 3a[aHHOE HEYCTOHUMBOE COCTOSHHE C NOMOLIBIO MANbIX
BO3MYLUEHUA MapamMeTpoB. B oTauune OT knaccuyecxoll npouenyprt Orra - IpeSomku -
Viopke, HaHHBIA METON OCHOBAH Ha JHCKPETHOM M HEMPEDPHLIBHOM IPHHIMIEX MAKCHMyMa ¥
MO3BOJIAET ONTHMI3NPOBATh CPEHEE BPEMS HOCTIKEHUS yupasieHus. MccilenyeTes ciydait
MHOTOMEPHOrO yiTpaRneHns. IIpennoxeHnbld ofxon anpobupyeTcss B psafe Mopenei, Kak
HMCKDPETHBIX, TaK ¥ HENMPEPhIBHBIX,

Baenrenne

HanHas cTaThsd NOCBSIIEHa HEKOTOPHIM BOHPOCAM, OTHOCSINEMCS K 3afade
ympasiernst xaocoM. Heckonmbko ner Haszag Ortr, Ipebomxm n I/IopKe (OGY)
OPENVIOKANA MEeTON  YIPaBNeHAS XAOTHYECKMMM JUHAMMYECKHMH CHCTEMaMy,
TIO3BOJISIIOIIIM CTaOIMH3UPOBaTh OfHY WM HECKONBKO HEYCTONIWBBIX NEPAOTAIECKUX
OpOUT, HNOrpYXEeHHLIX B XAOTHYECKUH ATTPAKTOp, C IOMOLIBIO MaJbiX (3aBHCSINUX OT
BPEMEHH ) BO3MYIIEHAH YIIPaBIIONIEro TapamMeTpa [1]. 3TOT MeTox NpuBiIeK BHAMaHAE
MHOTOYMCISHHBIX HCCHENoBaTeNeil B PasnuyHeIXx oOmacTax Hayku. CymLecTByeT y:xke
GOIBIIOE YHCIO NPEMEPOB YCICHIHOIO YIPaBJieHHs] XaOCOM B 3afjadaxX MEXaHWKH
sxugrocTedt [2], dumsnonornu [3], nasepuott dusuku [4], xamiveckon kuretura [5] u ap.
Tiozmaee OGY-meTon ObIT TeOpeTHHECKW Pas3BHT KIS CHCTEM C 3ala3lbIBAIOIIEMER
KoopaaHaraMu [6], a TakiKe HCIoNb30BaH B MHOTOMEPHEIX cricTeMax [7, 8].

Bce mepeuncnenmeie paborsl 6as@pytorca Ha OGY-merone, NCHOIB3YIOWIEM
ypaBHEHWd, JHHeapH30BaHHBIE B OKPECTHOCTH TpeOyeMOl HeNONBIKHOI TOYKH WITH
nepuomAdeckoil oplmrel. TakmM ofpa3oM, ecii CHACTEMa HAXOOHUTCH Haleko OT
HCKOMOI'O COCTOSIHHAS, YIIPABICHWE HE NPMMEHHMO. HEOOXONHMO XIaTh, [TOKA TOYKA
nonafeT B Mallyi0 OKPECTHOCTh 3TOTO COCTOSIHHS, U JIMIIb 3aTE€M BKIIOUATh YIIpaBIICHNE.
IMosToMy ofHa H3 BaXKHEHIMHX XapakTepHCTHK - CpeIHee BpeMs NOCTIKEHHUS
yOpaBlIeHAA E3 NPOH3BONLHON HAYalbHOM TOUKH - MOXET OKa3aThCsi OUEHb BEJHKO.
3ajada onTHMA3AIML YTIPABJIEHHS Xa0COM K HaCTOSIIeMy BPSMEHH ACCIieloBaHa BeChMa
crabo. Tax Ha3plBaeMBIil «TaleTHHI-METOR» [9] XOTs 1 NpAMBIKaeT K TaHHON IpobieMe,
ONFAaKO VHOpasBjeHue B HeM HOCHT ciaydadHen! xapakrtep. Ormetmm Ttakxke, 9to OGY-
METOI H CBA3aHHMbIe C HEM PaGoThl HCHOIB3YIOT ONHOINAPEMETPHYECKOE VIIPABICHHAE,
CTPeMSICh TIEPEBECTT. CHCTEMY HA YCTOMTHBOE MHOTOOOpAsHe KeNaeMOro COCTOSHHS.
O‘-IBB]Z{,T_IHO, 9TC B CHIBHO pa3BHTOM XdaOTHYECKOM pEeXHEME COeNaTh 3TO JaJIEKO HE
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Bcerga BO3MOXHO. [losToMy ecTecTBeHHO BO3HHKaeT HEOGXOEUMOCTb B METOHAX
MHOI'OMEPHOTO YIPaBJIESHUA Xa0COM.

B HacTOsnIel cTaThe MBI OMMCLIBAEM HHOM [TOJXOM, OCHOBAHHBIN Ha JUCKPETHOM B
HENPEephBHOM [PHHIIANAX MAKCAMYMA ¥ OIITEME3HPYIOIIMI CPEfiHee BpeMs JOCTHKEHHS
YOPaBICHWS NaXe Ha BOIBIIIY PACCTOIHEIY OT HEROMOTO cocrosmmma, B oTam+ine T
OGY-mponenypsl, B TpenmaraeMoM MeETOfle TPAeKTOPHS HAOpaBildeTcs He K
YCTOMYMBOMY MHOTOOGpA3swio, a HEMOCPEACTBEHHO K TpeGyemol umemn. Takof HOAXOR
II03BOJSIET HCIONB30BaTh HE TONBKO JHCKPETHOE, HO M HENPEPhIBHOE YIPABICHUE, H
JOOyCKaeT KakK ONHOMapaMETPUYECKdil, TaK W MHOTOMEPHBIH BapHauT YIPaBNeHHAd
xaocom. HexoTopele npefpapuTenbHbIE CBECHHS], OTHOCSMIAECS K MpPeIaracMoMy
METOfy, aHOHCHpOBaHbI B 3aMmerkax [10, 11].

B pazpene 1 ¢ noMormsio o6me MeTopuks [12] nonydens: seo6XoauMbIe YCIOBHS
ONTHMANBLHOCTH VI ECKPETHOH 3affad, MOICIHPYIOMIEH ONTHMARAIMOHHLIA BapHaHT
yupaBiieHus xaocoM. Ha mx OCHOBE NOCTpOEHBI OJHOMEpPHBI! W MHOIOMEpPHBIN
YHCJIEHHBIE alTOPHTMBI, ONPENEeIoIHe CTPATETHIO YIIPABICHAS BAamm OT TpebyeMoro
COCTOSIHESI M B €70 OKpecTHOCTH. B pasziene 2 31y anropurMe! anpoGupyroTCcs B 3afadax
yOpaBleHAS OJHOMEPHBIMH W [BYMEPHBIMH OTOOPAXCHUSMEH W CPAaBHUBAOTCH IO
athpEeKTUBHOCTH KaK MeXIy co0oi, Tak # ¢ kiaccmaeckmm MeTogoM OGY. B pasnene 3
o cxeme [12] cTposiTest yCiioBrs ONTAMANBHOCTH B MOJIENH HENPEPLIBHOTO YIIPABIEHUS
Xa0COM, a Ha WX OCHOBE - UWCJICHHas HpOLENypa KBa3WHENPEepPbIBHOIO YIIPaBIICHHS.
JlaHHBII aNTOPUTM UCHONB3YETCS B 3ajade YNpaBICHHA CHCTEMOH HeNpepbIBHBIX
ypaBHeHwi Twmma ['mm3Oypra - Jlampay. B paspmene 4 cKOHCTpyHpOBaH METOX
MHOTOMEPHOI'O YIPaBICHUSI XaoTWUecKuMp cucteMamu. Ha npmmepe ympaBiieHmS
LENOYKOH CBA3aHHBIX OFHOMEPHBLIX OTOOpaKeHWH WILIFOCTPUPYETCS HpPEHMYIECTBO
TaKOro IOAXONIA epe]] ONHONIapaMeTPAYECKAME AT OPATMAaMH.

1. [incKpeTHOE yIpaBJieHEHe X20COM

s MpoCTOTHI H3NOXKEHAS pAcCMOTPHM 3aflady O CTabHnH3a0Wd CHCTEMBI B
HEyCTOHYHBOM COCTOSIHME paBHOBeCHS Xy (NpelaraeMblil IONX0X MOXeT OBbITh TaKKe
OpUMEHEH K 3a5ave CTaOmnp3allil HEYCTOMYMBBIX IEPHOAMYECKHX OpOUT, TOpOB H

.1, ). PACCMOTPEM JUCKPETHYIO OTOGPAKAIONIYIO CACTEMY, CTAPTYIOIMYIO B3 TOYKHA X HA
aTTpakTope. 3a(pEKCHpyeM HEKOTOpOoe €|HCHO maroe N m OyaeM CTpeMHTHCS
MakCAMaJIbHO TIPHOIN3NTh TOYKY 3a N mIaroB X TpeOyeMOMY COCTOSHHIO Xp. Torga

MOXHO c(OpPMyIIEpOBaTh 3agavy omrummsanmd | 10]

X1 =F(Xpl), X=X,

6y

J(x)=(xy- Xz)2 — min,
142

e Xe R, ue Rm, xp=F(x,0), U ={lu,] <% }, a MakxcaManbpHO JOIyCTEMOE YTIpABICHAS

U, KaK IpaBrao, JOCTATOYHO MAJIO.

DymeM panmee ®WCHONB30BaTL  OOMYI0 METONEKY HONyYeHAS  yCHOBHH
OITTHMAJILHOCTH, pa3paborannyio B [12]. [Ipegmonoxum, ato {u*, X,*} - onTAManbHbLA
npornecc B 3agade (1). BospMeM kiaccHYecKoe ONHONAPAMETPHIECKOE CEMEHCTBO
BapHaliuii yIIpaBICHRN

wE =t + £-0uy,
COOTBETCTBYIOIIYIO EMY TPaeKTOPHIO X;& H NpHpallleHre (pyHKIHoHaNa J
M) = J(xe) - J(x).
Torpa sapmargro dyHKIHORaNA J MOXEHO npeficTasaTs [11] » suge
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N-1
& = lim & 1AJ (&) =X y;,10F (k)/ou duy,
k=0

0
roe
OF(k)/ax = oOF (x* u,")ox, oF (k)/ou = oF (x,*, u;*)/ou, oJlox = oJ{xy*)/ox,

a W, CYThb pellleHsst CONPSDKEHHOM cicTeMsl [12]
. = . 0F (k)ox,  wy=dJ/ox. (2)

M3 venosus omtivatsHocTd &/ > 0 momygaeM, 9TO AJsl BCEX &k MOJGKHBI BRIMOTHATHCS
HepaBeHCTBA

Wi 10F (k)/dudu, = 0,
OTKYIa HAXONIM ONTAMATLHOE YIPaBICHAE
e = -u (W1 0F (k)oul/hy,0F (k)/dul (3)
(B ciTyuae, KOTJa 3HAMEHATE ML OTIMYEH OT Hyns). B wactaocTH, ecim m=1, TO
' = -u sgn{y, 0F (k)/du), (4)

60 TOJKHO GBITH

\pk+laF(/c)/au =0

(Tak HA3BIBAEMOE CHHI'YISIPHOE yHpAaBJICHUE ).
Teneph TpHMEHHM MOJNyYeHHBIE ycmoBus ontmvansaocTH (3), (4) min
TOCTPOEHMS] aNrOpHTMOB yhopaBieHws. B Hauvane orpammamMcs caygaem  m=1

(opHomapaMeTpUYecKOe YOpaBlIeHHE) W BBHNY MAalOCTE U OYEEeM pacCMaTpyBaTh
YIIPOINEHHBIN BaprarT ypasuenwi (1), mosaras

Xeer =A(Xe) + b(x ), (5)
rie be Rr. Torma conpaxennas cucreMa (2) 3anmmiercs Kak
Vi = Wi Of (X )0x, Wy =2(Xy" - Xp),
1103TOMY u3 yciosrl (4) HaXOMM ONTHMAJILHOE YIIPABIIEHNE B BHJIE
3 N-1
w = -usgn{(xy* ~ x)[ 11 9F(x)/0x] b(x*)}, (6)
i=k+1
6O peanu3yeTcs CHHYIISPHOE YIIpaBlIeHHE
N-1
(v - xp)[ 11 0F(x7)/0x] b(x,") = 0. (7)
i=k+1

Ha ocnoBe cooTsomenwmit (6), (7) MOXHO HOCTpOWTh OfHOINAroBelii (N=1) u
MHOromarosblit (1< N<< o) amroparme! ynpasnerns. g N=1 mcnonssyem

-usgnry, ol > u,
llo* = (8)

~Fg, |I'0| < 2;,

re  ro= (f (x) - xF) b(; )/ih(;)ll B cnyuae N>1 mveem Sosee «nansHobrgHyto» (H,

CT1eI0BaTe ThbHO, 502e 3heKTHBHYIO) CTpaTErmIo yupasnerms (mpn o << 1)
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-usgn ry, Ird >u,
u = S — )
cre Ind<i kSGNA,

N-1
e 7= (X0 - Xp)W, b(x)/IWb(x )2, W,=TIof (x0)/dx, x;,10 = f(x,9).

i=k+1
Ha NIpaKTHKE, CTPaTerdst MHOTOIIArOBOrO YIPAaBICHHS BbIJISITUT CHCAYROIIAM

obpazoM [10]. BriGpaB HauanbHOE yIpaBIeHWE X, MbI [OCAEAOBATENLHO IS KAX/IOTO
N=1,2,....Npps € TIOMOmBIO (9) BBIMHCIISEEM YTIPABISIOIIYIO CEpHIO 4, a 3areM Hu3 (5)
HaxomuM cooTBeTcTByromee X(N). Ecimu npu MajioM % BHIIOJHEHO YCIOBHE

IX(N) - x4 < &2, (10)

TO JaHHOe N HaeT yROBIETBOPUTEILHOE YIIPABICHUE, I MbI HCIOAB3YEM €T0, IPAMEHSIS
Ha KOHEYHO# crajum ofpomarossni Metop wia Metog OGY. Ecnm (10) ue gocturaercs

HA npd Kakux 1 < N £ Ny, TO MBI BOBCe He HpUMEHSEM YIPABICHAS H [eiacM
uTepago ¢ uy=0. 3aTeM Bes npoliefypa NOBTOPSIETCs.

2. MHoromaroBsii METON; HEePeXol K IiiodabHol yIpaBiseMoCTH

SddextrBrocTs anmropurmos (8), (9) Geura mpoaHanmwaMpoBaHa HA NPAMEPAx
CHCTEM, OIMCHIBAEMBIX HM3BECTHHIMH IHCKPETHBIMHA OTOODAKEHHSMH C XaOTHIECKHM
nmoBefeHneM Tpaekropui. Hambonee HarnggHo cneuddrKa JITEX  anrOpPETMOB
IpOSBISEeTCS B ClIyd9ae OJHOMEpHBIX oToOpakeHmi. PaccmoTpmM, HampmMep, 3ajady O
cTabpnu3aidl  HEeyCTOMYWBOTO COCTOSHHAS PABHOBECHS B XOpPOIIO H3BECTHOM
oToOpakeHur OTpe3Ka

Xpp1=1 - 2lx- 051+ u;,, 0<x <1, an

J(x) = (x - xz)2— min,

roe lul <,  xp =2/3.
Tpu u, = 0 crEcreMa peMOHCTpEpYeT XaoTHYecKoe mnoBenenme (pmc.l,a).
[MpumMensist ofHOWIAroBEI! anropat™ (8), monydaeM ympaBienne
f- usgn ry, Ird >,

Z«lki< = _
1 ~Fis |rkl < u,

rme 1, = -1/3 + 2Ix-0.5], To ectb MBI mMeeM CKOPpEKTHpOBaHHOE OTOOpakeHWE
KXl =fA (xk) =1- 2ka- 0.5 + uk*,

OpefcTaBlieHHOEe Ha puc. 1, 6. JIng HEro To4Ka Xp CTAaHOBHTCS YCTOMYHMBOM, HO OHa
COCYIIIECTBYeT € NEPEXOFHBIM XaoCOM, H CHCTEMa MOXET JOIroe BpeMs CIydJaifHO
OnyxXpath, mpexae 4YeM OymeT CTaOHIM3EpoBaHa B Xp. MHOIOLUATOBBIA AJIIOPHTM

NPHBOTAT K yrpasiesaro (9), B KOTOPOM ry IMEET BHJ

N-1
r=(xy0-2/3) 11 (x,0-0.5),

i=k+1

a x° coorBercrByeT u;=0. N1 HeKOTOpPOro Ny, TOCJemHss HEycTolumBasi opbuta
Fcue3aeT, i 0TOOpaXeHre NpUHAMaeT BHJ, IIPEBENEHAbIA Ha puc. 1, 6. 3ech Gonee HeT
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Pitc. 1. ¥Ynpassgesoe otoGpaxkenue (11): @ - 6e3 ynpasienus; 6 - OfHOLIATOBbIA METON - JIOKaNbHasg
yipaeisenocTs, #=0.11 8 - MHoOrowaroBmli MeTON - rnodambHas ynpaenseMocTe, u=0.1, Ny,,=5

YVYaCTKOB C 3KCIIOHEHIIHATLHO pa30eraronMHICs TPAeKTOPESIME: [Jis NFOOBIX HAYAIBHBIX
YCJIOBHE 3a KOHEIHOS BpeMs k < Ny, TpaeKTopus CTaOMIM3HUPyeTCs B TOUKE Xp. [fauHOoe

SBJIEHAE MOXHO TPAKTOBATH KaK [O0ANBHYIO YIIPaBIAeMOCTh CHCTEMb.
B xauectBe yTOf  MOJeJ, IO3BONSIONIEH CPaBHUTH 9 heKTHBHOCTD
anroputMoB (8), (9), 66110 BRIGpaHo JByMepHOE 0TOSpaKeHIe XeHOHa

X1 =6 Xy 2N 1k,
X2 k417X, ks

rae J(x) = (x- xp)%, | ul o, xp1=xp,=(n-1)/2+[(n-1)2+ 4E1172, £=1.4, 1=0.3. (BameTim,
9TO 3TO OTOOpAXKEHME paccMarpuBanock B pabore [1] B xavecTe mamocTpammm K

s metony OGY). 3pecs  oggomarosce
. & yapasnenme npmamMmaer By (8), rme
10° =
F T e @ ro=6- X2+ Xy~ Xp 1
r o ¥y B .
104 ot ung N-m1aroBelii  anrOpUTM  3aMACHI-
c o e, U BaeTcs cooTHomenueM (9), B KoTopoM
r e B
majE . ® = . Fe= (X0 - xp)WUIWR,
r - N,ﬁ ¢ N-1 A 2X 0 1
o, r * * Wl — H 1, T]
10 e ‘ el 1 0 0
C * o
- PesynpTarel  pacyeToB MO 9TUM
107 bttt il anropuTMaM IIPECTaBNeHBI Ha pHC. 2.
107 1073 1072 7 3pech TalKe NPUBOJNATCA NIl CPAaBHEHHS

LaHHbIE, TONYYEHHBIE [ TeX Ke
napaMeTpos ¢ nomomeio OGY -meroga. Bo
BCEX CIy4asX OYCRHNEH SHAYATEIbHLIA
BBIETPBII MHOTOMIArOBOI'O METOGA IO
CPAaBHEHHIO C OJ[HOIIArOBOH NPOLEHYpOd U
metonoM OGY.

Puc. 2. Cpennee Bpems [OCTHXEHMS yAPaBICHUS

<t> [ns orobpakeHus XeHCHa B 3aBHCMMOCTH OT U7

& - OGY-MeTo[; ® - ONHOLUIATOBLIA aaropury (8);
* - MHOrOWAaroBeIi anmroput™ (9) ¢ Ny, =30

3. HenpepbiBHOe yHpaBiesue Xa0coM

CymwecTByIOIFE K HACTOSIIEMY BPEMEHH AJTOPHUTMBI YIPABIEHHS XaOCOM B
HEMPEPLIBHBIX  CHCTEMaX WMEIOT JHCKPETHBEI XapakTep, TO €CTh IO3BOITIOT
UCTIONE30BaTE yHPasIeHHe JHUWIb B OTAC/IbHBIE MOMCHTBI BPEMEHH (HAOPHMED, 4epe3
IIEpHOI BBIHYKAAIOWEN CHIbl, HIH Ha cekymel Ilyankape). OnHako B mpuKTagHBIX
3afadax IPe3BhITANHO BaXKHOW ABANACH Obl BO3MOXKHOCTE KOPPEKTAPOBATh YIpaBJICHUE
HENPEPHIBHO (IL/MH A0CTATOMHO JacTO) C TeM, YTOOBI HCIOIb30BATE €r0 B MOJTHON Mepe.
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OnEako NMONEITKY MONYYeHHs TaKuX aJTOPHTMOB Ha OCHOBe Meroma OGY CEepBbEe3HBIX
YCIEXOB MOKA HEe IPAHECIIH.

M&I paccMOTpIM HelpephIBHELE aHasor 3a7awH (1) 1 Ha OCHOBE MeTOJa BapHANH
(12] momywmv anropaTM KBa3EHENPEPLIBHOrO YNpABIEHHS. IIPEUONOXEM, HUTO
cacTeMa 3aaeTcs MAMGGEPSHIMANLUEIME  ypanenwmm, = SyAeM  CTPOMUTHOA
MaKCEMATBHO TPHGIMATECS K TPEOyEMOMy COCTOSHAIO Xy 33 HEKOTOpoe BpeMst T ¢

HOMOMILEO HENPEPHIBHOTO yNpasieHns u(t). GOpMyIMpOBKa 3afiaun IPAMET B

{ dx/dr = p(x,u), x(0) =x,

(12)
J(x) = (x(T) - X¢)2 — miny,

rme XxeRr, ueRm, 0<t < T, U={lu(r)i< u},(p(xF,O)-%O.
Mycrs  {u*x*} - omrmmamnememi npomecc B 3amave (12). Tlocrpomm
OHOIIAPaMETPHIECKYIO BAPAALMIO YIIPABICHS

ue(z) = u*(?) + e-du(?),
COOTBETCTBYIONIYIO € TPAEKTOPHIO XE¢ H NpHpallieHre (PyHKIAOHANA J
AJ(e)=J(xe(T) - J(x*(T)).
Torpna Bapmamro ¢yskugonana J Mox#Ho 3ammcars [11] B sape

T
87 = lim e-1AJ(g) =[ w(?) d¢(1)/ou du(?) dr,
-0 0

e 09(t)/ox = de(x*, u*)/dx, Je(r)/du = dp(x*, u*)/du, oJ/dx = dJ(x*(r))/ox, a w(t) -

pelieHre ConpssKeHHo cucremsl [12]
dyldt = -yoo(t)/ox, w(T) = oJ(T)/ox. 13)
Y cnoere ontrManbHOCTHE &J 2 0 IPUBOIAT K HEPaBEeHCTBY
w(t) do(t)/ou du(r) 20
s noutd Beex ¢t e [0,T]. Do maer Bbipazkenne Aiis ONTEMANHLHOTO YHPaBIICHAS

w(6) = -l (1) (£ dul (£)dp(r)/dul,

CHpABEJUIMBOE IIPY MOTTH BCEeX { (€CIM 3HaMeHaTel b OTINIEH OT HyJist ).
B wactHoCTH, ecam m=1, TO [NIs HOYTH BCEX / CIPABEATHMBO

w(¢) = -usgn{w(r)oe(r)/ou}, (14)
7m60 HOIDKHO pealn30BaThCs 0coboe ylpaBieHre
() 9p(t)/ou = 0.
Teneps npumeraM ycnosre (14) ans ynpasieHns: HelpepbIBHOM CHCTEMON BEAA
dx/dt = g(x) +b(x)u, 0<1< At

e At << 1 (xaK npaBmno, IIar HHTETPUPOBAHNS HCXOMHOM CACTEMBL). B aToM ciydae
conpsikenHast cacreMa (13) 3ammcpiBaeTCs Kak

dyldt = -y aglox, y(At) = dJ(At)/dx,
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H €C pCUISHHE
AT

w(t) = w(ar)exp] 9g/ox dr) ~ W(AT)(E + Atdg(t)/ox),

rae E - exmnAvEAas (7 X 11)-marpaa. [Tosromy (14) onpenenseT ynpasieHne

u*(¢) = - usgn{ 0J(A1)/0x(E + Atdg(1)/0:x)bx(1))}. (15)
Kpoxte Toro. 3amMeTEM, 4TO mpHA IX - XA <<1
dx/dr = 9g{xp)ox(x - xg) + b(x)u = 0. (16)

Ha ocmose (13), (16) crpomM anropats™, HWCHOJb3yrommil ua maTepsate [0, At}
VIIpaBieHHE

- usgn{ aJ9(AT)/Ox (E + At 0g0(2)/ox)b(xo(2))},  Irl >,
wt = _ (17)
-7, Irl <u, :
e 1 = Ib(x)-2b(x) 0g(xs)/dx (X - Xg), a BoipaxeHus 0J0/dx, g/dx, X0 COOTBETCTBYIOT
ympasnenuto 1(f)=0. 3TOT alropuT™M B JANbHENNIEM BKIFOYACTCS B UHCJICHHYIO CXEMY
UHTErPUPOBAHAS CHCTEMBL.
Meton KBasumenpepbiaoro yupasnenus (17) Obul anpoGupoBan HaMH Ha
IpUMEpe CHCTEMbi YPaBHEHHRI

dwidt=w;- (1 +i3) witw,+ e(1 ~ic)(w;1- 2w+ w; ),  j= I,]T{[ (18)

C HEPHONHYIECKAMH YCIOBHAME Wy = Wy, Wy, = Wi, MOJICJHPYIOIIEH KOMILIEKCHOE
ypaBHerue ['unsGypra - [laupay [13]. Henas 3ameny

v; = w; exp (iBr)
u ,[[O6EIBJI5£${ yopapJeHue, nojlydaeMm CAcTeMy
dojdr =(1+iB)(1 - 10/2)0,+ e(1 - ic) (041~ 20+ 0, () + b, j=2,M,  (19)
rge by =(1,0); b;=(0,0); lul <m

321118.‘[[/1 o CT&@HJ'IYI?!&HHH HEYCTOfI‘II/]BbIX NEPAOIMICCKIX OPGHT CTaBUMUCE KakK
3ajayy MHHUME3AIH beHKI_[I’IOHaJIOB IBYX BHATIOB

J(v) =§i(vj -1) anbo  J(v) = (lvyl2 - 1)2+1§Z(vj - U1)2.
jo

i=2

Ilpn peumiermu ObLTA HCHONB30BAaHBI KakK aNTOPUTMBI JACKPETHOrO yipasiieHus ([t
oTobpaxeHns Ha cexymeil I[Tyankape),tak u KBasuuenpepoisaoe ynpasienue (17).
Herotopeie pesynbTaThl YHWCIEHHLIX PACUeTOB NpEcTaBieHbl Ha puc. 3-5 (oM.
takexke [11]). Ha pmc. 3 nokasana crabwmmsaums B cucreMe (18) nepmommdeckott
OopOHTBI, MMEIOINEH OfHO HEYCTOWYMBOE COOCTBEHHOE HaNpaBjeHAe, C IOMOIIBIO
HempepeBHOro amropmrvma (17). Ha puc. 4 npojeMOHCTPHPOBAHO NPEHMYINECTBO
HEUPEPBIBHOrO  VIOPABNEHHUS Iepef [HACKPEeTHBIM UIsi  ciaydad CTabmrim3anuH
HEyCTOWYEBOTO TOpa B (pa3oBOM IpocTpaHcTBe cmcTeMb! (19). Pexxum passmroi
cToxacTAYHOCTH (cM. puc. 4,a) yoaeTcs YaCTHIHO CTaGHIH3HPOBATL C IOMOIIBIO
IECKPETHOrO yripaeneHus (cM. puc. 4,6) B IOIHOCTLIO - C TIOMOIUBIO HENPEepPLIBHOIO
atroprT™a (17) (M pmc. 4,6). Hakonen, Ha prc. 5 u3o6paxen ciyuati, Korga gaxe ¢
[IOMOIIbIO  HENPEPLIBHOTO  VIIPABISHHA  YHaéTcs HOOWTRCS JIMIUL — 9acTHYHON
cTa0HMH3aNNA  pesxdMa, KMEIODero HeCKOJLKO HEeYCTOWYHBLIX  COBCTBEHHBIX
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Re wih Re wii
1.0 ; ' 1.0
0.0 ‘ 0.0
. -1.0 ! L L h L > ~1.0 L I L L 1 . : Hi| I
0.0 500.0 1000.0 ¢ 0.0 500.0 1000.0 &
a 6

Puc. 3. Crabmmsanus nepropguyeckoi opoutsl B cucteme (18) ¢ B=c=3112, £=0.2: 4 - peanmsamus B
OTCYTCTBHE YIPABNEHHUS; 6 - TPaeKTOPHs, CTaCHI3HpOBaHHAs KBA3HHEeNIPEPbIBHLIM yrpanseruenm (17),
u=0.01

Imuv, Imv, v,
01} & o1f #E 0.1} g
00F EF oof EEF  gh oot . & g
01 0.1} e 0.1} #
0.2} 0.2t ) 02t
O3 g% T S — 03k o
-10 00 1.0 Revw, <10 00 10 Rey <10 00 10 Rey
a o 8

Puc. 4. CraGumizanus topa B cucreMme (19). OroGpaxenne Ilyankape Ha cexymedl Re vy=0: a -

XaOTUYECKMH aTTpaKkTop, YNpaBleHWE OTCYTCTBYEeT; 6 - [MCKPETHOE YNpaBlIE€HHE Ha CeKylueH
(qacTiuHas cTaGUIM3aIEs); 6 - KBasuHeNIpepLIBHOe ynpasieuue (17)

HanpasleHW{. BugHO, 9TO ympaBnseMbii pexuM (cM. pmc. S, 6) mMeeT Gonee
YIIOPSOYESHHYIO CTPYKTYPY, YeM HCXOFHBIA HEYyNIpaBiseMbii {(CM. puc. 5, a). 310
MORTBEPXKAAIOT B OLEHKH (PPakTaNsHON Pa3MEPHOCTHE COOTBETCTBYIOMUX ATTPAKTOPOB.

Imvl [mvl
10— 1.0
00 — 00 F
-1.0 - -1.0
| L | 1 1 1
-1.0 0.0 10 Reo, . 1.0 0.0 1.0 Reo,
a [&]

Puc. 5. Yactuunasi ynpaeasieMocTs B cacteme (19): 4 - npoexiiis TpaeKTOpUM Ha IFIOCKOCTE U B Cilydae
Pa3RUTOrO X20Ca, VIpAaBJIEHME OTCYTCTRYET; § - TO e IS KBa3sMHeNpepbBHOro vuparnerusi (17)

4. MnoromepHoe ynpasjieHHe

BaMCTE'_M, 9T0 OTCYTCTBHEC TTOJIHOA YOpaBis€MOCTHA B NMOCJIETHEM [IpHMEPE BIIOJIHE
ecrecTBenno. B ciyqae paBBI?ITOﬁ CTOXaCTHYHOCTH HBYCTOﬁ‘IHBBIe HHBapWaHTHBIE

COCTOSIHHSL MOTYT HMETh HECKONbKO (W Jaske MHOIO) HEyCTONHUMBBIX COOCTBEHHBIX
HaHpaBJIeI—IBfl, TO €CTh HECKONBKO IMMOAOKHUTCIIPHDBIX XapaRTCPHCTHICCKHX roxazareineit
Jlsmynosa. Tpymao rapaHTEpOBaTh CTACHIM3ALMIO TAKAX PEXHMMOB C IOMOILBIO
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OTHOMEPHOTO  VIIPaBISIOWEro HapaMeTpa. ECTECTBEHHO  IPEMIONIOXHTH, UTO
CTa0HIH3AEH MOXKEO NOGHTHCS, MOBBINAS DasMEpPHOCTh YIpaBleHus (9To BHOJEE
AOMYCTHMO C NMOMOLIEI0 NPCTJIOAECHHBIX BbIMIC METOHOB ).

PaCCMOTpI:ﬂ‘vi TAKyHd BO3MOXHOCTH Ha TIPEMEpE ﬂKCKpG’I‘HOﬁ NEPHOTHICCKI
32MKHYTO# [eTTouKH pH((Y3R0HHO CBA3aHHbIX OHOMEPHBIX OTOGpaskeHm orpeska [0, 1]

. 1-4D
Xz:?‘l[:(l - 4D)(1- ﬁb’)f(xkl) + D(AX’kl + 2) + —71'" (lT+ llk[)bl, (20)

rae flx)=c(1-x); Avi=x- - 2xt+xil; X=(x1,...,xm) - BEKTOp COCTOSHHS, u=(ul,....m) -
vipasiemse: b=(b1,.. bm) - BecoBOH BEKTOp, MO3BOSIOIIHAI HCIOIb30BaTh YIIPABJICHHE
pa3anyHoi pasmeprocTn (or 1-mepmoro mpum b=(1,0,..,0) mo m -mepHOrO mpH
b=(1/mi2... . 1/m12)).

IIpe ¢=3.83 u u=0 B cuncreme (20) cymecTBYeT CTpaHHBII aTTPaKTOp,
CONEPIKAIIE HEYCTONYHBYIO HEMOBIKHYIO TOUKY Xr=(Xl,...,xp"), Xz/=0.735, KoTOpYyIO
TpebyeTcd cTabHIII3EPOBaTh, TO ECTh

J(x) = (x - Xp)2-> miny, (21)
e U={ hud <u }.

Hcnonssys B 3agage (20), (21) opmomarosyro crparerao, Ha ocHoBe yciaoBwi (3)

HOTy9aeM afnrOpATM MHOTOMEPHOTO YTIpaBIeHHS

“ury/led, Il >u, 22)

U =

I, Irkl < E,

rre r=(1 - 4D)(1- ub!) f(x) + 1/2(1-4D)ub! +D(Axy +2) - xf.

ITpn m=1 u ManbIx U CHTyalys aHAJIOTMYHA TOH, YTO OIMMCAHA BBHINIE M/ 3afaTd
(11) B cnyuae nokansHOH yupasnsemocTd (cM. prc. 1,6). W3 noutu mo6bix HAYATbHBIX
ycIoBHi, TpOHAd NEepHoj NEePeXOJHOro Xaoca, TpAeKTOpHd CTabHIH3ApyeTcs B
TpeGyeMmoil Touke. 3aMeTHM, OFHAKO, YTO [PH YBEIMYCHHH X TOYKA X; TEpAeT HOYTH
BCIO CBOIO O0JIaCTh IIPHATSIKEHHS: CHCTeMa O4eHb OBICTPO BBHIXOAUT HA NEepHOJHYECKHI

pexxuM, H300paxeHrEb Ha puc. 6, @, YyTO CBs3aHC C mosiBaeHmeM npa i =~ 0.04 6-
KpaTHOTO CYHNepyCTONUMBOTO LKA B OTOOPakeHUdA X; — Xz (puc. 6, 6). Tlogobuas

1‘vt0 - | i 0.6 \ N /f\/ |
g:i 3{% J‘Vl 1;4 \Md'r n\‘}lﬁ.{ M"\{{ Af M‘ ‘Ill 0.4 lee /\‘;f/\/lf / “\)} :
osf | 1] f | { 02/
02+ ;

"%100 3120 3140 3160 3180 & ool 02 04 06 08 x

a

Pc. 6. Poxaermue ycToiwuBoro unkia B Momenu (20) npus m=1: a - peanusaums i, mpu D=0.001,
u=0.04; 6 - oroOpaxenue X;— Yy, (TYHKTHP) 1 ero 6-s uTepauus (cnnowiHas mmEHa), k - HOMep

HTepaLun
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KapTHHa HaOMIORaeTCA W NpH GONBUIAX M1, €CIIM U JOCTATOYHO BEJIMKO, A YIpaBJIcHHe
OHOMEpHO (TO ecTb Bee  wl=...=ugm=u;). Ha puc. 7, 8 n306paxkenn! BpeMeHnEle (10 k
npe /=1) u npocrpaucreennsre (o ! mpu k=1000) peamsamm cucremm: (20). B
TIEPBOM CJIyJae B CHCTEME Pealu3yeTCs YKa3aHHBIN BBINIC O-KpaTHeNI rmky (cM. puc. 7,
a); KpoMe TOro, yipaslieHye MPEBOJUT K YaCTHIHOMN MPOCTPAHCTBEHHOH CHHXPOHM3AIIH
(c. purc. 7, 6). Bo BTOpPOM Ciy9ae MOSBISETCS YCTOMUMBBIL MK KPaTHOCTH 2 (CM.
puc. 8, a) U noJHas CMHXPOHM3auus B pocTpaHcTse (cM. puc. 8, 6). Takam o6pazoM, 3a

CYeT yBeJWYeHWs i CHCTEMY YAAeTCs CTaOMIM3HpOBAaTh C IOMOINBIO ONHOMEPHOTO
YUpaBiCHAs, OHAKO HE BCET/IA B XXEJAEMOM COCTOSHAH (TIONOGHAs Ke CATYALEs, [Ho-
BAIMMOMY, TPABOJMT K YacTHYHOH cTabmmm3aumd B 3amade (19) @3 mpempsinymero
pasfena).

Ecrm xe u mano (u < 0.02), a m>1, 1O paspymmrs XaoTAUecKHmii pekuM B
cucteMe (20) TOCPEACTBOM OIHOMAPAMETPHYECKOIO é‘umomaronoro) yIpasJIcHUs He
yoaercd. B 3ToM cnyyae MBI WCIONB30BANM YIPABIECHAE COOTBETCTBYIOMICH
pasmepHocT# m (1o ecthb b=(1/m12,...,1/ml’2) ), 3a5apaeMoe OHOIIATOBLIM AT OPHTMOM
{22). Ororo oxasanoch BIIOIHE JOCTATOTHO VIS CTAGHIM3ANN COCTOSHUS Xx (pHc. 9).
EcTecTBeHHO, YTO NPH 3TOM CpeflHee BPeMS JOCTIDKCHHS YIPABIECHHSA <T>, PacTeT C
YBENIWUYECHAEM pA3MEPHOCTH CHUCTEMbI M. B YacTHOCTH, HPOBENEHHBIE PACUEThHI

nokaseIBatoT, 4To mid u=0.02. <t>4= 330, <1>5= 2600, <t>¢= 22000 u T.n. OfHAako,
RaK CHefyeT W3 pasfieNia 2 HACTOSIIEH CTATBH, 3HAUSHAS <T>, MOXKHO CYIIECTBEHHO

YMEHBHIUTS, Nepelinsd K MHOrOlIaroBoi CTpaTerny YIIPaBIICHA.

x! o
1.0r 1.0
0.8 0.8
0.6 0.6
0.4k 04
0.2 0.2
00 00 - 1 1
250 500 550 600 650 &
a a
xl xl : \' P
08 . 0.8 i K
’ A :
06 061 i
04l TP H L 04
02 02
L ; J . ! . L ) . J; 1
00— % 12 16 1 00— % 12 16
6 6

Puc. 7. Bpemennast (a) u npocrpancrsensas (6) Pmc. 8. BpemenHas (g) M npocTpancreeHHas (6)
peammsayn cucrembl (20) mpr m=20, D=0.001, peamsauun cucremur (20) mpu m=20, D=0.001,

u=0.04 (uysEKTUpHas  JIMBMS - paclpelencHue u=0.1 (HYHKTHpHaS‘{J JIMHYS -~ pacOopepesieHue
HAYANLHLIX YCHOBHH); k - HOMep mrepaumw, [ -  HAUANLHRIX YCNOBMA); k - HOMep HTepauum,
HOMEp 0T00paKeRus { - soMep oTobpaKeHus .
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Prc. 9. MsoromepHoe yupasienue B cucreme (20) npu m=3: a - pearmzauns x;t, D=0.001, u=0.01,
§ - COOTBETCTBYHLIEE pacnpefelierne lul; k - HoMep uTepaiuu

Aptopei npuiHatembaet MM, Pa6mroemuy u JILH. KopsmHoBy 3a murepec K
HAaHHOH paboTe B MHOTOYUCIICHHBIE [TOJIE3HbIE 00CYKICHUSI.

Hccnedosanus, onucanmvie 8 OanHOU NyOAUKQULL, CMAAU BO3MONCHBL, 6
ugcmHocmuy, 6aazodaps nodoepxxe epanma NP2300 Mexcoynapoorozo HaywHO20
¢onda,  Poccutickozo — npasumeavcmsa U epauma  Poccuiickozo  goroa
PyHOamenmanvHuix uccaedosanuli (npoexm 94- 02- 03263).
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Hayuno-uccaedosamenncruli
paduoduaureckuil UHCMumym

A DYNAMICAL METHOD FOR CONTROLLING CHAQOS OPTIMIZATION
LM. Starobinets, V.A. Ugrinovskii

A control method is presented to direct a trajectory on a strange attractor towards a
desirable unstable set by small parameters perturbations. The method is alternative to the
classical Ott - Grebogi - Yorke control procedure. The proposed approach is based on
the discrete and continuous maximum principles and optimizes the mean time to achieve
control. The case of multidimensional contro! is investigated. The proposed method is
tested both in discrete models and continuous systems.

Cmapobuney, Hezopy Muxaiinosuu - pomuncs B 1957 romy B T'opskom,
OKOHYMJ (PaKyNbTET BEIMHCIMTENLHON MaTeMaTHKY H KMOepHeTHKY I'oppKOBCKOrO
rocymapcrsestoro yuusepcurera (1979). 3anmTan mMccepTaLMIO Ha COMCKAHHE
Y4EHOH CTENeHH KaHO¥[aTa (PU3NKO-MaTeMaTHYeCKuKx HayK B OOJNACTH TEOpUH
ONTHMANILHOTO  YIIpaBeHHA pHHAMHYECKUMH cucremamu (1986). Craprmi
HayuHbii coTpypHuK HMucturyra npukiagsofi ¢wu3nku PAH, poment
Hu:xeroponckoro rocylapcTBEHHOTO TEXHWYECKOro yHmBepcureTa. ObnacTs
HAay9YHbIX MHTEPECOB - [WHAMHIECKME CHCTEMBI, [POCTPaHCTBEHHO-BDEMEHHOH
Xa0C, ONTHMaibLHOE yNpaBienMe, yupasnieHne xaocoM. ViMeer cswiue S0
nyOnmuKanuil B OTeYeCTBEHHBIX U 3apYOeXHBIX XXypHaaX.

Yepunosckuti Basepuii Aponosuy - pomuncs B 1960 rony B r.XMeJNbHHK
Bunumuko#d ofnactu, OKOEYMR hakynLTeT BLIMUCIMTENLHOM MaTeMaTHKM K
ruGepHeTUKA 'OpLKOBCKOTO rocygapcTBeHBoro yausepcutera (1982). 3aupwrun
AUCCEPTALMIO Ha COMCKAHAE YIEeHO! CTemenH KaHanAaTa (hU3UKO-MaTeMaTHYECKAX
Hayk B oBnacTe cucTemHoro anamuza {1990). Crapumii HayyHBIH COTpPYAHMK
Hay4Ho-uccneiosaTe/Ibekoro  paguodusatdeckoro HHCTATYTa (B HacTOsIHEe
BpeMs - 0 KOMTpakTy B MHCTATYTE 9BOJoMH yHEBepcuTeta Xalidul, Mspauis).
QOO6nacts HAYYHBIX HHTEPECOB - Teopuss 00paGOTKH CHrHAnmoB, TEOPHS
CTOXACTHYIECKOH yCTOWIABOCTH U YIIPaBJIeHHs, TeopHsi pobacTHOH yCTOHIMBOCTH.

Hmeer ceplme 30 myOnwkaryii B OTEYSCTREHHBIX ¥ 3apyOEKHBIX KypHanaXx.
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STOCHASTIC RESONANCE AND ITS PROVENANCE

M.I. Dyiman, D.G. Luchinsky, R. Mannella, P.V.E. McClintock,
N.D. Stein, N.G. Stocks

Stochastic resonance, in which the signal and/or signal/noise ratio in a nonlinear
system can be enhanced by the addition of random fluctuations (noise) of appropriate
intensity, is discussed. By revealing the relationship of stochastic resonance to earlier
research, and especially to work by Debye in the 1920s, the phenomenon is set in a broad
physical context. It is shown that the traditional techniques of statistical physics, for example
linear response theory, are applicable to stochastic resonance and their implications for its
range of occurrence are discussed.

1. Introduction

Stochastic resonance (SR) is a phenomenon of some topical interest in which a -
weak periodic signal in a nonlinear system can be optimally amplified by the addition of
random fluctuations (noise) of appropriate intensity; even more surprisingly, the
signal/noise ratio can often be enhanced as well. In its modern form [1,2] the concept of
SR emerged from the ideas of Benzi et al. [3,4] and Nicolis [S]. They were seeking to
account for the earth’s periodic ~ 105-year ice-age cycie in terms of the small
variations, also of period ~ 105 years, in the earth’s orbital eccentricity: SR provided a

possible mechanism by which a weak periodic effect of this kind could be sufficiently
amplified by environmental noise to exert a strong influence on the climate, as observed.
Since then SR, and other phenomena closely related to SR, have been found to
have a remarkably wide range of occurrence. They have been observed or are to be
anticipated in, for example: a Schmitt trigger [6]; a bistable ring laser [7]; a variety of
electronic circuits [8] -[13]; a passive optically bistable [14]; a laser with saturable
absorber [15]; a magnetoelastic ribbon [16]; a hybrid ESR device [17]; a magnetoresistive
oscillator [18]; single-domain uniaxially anisotropic magnetic particles [19]; a bistable
superconducting quantum interference device (SQUID) [20]; a quantum two-level
system with ohmic dissipation [21]; a system with a cyclic variable [22]; and a tunnel
diode [23]. Synchronization of otherwise random switchings between the states has been
observed for a Brownian particle in a bistable optical trap [24] and also for a two-state
defect that modulates conductance of a mesoscopic wire [25]. The SR-related
phenomenon of noise-enhanced heterodyning has been demonstrated in an electronic
model [26] and observed experimentally in an all-optical bistable system [27]. Although
most of the work has related to bistable systems that can be characterised by coexisting
attractors corresponding to the minima of a static bistable potential, it is now understood
that SR is not by any means confined to such system. It has also been investigated: in
monostable systems {11,22]; in a system with one point attractor and one chaotic attractor
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[10]; for coexisting periodic attractors, yielding a high frequency form of SR [12,13]; in
the transient dynamics of an evolving system {28]; and in a level-crossing detector 329].
In relation to biology, it has been proposed [30,31] that SR may be relevant to
transmission of information by sensory neurons; the effects of neuron coupling have been
analysed [32]; and SR in a crayfish mechanoreceptor has been observed and investigated
[33]. Many of these examples are treated in the proceedings [1,2] of two recent topical
conferences on SR.

Perhaps in part because of the context in which SR was discovered [3]-[5], it was
treated from the outset as a major challenge in its own right, so that the theoretical
development of the subject (see, for example, [34]-[39]) was undertaken almost on an ab
initio basis, without drawing significantly on related work in condensed matter physics
that had occurred much earlier. Consequently, the simplest, most direct and
straightforward approach (classical linear response theory (LRT): see below) was applied
[9] to SR only a few years after its discovery and, even then, did not meet with immediate
acceptance. One of the aims of the present paper is to demonstrate the close connection
between SR and earlier work, especially that of Debye [40], thus enabling SR to take its
proper place in the context of other phenomena in physics. A fuller discussion of some of
these ideas will be presented in [41].

2. A physical picture of stochastic resonance

To set the scene, we first discuss the SR in terms of the adiabatic approximation
introduced by McNamara, Wiesenfeld and Ray [7] and McNamara and Wiesenfeld [34]
in order to account for SR phenomena observed in a ring laser. A particular advantage of
this approach is that it provides a simple and intuitively appealing physical picture of the
mechanism of SR. We consider a Langevin equation of the type

g=- %U+ A cosQr + E(1), <€()>=0, <E()&(r)>=2D58(t- t) (1)
q

where D is the characteristic noise intensity and the potential U(g) is assumed to be
bistable, with local minima at the two coordinate values g;, when A=0. When A=0, a

delta-shaped spike occurs in the power-spectrum of g(¢) at frequency Q (and its
overtones), and it is the increase in the height of this spike with D that signals the
occurence of SR. For small D, the fluctuations of g about g, are small compared to
g»- q1- Nevertheless, although the noise is weak on the average, there can occur,

occasionally, outbursts large enough to cause switchings between the stable states. The
probability W, of a switching from the nth to the mth state for a white-noise driven
system was found by Kramers [42] to be of the activation type,

Wi =11[U"(¢)IU" (¢:)1}12exp(-AU,/D), AU,= U(gs) : U(gn)- ()

Here, AU, is the depth of the nth well of the potential U(g) measured relative to the value
U(q,) of U(g) at its local maximum g, between the minima of U(g) at g; and g,, U'(g,)=0

and U”(g,)<0. The balance equation for the average populations w;, of the stable states
can be written

wi(t) = Wy (e)wa(t) - Wia()wi(8), wi(t) +w(f) = 1. 3)
The transition probabilities W,,(r) can readily be evaluated in the adiabatic

approximation: i.e. assuming that the frequency Q of the sinusoidal driving is small
compared to the reciprocal relaxation time of the system. In this case the probability
W,(2) is determined by the instantaneous value of the potential well depth AU ,(Acos€x)

where AU, (A) is the depth of the nth potential well in the potential tilted by the external
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force. U(g)-Ag. For small enough amplitude of the force only linear terms need be
retained in the potential well depth. Using Eq. (2), one can then write W,,,{z) in the form:

) g

where W, is the value of the transition probability in the absence of the force.

It is evident from Eq.(4) that the parameter which determines the effect of the
driving is proportional to the ratio of the amplitude of the force A to the noise intensity D.
Thus, in agreement with what was said above, for small D we can have strong effects
even for comparatively small A. Moreover, if A is so small that lg;,l << 1, the
probabilities ,,,(7) can be expanded in g, and Eq.(3) can then be solved analytically. To
first order in lg; ' the dependence of the populations w1 »(¢) on time is sinusoidal.

The solution is particularly simple in the important case of a symmetric potential
U(g), for which AL \=AU,, g,= -g,. An important byproduct of this solution is an inter-
esting behaviour of the spectral density of fluctuations Q(®) of the coordinate of the sys-

tem q(r):

H/nm(f) = !’7n)n(())CXp(g,1COSQf), En ZE’,A/D, §n =

O(w) = lim(4rr)-1l | dr g(r) exp(ion)P. (5)

If the coordinate g(¢) is approximated by the sum of its values in the stable states g,
weighted by the populations wy5(¢) (the two-state approximation), then, because of the
sinusoidal dependence of the populations on time a 8-shaped spike occurs in Q(w) at the
frequency =Q. The ratio of its intensity (area) to the value of the power spectrum
QO)(Q) in the absence of the driving, i.e. the signal-to-noise ratio R, is given by the
expression [7,34}:

R = ﬂngW(O)/él) g= g§: ~-£&2, W(O) = le(ob)-l' W21(0) = 21’V]2(0). (6)

It follows from (4) and (6) that the signal-to-noise ratio increases exponentially with
increasing noise intensity for small enough D,

R o< exp(-AU/D), AU =AU, = AU,, AU>>D

ie. SR occurs. It was this amazing result that stimulated so much interest in the
phenomenon of SR among physicists, biologists, and engineers.

3. Linear response theory and stochastic resonance

An aliernative approach to SR which, as we shall see, makes it possible to place the
phenomenon in its natural context within statistical physics and condensed matter
physics, and to relate it to what had been done in ihese areas before, is based on linear
response theory (LRT). According to LRT, if a system with a coordinate g is driven by a

weak force AcosQ (the addition to the Hamiltonian function of the system is of the form
of -AgcosQr), there arises a small periodic term in the ensemble-averaged value of the

coordinate, 8<q(f)>, oscillating at the same frequency Q and with amplitude a
proportional to that of the force [44]:

d<g{t)> = acos(Qt+d) = Re[y(Q)Ae ], A0, (7)
a=Aix(Q)l, o= -arctan[Imy(Q)/Rex(Q)].
The quantity () here is the susceptibiliry of the system. Eq.(7) holds for dissipative and



fluctuating systems that do not display persistent periodic oscillations in the absence of
the force AcosQr. In the more general case of a system performing phase-locked

oscillations with a period 2n/m, (this case is of particular interest for systems driven by

strong periodic fields with a frequency oy, e.g., by laser radiation) the linear response is
described by the expression

8<q(t)> = Re I_... x®(Q) Aexpli(key - Q)t], A-0. 8)

In this case a weak force gives rise to vibrations not only at its own frequency, but also at
the combination frequencies [Qtkwyl, and x*)(Q) are the corresponding susceptibilities.

The function y(Q) (or the functions ¥®(Q)) contains all information on the
response of the system to a weak driving force. It gives both the amplitude of the signal,
a, and its phase lag with respect to the force, ¢ (or partial amplitudes and phase lags for
the vibrations at the combination frequencies). In fact, Egs.(7), (8) still hold even if the
force is of a more general nature than just an «additive» coordinate-independent force
described by the extra term -Agcos€ in the Hamiltonian. In particular, the force can be
coordinate-dependent (a multiplicative force), or it can be the intensity of the noise
driving the system (e.g., the temperature, if the noise is of thermal origin) that is
modulated periodically. In any case, if the amplitude of the modulation is weak enough,
the response of the system is linear and is described by (7), (8). The onset of SR in
response to the modulation of the noise intensity (temperature) was investigated in [45],
and in [21] SR in response to the modulation of the temperature was considered for a
mesoscopic wire with a two-state dissipating defect.

The periodic terms (7), (8) induced by the force give rise to 8-shaped spikes in the
spectral density of fluctuations (SDF) Q(w) (5) at the frequency of the force Q (and at
the combination frequencies |Q + kwgl). The intensity (i.e., the area) of these spikes is
equal to one quarter of the squared amplitude of the corresponding vibrations, i.e., to
H4A2lx{(Q)2, or to 4A2ly®)}(Q)12. The signal-to-noise ratio R 1s thus expressed in terms of
the susceptibility as

R = 1A%y (Q)RIQO(Q), A -0, %)

and for periodically oscillating systems the signal-to-noise ratio R(%) at the combination
frequency 1Q- kowyl

R® = 1/ A2y®(Q)2/Q0(1Q- kwpl), A —=0. (10)

Therefore, the evolution of the susceptibility and of Q0)w) with varying noise intensity
D show immediately whether or not SR (understood as an increase, with the increasing
D, of the signal or of the signal-to-noise ratio in a certain range of D) is to be expected
at a given frequency.

Describing SR in terms of the susceptibility is particularly advantageous for
systems that are in thermal equilibritm or in quasi-equilibrium. In this case the
susceptibility can be expressed immediately in terms of the SDF Q(O(Q) in the absence
of periodic driving via the fluctuation-dissipation relations [44]:

Im y(0) = to/T QO(w), Rey(w)=2/TP Oj dw; QO)(w) 02/ (w2~ @?) (11)

where P implies the Cauchy principal part and T is the temperature in energy units. It
follows from (10), (11) that the onset of SR can be predicted from purely experimental
data on the evolution of the SDF of a system with temperature without assuming anything
at all about the equations that describe its dynamics, i.e. for a system treated as a «black
box».

The relevance of this approach to SR is seen from Fig.1 where some data from
analog experiments for electronic systems simulating Brownian motion in a bistable [9]
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Fig. 1. Stochastic resonance for the Brownian motion ¢+2g+U’(g)= (2I)V2E(r)+AcosQx, for the white
noise £(1) (1) with the intensity D=T (after [9]): a - bistable potential U{g)=-q*2+q*%4. The values of
R=6.51-10-4R are given for Q=0.0695, A=0.1, I'=0.125. 3- Direct measurements, + - data calculated
from the measured ((®(w) via fluctuation-dissipation relations (11); b - Monostable potential,
U{q)=Bg+q%2+g*4. The stochastic amplification factors, 1?=a2(T)/a2(0) equal to the squared ratio of
the amplitude of the signal with and without noise, d - B=0, O - B=2; 4=0.02, I'=0.011. The full curves
represent theoretical predictions derived using LRT (after [11] (5))

and in a monostable [11] potential are compared with the LRT theoretical predictions.
The simulated systems are guasi-thermal. The results of Fig. 1, a demonstrate that SR in
the signal-to-noise ratio is described quantitatively by the fluctuation-dissipation
relations (11), even in the range where an explicit analytic calculation of the
susceptibility of the system was not possible. The data in Fig. 1, b show that, contrary to
what had been comimonly accepted, a noise-induced increase of the signal in a system
does not require that it be a bistable one: the effect can arise in monostable systems as
well. The particular mechanism explored [11] is based on the fact that the frequency of a
nonlinear system depends on the amplitude (energy) of the vibrations. By varying the
temperature of the system (the noise intensity) one varies the distribution of the system
over the energy, and hence over the frequency. It is possible therefore to «tune» the
systerm, and thus to increase the response at an appropriate frequency. The strong and
rather interesting temperature dependence of the spectral density of the fluctuations
QO{w) of underdamped systems was reviewed in [46]. Recent results obtained for a
special class of underdamped systems where the dependence of the eigenfrequency of the
vibrations on the araplitude is nonmonotonic - the upper curve in Fig. 1,b refers to a
system of this sort - are reported in [47]. :

4. Susceptibility and relaxation in solids with reorienting dipoles

To the best of our knowledge, analytical results for the susceptibility of a flucta-
ating symmetrical system with two coexisting stable states, which traditionally has been
of primary interest in the context of SR, were first obtained by Debye [40]. Debye an-
alyzed the dielectric response of polar molecules in a solid. He assumed that a molecule
can switch between two equivalent positions within a unit cell, and that in these positions
the dipole moment of the molecule is pointing in opposite directions. The expression for
the transition probability W, he used was equivalent to Eq. (4), with g,= -Ed,/T where E
is the amplitude of the electric field and d, is the dipole moment in the nth position
(n=1,2; d;= -d,); he linearized W,,, in Ed,/T (however, he did not specify the form of the
ransition probabilitizs W, in the absence of the external field).

The well-known expression for the susceptibility Debye derived was, in the
present notation, of the form
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dz W
T wWo-iQ’

This expression made if possible to explain the experimental data on the dispersion of the
real part of the dielectric constant of ice. It is straightforward to see from the
fluctuation-dissipation relations (11) that the signal-to-noise ratio R that follows from
(9), (12) is precisely of the form (6) (cf. [9,48]) that describes SR in the linear regime.

In the context of condensed-matter physics, the quantity of special interest is
usually the phase shift between the force and the signal, since it is the phase shift that
determines the absorption of the energy from the force, in particular from the
electromagnetic field in the case considered by Debye. In the symmetrical two-state

model with thermally activated transitions between the states the phase shift ¢ as given by
(7), (12) decreases monotonically with increasing temperature [40, 5, 34]:

(¢)tw0-slatc =- arctan(Q/W(O)). (13)

The phase shift is one of the characteristics used to describe the elastic properties
of solids: in this case the force is stress, the signal is strain, and the phase lag is referred
to as internal friction [49]. For finite frequency of the stress there arises a phase shift
between the stress and the strain, even though the stress is linear in the strain (and thus
reversible), In some metal alloys internal friction displays a strong nonmonotonic
temperature dependence as shown in Fig. 2 taken from [S0]. A simple mechanism of this
dependence for body-centered cubic metals with interstitial impurity atoms was
suggested by Snoek [51]. He assumed that an impurity occupies one of the equivalent
interstitial points in an elementary cell thus forming an elastic dipole. The dipole can
reorient as a result of thermal fluctuations. Uniaxial stress breaks the symmetry, like an
electric field in the case of electric dipoles, and the response to the stress is given
basically by Debye’s theory, slightly modified to allow for a different number of
equivalent stable states.

The strain measured experimentally arises as a combination of the strain related to

xo(Q) =

W(O) = W12(0) + W21(0) = 2 le(o). (12)

the reorientation of the elastic dipoles and 0
the strain due to the deformation of those 100.0 , 60.0 . 330 10j0 (ﬂ 5C
cells that are free of impurities. This A\ \

deformation is characterized by much faster 8r

relaxation than the reciprocal reorientation -
rate 1/W(©® of the dipoles at room | // /\\\ \\

temperature. For low temperatures the 0.6

reorientation rate W) is negligibly small, }
and the strain is equal to that for a crystal 04 / L/ 1ABG

with immovable defects and is in phase ™ , / Y

with the stress (Hooke’s law). Therefore | / // / \

the phase shift is equal to zero rather than to 0.2 7 N

-7n/2 as given by (13). Only for higher T % \\\\

does the reorientation of the elastic dipoles ¢ g . » Pt N
become «switched on» and the term 26 28 30 32 34 3.6 1000/TK
described by (13) contributes to the phase

shift. As a result l'(b| sharply increases with Fig. 2. Peaks of internal friction (normalized phase
temperature and displays a clearly resolved lag - 9) vs temperature due to Snoek relaxation in
peak. T.he g) osition of the peak (see ﬂ.le NeXt  nFeC alloy; the curves A to E correspond to the
subsection) may be used to determine the frequencies 2.1; 1.17; 0.86; 0.63; 0.27 Hz (after
activation energy for reorientation of the Wert and Zener [50]) :
elastic dipoles [49].

L

5. Stochastic resonance in continuous dynamical systems

In many cases, the bistable dynamical systems where SR is investigated are
continuous rather than being two-state ones. For such systems, the dependence of the
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phase lag on the noise intensity (temperature) is similar to that observed for internal
friction in anelastic solids. This is clearly seen from a comparison of Fig.2 and Fig.3. In
the latter case, the data [52] are from an anaiog simulation of overdamped Brownian
motion (1) in a simple symmetric bistable potential

U(q) = - 1/2 g2+ 1/4 g+, (14)

The explicit LRT expressions for the phase shift and for the signal-to-noise ratio R of a
continuous system { 1) for low noise intensities and for low frequency Q are of the form:

& = -arctan[(Y/Q)(Q2WO) + Q2D)/(QW©2 + Q2D)],

A2
4D2

R= (QWO2 + 2DD(Q2WO + Q2D), QL << Q,, WO<< D (15)

where Q=i 1=U"{g,,) is the reciprocal relaxation time for the intrawell motion

{corrections to (15) of the order of Q/Q,, D/AU have been dropped).

Measurements of the phase lag in an electronic model of (1), (14) are plotted as a
function of noise intensity in Fig 3. The variation of ¢! with D exhibits a well-defined
maximum and clearly has much in common with the internal friction data of Fig.2,
although the peaks in the latter case are noticeably narrower, which shows that the system
(1), (14) does not provide a completely adequate quantitative model for anelastic
relaxation. We notice that the values of Q in Fig.3 is very much higher than the effective
value of Q for the anelastic relaxation experiments (where the absolute value of the
driving frequency is ~1 Hz as compared to ~1013 Hz for atomic vibrations in solids so
that Q ~10-13). For =10-13, the function of -¢(1/D) as given by (15) takes the form
plotted in Fig. 4, showing a narrower and more symmetrical maximum than that in Fig. 3,
albeit still slightly broader than those in Fig. 2. The positions of the maxima of ¢l as a
function of D depend on Q in both cases; for the model (1), (14) this position D, is
given by the equation

-
60.0
)
40.0 N
> |
p 60.0
o
Dol 400 F
20.0 d
200 1
D
| 14L H OO 1
0.0 02 D 50.0 100.0 1500 1D

Fig. 3. Phase lag - ¢ between the coordinate <q(r)>  Fig. 4. Phase lag - ¢ for the system (1), (14),
of an overdamped Brownian particle oscillating in a  ¢ajculated [52] from (7), (11) for Q=10-13 and
potential (14) and the force of frequency Q=0.1 as  plotted as a function of 1/D for more convenient
measured in the electronic experiment; the force  comparison with the data of Fig.2
amplitude:0-4=0.04,8-0.2, The solid line represents

the theoretical prediction based on LRT [52]

(nonlinear corrections do not change this curve

strongly for the actual value of A). The inset shows

the normalized signal-to-noise ratio in the region of

the minimum in R
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WO(D i) = QD Q)12

The response of a continuous system differs markedly from that of a two-state
one, not only in its non-monotonic rather than monotonic variation of ¢ with D, but also
in the variation of its signal/noise ratio with D: for small D the function R decreases
rather than increases with the increasing D. Such behaviour, seen in Fig.1, g, has a simple
explanation. For small D the interwell transitions are frozen out: the susceptibility is then
determined by the intrawell motion of the system, and is independent of noise, whereas
the power spectrum is formed by the fluctuations about the minima of the potential and
increases proportional to the noise intensity, so that R o< 1/D, as seen from (15) for small

W©. The analysis of the position of the local maximum of R vs noise intensity was
performed by Fox and Lu [53].

In general, of course, the motion of a bistable continuous system will not be
described by the simple model (1) of overdamped Brownian motion in a symmetrical
double-well potential. Neither will the noise be white, nor will the system be moving in a
static potential. For example, the stable states of interest may be the states of stable
periodic vibrations in a strong external force (periodic attractors), as is of interest in the
context of optical bistability [S4]. Analytic results for the fluctuations and for the
response to a weak external force can be obtained [55] provided the noise intensity is
small so that the probabilities of fluctuational tramsitions between the states are very
much smaller than the reciprocal intrawell relaxation time, W,,(0<< f.-1, and the
fluctuations occur mostly within narrow vicinities of the stable states. The results held for
systems driven by an arbitrary Gaussian noise, in which case the dependence of the
transition probabilities on the characteristic noise intensity D is of the activation type, and
in the absence of the additional weak force

W, = const exp(-R,/D). (16)

The activation energy of the escape from the state n, R,, is given by the solution of a
variational problem [56]. For certain types of non-white Gaussian noise R, was found in
Refs. [56, 57].

For small enough D there are two main contributions to the susceptibilities x®(Q).
One comes from the motion close to the stable states where the system spends most of the
time. This contribution is given by the sum of the partial susceptibilities y,®(Q) (r=1,2)
weighted by the populations of the stable states w,. The other contribution, 3,®{(Q), is
important in the case where the frequency Q of the weak force is small or is close to the

frequency wp of the strong external force. In this case the weak force modulates the
probabilities of the transitions between the states and thus the populations of the states:

X(k)(Q) =X =12 Wy Xn(k)(g) + XIr(k)(Q)a Wy = 1- Wy = W21(0)/W12(0). (17)

The partial susceptibilities %,®(Q) can be easily found from the equations of

motion linearized about the stable states in the absence of noise (noise determines the
values of the populations w, via the transition probabilities). They display dispersion on

the frequency scale 7,1, whereas in the range of interest for SR, Q << f,1 or
1Q~ gl << 11, they are nearly frequency-independent.

The characteristic frequency scale which determines the dispersion of x,®(Q) is
given by the relaxation rate of the populations, i.e., by W0 = W, @ + W,(0. A simple
way to obtain %, ®(Q) for Q << v, or 1Q- Wz << v, (v=min(fer 1, t 1), Where f,, is the
correlation time of the noise) is based [55] on the fact that the major effect of the
additional weak force AcosQt on the populations of the states comes from the modulation
of the activation energies of the transitions between the states R,. For small O one can
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find this modulation just by evaluating R, for a system biased by a constant force 4, i.e.,

by finding R,=R,(4), and then by replacing A by AcosCx. In this case the escape
probability can be written in the form similar to (4):

OR . (A)
oA

In the case of periodic attractors corresponding to forced vibrations in a strong

periodic force Fcos{wgi+dr), with the frequency wy>>v. the additional weak force

AcosQr with Q very close to o, can be considered as a modulation of the amplitude of the
strong force,

1Vnm([) = W,Im(0>e;;p(g,zcos§2t), gn = g,,A/D, gn = ‘[ ]A:Os Q<<vc- (18)

Fcos(@gt+0r) + AcosQt = Reﬁ(r)exp(z’(m,~z‘ + 0r)),

F() = F + A expli(Q - op)1 - i),

The activation energies R,=R,{F) are independent of the phase ¢, and when the weak
force AcosQt is applied they take on time-dependent values corresponding to

the instantaneous value of the amplitude [F(¢), so that

LVnm(f) = an(o)exp[gncos((g - (DF)t = q)F)}; n :%IA/D’ (19)
e L ORAE) <<y
7 = . —— s - Wpl << V,,0p.
'5 7 F, aF F F

Egs. (18), {19) can be inserted into Eq. (3) for the populations. For small am-
plitudes A, when g, <<1, one can expand the transition probabilities in g,. Terms linear
in g, are sinusoidal inn time, and so also are the corresponding terms in the populations
w1(2). It the value of the coordinate in the nth periodic attractor

C[,,(T) = Zk Qn“)exp(ikm}’t)
then the expression for the susceptibility x,®(Q) for IQ- ogi<<v, is of the form

Wi OWor®) gy - g 1) - goli1)
12 28 81 -8 1 70 o (20)

MH(Q) = - i
Xl 81(2) W) D WO -{Q-ap"

The equation for the susceptibility with respect to a low-frequency force is very
similar:

WiOWu® g1 - g2 g - g0

W©) D WO - iQ

%l 2) = - : Q<<v, . (20a)

It can easily be seen that in the symmetrical case, W1,0=W,(0), g= -g,, ¢1=g,0)= -g,=- ¢,©),
this expression goes over into Debye’s result (12).

Note that, for a simple model of overdamped Brownian motion in the bistable
potential (1), the expressions for the susceptibility (17), (20a) (and also the explicit form
of the partial suscepiibility ¥,{€2)) can be obtained at low noise intensities directly from
an analysis of the eigenvalues and eigenfunctions [58] of the Fokker - Planck equation,
both in the case of a symmetric [59] (a) and an asymmetric [59] (b) potential. A detailed
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numerical analysis of the Fokker - Planck
equation for the system (1), (14) is [60] in
full agreement with the analytic results
derived above, and in particular with those
for the phase shift shown in Fig. 3. Note
also some earlier numerical work on the
Fokker - Planck equation for periodically
driven bistable systems [33].

From (18) - (20) (cf. [55]) it is
clear: (i) that the susceptibility due to the
transitions between the states increases
exponentially sharply with noise intensity
D in the range of very small D; (ii) that this
susceptibility is greatest within a frequency
range that is extremely narrow compared
with the characteristic inverse relaxation
time f 1, (iii) that the susceptibility is
proportional to the reciprocal noise
intensity, which is why it can become large,
and (iv) that it becomes large only within
the narrow range of the system parameters
for which R;=R,, and thus the transition
probabilities, W,® and Wy, and the
populations, w; and w,, are of the same
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Fig. 5. The response of a noise-driven underdamped
nonlinear oscillator with coexisting periodic at-

tractors to an extra force AcosQr (after [13]). The
equation of motion of the oscillator for 4=0 is of the
form Ej+2Fi]+m02q+q3=FcosmFt. The quantities P
and P provide signal-to-noise ratios at the fre-
quencies ) and 20z~ Q. The data refer to the kinetic
phase  transition range, {(®p- wg)/I'=0.236,
3F2/320p3(@p- wo)3=0.0814

order of magnitude (the range of the kinetic phase transition). All of these features have
been observed in experiments and are immediately related to the onset of SR in bistable
systems. In particular, the feature (iv) shows that SR in bistable systems is a kinetic
phase ftransition effect. A demonstration of SR in a system with periodic attractors,
obtained from an analog electronic experiment [13] is shown in Fig. 5. The experimental
data (points) exhibit an increase of signal-to-noise ratio both at the frequency of the
force Q and at the combination frequency 2wz Q; they agree well with the LRT
theoretical predictions (curves).

Finally in this section, we would point out also that an important corollary of LRT
is that, for small-amplitude signals, the signal-to-noise ratio at the output of a system
driven by a stationary Gaussian noise does not exceed that at the input, even if the system
displays SR. Indeed, the Fourier components of the noise are statistically independent and

the total power of the noise Z(Q)dQ in a small spectral interval dQ about the frequency of
the signal Q is small. The signal-to-noise ratio at the input is given by 1/4A%/E(Q),
whereas that at the output is 1/4ly(Q)RAY/[Ix(Q)2E(Q)+Q'©(Q)]. The quantity Q'©O)}(Q)
gives the value of the spectral density of fluctuations in the system at frequency Q as it
would be if there was no signal and the spectral components of the noise at frequency Q
were suppressed, i.e., the power spectrum of the input noise had a hole at frequency Q.
By construction Q’®(Q)>0, which proves the statement. (In linear systems, on the other

hand, which do not mix frequencies, Q’(Q)=0 and the signal-to-noise ratio at the
output must be the same as at the input).

6. Conclasion

The main advantages of the LRT approach to SR are its simplicity, generality and
predictive power. It follows on naturally from earlier work in physics, especially that of
Debye [40]. Of course, LRT is by definition restricted to the small signal limit. Beyond
this range of linear response, where LRT is inapplicable, other (perhaps numerical)
methods become necessary (though analytic results can be obtained [9,43, 61] for the

65



system (1), (14) in the low noise limit, still using classical techniques of theoretical
physics), and the early theories of SR may then be expected to come into their own.
Inevitably, they lack the generality of LRT and, in most cases, are directly applicable only
to the particular type of system for which they were introduced. The LRT approach meets
a fortiori the acid test of any theory in science, namely, the possession of predictive
power. For example, it enables the presence or absence of SR in any given thermal
equilibrium system to be predicted simply from the evolution of its SDF with increasing
neise intensity in the absence of the periodic driving force: the discovery of SR in
monostable systems [11] was arrived at in precisely this way. .

With the benefit of hindsight, therefore, it can be seen that there is nothing
particularly mysterious about SR, and its position in the mainstream evolution of physics
has become clear. The next stage in the development of the topic seems likely to be in
terms of applications, perhaps related to SQUIDs [20], or to information transfer in
biological systems [30}—{33] or to communications, for example through noise-protected
optical heterodyning {27].
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CTOXACTHAYECKIAN PE3OHAHC M ET0 IMPOUCKXOXKIEHIE

M.H. Heixman, .1, Jdywunckuii, P. Maneaaa,
I1.B.E. Max-Kaunmor, H . Cmetin, H.I". Cmoxc

OOcyxnaeTcss sABJISHHEE CTOXACTHYECKOI'O pE30HAHCA, IPH KOTOPOM MOXKHO
YBEIWIHUTL COOTHOLIEHNE CHrHAN-IIyM (WM CHrHAN-CHTHAJN) B HEJMRHEHHOH CHCTEME
3a cuer pobaBicHUA crnydadnbix  uykTyammid  (fiyMa) — COOTBETCTBYIOLIEHR
UHTCHCHBHOCTH. DBiIBISIA CBA3b CTOXACTHYECKOTO pes3oHaHca, ¢ Oolee  paHHuMU
AccuenoBansaMa B ocobenno ¢ paboroii Debye B 20-e ropbl, aBTOpBI [AfOT SIBICHHAIO
IMMPOKYIO (PH3HUECKYRO TPakTOBKY. ITokaskBaeTcs, 9TO K CTOXaCTUIECKOMY PE30HAHCY
IPAMEHAMB] TPATALHMOHHEIE METONbI CTAaTHCTHYECKOH (DHM3HKU, HalpAMEpP, TEeOpHs
JIUHEHHOTC OTKIHMKA, H OOCYXHAIOTCS HX CIAOXHOCTH B OOIACTH BO3HMKHOBEHWUS
CTOXacTHYECKOr'0 PE30HAHCA.
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W3B.By30B «ITHI», 7.3, Ne 3, 1995 YK 539.219.3:621.328

BPEMEHA CTOXACTRUECKHX HEPEXOINOB B KYCOYHO-
MMAPABOMYECKNX BUCTABKIBHBIX CHCTEMAX C IYMOM

A H. Manaxos, AJL. Hankpamos

PaccMOTpena KHHETHKA CTOX4CTHYECKMX IIEPEXOHOB U3 OfHOIO YCTOHUMBOIO
COCTOSIHMS B Jpyroe B OHCTaGUALHBIX CHCTEMAX C HIYMOM, OIHMCHIBAEMBIX KYCOYHO-
napatoJHuecKuMy TIOTEeHUMAaNbHEIME Tipothunami. MerogoM mpeoGpasoBanus Jlamiaca
HCXONHOrO ypaBHeHHs Pokkepa - [InaHKa NOMydeHb! TOYHLIE 3HAYEHUS CPEOHHX BpeMEH
nepexonos (BpeMeH penakcaiuu) GPOYHOBCKHX HacTHl{ uepe3 IIOTeHUMalbHble GapLephl,
pasnensouMe yeToiuuBale cocrosnns. s Tpex KOHKPETHBIX KYCO4HO-IapabomdecKix
npodunell NPOBEJIeH CPAaBHUTENbHLI aHall3 MNONYYEHHLIX TOYHLIX 3HA4YeHWH BpeMeH
peltakcalii ¢ U3BCCTHRIMH pakee npubiHxeHHsIMH pesynbTtaTtami Kpamepca. TlpocnexeHo
Brusiuuc OpMbl M LIMPMHBI [OTEHIUMANBHOrO Oapbepa Ha 8peMeHa penakcanmm. B
CTPYKTYpPE BPEMEHM pEJlaKCalyM BbISBAEHBl MHOXHTENY, OTBEHAOIMe 3a opmy
YCTOHUMBOTO COCTOAHUS, 32 (hopMy, BEICOTY U IIMPHHY IOTEHIMANLHOrO 6apbepa.

Bsepenne

Bpoynosckoe [BIDKeHHEe B [OTEHIUAJILHBIX HOJSX, BIEPBbIE PaCcCMOTPEHHOE
Kpamepcom [1] ¢ Toukn 3penusi ckopocTel peakimii, yCrHelHo IPAMEHSIeTCs IO ChX IOp
KaX ajeKearHas MOJENb KWHETHKM IIPONIECCOB IEPEXOid Pa3NiyHBIX ARHaMUYECKHX
CHACTEM H3 OJHOTO YCTOHUHBOIO COCTOSHHS B Jpyroe dYepe3 COOTBETCTBYROIE
HOTeHIHanbHble Oaphephl. 3Ta MOfelb WIHPOKO HCIOJNB3YETCS BO MHOTHX 3afavdax
tusmkn, xumum w Omonormm (cM., HampmMep, o030p [2]) m mpexpme Bcero st
ompeflelIeHHs] CKOPCCTeH IlepexojoB, BPEMEH pelakCalud W BpEMeH KW3HW
MeTacTabUIBHBIX COCTOSHAN.

Haumnas ¢ Kpamepca ocHOBHbIE pe3yibTaTbl 3TOH HMpodieMbl ObLIM HONyUEHBI
TIaBHBIM 00pa3oM [JI BBICOKHX NOTEHIHANBHBIX 0aphepoB, KOITa HHTEHCHBHOCTDL
¢hayrTyanmll, CyMIECTBYIOLIUX B HAUHAMHAYECKUX CHCTEMax, Npeylonarajiach MHOTO
MEHbIIEH NOTeHIMaNbHON SHeprun 6apbepa, 6narofapst yemy HOTOK BEPOSTHOCTH Yepes
NOTeHUMANbHBIH 0apbep CYHTANCS IOCTOSIHHBIM M BCE pAcCMOTPEHHE BeJOCh
KBa3@CTaUHOHAPHBIM 006pa3cM.

OTeicKaHHE BPEMEHHBIX XapakTEPHCTUK CTOXAaCTWYECKUX IEePEXOMIOB ISl CIyYaen
CpeMHMX ¥ HM3KUX IIOTEHIFAIbHBIX 0aphepoB, Korfga (GIyKTyalill JOCTATOYHO BEJMKH,
TpeOyeT 3HaHWS HecTalmOHapHOro pemreHus ypaBHenws Pokkepa - ITnamka (YOIT),
ABJIOIIEIOCS OCHOBOTIOJIararoIIM mapdepeHIMANbHEIM ypaBHEHHEM
paccMaTpuBaeMoi IpoGIEMB], B 4eM H 3aKJIF0YaeTCs OCHOBHAA €€ TPYIHOCTS.

HauGosace WHDOKO KCMOAb3YEMbIA NONXOH K OTHICKAHWIO HECTAIHOHAPHOTO
pemenas YOI cocTORT m3 pasnoxeHms oneparopa ®okxepa - I[Inamka 1o
COOCTBEHHBIM (VHKLUAM M HAXOXACHHS MHHAMAIBHOIO HEHYJIEBOIO COGCTBEHHOrO
9HCiIa, KOTOPOE H ONpENiesIsseT BPeMEHHOH MacmTab penakcallma (CM. MOHOTPaAdHIo
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Prskuna [3] u npusenennyio Tam 6ubimorpaduio). OIHAKO, C ITOMOIIBIO 5TOr0 METONA
yAaeTcd MONYyYHTh HCKOMBIE BpPEMEHHBIE XApPaKTEPHCTHKH JMINb I HEKOTOPBIX
NpOCTEHIIAX MOfeIed OTeHIMANBHEIX IPOHieH.

Ham mogxon K pemenmro Npo6aeMbl OCHOBAH Ha OTBICKAHMHM HECTALHOHAPHOTO
pewenmsn YPII B Tepmmuax npeoOpasopasnma Jlammaca ® IHONyYEHWH MCKOMBIX
BPEMEHHBIX XapakTePUCTUK HEMOCPEICTBEHHO M3 npeoOpasopanms Jlamnaca. ITEM
METOOM B palotax [4-6] ObUm ompeNeseHbl TOYHBIE BPEMEHHBIE XapaKTepHCTHKH
HECTaMOHapHOH mud¢y3nn Yepes NPOR3BONbHbIE KyCOYHO-THHEHHEIE MOTEHIRAILHEIE
npocdwn Ge3s xkakmx OO OrpaHWYEHMl Ha BBICOTY HOTCHNMANBHEIX GapbepoB. B
HACTOsAIIE# paboTe OSTOT MOANXOJ PacHpOCTPaHeH Ha aHanu3 HEeCTAUUOHAPHOTO
OpOYHOBCKOI'O ~ JBHKEHHS B  TPeX KOHKPETHBIX  KyCOUHO-IApabommaecKux
NMOTEHIHAILHBIX NPOAIISTX.

OrmMeTaM, 910 KpoMe ynoMsHyTol paboter Kpamepca xycoumo-mapaGomnmade-
CKmii TpocmIb paccMaTpHBalcs TaKXe M B Apyrmx paSorax [7-10]. Ommaxo,
HCHOJE30BaHHBIA B 9THX paboTax METOJ pa3loXKeHwd 10 COOCTBEHHBIM (DYHKIHASM He
NIO3BONIMI HAWTH pEIIeHHe A7 IPOH3BONLHOH BHICOTHI MOTEHIMANLHBIX Oapbepos;
HOJTyYeHHbIE NPHOMKEHHbIE PEIMEeHAS W IONPaBKU OTHOCSTCH IIAIIL K BBICOKHAM
MOTeHUHAIBHBIM OapbepaM.

1. O6mmee perienne Y DII B mzo6paxenun Janwnaca

1.1. Kax m3BecTHO, ABIKeHHe OPOYHOBCKHX YACTHI] B MOJE CHJ C IOTEHIHAIOM
®(x) B pexxumMe GONBUIOTO TPEHHS OIMCHIBAETCS CIENYIOIINM HCXOTHBIM ypaBHEHHEM
JlamsxeseHa:

dx(r) _ E_ do(x)

7 e a0

e &(r) - Gensmi rayccos myM
<&(H)> =0, <&(1)E(t+1)>=Dd(t), D =2kT/h,

h - Ba3RocTh, T - TemmepaTypa W Kk - mocrosnHag Donpnmana. [[ns IHIOTHOCTH
BEPOSATHOCTH KOOPAUHAT OpoyHoBCKuX dacTmn W(x,t) Y®IT umeet crenyronmit BEL:

oW(x,t)  0G(xt) 1 0 _dox) 02 .
% 3% "B g[ W(zx, t)]+§;2W(x, D}, (1.1)

dx
rme B = 2/D, G(x, t) - motok BepostHocTH U O(x) = 2®(x)/hD = ®(x)/kT -
6e3pa3MepHBII NOTEHIMATLHBL IPODHTID. :
Ilycts npu =0 Bce GpOyHOBCKHE YaCTHIBI PACIIONOXKEHBI B TOUKE X = Xg, YEMY
COOTBETCTBYeT HadanbHOe ycioBue W(x, 0) = 8(x - x). C TeueHmeM BpEMEHH 2TO

HavyaIbHOEC paciipecicHne pacniubiBacTCd, # B KOHIC KOHIIOB MOXKET YCTaHOBHTBHLCSI
HEHYJIEBOC CTAIAOHAPHOS BEPOATHOCTHOE pacnpec/ICHUE

W(x, o) = Aexp[-o(x)], (1.2)

eCJI|
A =+ Z expl-o(x)]dx

sgpisgeTcs KoHeywon Benmummpon. OQOmiel 3ajadeil sBASETCS HAXOXACHHE BPEMEHHBIX
MAacCIITaGoB U3MEHEHUs BEPOSTHOCTHOTO pacupefeliesds oT savansnoro W(x, 0)  mo
dpumansroro W(x, ).

Nns pemenns Y®II (1.1) npuMernnm npeobpasosanue Jlamaca
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Y(x,s)= f W(x, t) e-sdt.

Ypasuense (1.1) 3armueTcs pa 3TOM B BHMIE

a?¥(x,s) d [ do(x)
de &' dx

Y(x, s)] - v2Y(x, s) = -B3(x - xo), (1.3)

rae 2 = sB. 3aMeTm, YTO NOTOK BEPOATHOCTH B B3oOpaxeHmm Jlamaca paBeH

1. do( dY(x, s)

o fo 1 de(x)
G(},\,S)—.([)G(l,t)e dt~-B [ T Y(x,s) + p ]

PacemoTprn mapaboInuecK e HOTeHURATLHBI IpO(UIb
o(x) = by(x - )22 + oy,
3alaHHBNI B HHTEpBANE X € (X}, X4, ] YpasHenue (1.3) B 910M HHTEpBaile IPAMET BUN

A2Y(x, )
— d(i 5)— +d.[— [b(x - 1)Y(x, $)] - ¥ (x, 5) = -B83(x - xp). (1.4)
32 ¥

MoxHo mokasars, 9To ofinee pelieHme ypasHenus (1.4) mpm b, # 0 MoxeT ObITh
IPeJICTABIEHO B YKA3AHHOM WHTEPBAJE B BANIE

Yx, 5) = exp (-o(x)/2) {AU(az) + CU(a, -2)}, ecma xg & [xi Xpeq]-
Ecan xe Xp € [xka xk-)—l}a TO Y(X’ S) ZY/{(X, S) + y(x> S), rae

_ BI(a+1/2)

© 2nlbi)e

U([l, ZO)U(aa "Z,\)a x<x0}
y(x, s

I (x, 8), x<x,
Ula, -zp)U(a, z), x>xg

exp[(o(x) - ¢(x))/2] = —

y(x, 5), x>xq,
3geck A; , C; - IPOHU3BONBHEIE NOCTOSHHBIC, @ = G - 1/2 sgnb,, ¢ = /b = sB/\bl,
z=lb12 (x ~ 1), zo = 10112 (xp - 1) 1 T'(x) - ramma-dyuruma. Oveknma Bebepa Ula,z),
U{a, -z) sBASEOTCS JHHENHO HE3aBHCHAMBIMEA pemenmavu # 00IafarOT, B 4aCTHOCTH,
cremyrommma ceofictamu [11]: Ula,ee) =0, U(a,-) = oo.

1.2. Ons ompeneneHns IPON3BONBHBIX MOCTOSHHBIX Ay, C; HEOOXOMEMO 3aJaThCs
TPaHHYHBIMH  YCJIOBHSIMH, CBS3aHHBIMH C KOHKPETHBEIM BHJIOM HCCIELYEMOIO
noTeHuMansEoro npodung ¢(x) [3,6]. Tax, HampuMep, i TPEX THNOB NOTEHIMAILHEIX
npoduneil, n306paxKeHHbIX Ha puC. 1-3 w aHaTA3UpYeMBIX fanee, HeTPYIHO YCTAaHOBHATH
IpaHU4Hble YCIIOBHSA, HajlaraeMble Ha TpaHcgopmarmm Jlamiaca mIOTHOCTEN U IIOTOKOB
BepositHocTed. [ng npoduns, n3obpakensoro Ha puc. 1

LA A D 4 WY Ny %% Y7 Yyt %y
C ey // \ PCx) i / Lo |€0(x) /

| SN
o / % S Y Y N j
/ RN (U .
N VN Vo /
\\ /j?\ // \\/ T \\ // \\|/ Clz N\

X0 0 /2 131221 = %0 /2 131220 =«
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e
-
=

Puc.1 Puc.2 Puc.3
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Yl('°°, S) + y~("°°a S) = 09 Y2(+°°a S) = O’

Vil ) +y+(L, 5) =Xo(l, 5),

G(I-0, 5) = G(I+0, s);

Uit ipocprnel, M300pakeHHbIX Ha prc.2 U 3

Yi(-e0, 5) + 3 (o0, 5) =0, Y3(+eo,s) =0,

Yi(i12, s} + y-(I2, sy = Y,(I2, 5), Y,(3112, 5) =Y(312, 5),

G(UI2 - 0,5) = G(U2 + 0, 5), G(3I2 - 0, 5) = GBU2 +0, 5).

2. BpeMennbie XapaKTePUCTHKY IBOMHOIMA
TUIOTHOCTH BEPOATHOCTH
2.1. Ilpusenem Tenepbh METOR ONpENENCHHS XapaKTEPHOTO BpeMeHH mahdysmm

OpOYyHOBCKMX 4YacTHl B TIOTeHIMambHOM mpodmre. PaccMoTpuM, —HAOp@MeEp,
HOTEHIHAILHBIA IPOdhHIb, H300paKEeHHbBIH 47( x) :

Ha pmc. 4.  Ilyerb  magambHOe
pacopegenerme  W(x, 0)  xkak-To
pacIooXeHo B paiioHe ToukH x = Xx; C

TeUCHAEM BpPEMEHH INIOTHOCTD
BEPOATHOCTH OyfleT pacilIbIBaThCS IO OCH
x. BpifepeM Ha 3TOi OCH HEKOTOPYIO
IPaHAYHYI0 TOUKY X = L > X, U HaiijieM
cpepHEee BpeMs, 3a KOTOpoe OpOyHOBCKHE
9acTHIbl  [IEPEceKyT 3Ty TpaHuly B
MONOXKATENEHOM —HAalpaBIEHUH. BBeneM
BEPOSITHOCTb Puc. 4

P@) :_f{ Wi(x, £) dx,

KoTopast yMeHbiuaetcs ot P(0) no P(eo)

P(0) =_J W(x,0)dx, P(eo)= I W(x, ) dx = f_xi e Bdx.

CornacHo [6], xapakTepHoe Bpems 3BOJOIIE BEPOSTHOCTH PaBHO

J1P() - P
R Ty @.1)

310 ompefenenme paboraeTr, eclid H3MeHeHWe P(f) MPOUCXOTMT MOHOTOHHO H
HOCTAaTOYHO OBbICTpO, Tak 4ro muTerpan B (2.1) cxopurcs. B u3obpaxkenmsix Jlanmaca
3TO XapaKTepHOE BpeMsi IprHAMaeT B [6]

e P - ()
30 5[P(0) - P(o)]’

Orvickanme T, cornacgo (2.2), TpebyeT mETerpupoBanms peluenus ypasdenus (1.4) mo
KQOpIUHATE, Tak Kak

Il;(s) = :)Jf P(t)e-sdh. (2.2)
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P(s) =[5 s)a

MOXHO IaTh APYrofl pemenT BblumcaeHus I cormacHo (2.2), me TpeGyrommui
VKa3aHHOIC HHTETPHPOBAHIS, IOCKONBKY €ro MOXKHO TIIpoBecTd 3apamee. Tax,
HHTETpUpYs BCXOTHOe ypasHeHHe (1.1) 1o KoOpAHHATE B yKa3aHHBIX MPETieNax, NoIy MM

dP(r) _ _L- 9G(x, [)dx

J = - G(L, 1) + G(~o0, 1).

dt S OX
Toaaras, yro G(-ec. t) = O 1 coBepmas npeobpazopanue Jlannaca, HaigeM
- 1 dol> d¥(x, s
P(5) - PUO) = - GlL, ) = 5 [ 0Dy )+ 0Dy

TlopcTaBnas 310 B (2.2), HAXOTMM OKOHIATEIbHO

[P(0) - P(=)] +%[ d;p}fx) Y(x) +-di§> ],\-:L
1= lim SP(0) - P(=)] ' 2

ameraM, gro ecm W{x, 0) = 8(x - xy), 70 P(0) = 1, mockonbky X< L.

Taximt oOpa3oM, [Js ONpefeieHnus CKOPOCTH CTOXacTHUECKOTo Nepexofa
OpOYHOBCKHX YACTHI] 4Yepe3 HEeKOTOpYIO Ipamdly X = L IOTeHIHambHOro mpodurd,
HOCTaTOYHO 3HATH petncnne Y ®IT «B Jlamtace» Y{(x, s) u ero npoussoguyio dY(x,s)/dx
TOJALKO B TOYKE X = L. '

Iepefiiem Terieph K KOHKPETHBIM HPHAMEPaM.

3. Bpevesa pejakcanii SUCTaGMIBHBIX CHCTEM

PaccMOTpAM TPH NpEMEpa OMCTAaCHILHBIX CHCTEM, NOTEHIHWANbHblE NPOIA
KOTOpBIX n306pakens! Ha puc. 1-3. ITockonsKy 171 Beex 3TuX fpocusiell CylecTByIoT
HEHYJIEBEIE PABHOBECHBIE BEPOATHOCTHBIE pacmpenenerus W(x, o), TO xapakrepHOe
Bpems 7, onpepesiemoe cornacHo (2.1), ecTs Hu 9TO MHOE, Kak BpeMsi pellakcaims 6
PaBBHOBECHOTO PACTIPENENIEHMS B 3THX CUCTEMAX.

3.1. Iepevii npumep. PaccmoTpuM OHCTalHIBHYIO CHCTEMY ¢ OCTPBIM
TOTeHIMANLHAIM ~ GapbepoM, GOe3pasMepHbll MOTEHUHANBHBI [OPOMWIL KOTOPOH
n306pasked Ha puc. 1 u pasen (5>0)

bx2/2, x<!

=1 e 2, a1

Bricora noreHnnansHoro Gapbepa paBra o = bl2/2 = A®/(kT), A® = &(]). Havansnas
IenbTa-00pa3Has ILIOTHOCTh BEPOSATHOCTH pacmojioXeHa B Touke xg < [ C redeHmem
BpeMeHH B OHCTaOWIbLHOM CHCTEME YCTAHOBHTCSl CTaldOHApHOe GHMONAIBHOE
BEPOSTHOCTHOE pacrpepeierue W(x, o) = Ae-9() (1.2). HailgeM Bpems ycTaHOBICHHS
9TOrO pacHpefeNieHnsl - BPeMs pelaKkcalyH, BOCHONb30BaBOMCHL (opmynoi (2.3) u
nonoxus L = /. Kak ouesmpro, P(0) = 1, P(e) = 1/2.

Beruncienns nokaspBaioT, 4T0 3Hadenue Y,(¥, §), ClipaBeyiuBoe s X = [, paBHO

B exp(bx2/4 - b(x - 21)2/4) U(c-112, -bixy) U(s-1/2, b12(x- 20))
p1226 U(o + 1/2, - (2a)i2) U(o - 1/2, - (20,)12) ’

rae o = sB/b, B = 2/D.

Y2(~V= S) =
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. :
Borancnas ssavenme G(x, s) B Touke x = [ + 0, HCnonb3ys cpolicTsa (pyHKIImi
Be6epa [11], ma ocropammm (2.3) momywmM clefyiomee TOYHOE 3HAYSHHE BpEMEHH
penakcalmy paccMaTpUBaeMOH OHCTAGHIBHOM CHCTEMSI, CHpaBe[IHBOE i MOGOM
BBICOTBI HOTCHIHANLHOrO 6apbepa

6 = [2/(bD)][A((20)12) - A(b12x,)]. (3.1)
3nech BBefcHa (pyHKIMS

A(2) =:,)f exp (x2/2) [iexp(-tZ/Z)dt]dx, (3.2)

KOTOPYIO MOKHO Pa3/IOXUTh Ha YETHOE ¥ HEUETHOE ClaraeMble
A(z) = A%(z) + Al(z). (3.3)
Jlst MajbBIx 2 )
AV(z) = f exp (x2/2) [}exp(-ﬂ/Z)dt]dx = 222} + 2z4/4] + 2-426/6! + ...,
T (3.4)
Al(z) = (n/2)1/2(,;f exp (x2/2) dx = (n/2)12 (z + 23/3! + 325/5!0 + 3.527/7! + ...).

ACAMOTOTHYECKTH Psiff TIpH z >>1ns ysxumii A(z), Al(z) AMeeT CleyroLit Bry
A(z) = Al(z) =[(n/2)12 exp (22/2)/z][1 + 1/z2+ 1.3/z4 + 1.3.5/26 + ...]. (3.5)
[l aHanmm3a BpeMeHH pejakcalidl OrpaHuumMcs ciaydaeM xg = (. [Iasg mmskoro
noteunmaibHOro Gapbepa ((20)12<<1) m3 dopmyn (3.1) - (3.4) crenyer
8 = [2/(bD)][(re)12 + a + ...]. (3.6)

TTycTh vETEHCHBHOCTE (hiykTyaumtt k7 MHOTrO GONbINe pa3MepHOH BbICOTHI Oaprepa AD,

KOTOpasi, Kak W paccCTOSHAe OT HadalbHOIO MHMHHMyMa JI0 Oapbepa /, COXpaHAETCH
nocrosmuoi. B aToM ciaygae dopmyiy (3.6) yrobHo 3ammcaTs B Bufic

0 = hi2/(200) [(RAD/(KT))12 + ADIKT) + ...]. (3.7)

TakuM 0Gpa3oM, IpU BO3PAaCTAHWA HHTEHCHBHOCTH (DIYKTyalmil BPEMs pellakCallud,
KaK ¥ JIOJDKHO OBITh, CTPEMETCS K HYJIIO.

B [1pyroM mpelensHOM Cliydae BBICOKOIO 0apbepa, KOrjlla HHTCHCHBHOCTb
TeIIoBbIX (uykTymai Mana ((20)12>>1), ucnons3sys dopmyay (3.5), 13 (3.1) HaxommM

0 = 2r12/(bDo2) eo|1 + 1/(20) + ...]. (3.8)
TakmM 06pa3oM, [px MaJIo HHTCHCHBHOCTH (DIYKTyalHi
0 = w12hl2/(2AD) (KT/AD)12 exp(AD/(kT)). (3.9)

TpakTadeckn Takok xe npoduis 6bi1 paccMorper Kpamepcom [1]. B mammx
o6o3Hauenddx pedynbTaT Kpamepca pasen

Ok, = 2n12h12/(2A®) (KT/AD)12 exp(AD/(KT)). (3.10)
OT/mune B 9HCICHHOM Koadduimente 3108 (popMynsi oT (3.9) ceg3aHO © TeM, 4TO

Kpamepc monarain, 9T0 B TOUKE X = 2/ INIOTHOCTL BEPOSTHOCTH PaBHA HYJIIO, TO €CTh OH
chakTHYECKE NMOMEINAk B TOYKe X = 2/ NOTJIOMAOMYI0 IpaHuIly. A B 3TOM Ciydae 3a .
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BepIIMHY 0apbepa C TCUEHWEM BPEMEHH JOJDKHBI BBIATH BCE YAaCTHIBI, TOIMa Kak B
HamieM ciaydae 6mcTalmimbHOU CHCTEMBI 3a 0aphep BLIAAET TONLKO MONOBHHA YACTHIL,
IIOCJIE YETrO YCTAHOBUTCS CTAIOHAPHOE paclpefelcHue, ¥ EMEHHO HOSTOMY B HAllleM
cllydae BpeMs pellakcalay 6 mMo/Iy4aeTcst BIBOS MEHBIIIAM.

3aMeTHM, YTO TOYHBII pacueT BPEMEHH KW3HHU METAacTaCHMIBHOIO COCTOSHHAS,
[OAy4YyaeMoro H3 I300pa)KeHHOro Ha puc. 1 IpHE pa3sMemeHmA B TOUKe X = 2/
MOTFIOMAICIIeH TPaHAIbl, B TOYHOCTH mofTBepxXnaet cdopmyny Kpamepca (3.10) nns
BBICOKOIO Dapbepa.

C gpyroit croponsl, ¢opmyna Kpamepca (3.10), ecmu nombiTathes ee
HCTI0/1b30BaTh 1715t GOJIBINOH HHTCHCHBHOCTH TEIUIOBBIX (DIYKTyaljid, [aeT faxe
KaueCTBEHHO HEBEPHBIM PE3yNbTAT MO CpPaBHEHHIO ¢ TOYHOH thopmynon (3.7). Ilpu
kT — o copmyna (3.10) npusommT X 6 — o0, B TO BpeMs Kak cornacko (3.7) 8 — 0, uro
(pH3AYECKH OYEBHATHO.

OTMeTmM, H3KOHEl, YTO BpeMs peJaKCaidd 1718 PacCMaTpHEBaeMOro mpodmis,
HoyaeHHOe TIpEOMDKenHo B pabote [10] as BbIcoKOro 6appepa METOIOM pPas3ioKeHHs
11C COGCTBEHHBM (DYHKIASIM, TOJIHOCTBEO COBIagaeT ¢ dopmyoi (3.9).

3.2. Bmopoi npumep. PaCCMOTpHM 6HCTa6HJ11>Hy}0 CHCTEMY C [IagKaM
GapbepoM, Ge3pa3MepHbIi MOTCHITHATBLHENT IPO(HIL KOTOPOH COCTOUT U3 Tpex mapabort
ONUEAKOBOH KpyTu3nel b > 0 {em.puc. 2),

bx?/2, x<12,
o(x) =4 - blx~ D2 + bl/4, 112 <x<3I2, (3.11)
b(x - 21)2/2, x231/2.

BespasMepnas BbICOTa TOTEHIHANBHOIO Gapbepa paBHa o = bl2/4.
JIns HaXoXpeHVsl BPEMEHHN PellakCalliy BLIOSPEM IPDAHNTHYIO TOUKY Ha BEpPIIVHE
6apwepa (L = /). Pernenne ypasuenws (1.3) B o6nacta [/2<x<3//2 mveer Buyg

Yy(x, 8) = exp{(b(x - DAUN[A,U(c+1/2, - b12(x - 1)) + CoU(c+1/2, b12(x - 1))], (3.12)
rie 6 =sB/b, Ay=Fpl{q? - p?), Cy=Fql/(g* - p?),
F =B/b\2U(c - 1/2, -bV2x,) exp(bxy?/4 - a/2),
p=U(c6-1/2, -a12) U(o-1/2, 012) - sU(o+1/2, -c12) U(o+1/2, ali2),
q = oUxo+1/2, -0112) + U2(o-1/2, -0172).

Mopcrasnaa (3.12) B (2.3), MOXHO MONYYATE CIEAYIOIGSE TOYHOE BLIPAKEHHE M
BpPEMEHH pellakcaury GHCTaGIIBLHON CHCTEMBI C OTEHIMANL-HBIM TpodrneM (3.11)

9=2/(bD){2A0(c12) + Al{a172) -A(bV2x0)+(n/2)ex exf((a/2)12)[1+erf((o/2)12)]}. (3.13)
st Beicokoro Gaprepa (a>3) nxy=0
8 =2neo/(bD). (3.14)

Ilogobupnt ciydad, Korga npocduib mMeeT IJafkue Mapabommdeckue siMy H Gapbep,
TakxXe ObLi paccMoTped Kpamepcom [1]. B Hanmx oGo3Hauenmsx (opmyna Kpamepca
AMEET BHT

rg: = 4nee/(bD)

Kax w pasnee, pasmgude B OBa pasa BbI3BaHO TeM, uTo KpaMepc momerman BO BTOPOM
vueEMyMe  (x=2[) TNOTMOMAIOMY:0 TPAaHMIy ®  paccMaTpHBal,  (haKTHIECKH,
MCTACTa0HIbHOE COCTOSHHC, KOTOPOE C TEYEHWEM BPEMEHM HOJDKHbI HOKHHYTH BCE
YacTHIEL

Ecnd noTeHIManbHbI 6apbep paccMaTpUBAEMO# GUCTAORILHOA CHCTEMB! HE3KHAN
(a0 << 1), Toms (3.13) cnegyer, uro
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8 = 2/(bD) [(2r)12a12 + 200+ ... 1. (3.15)

Ecmu pasmeprast Bbicota Gapbepa A®, Kak A pacCTOSHEE OT MEHEMYMA JIO BEPILIHHBI

Oapbepa [, COXpaHSIOTCS IIOCTOSHHBIMH, B TO BpeMs KaK H3MEHIETCS IIHIb
HHTEHCUBHOCTh TEIIOBBIX (hiyKTyammt, To u3 (3.15) cnegyer

0 = hi2/(2A0) {[rA®/(2KT) |2+ A®/(KT) + ...}.

3.3. Tpemuii npumep. PaccMOoTpEM OHCTaCWIBHYIO CHCTEMY, OOJaIafOLyro
IUIOCKUM IOTeHIPAIbHBIM GapbepoM (cM.prc. 3)

bx2/2, x<i2,
o(x) =< bl/8, 12<x<3l2,
b(x- 2022, x23I/2.

Kak 7 B upempigymux ciygasx, ei0epem L Ha Bepumme Gapbepa (L = [). Bomonuss
ONWCAHHYIO BBONE MPOLERYPY, MOXKHO HONYUWTH CHEHYIOMMAN TOUHBI PE3ynbTaT AJd
BpPEMEHH pellakCal[ii PaBHOBECHOTO pacipefesIcHrs B TAKOM TOTEHIHAIBHOM npodrie:

0 = 2/(bD) {A((20)12) - A(b12x,) + n12012 ex [1 + erf (012)] + o},
st BBIcOKOrO Gapbepa (o> 3) u xy= 0 BpeMs penakcaunn uMeeT CIeAyIOAl BAL:
0 = 2/(bD) 2rl2012 ec. (3.16)

B caygae wuum3koro OGappepa HETPYIHO INONYYHTH CHEAYIOMEe AaCHMITOTHYECKOE
pasioXeHde:

0 = 2/(bD) [2r120172 + 40t + ... ]. (3.17)

3.4. Anaaus pesyabmamoe. [IpoBenem Tenepb o0yl CPaBHATEILHLIN aHATIH3
HOIyYEeHHBIX BPEMEH pElaKCald il TPEX PacCMOTpeHHbIX mpmMepos. Hawrem co
ciTy4gasl BBICOKOTO faphepa.

B coorserctean ¢ dopmynamu (3.8), (3.14), (3.16) Bpems penakcaumy s
ocrporo (sharp), rnagkoro (smooth) m iwrockoro (flat) GapeepoB pasHO,
COOTBETCTBEHHO,

8y, = 2/(bD)r 120-1/2¢0, 0. = 2/(bD)nee, 0q = 2/(bD)2n12012¢0. (3.18)

B 3tEx dopMynax ecrecTseHHO BbUienseTca ¢axTop Kpamepca ec, marommi
OCHOBHOH BKJIaJ] BBICOKOT'O IIOTEHIMANLHOro 6aphepa B 3Ha9CHAE BPEMEHH PelaKCcalliH.
IIpedbakTrop OTpakaeT 3aBHCHMOCTb BPEMEHH peJiakcaiul OT KOHKPETHOH (hOpMBI
TMOTEHIAAILHON MBI B IIOTEHIEANBEHOr0 6apbepa.

TIpuMedaTeNbHO, YTO MEOKHATENE 012 He BXOHT B «CPEeIHIOK» (opMyny (3.18) r
COBEpIIEHHO MO-pa3’HOMY BXOJWT B «KpaiHue» 3HadeHms 0. [Ipumumpon sToro, mo
HamieMy MHEHHMIO, SBISETCA TO, JTO IJIagkuii Oapbep, Oyayd HapabONHYecKuM,
HpelCcTaBIsieT, (DAKTHICCKH, JITHEHHYIO CHCTEMY, OIMCHIBAEMYIO JUHEHHLIM HCXOTHBIM
ypaBHenmem JlaibkeBeHa, B TO BpeMs KakK «KpaliHue» Oaphephl OIHCHIBAIOTCA
HelnmHEeNAHBIM ypaBHeHHeM JlarokeBeHa, IPEYEM Y HAX HEJIMHEHHOCTH «OOpaTHBIE» IO
OTHOIIEHHIO K IWCTO NapabonudeckoMy Gapbepy: ofma Oosee KpyTod 9eM mapabona,
mpyroii Gojiee mojormit. 3aMeTHM, 9TO AHAJIOTWYHAS CHUTYyallds AMEeT MEeCTO W It
BpPEMEHY YCTAHOBJICHWS PaBHOBECHOTO PacHpENE/ICHAs B MOHOCTAOWIBHBIX CHCTEMAX.
Tax, BpeMsi peJlaKCalliil CTALHOHAPHOI'O BEPOATHOCTHOTO PacHpeNesICHus B IMHEHHOH
cacteMe (NapaGoMMUecKUil TOTEHIMATBHEGI IPO(HIb) He 3aBACHT OT HHTEHCHBHOCTH
BO3AEHCTByIOMETro Imyma D), KoTOpasi, OfHAKO, CYHISCTBEHHO BIHMACT Ha BpeMs
peaKcaliy HeJIMHEeNHBIX MOHOCTA0WIbHBIX CHCTEM, IPHYEM KaYECTBEHHO II0-Pa3sHOMY
B 3aBHCAMOCTH OT TOr0, SBJAETCS J¥ HOTSHIUAILHBIA NpOoUs HeIIMHEHHOH CACTEMBI
Gosee KpyThIM 4eM napabona uum Gosee monormym, [12, ra. 15).
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JI79 HESKEX NOTEHIMANbHbIX OapbepoB (0 << 1) BpeMema penakcaumdm B
cooTBeTcTBAU C (hopmynamu (3.6), (3.15), (3.17) aMerot crexyrommit BAA:

0.,=2/(bD) 11201240 ], 8,,=2/(bD)[(21) 120l 24 20+...], By=2/({bD)[2rl2012+40i+...].

Jlerko BHOETH. ITO pasHHila MeXOy 3THMH 3HAUYCHHSIMHA BPDEMEH pENIaKCaliiyd TONBKO
menenHas, OHa erxo MoxeT OuiTh oO0bgcHEHa, ©C/IH NPHHSTL BO BHUMAHWE
PAa3IUTHYI0 [WPHHY I[OTEHIMANBHBIX OaphepoB KakK [acCTOSHHS OT MHEHUMYMOB
TMIOTEHIIAATbHBIX SM [0 BEpPIMH NOTEHUHAIbHLIX OapbepoB w. Eciu Mbl 3adukcupyeM
mmpHHY 0apbePOB Wy, = Wy, = Wy = W = [, IIpenonaras pasIi9HEIMEA BBICOTBI 6apbepOoB
O = b2, oy, = b2/4, 0q = bI2/8, TO BpeMena penakcaldd IS BCEX TPeX CIlydaeB
HHI3KOro 6apbepa CTaHyT OfHHAKOBbIMH

0 = 2/(bD)[R12b12W/202 + bw?/2 + ... .

Taxkmv oOpasoM, B Cioydae MAJOH BBICOTRI Oapbepa OCHOBHOH BKJal BO BpeMS
penakcalyi JaeT KMEeHHO myprHa 6apbepa, a ¢hopMa He HIpaeT 3aMeTHo# pon. Jlnm
10 Mepe BO3pacTaHis BbICOTHI Gapbepa HaYHHAET CKa3bIBaThCs ero opMa.

3akicucHne

Ha ocHoBammm BBRAINEH3NOKEHHOTO MOTYT OBITH C(OPMYJIHMPOBAHBI CIEKYIOLIHE
ofllme 3aMevyanms O 3aBUCVMOCTH 6 = 6(0) - BpeMeHH penakcalmy OHCTaOHNIbLHBIX
KyCOYHO-TIapaboJIAtIECKIX CUCTEM OT 6e3pa3sMEpHOH BEICOTHI MOTEHIHAILHOIO Gapbepa.

1. Muoxure1b Kpamepca e moseisiercs B 6(0l) TOIBKO 7 BLICOKOTO Hapbepa,
Korga ea >> 1,

2. Ilpu Hm3koM moTeHUEATLHOM Gapbepe (0. << 1) Bpems pellakcalid 3aBACKT
[JIaBHBIM 00pa3oM OT IAPHUHEI Saphepa.

3. HenapabonmyHOCT: BBICOKOTO IOTEHIMATBHOTO Oaphepa OTpaxkaeTcsi Ha
orkioneHun 8(o) ot 3akona Kpamepca 6~ee. ITo xapakTepy OTKIOHEHAS MOXKHO CYIUTh
0 ¢opMe IOTEHINANILHOrO Gaphepa.

4. Jlna BBICOKFX NOTEHIHMANbHBIX 0aphepoB B INpedakTopax MOTYT OBITh
Bbifle/icHbl MHOXKWTENH, OTBEYarolide 3a (PopMy MNOTeHOMANBHOH sIMBI, 3a (hopMy
TOTeHUANbHOIC Oaphepa | 3a wMpHHy Oaphepa. Tak, muoxurens 2/(bD), OfAHAKOBbIX
i Bcex Tpex upedakropos B (3.18), ects Bpems penakcanyd B MOHOCTAGHIBLHOMN
napaGoMmIecKol TOTEHUHMANLHON mMe*: @(x)=bx2/2, -co < x < co. MHOXHTENN T1/2/0112,
/212 1 wi201/2 oTpaKaroT BsTHEE (POPMBI OTCHINATIBLHELK 6apbepoB, a MHOXUTEMH 1,
2121 2 cBSA3aHbI C Pa3iAYHOI IMPHHON 6apbepoB.

ABTOpE! BRIpaxaror SmarogapHocTs H.B. Arynosy 3a mHTepec x pabore u
IeHHbIE 3aMEeTAHAS.

Hannas  paboma noddepycana Pocculickum  @Bondom @yHOGMEHMANLHbLX
uccaedosarui (npoexm 94-02-04698-a).
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YRUgepcumem '

TEMPORAL SCALES OF STOCHASTIC TRANSITIONS IN
THE PIECEWISE-PARABOLIC BISTABLE SYSTEMS WITH NOISE

A.N. Malakhov, A.L.Pankratov

The kinetics of stochastic transitions from one stable state to another in bistable
systems with noise which are described by piecewise-parabolic potential profiles is con-
sidered. Using the method of the Laplace transform of the initial Fokker - Planck equa-
tion it has obtained the exact values of the mean transition times (i.e. relaxation time$ of
Brownian particles across the potential barriers, which separate the stable states. For the
three concrete piecewise-parabolic profiles it has been made a comparative analysis of
the obtained results with the well-known approximate Kramers’ results. The influence of
the shape and width of the potential barriers on the relaxation times is analyzed. There are
found the factors of the relaxation time structure, which represent the shape of stable state
and the shape, height and width of a potential barrier.

Manaxos Acxosvd Hukonaesun - pomuncs B 1926 rogy, nokrop du3uko-
MaTeMaTHYEeCKHX HayK, 3aciyxeHHbll gesrens Hayku P®, npodeccop kadenpsbi
CTaTHCTHYECKON paguou3nKH Huxeropozckoro FOCYRAPCTBEHHOI'O
yHauBepcureTa. OO6nmacTe HayyHbIX HMHTEPECOB: IOyMbl M (DIyKTyanHu B
TMHAMHYECKUX CHCTEMAx W CpEefiaX; TEOPHS HErayCcOBbIX CHyJalfHbIX IPOLECCOB;
cnyyaiiible BOAEB], GPOYHOBCKOE MBIKEHUWE B HeNMHEHHLIX cucTemax. OBiuee
yrcno nyGivKauuil B OT€UecTBEHHBIX ¥ MHOCTPAaHHBIX XypHamax oxono 200, u3
HUX 4 MOHOTpachu# B IEHTPAIBHEIX H3MATENLCTBAX (OlHa 32 PYGEsROM).

Hanxpamos Anopeit Jleonudosuw - pompuncs B 1971 ropy B I'opeKow,
OKoH4UMN pagHodu3Mueckuit dakynkTeT HIKEropogckoro rocygapeTBeHHOro
YHUBEPCHTETA (1993). AcrmpanT Kadegpb! CTaTHCTHYECKOH pamuodu3uKu
HHI'Y. O6nacTt HayuHBIX MHTEDECOB: IUYMbI U (DIYKTYalHH B [IHHAMUYECKHX
crucTeMax, GpPOyHOBCKOE ABIKCHUE B HE/IMHEHHBIX CHCTEMAX.
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BIVIAHMUE ®OPMBI HOTEHHUAJNGHOIO NIPODGUHIIA
METACTABNUIBHCIO COCTOAHYVIA HA TEMIIEPATYPHYH
JABHCHMMOCTD EFNO BPEMEHNM XHM3HN

H. B. Azyoos, A. H. Masaxos

YiccnepoBansl TeMnepaTypHble 3aBHCHUMOCTH TTOYYEHHbIX TOUHBIX 3HauyeHull BpeMeH
JKU3HH  MeTacTalWibHbIX — COCTOAHHM,  ONHMCHIBAGMLIX  KYCOUHO-AHHEHHBIMH  H
Kyco4HO-napabenuueckuM NOoTeHUHanbabIME npodusamu. Tlokasado, uro mpu moboit
BbICOTE NOTeHUuansHOro Gaphepa ero ¢opma, paBHO Kak M (POPMa . OCTANbHON YacTH
NOTEHUHAILHOTO TPOhUnst, CYILECTBEHHO BIMSIOT Ha BPEeMsl XXKU3HM METacTabHMIILHOTO
COCTOSIHUSA T ¥, B YACTHOCTH, HA €I0 TEMIEPATYPHYIO 3aBHCHMOCTh. HaligeHo, 4uto xopoiuo
U3BECTHRIN 3akoH Appesuyca T = 0 exp(E/MT) (Og=const) cCHpaBeUIMB IMIML [7is
HEKOTOPBIX KOHKPETHbIX (hOPM NOTEHIMANBHOTO MPOMMIS U IPH MAaNblX UHTEHCHBHOCTSX
GuykTyanuit kT << E. IToxka3saso, YTO pas3iiyHbIe OTKIIOHCHUS TEMIEPATYPHON 3aBHCHMOCTH
BPEMEH >KU3HH MeTacTaOUNBHBIX COCTOSHME OT 3aKOHa AppeHMyca, Korga npedakrop 6y
cTaHOBUTCS (pyHKuuel Ttemmeparypel 8y = 6g(kT) moryT ObITh OOBSCHEHBI Kak
HenapabonMyuHOCTBIO Mpoduell, ONMCHLIBAIOIIKK NOTEHUHANLHYIO SIMY M HOTEHUHMANLHBIH
Gapbep MeTacTaOMIILHOFO COCTOSHUA, TaK H YYETOM [POH3BONLHOIO BbIOOpa BbICOTHI
noTeHHKaNsHOre Gapbepa E Mo OTHOIUEHHIO K HHTeHcHBHOCTH (QiyKTyaumii k7. B Konne
paGotel npusegeHa TtaGmama 3aBucuMocTu  Og(AT) s psga  KOHKPETHRIX  (OpM
HOTEHUKaNbEEIX AM U Gapbepos npu kT << E.

Brepenne

1. 3apaua onpepeneHus XapakKTepHBIX BpeMeH KHIYIHPOBAHHBIX IIYMOM
NEepexoioB AMHAMHYECKHX CHCTEM Yepe3 sHepreTudeckue Gapbephbl BO3HHKAeT IPH
pellieHnH pasiAYHBLIX Npobrem B (H3uKe, xummu u Guwonorum [1-6]. B mambomee
NpOCTOM BHAE 3Ta 3ajaya CBONMTCS K HAXOXKJCHHIO BPEMEHHBIX XapakTepUCTUK
6pOYHOBCKOTO JIBHKEHHS B HOTEHIMANbHOM Ione U(x) U OmmchiBaeTCs OHOMEPHBIM
ypaBHeuueM JlamxeneHa B mpepesie GOMLUIOH BIKOCTH

dx dU(x)

7 —_nch—Jré(t)’ (1)

rae m - BASKOCTb, §(7) - chydafitas c@iaa - Oenpld rayccoB myM, <&(1)> = 0,
<&(r) &(r + 8)> = D&(8), D=2kT/m - muTeHcHBHOCTL myMa, T - Temmeparypa. Kak
m3BecTHO [1], ypasaenmo (1) coorBerctByer ypasmemme ®okkepa - Ilnanka (YOII)
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715 TIIOTHOCTH BeposTHOCTH WX, £)

W1 KT 3 du(x) &

ot nox dx ""ax—z]W(x, 1) =Lg:;W(x, 1) (2)

C TPaHAIHbIME ycoBHAMA W(too, 1) = 0. 3xeck Ly, - oneparop ®okkepa - Ilnanxka,
u(x)=U(x)/kT - Ge3pa3MepHbI IOTEHUHAIL.

B macrosmenl craThe paccMaTpHBAIOTCS AAHAMUYECKHE CHCTEMbI, OOJIAfaromme
NOTEHIHANLHBIMEA NPOMHAISAME, AMEIOMIAMHA OHH MAHAMYM (X, = 0) B ofmH MakcaMyM
(*max=L, puc. 1). Cnesa, npz x<0 noTeHIWAN HEOTPAHUIEHHO BO3PACTAET, CpaBa, IpH
x > 0 mvmeerca Gapbep, 6e3pasMepHad BbicoTa Kotoporo pasua = E/KT, E = U(L) - U(0)
- TaK HaspIBacMasi SHEpPIHUd aKkThBallum. 3a GapbepoM npu x— oo U(x)—> -co. Takoi
NOTEHIHATHHEIN NPOGAIb ONMHCHEIBAET METacTabHIbHOE COCTOSHHE CHCTEMEBI B TOYKE

x = 0. B orcyrcrBre durykTyaumii OpOyHOBCKAs YACTHIA, ONHAXILI HOMAB B MUHEMYM
(T0 ecTh B MeTacTaGHIbHOE COCTOSHEE), GYET OCTABAThCS B HeM GECKOHEUHO JOJIO.

Ilop Bo3zpelicTeEeM GIyKTyalmit YacTHIA 3a HEKOTOPOE BPEMS MOXET IPEONoNeTh
HOTEHIMANIbHBIA 0aphep W CKAaTHTHCA B OSCKOHEYHO IIyGOKYI0 HOTCHIMAIBHYIO SIMY,
HAYMHAIOINYIOCS 32 0aphepoM, YTO COOTBETCTBYET paspylLIEHWIO MeTacTabHIBHOTO
cocrossHEs cHCTeMbl. (CpefHee BpeMs, 3a KOTOPOE 3TO HPOH30UJET, XapaKTepH3YeT
CKOPOCTE IIPEOZOJNICHAST IOTEeHIMANbLHOro O6apbepa OpOYHOBCKAMHK YACTHLUAMH H
Has3bIBAETCH BPEMEHEM IXU3HH METacTabHIBLHOIO COCTOgHWA. B HacTosmiel craThe
H3y4aroTCsd TeMIIEpaTypPHble 3aBHCAMOCTH BpEMeH KHW3HA Tak#X MeTacTabmiIbabX
COCTOSIHW, OIUCHIBAEMBIX HEKOTOPLIMA KOHKPETHBIME OTEHIMAIbHBIMY NPOMUIIMA.
2. Mi3BBecTHO, YTO OCHOBHbIM (paKTOPOM, ONPENEIAIONMM BpPEMS XKW3HU
MeTacTabuIbHOIO COCTOSIHEAA T gBliAeTcs Oe3pa3MepHas BelcoTa Oaprepa [. Muorde

SKCIIEPEMEHTANIbHBIE NAHHEIE YIOBIECTBOPHTENBHO OIFCHIBAIOTCS BEIPAsKeHACM
T = 0y exp(E/kT), (3)

rze 8, - XapaKTepHOE BPEMsi CHCTEMBI, He 3aBUCsIIee OT TeMIlepaTypsl. Beipaxerse (3)
XOpOLIO W3BECTHO TAaKKE KaK 3aKOH AppeHdyca, SBIITOMEHACS 0600meHneM
9KCIEePAMEHTANBHBIX JaHHBIX, IPEMEHATETLHO K CKOPOCTH XAMIYECKUX peakimit r=t- 1.
Teoperrueckoe oObsicuenne (3) Oputo mpepoxeno Openxernem [7], a Taxxe INonamsy,
OviprsroM 1 Ap. [8], m 3aTem Gonee peTaNbHO Ha OCHOBe aHaim3a Y @I1 (2) Kpamepcom
[5]] Ono ocuoBaHO HA NPENUONOXEHWH, YTO IS MalblX HHTEHCHBHOCTEU
Bo3feicTBYIONMX duykrTyaumi (kKT<<E) BeposTHOCTHOE pacnpenenerre W(x, ¢) BayTpH
HOTEHIHWATBHOK SIMBI CUMTAETCS CTAUMOHAPHBIM, OonbIMaHOBcKuM W(x, Z§Tp
~ exp(-U(x)/kT).

Tem caMbmM 3aKoH Appengyca (3) chpaBeiimMB TOJBKO JIS BBICOKHX
MOTeHIMANBHBIX GapbepoB B>>1 m HedBHO mpepmIonaraeT, 4To gopMa HOTEHIMAIBHOTO
fGapprepa # MBI He OKa3blBalOT CYIIECTBEHHOTO BIMSHAY HAa BpeMs KH3HH
MeTacTabuABHOrO COCTOSIHIMS, MMECT 3HaUCHNE JIHINb BRICOTA IOTEHIMANBLHOTO 6aphepa
E u matencmBHOCTS dhaykryarmmit k7. TTapametps! 8y v E popMynsl AppeHEyca 00bIHHO
OUpENENAOTCS MO TrpauKy appeHAycoBoit mpsModl (To ecTe 1o  rpaduky
TeMrieparypHoit 3aBmcmMoctm In(t) ot 1/kT). C papyro#f CTOpOHBI, K HACTOSIIIEMY
BpeMeHI HaKOILICHBI MHOT'OUHCIICHHBIS 9KCIIEpAMEHTATbHBIE JaHHbBIE,
CBHIETEIbCTBYIOIFE O TOM, YTO B psfic CIydJacB HaOMOmaeTCs OTKJIOHCHHE OT 3aKOHa
Appenumyca, TO ecrb oTKIoHeHne rpadmka ln{t(1/kT)] or npsMoi muHum, HampuMep,
ABJICHAE AHOMAIbHON juddy3mm B TBepablx Tenax [9] @ mpum 2TOM OTCYTCTBYET
OOLIEPUHSTas AHTEPIPETALHs ITOr0 OTKIoHeHns [10).

3. B macrosmieit craTbe Ha OCHOBE HCHONB30BAHUA TOYHBIX 3HAYCHHI BpEeMEH
KU3HA PasifYHLIX METAacTAGMIBHBIX COCTOSHHN /IS HPOUSBONBHOH  BBICOTEI
TNOTEHUAANGHOrC Oapkepa [oKazaHo, YTo pasjddHbie OTKIOHSHUS TeMIepaTypHon
3aBACHMOCTH BpeMeH KN3HA MeTacTalWibHBIX COCTOSHHE OT 3akoHa Appenmyca (3)
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MOIYT ObITh OOBACHEHBI XaK HenapabONUIHOCTBIO NpOENeR, OIECHIBAIOMIAX
[OTEHIHAANLHYIO SMy W TOTEHLHANbHBI 06apbep MEeTacTabHILHOTO COCTOMHHY, TaK W
Y9ETOM TIPOM3BOJIBHOTO BbIGOpa Ge3pasmepHON BLICOTHI MOTEHIAIBHOrO Gapbepa. B
KOHIIe paboThl NPHEENEHBI TEMIEPATYpHbIC 3aBHCAMOCTH Oy(k7), COOTBETCTBYIOLIHE
pasIHEYHbIM (hopMaM OTEHIHAIBHBIX 0aphepoB U AM NpH KI'<< £, TO €CTh NMONYUCHHBIC
B pamKax MeTofa KpamMepca.

1. IIponzr0ApHER BHICOTA NOTEHIAAILHOTO Sapuepa.
|
Tounsie pe3ynbTaTkl

1. PaccMmorpmy  cremyromme  Ge3pasMepHble  HOTSHIHANBHBIE — ITPODHIA,
OMHCHIBAIOITAE MeT2cTabHUIbHOE COCTOSHAE CHCTEMBbI, H300paxKeHHble Ha puc. 1-4,
COOTBETCTBEHHO

(/)2 x <L/,
/‘ = 4
a0 B{ 1-2(dL- 1), x>L12, @
[ =] X = —L/2,
|0, L2 <x<Ll2,
(X)) = 5
Hrea) 1 B, L2 <x<3L2, )
- oo x=3L12,
IxI/L, x<L, ,
i) = B { -x/L+2, x=>1, ()
[l - 11wy +172,x< (1 - L)12,
0, (1-Ly2sx<(L-1)12,
Uy = B4 - 1)+ 12, (L- DR<x<(L+1)12, (7)
1, (L+1)2<x<(3L- 1)12,
|- M +312u)+1/2,(3L- )2 < x.

Bcee 3TH NOTeHIMAaNLHbIC HPOMUIN AMEIOT ORAHAKOBYO BBICOTY B A OZHHAKOBYIO
prHy L TOTeHIHaNbHOTO 6aphepa B pa3AdaioTcs TobKO opMoil. TpanenreBrHbI
[OTSHIHANBHBIA IPOMUIDL Uyp(X) ABNAETCS KOMOMHAIHEH NPAMOYTONBHOTO Uyey(X) H

) Uou(X) ) Hea (0)

/' B
/ ‘ N

0 L

~¥
t
=
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o
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[\1
€3]
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~
3%
b

Puc. 1. Puc. 2.

82



(%) ()
l

0 L 2L\\x 0 L \ x

Puc. 3. Pnc. 4.

TpeyrompHoro  uy(x). Bespasmepusmi  mapamerp u=Il/Le[0,1] ommceBaer
OTHOCHTEJIbHYIO HIAPAHY HAKIOHHOM YacTH TpameUdeBHHOro Oapbepa. Ilpm p— 0
Tpael@eBANHBI [OTEHIMANBHEI HNPOQUIb NpPEBPAINacTCs B MPIMOYTONbHBIN:
Useap(X)— Upeey(x); ipE p—1 - B TPEyTOMBHBIIA: ut,ap(x) = Uyi(X).

2. Bpemst u3uu MeTacTabmIbHBIX COCTOSHAN onpepelsieTcs, coriacHo [11], kak
xa aKTepHOC BpeMs H3MEHEHWs BEpOSTHOCTH HAXOXJEHHS JacTHIl ClieBa OT Gapbepa

t, L) or navansroro suavermd Q(0, L) po dumamsroro (e, L) = 0, mockomsky ¢
Teqe}meM BpEMEHH BCe JaCTHUBI yHAYT 3a Gapbep. 3nech

o(t, L) =_JL‘W(x, t)dx.

ITycts B HavanbHbLT MOMeHT ¢ = () Bce yacTHIIBI HaxopsTcs B Touke x = (), Torma
0(0, L) = 1 m BpeMd XKU3HA METacTa0MIIbHOTO COCTOSIHUAS PaBHO

. =IQ(t, L)dr. ®)

Vicnone3ys pesymsrarsl paot [12,13] ms KyCOUHO-IIapaGoIeckoro poguis
A pesynpTarhl pabotel [11] Ang KycouHO-TMHENHBIX MOTEHUMANBLHBIX mpodmieH,
MOXHO IIONy9®Th, cormacHo (8), ciemyionme BpeMeHa XH3HA DacCMaTpHBaeMbIX
MeTacTabHIbHBIX COCTOSHAM:

i
Tour = 6 {/4eB [1 + (2/m)12 E exp(- 2/2)di]2+ A(B12)}, 9
T = 0y B(eB + 3/4), (10)

T= 0, (1/B)(4eb - B-3), 11)

Toap =U2Te + O, W(1- p)(deB- 3/2) + (1- )2 Treer (12)

3peck 6, = nLYE - BenWuMHA, AMEIONIAs Pa3sMEpHOCTh BpeMEeHH ¥ He 3aBHCSIMAs OT
TeMnepatypsl, B=E/kT - Ge3pa3MepHasi BEICOTa IOTEeHIMaMbHOrO Gapbepa. Bxopsamas B
(9) dyuxums A(z) Boramcnsercs no dpopmyne [12,13]

A(z)= :!exp(xZ/Z) [:{ exp(-22/2)dt]dx

H MOXXET OBITh Pa3l0oXEeHa Ha YE€ETHOC U HEYUCTHOC CliaraeMblIe
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Alz)=A%z) + Al(z2).
O Maneix z << 1
A0(z) = 22/2! 4 274/4) 4+ 2.476/60 + ..,
Al(zy = (m/2)12(z + 23/3! + 3z5/50 +3.527/7 + ...).

Ipa z >> 1 dyrxmmn A%(z), Al(z) NpenCTaBIsSIOTCS ACUMITTOTAYECKAM PSIOM:
Az) = A1) = (m/2)12 exp(z2/2)/z(z + 1/22 + 1.3/z4 + 1.3.5/z6 + ...).

®opmyaer (9) - (12) aBasroTcs TOYMBIMA H CIOPABENIEBBI NPH 000N BelamIHe
Be[0iee]. TlycTh mm1st 3cex MeTacTabHIIBHBIX COCTOSIHMI E = const, L = const - BbICOTA &
IIMpHHA pa3sMEPHOIC Oapbepa (PHKCHPOBAHBI, H MEHAeTCs Juuib Temmeparypa k7. B
3ToM citydae B dopmyiax (9) - (12) OymeT mameHaThCST TONLKO Ge3pasMepHasi BHICOTa

o6, noTeHumansHoro 6apeepa B ~1/kT.

102 Kax sagno u3 cpasuemns (9) - {12),
opma HOTSHINATBHOI'O nipocpuns
CYHIECTBEHHO BAMHAET Ha BpeMsl KHU3HU
MeTacTabhIBEHOr0 COCTOSHEASL, TOCKOJBKY
TNpE MPOU3BOJILHON BHICOTE Gapbepa {3 Bce

10 Soranails 3TH BBIpaxkeHds pasimyHpl | paduku
107 /\ restenewer In(t(B)/6,), cocTretcTByromme (9) - (11),
10“21.,........m.....,..,...,,‘].....-mq u300paxkeubl Ha PHUC. 5, THe mpsMasi JTHHu,

0 2 4 6 ERT g KOTOPOH CTPEMHTCS Ty, (B) mpu B—seo,

Prc. 5. ecTb appeunycosa npsiMast (3) (8= 18,/2).

3. HayreM aHanmz co ciygast HU3KuX 6apbepos - GonbLIoro myma. MHTYHTHBHO
KaXeTcs, YTO 49eM OONbIle HHTEHCHUBHOCTL MiyMa k7, BBITANKWBAIOUICTO HACTULY U3
HOTEHIMANTPHON  $iMBI, TEM MeHbIlle J[OJDKHO OBITE BpeMs Ku3Hu Jo6oro
MeTacTabunsHoro coctosud. OmHako, u3 (11) cnenyer, uro npu kT (B—0) Bpems

KH3HU Ty—>°°, BMeCTe ¢ 3TuM limtey = 0 m limt,, = const. Taxoe cuiabHO
B—0 B—0

Ka4eCTBeHHOE pa3iwie B NOBE[CHHAH BPEMEH XW3HA METacTalHNbHBIX COCTOSHMIA
MOYKHO ITOHSATE, €C/ PACCMOTPETh, KaK MEHSIOTCH HX Ge3pa3sMepHbIE MOTEeHIHATLHBIE
TPOMHIK Uy (X), Upee(¥) B uy(X) ¢ yBesmYeHHEM Temmeparypbl. B TpeyroibHOM
MecTabnIBHOM TOTEHIMAIBHOM Npodmie y,(x) (cM. puc. 3) ¢ POCTOM TEMIIEPATypPbI
OymeT yMeHbIIATECS HE TOJIBKO 6e3pa3MepHas BBICOTa Gapbepa [, HO ¥ HAKIIOH CTEHOK
BCErO MOTSHHUANBHOTO NPoduni. 3TO O3HAYAeT, YTO C YBSAHICHHEM WHTEHCHBHOCTH
(hnykTyaudii GpOYHCBCKOH 4acTHIE CTaHET HE TOIBKO «Jlerde» NepecKOuYnTh depe3
Gapbep, HO ele Jerye BepHyThCA Hasall B 0651acTh X<L, TaK KaK CTeHKH Gapbepa CTaHyT
Gonee monormmu. Kpome Toro, yMeHbllleHHe HaKJOHA JIEBOW CTEHKH IOTEHIMATBHOMN
SAMB] O3HadyaeT, 9TO 9YacTHlla, OpeXpe dUeM HpeofoNeTh Gaphep, MOXKeT JOCTAaTOYHG
MaJIeKo CMecTuThea B ob6macth x<0. Bee 270 3amepser yMeHbICHWE BpeMeHU XU3HH
TPEYTOJALHOTO METACTaOMILHOTO COCTOSHEA ¢ yBeamdendem kT, a maummas ¢ kT ~ 2F
BpEeMS KW3HKW 3TOr0 METacTalWILHOTO COCTOSHHA YXKe YBeJIMUMBAeTCS ¢ pocToM kT.
Ipa kT — oo madpy3ms depe3 Gapbep CTAHOBHTCHA HACTONBKO MEIJICHHOH, 4TO
onpepenenye (8) JUil BpeMeHH JKW3HM MeTACTAGWIBHOIO COCTOSHHAS IEPECTaeT
paboTaTh U JAeT Ty = oo,

B npamoyronesom 6e3pasMepHOM HOTSHIMANLHOM NPOmIe i, (x) ¢ poctom kT
GYHET YMEHBIIATBLCS JIMITL BhicoTa 0aphepa B. B TO Bpems Kak HOJOXKEHWE ¥ HAKJIOH
BEPTHKATBHBIX CTEHOIK siMbI U Oapbepa OCTaHyTCA HEM3MEHHBIME. 1akmm o6pa3oM, B
MOTEHIMANLHOM MPOPHIE Uy (¥) TPHE MOOBIX TeMmepaTypax mucdysns GpOYHOBCKOM
YacTHLIbl BJIEBO BCETfla OrpaHMyYeHa Toukol x = -L/2, a mocie Nmomaadusi B TOUKY
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x = 3L/2, To ecTb B 6ECKOHEUHO INIyGOKYIO IIOTEHIMANBLHYIO SIMY, YACTHIA YKe HUKOIZA
OTTYfia He BO3BpaTHTCA. I[losTOMy BpeMd XW3HA MeTACTaOHMALHOTO COCTOSHUS,
ONUCHIBAEMOTO CTYIEHYATHIM HOTEHIHMANLHLIM MIPOMHIEM, Tr — O ipHt kT — oo,

Bpema SKUAHU MeTacTabmILHOro COCTOSTHWS, OIMCHIBAEMOTO
KyCOTHO-NapaGoIidecKuM NOTCHIMATLHIM NMPOMIIEM Uy, (X), 3aHAMaeT, B 35TOM
CMBICTIE, IPOMEKYTOUHOE IIONOXKEHHE: TIpH KT — oo, T, —>const (kT) # 0. Haxnon cTenok
Ge3pa3sMepHOro HOTEHUHATHLHOIO IPOMHI Uy, (X), KOHEIHO, YMEHbIIAETCS ¢ poctoM AT,
HO BMECTE C 9THM OCTAETCs HPH X—ytoo CYIMIECTBEHHO OOMBIIMM, 9eM IS TPEYTONBHOIO
HOTEHIMAILHOTO Npoduid. 3T0 orpaHMumBacT AuGGdY3MO GPOYHOBCKOH YaCTHIIBI
BIIEBO B 001acTh X < () ¥ OTHOBPEMEHHO CIEPXKHUBAET ¢ BO3BpAINECHAE W3 3a6apbepHOL
obmacta x > L.

Hna TpanenreBEAHOrO MeTacTabmiIbHOro cocrosuud u3 (12) ciefyer, 9ro nepsoe
CllaraeMoe IPONIOPLHMOHANIBHOE Ty XapaKTepH3yeT BKIaJ| OT NOJOIMX CTEHOK Haphepa u
amel. ITocrmeguee crmaraemoe B (12) mpomopuMOHANLHOE Ty OINMCHIBAET BKIAX OT
IUIOCKKX [IHA AMBI W BepIHbI Oapwepa. Ilpm Gonbmmx Temmeparypax kT>>E, B<<1,

Teap—> T B34 JO60ro L # 0, To ecTh mepBoe ciaraeMoe B Beipaxemmm (12) Gyger
onpefessmommM. ClaegoBaTeNbHO, B 3TOM ClIydae BHN TEMIESPATYPHOH 3aBACAMOCTH
BpeMern ku3am (12) onpepensercs ¢opMOil CTEHOK NOTCHOUAIBHBIX Gapbepa U SMBL.
3TO0 cBsA3aHO ¢ TeM, ¥TO IpH OOIBIIEX TeMmoepaTypax Ge3pasMepHas BEICOTa Oaphepa
HACTOJBKO Majia, 9TO €ro NpaKTHYeCKHM He CYIEeCTByeT H, IIO3TOMY, BpeMs XKH3HU
METacTabUIBLHOTO COCTOSHUS OIpeNieNsieTC MOBEISHUEM IIOTSHIMATIA PR X — Foo,

TakuM o6pasoMm, HpH OONbIOA HHTEHCHBHOCTH BO3MYINAIOMEro INyMa IO
CpaBHEHMIO C BbIcOTOH Gaphepa (KT = E) ¢opMa IOTEHUAANBHOIO IPOQHIIs
CYLIECTBEHHO BIHSET HAa BEJMUMHY BPEMEHUW KU3EA METacTabUIBHOTO COCTOSHUS
BIUIOTH JJO TOTO, YTO 3TO BPEMs, BONPEKH HWHTYHTHBHBIM NpEACTABICHASIM, MOXKET
BO3pPAcTaTh C POCTOM TEMIIEPATYPBL

4. PaccMOTpEM Tenepb BpeMeHa XKW3HH METacTabHIbHBIX COCTOSHHM B HpERese
MallbIX TEMIIEPATYP, TO ECTH B MPEfieNe BEICOKHUK OTEHIHAIBHEIX 6aphepoB.

W3 Toumbix dopmyn (9) - (12) ciepyeT, uTo npH eb>> p

Tpar = O (T/2)eB ~ eEAT, 13)
Treor = O, BeB ~ (VKT) BT, (14)
T =~ GL(4/B)3B ~ kTeDkT, (15)

Tuap = OL[402/B + 4u(1- 1) + (1- p)2lep ~ [4p2kT + 4u(1- p) + (1- w)2kTle=xt. (16)

Otctoga BHEHO, YTO OCHOBHBIM (DAaKTOPOM, OIpEACHSAIONEM TEeMIEePaTyPHYIO
3aBUCHMOCTL BpEMeH KW3HH, [PH MAaJbIX TeMIepaTypaXx CTaHOBHTCS appEHHYCOB
muoxwrens exp(E/kT). Bwmecre c¢ armM, BimsHWe OPMBI MeTacTaOMIBHBIX
MOTEHNANGHBIX Hpodminell HAa TEeMIEpaTypHYIO 3aBHCAMOCTb. BpPEMEH XHW3HH
IIEPEHOCHTCS. B NPEN3KCIOHSHIAANbEB MEOXUTeN b, PopMyna (13) ects dakTruecku
3akoH Appermyca (3), Tak Kak B HeM NPEIIKCIOHEHIAANbLHEIA MHOXHATENE HE 3aBACHT
OT TEMIIEPATYPHL

B 84)-(16) 3aBHCHMOCTH TPE/IZKCTIOHESHIAATBHOTO MHOXKHTEIS. OT TEMIIEPATYPhI
OKA3BIBAeTCS pa3HOM. DTO CBI3aHO C pPasiHdHOW 3aBHCHMOCTBIO OT TEeMIEPATypEI
BpeMeH peJlakcalii B COOTBETCTBYIOIHX NOTEHUMANBHBIX MAHAMyMaX. B caMoM pere,
eciu 3arnmcaTh Beipaxenns (13) - (16) ans BpeMeH KA3HU METaCTaOUIBHBIX COCTOSHHAN

B CIEYIOMEM BHJIE:
Tpar = P1€B, Trect ™ GpZeB s T = epSeBa Thrap = 9p4e13 »

TO OKaXeTcs, YTO BpemeHa 0,, 6,2, 8,3 ® 6, eCTh HM WTO HWHOE, Kak BpeMEHa
penakcanue IUIOTHOCTH BEPOATHOCTH W(x, f) X CTalEOHApDHOMY pACIIPENECTECHAI0
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W (x)~exp(-U(x)/kT) B mnapaGon@deckoil, B TpPSMOYrONbHOH, B TPEYyrOAbHOH H
TpaneLEeBUNHON NOTSHIMATLHBIX SMaxX, COOTBETCTBEHHO. Takmm 00pa3om, MHOXKHTETh
8, B dopmMyne Appenryca (3) MMEET CMBICH BPEMEHH YCTAHOBJIEHMS CTANHOHAPHOLO
pacrupernenenns W (x) B COOTBeTCTBYIOmEH NOTEHIMATLHON sMe. Temmeparypubie
3aBHCHMOCTH BpEMEH pelakcallid B IIOTCHIHaNbHBIX $Max pa3mgHod (POpMEBI
NpOaHAM3APOBAHb! METOIAMH KyMYJISHTHOrO aHanusa B paGore [14], rae mokasauo, aro
MU B Hapabomde cKoH NOTeHIHANBHOH sive (TO ecThb B ciydae, Korna ypasuenue (1)
TAHENHO) BpeMs penakcalid HE 3aBUCAT OT WHTEHCHBHOCTH BO3[EHCTBYIOMINX
GAYKTYaImi, B TO BpeMd KaK HenapabonudHOCTh TOTCHIIAATLHON MBI BeeT K CHILHON
3aBHCIMOCTH BPEMEHH PEaKCalil OT UHTeHCHBHOCTH (uykTyarmi (eMm. Takxe [12]).

Kak cregyet u3 (16), npu TemiepaTypax Malblx HACTONBKO, 9TO B >>1, Bpems
JKA3HH TpaNelHeBUIHOr0 MeTacTaCHIIBHOTO COCTOSHHS OlpefiensdeTcs ¢opMaMH JHa
bl ¥ BEPNIAHBI Gapbepa, IOCKObKY B 3TOM CIIYYAE Tyuy—Tyee. ITO OOBACHIETCS TEM,
YTO €CIH TEINIOBasg OSHEPrHs OpOYHOBCKOM 4YacTHIBl Majia, TO OHAa HajoAro
3aepXUBACTCs Ha yUacTKax, Ijie peryuspsas cuna F(x) = -dU(x)/dx Haumedbiasi, TO
ecTb TaM, e NOUTH HHYTO He 3aCTaBISET e¢ ABMraThcd. 1losToMy npm HE3KHX
TEMIEpaTypax HMEHHO <DOPMBI 9THX y4acrTkoB (B chyyae MeTacTabHILHOTO
INOTEHIMANBHOTO NPOMHNS - 3TO KaK pa3 IHO SMBI H BepUIMHa 6apbepa) OnpefeiisioT
TeMIEPaTypHYI0 3aBUCEMOCTH NPEISKCIOHEHINATEHOIO MHOXUTEIS B BhIPDAKESHAN JJIS
BpeMSHHI JKHM3HH MeTacTabuIbHOrO cocTosHms., Popma e CTeHOK Oaphepa M SIMEL
CTaHOBHUTCS HECYLIECCTBEHHO

Taxmv ofpa3oM, pasiaEe B TEMIEPAaTypPHOR 3aBUCAMOCTH BpEMCH JKW3HA
METacTabHITBHBIX COCTOSHUAN, BRI3BAHHOE pa3imwHON (HOpMOL HOTEHIRATLHLIX IpOodrIet,
OTMHICHIBAIOIINX 3TH MeTacTaOWIbHBIE COCTOSHHUS, HMEET MECTO IpH JEoOOH BBICOTE
6e3pasMepHOro NOTeHIMANLHOr0 6apbepa, ¥ MOXKHO CKa3aTk, YTO 3TO pasnuume o6s3aH0
Pa3HOl aHrapMOHITHOCTH KoJiebauyil B HenapaOoIniecKX IOTeHIMAIBHBIX SMax.

Kpome toro, obodmas BeIlIeCKa3aHHOE, MOXHO YTBEPXKLATh, YTO KaKOW OBl HU
pina ¢opMa BCerc NOTEHIHANBHOrO NPOMIL, ONMCHBAIOMIEIO MeTACTabHIbHOEe
COCTOSTHHE, TeMIepaTypHasd 3aBACHMOCTbL BPEMEHH KW3HA [IPH BBICOKHX TeMIEpaTypax
OymeT ONpefeNaThCs! NUBEHEHAEM HOTSHIAAILHOTO IPOGRS IPH X— £oo, a IPX HASKHAX
- ¢opMoft OgHa ambl, ¢opMod BepmmHEI Oapbepa W BhIcOTOH Oapbepa. M ecanm,
HaTpyMep, HeKOTOPbIi TOTSHIHMATBHBIA TPOGUIb #(X) IPH X — Foo GYEET IMHEHHBIM, TO
Op¥ BBICOKHX TeMmuepatrypax k7>>F 3aBACAMOCTh BPEMEHH KH3HA T TaKOro
MeTacTaGHIBHOIO cocTostHns OyfeT coBmagath ¢ T,;(kT). Vmm, ecny dopma u(x) npm
x— oo Oyfier mapabonuueckoll, To npa kT>>E teMmmepatypHas 3aBucmMocth T(kT)

OylieT HMETh BHF T, (kT)=const m T. A Ecmm Xe pmHO AMBI H BepimHa Oapbepa
MeTacTabHIbHOIO IOTEHNHANBHOrO mnpodmias OyIyT IIOCKUMHE, TO IPH Malbix
TemnepaTypax kI<< E, Kakoil 66l HH ObUta (popMa OCTaILHOH YacTé NOTEHIMATbHOTO
npodmiIs, TEMIIEpaTypHAst 3aBHCHMOCTb BPEMEHH KU3HM TaKOTO MeTacTabuibHOI'C
COCTOSTHHS OyHeT mMeTh BHN T (kT) (10). Ecim mHO siMbl w Bepumna Gaphepa HMEIOT
napabommaeckyro ¢popMy, To mpu kT << E TeMuepaTypHad 3aBHCHMOCTH OyieT
apperaycososi (3) m T. 1.

5. o cux mop MBI aHaJM3HPOBANH METAaCTaOHILHBIEC NMOTEHUUANIbHbIC TPOMIIH,
HMEIOIFE OfFHAKOBBIE o opMe smy u Oapbep. IlocTabmM Bompoc: Kak BiwseT Ha
BpeMs KH3HI METacTabHIBHOTO COCTOSHUS OTHENbHO (hopMa SIMBI B OTHEIBLHO hopma
DGTEHIMAaNbHOro 0apbepa.

Hns Toro, uToOkl OTBETHTH Ha OSTOT BOIPOC, PAcCMOTPHM MeETacTaGHIbHBIE

COCTOSIHUSI, OMHECHIBAGMbIC  [OTeHNWanmbHbiMA  Opodmisma  wi(x) ' w(x),
1300paskeHHbIMA Ha PHC. 6, g, 6 ¥ AMCIOIAME pa3inJHEie (hOPMBI sSIMbI U Gapbepa.
3aMeTHM, YTO ITH NpPOQHIH MOXHO CYHTATh B3aHMONEPEBEpHYThIMH. PopmMa AMBI
(Gapbepa) oFHOrO IIPOHIIA IePeXOHT B OpMy Gapbepa (SMbI) APYToro.

BpeMeHa XH3HHM 9TUX METaCTaGHIbHBIX COCTOSHHMI, KaK MOXHO BBIUHCIUTH Ha
ocxoBaum# [11]. oka3wBIBAIOTCS ONMHAKOBEIME
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wx) 1, (x)

]
i
Bl f .
I
) .
0 L 2L-1 2L X {~L 0 L~ L L+ x
a 6

Puc. 6
T == 0 [u2(deB- B- 3)/B+p(1- p)(deb- 1) + (1- p)2 348]. (18)

Kak 7 gomxuo Obite, npr [ = L (11 =1) Bpems Xu3Hd 1, cOBHANAET C T,y VI3 CpaBreHus

snavenmit (18) w (11) ciemyer, uro BBefieHMe ILTOCKOTO y9acTKa B IIOTEHIHANLHBIA
npodmib U,;(x) Kak JHA IMBI, TaK W BepUMHBLI Gapbepa OFUHAKOBO H3MEHSET BpeMs
KH3HA METACTaGUIbHOTO COCTOAHMA.

Cornacuo (18) npu Bbicokom Gapwepe kT << E TeMmepaTypHas 3aBHCHMOCTb

BPEeMEHH KH3HH T; COOTBETCTByeT 3akoHy Appennyca (3): 7=t ~ w(1- p)exp(E/kT),
xoTa (opMel MBI M Oapbepa Hemapaboimrdeckme. 3TO HHTEPECHOE OBCTOATEIHCTBO
o0s3aHO TOMY, UTO yckopeHue muddy3ad GPOYHOBCKOM YaCTHIEB! U3 TPEYIONLHOR SMBT
II0 CpaBHEHHIC C 3aKOHOM Appenuyca (mapaboimdeckas sMa) KOMIIEHCHPYETCSt
saMefieHaeM Judy3ud Ha ITOCKOHA BepmmHe Oapbepa B HaoGopoT. ChnegoBaTelbHo,
Ha BpeMs XKW3HH METacTabHIbHOIO COCTOSIHHA BIHSET HE TOJBKO (popMa BEICOKOrO
Gapbepa, HO 1 dhopMa fobapbepHOl 9aCTH MoTeHIHanbEoro npodund. C Goxee obmen
TIO3HIIAY 3TO PacCMaTPHUBAETCS B CIEAYIOIIEM pasfieie.

C yBemmyenneM TeMuepatypsi, Ipu kT>>E (umskwuit Gaprep) dopmbr Gapsepa B
sMBbI [IEPECTAIOT CKa3blBaTbCd M TEMIEPATYpHass 3aBUCEMOCTE BPEMEHH IKW3HH

onpepiensercs (opMoit oTeHIMana u(x) Ipd x —> teo, IOSTOMY T,=%;~>T; IpaA $—0.

—~ -

6. OGparuM Teneph BHEUMaHWe Ha (akKT COBHANCHWS T; B Ty [I¥ NOTCHIAAIHHBIX
npodurnelt, n306pakeHHBIX Ha prc. 6. DTO COBNaficHAEe BOBCE HE CBY3aHO C KOHKPETHBIM
BHEOM BHIOpaHHBIX Tpogduiell, TOCKONBKY MOXKHO NPHBECTH NPEMEPHI JPYIHX Tiap
MeTacTaOHMILHBIX COCTOSHWH, OOIafjarommx 3THM Xe CBOMCTBOM. Jleno 3pgech B
cBolictBax cmMmeTpum pemenmi Y®II pmna B3amMonmepeBepHYTHIX NOTEHIHAIBHBIX

npocunedl u(x) @ %(x), OMACHIBAIONAX METaCTaOWIbHbIE COCTOSHEA. Kak mokasan
Puzkun [1,c1p.118], ecim 1w npodmmm cesi3anbl yenosueM 7(x)=-u(x), TO BpeMeHa

XKH3HA TAKUX MeTacTaGmiIbHBIX COCTOSHWIA Ty W 7;, ONpefeNiseMble Kak o0paTrHbie
BelIMIWHL] HAMMEHBINWX HEeHYNEBLIX COOCTBEHHBIX 3HaYeHHWi omepatopa dokkepa -
Mnaska (2), cosmanator. IlockonbKy mOOble BpPEMEHHbLIE —XapaKTEPHACTHKY
OpPOYHOBCKOT'O JIBEKEHNS B TOTEHIWAIBHOM Npodurie u(xg, OIIpefieIEHHbIE C IOMOTIBIO
(8), me wuavemsmorcs npm 3amene u(x)—u(a-x)-b (3meck @, b UPOR3BOIBHEIC
BEJIMYMHBI), TO COBIAJicHAC BPEMEH XW3HA MeTacTaOMILHBIX COCTOSHHN OYHeT BMeTh

MECTO H Is1 npocmiell, cBa3aHubIX ycnosmeM #(x) = -u(a - x) + b. B wacTHOCTH, 5T0
coorercTByeT npotmasaM puc. 6 (@ =L, b = B).

Takum 00pa3oM, Kakme-imGo H3MeHeHHs (HOpPMBI NMOTEHIHANBHON SMBI MM
aHAJOTHYHbIE WM H3MeHeHHs OpMBI MOTCHUMANBHOrO Gapbepa MOLYT ObITh
PaBHOCHIBHBI C TOYKH 3pEHHs MX BIWSHUS Ha BpeMs XU3HA MeTacTaGHILHOrO
COCTOSIHESA, B TOM YHACJIE M Ha €0 TEMIIEPATYPHYIO 3aBACAMOCTb.

2. Boicokne 0appepsbl. lipnonmxenne Kpamepca

1. Mna wwmskux Ttemmeparyp (KT<<E), TO ecTh st ChOydass BBICOKHX
MOTEeHIUAILHEIX GapbepoB B, KPyr pasAYHBIX NOTEHIHAJBLHEIX M M NOTEHUHAILHBIX
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fapbepoB, paccMaTpHBAEMBIX C TOYKH 3peHMS HX BIUsHHA Ha TeMIEPaTYpPHYIO
3@BHECAMOCTb BDEMEHHU KH3HM METACTabUILHBIX COCTOAHMII, MOXKeT ObITh CyILleCTBEHHO
paclMpeH, MOCKOIBKY B 3TOM ClIydae MOXHO OGOMTHCEH 063 TOUHBIX pewteHuit Y ®I1 n
MONB30BaThes HpubmmkenHsM MetogoM Kpamepca [5] mwig BbIUHCIEHHMS CKOPOCTH
nepexofa depe3 Gapbep © H, CJEJOBATENBHO, BPEMEHH XH3HM MeTacTabHILHOrO
cocrosirmst T = 1/r. PacgeTh! NMOKA3bIBAIOT, UTO /s MPOA3BOJILHLIX HOTEHIAAIbHBIX
npotrne’t mHa amet U,(x) B BepmmHbl 6apeepa E- Uy(x) upu p>>1 (kT<<E) Bpems
penaKcalmi MeTacTAOMILHOIO COCTOSHAS MOKeT OBITh 3aIHCAHO B CIENYIOIIEM BHJS:

T = 8o(kT) exp(E/kT), (19)

rie 0.(AT) = n/(kT) Texp(— U, (x)/kTydx Texp(- U, (x)/kT)dx. (20}

Orcrofja ciefyeT, 9TO IpH BBICOKOM Oapbepe BpeMS >KH3HH METacTaOHIbHOIO
COCTOSHMS H €0 TeMilepaTypHas 3aBHCHMOCTE OIpefielIitoTcd JHMb npodmiem fHa
SMbI M NpOHTIeM BeplMHbLl 0aphbepa, B TO BpeMs KakK BIUSHEEM OCTANbHOH HacTd
HOTEHIHATBEHOTO HPO(HISA MOXKHO IIpeHebpeth.

Ecnu gao noremimanbHOU MBI ¥ BEplVHA Oapbepa apaboIHb]

Uux)=bx2, Uyx)=>b{x- L),

to u3 (20) momywaem 6, = const H, cleoBaTeNLHO, 3akoH Appernyca  (3). OpHako,
ecmt B3sTh gpyrie ¢ymekumE  U(x) m U,(x) COOTBETCTBYIOLUE, HaNpHMED,
TPEYTONBHOMY WA CTYNEHYATOMY METACTAOHIBHBIM TIOTEHIMAIBHBIM TPOMIIIM, TO U3
(19), (20) Mul monyguM BpeMeHa KW3HM MeTacTabmibHeix cocrosmumit (15) m (14),
COOTBETCTBEHHO,

2. 3uavenms wHTerpanoB B BehlpaxkeHmd (20) B 06lmeM ciiydae NPOH3BONBHBIX

U,(x) 1 Uy(x) Hem3BeCTHEI, OTHAKO TEMIEPATYPHYIO 3aBHCAMOCTE 8y(kT) ¢ TOYHOCTBIO

TO HOCTOSHHOTO MHOXKHTENS B psiie ciydaeB MoxkuO Haiitu. Ecmm, manpmmep,
OIMCHIBATL HOTEHIWANBHBIE MYy W Oaprep cremenubivMu (yurumsmm: U, (x) = clxlp,

Uy(x) =dxl¢ {(p, ¢ > 0), To cormacuo (19), (20) Bpemsa xuszem 1©(kT) GymerT mMeETH
CTIETYIONIIN BHL:

T =B(kT)Vp+Va-1 exp(E/kT) = 0y(kT) exp(E/kT),

I7ie He 3aBUCSAIINH OT TeMIepaTyphl MEOXFTENL B onpegensieTcs 1o gopmMyne

B =nc-Ved- 1 | exp(-lylr) dy | exp(-lzle) dz.

B rtabamue npuBeneHpl TEMIEpaTypHbIE 3aBHCHMOCTH MPEISKCIOHSHIMATLHOrO
MHOXBETeNq 03(kT) mns psfa NOTEHIPANBHBIX GaphepoB M AM pasimdHoi (opmbl. T
paccMaTpuBaeMbIX B Tabime dysakumit U, (x) u U,(x) 3aBacamocTs 6y(kT) MenseTcs ot
8y ~ (kT)3 po 8y ~ (KT)-1. VI3 Tabmmupl CIEYeT, YTO appeHHYcOBas 3aBACAMOCTH (3)
(8o(kT) = const) BO3HEKAET JIMIIIb JIAS T€X KOHKPETHHIX (hOPM NOTEHIHANLHBIX SMEI U
Oapbepa, miA KoTopeix l/p+1/g=1. Tak Gymer mns mapaGond<¥ecKwX [HA W BEPIIAHBI
(p =2, g =2), a TaxKe I IWIOCKOr0 A¥a (p = o) K TpeyroasHOro Gapsepa (g = 1), m
HaoGopor, mnsd TpeyroipHoro mHa (p = 1) w mockoro Gapwepa (g = o), urto, B
JaCTHOCTH, COTTIACy2TCst ¢ TOYHOM opmynoit (18) mpm kT<<E.

BameTwm. wTO BCE PACCMOTPEeHHBIE B HaHHOH CTarbe TOYHBIC (DOPMYyNbl [IjIs
BPEMEH KW3HH MeTacTabHnbHbIX cocrosHmit  (9)-(12), (18) mepexomar B
COOTBETCTBYIONHE TPHOTIKEHHEIE, NONyYeHHble MeTonoM Kpavepca ue mpm § >>1,

KaK 9TO IIpefIoaraiock B 5], a yxe npu exp B>> B (wmu B > 4).
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TaGmma

Uy(x) ~
Oy(kT) ~

Ixlvz } Ixf23 | I« X2 x| lxle,
k<1
bz | (kT | (kT)s2 | (kT)2 | (kT)2 | (kT)s+ |(kT)1
|xi2/3 (kT)S/Z (kT)Z (kT)B/Z (kT)1 (kT)3/4 (kT)uz
(x| (kT2 | (kD)2 | (kD) | (kD)2 | (kT)us | (kT)0
U~ | 2 | (| GT0 | (kTOe| (T | (kT)e | (kD)
x4 (kT)sm | (kT)34 | (kTY4| (kT)-v4 (kT)-172 | (kT)-3/4
e, | (kD) | Ty | T) | (kT)12 | (kT)34 |(kT)1

Ixi<1

3akmouenue

1. Urax, ¢opMa noTeHImansHoro Gapeepa, paBHO Kax # (pOpMa OCTANBHOW YaCTH
TIOTEHIMANBLHOTO MpOAid, OMACHIBAFONIEr0 METACTa0UILHOE COCTOSIHIIE, CYIECTBEHHO
BIESIOT HA BPEMS >KHU3HH MeTacTabWILHOrO COCTOSHHS H, B 9JacTHOCTH, Ha €ro
TEMIIEPaTyPHYIO 3aBECAMOCTb.

2. Tlpm BoicORmX Temmeparypax kT >> E Bnusume (pOpMBI MOTEHIHAAIBHOTO
npocunsg 0coGeHHO 3HAYMTENBHO. B 3TOM cilydae BpeMs KHU3HA MeTacTaSHILHOIO
cocrosHAst MOXeT ObiTh Kak yObBaiomeil, Tax H Bo3pacTaiomell Qyuxumei
temueparypsl. Temmeparyphast 3aBacEMocTh T(kT) oOnpepgensieTcs HOBEIECHAEM
MeTacTabrILHOro noTeHumanbHoro mpodwis U(x) mpa x — + oo,

3. Ilpu kT<<E TeMmepaTypHas 3aBECAMOCTh BPEMEHH XH3HA MeTacTaGHIHHOrO
cocTosEms B obmieM cnydae mmeet Baf T = 0g(kT)exp(E/kT), rne 0o(kT) - dyukums ot
TEMIIEpaTyphl, onpeaeifeMas (opMOi BEPUIMHEI IOTEHIMAILHOTO Gapbepa H (popMoOH
IHa IOTEHIHATLHON SMBI.

Agropsl 6narogapss! A.Jl.ITagkpaToBy 3a 00CYXIeHHE IONYIECHHBIX PE3YIHLTATOB
Y IiCHHbIE COBETHI.

Haunan  paboma  uacmudHo  noddepxana  Poccuiickum — poHooM
@ByHoamenmanonbix uccaedosanuti (npoexm 94- 02- 04698a). ‘
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THE EFFECT OF THE SHAPE OF THE POTENTIAL PROFILE
OF THE METASTABLE STATE ON ITS LIFE TIME
TEMPERATURE DEPENDENCE

N. V. Agoudov, A. N. Malakhov

The temperature dependences of the derived exact values of the life times of the
metastable states described by some piece-wise linear and piece-wise parabolic potential
profiles are investigated. The shape of the potential barrier along with the shape of the
other potential profile parts is shown to effect essentially on the metastable state life time
t and on its temperature dependence at any values of the potential barrier height E. It is
demonstrated that well-known Arrhenius low 1 = Ogexp(E/kT) (8, = comst) is correct
only for some particular shapes of the potential profile and under small mtensity of
fluctuations kT <<E. It is shown that various deviations of the temperature dependence of
the metastable state life times from the Arrhenius low when the prefactor 6, becomes a
function of the temperature, may be explained by the taking into account both the
nonparabolic shapes of potential barrier and well and the arbitrary choice of the potential
barrier height £ in comparison with the fluctuation intensity &7. The various dependences
of 83(kT) caused by the different specific shapes of the potential wells and barriers under
kT<<E are given at the end of this paper.

Azydos Huwxoaati Buxmopoeuy - popwics B 1967 rogy B8 ['ophkoM,
OKoHuAN paguodu3nueckull  akyneTeT HIsKeropomckoro rocynapcTBEHHOIO
- yHusepcurera (1991). AcnupanT Kadenper craTicTHIECKOH paguodusnky HHTY.

. ObnacTh Hay4HLIX UHTEPECOB: WIYMbI H (IYKTYaLUM B HENMHENHBIX IUHAMUAYECKAX
CHCTEMaX, 6pOyHOBCKOC JBHXKEHHE.
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CTOXACTUYECKHI PE3OHAHC B IENM YYA
- TIPY B3ARMOAEVICTBHN PA3JIMYHBIX THIIOB
ATTPAKTOPOB CUCTEMBI

B.C. Anuwenro, H.A. Xosarnos, b.B. Ulyaveun

MeTopamMu wmclTeHBOTO aHamM3a W (USUIECKOTO OKCHEPUMEHTA HCCIEAYeTCs
CTOXaCTHUEeCKHUIT Pe30HAHC B el Yya npy pasiudHbIX pexXxuMax ee cOOCTBEHHOM THHAMAKH,
B xauecree cocTosEnii OucTaGUILEON CHCTEMBI PACCMATPUBAIOTCS COCTOSHHAS PaBHOBECHS,
OpefeNbHble IMKIILI, XaOTHYECKME aTTPaKkTopbl. IIpDOBOJMTCS CpaBHEHHE OCHOBHLIX
XapaKTEPUCTHK CTOXACTHYECKOTO Pe30HaHCa /Ui Pa3MUYHBIX PEXHMOB B  YCJIOBHSX
agrabaTHYecKoro IpHOMBKEHNS, ¢ TOYKY 3PeHAs HCIONE30BAHYST er0 IS YCUIIEHHS CHTHAla

B pafiiOTEeXHUKE.
BBenenue

OppgrM ©3 UWHTEPECHBIX SBICHHNA, NPHUBICKAIOIWX HPACTAILHOE BHHAMAHHS
CIELEaHCTOB [0 HeJMHEeHHO! AHHAMUKe, sBIieTcs croxacrayeckmii pesonanc (CP) B
GucrabmwibHbix cuctemax [1-3). Dddexr CP nposiBisiercs B pe3sOHAHCHOM YCHICHAH
caboro peryysipHOro CATHANA U B yBeJIMIeHAN OTHOIEHns curHan/uuyM (SNR), 3a cuer
KOT€PEeHTHOCTH MEXJy IPOLECCOM NepeKIIOueHHH, HHIyIHPOBaHHbIX BHEIHIM IIyMOM,
7 curHanoM [2]. Teopermueckmii anamms CP HaTankmeaeTcs Ha psf CIOXHOCTSH
MaTeMaTH4eCKoro XapakTepa H NpHUO/FDKEHHblE aHATATHYECKWE pacdeThl yhaeTcs
OPOBECTH HOKa 9TO Wi OWCTA0HILHBIX OCHHIUIATOPOB C PasMepHOCTHIO (haz0BOrO
npocrpanctea N< 2 [4-7].

K  HacrosmeMy BpeMeHEH Hambonee  AeTaIbHOE  TEOPETHUYECKOE H
3KCHEepAMEHTAILHOE HCCIEOBaHNe COBOKYIHOCTH xapakrepuctuk CP mposeneno mis
OACTAOUNBHBIX CHCTEM THNA [HUCCHNATHBHBII ocrmmnarop Hyddumra ¢ mByMs
CHMMETPUYHREIME B3aUMOJEHCTBYIOMUME aTTPaKTOPaMH B BHJIE YCTOIIUBBIX COCTOSHUIM
paBuoBecus [4, 6]

X+ = -dU(x)/dt +F(2), 1)

rae U(x) - OucrabunbHbii moteHuman, a F(¢) - BHEIHHA CHTHAN, TPECTaBIISTOLINH
coBo# cyMMy rapMOHAYIECKOH 1 HIyMOBOI KOMIIOHEHT [2]

U(x) = -ax2/2 + bx#/4, )

F(2) = Asin[og + ()] + (2D)125(2), <&(+1)8(1)>=3(1), 3)

A, @y - aMOAUTYAZ U YacTOTa TapMOHHYECKOTO CHTHANA, COOTBeTCTBeHHO; o(f) -
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paBHOMEPHO pacHpefienieHHas clydaliHas BeNUYMHA, H3MEHAIOUIascss B HHTEpBale
0 S @< 2n; D - AHTEHCHBHOCTh BHEIITHETO HIYMA.

bomenmucTBO paboT NOCBAIIEHO KCCIENOBAHWIO IpPEAesIbHOrO ciydad, Tak
Ha3bIBAEMOTO «IEPSHeMIIpAPOBAHHOIO» OCHWUIATOpa. B 3TOM mpefene ypaBHEHUS

CHCTEMB! CTAHOBATCS ONHOMEPHBIMU, 9TO 3HAYUTENLHO VIIPOIMIAET MAaTEMaTHICCKHAES
npoGieMbl NPHE HCIIONB30BAHAH METONOB TEOPHH CTOXacTHYECKHX MponeccoB [6-9].

B caygae Sonbmoro tpenus ¥ = 0 B Ge3pasMepHBbIX MepeMeHHBIX [6] ypasuenme (1)
[pEMET BHI

X = -dU(x)ldx + F(2). 4

Onnaxo, 6HcTabunbHOE IOBEICHIE MOXKHO PEallf30BaTh B CACTEMAX Pa3sMEpHOCTH
N>2, Korja B3auUMONCHCTBYIOUIMMHU aTTPaKTOPaMH MOTYT SIBASTHCS CAMMETpPHUHBIC
npelembHble LUKMBLI, TOphl WM XaoTudeckme arTpakrtopel [10-12]. Bonee Toro,
spdbext CP nposBisiercst 4 B MyIbTHCTa0MIBHBIX cucTeMax [13], u B crcremax obiero
NOJOXeHUs {HECHMMETPHYHBIX ). B nocnenrem ciydae CP MOXKeT ObITh peann30BaH Ipy
B3aMMOJEHCTBUN PA3NAIHbIX THIIOB aTTPaKTOPOB, HALIPAME]D, «COCTOSHIE PABHOBECHS ~
npefieibHbL [HKI» WIIH «COCTCSIHME PABHOBECH - XaOTHUECKHY aTTPaKToOp» ! T.1.

Teopetrueckmii anamms CP B ykasaHHBIX BBNIe THIIAX CHACTEM Kak HpaBHIIO
HEBO3MOIXKEH [0 HejaoMy psagy upuawH. OCHOBHBIE H3 HHX CB43aHbl C TPYJHOCTAMH
peuenms ypasHeHn# dokkepa - Ilnanka, onpepeneHuem noreHugana u T.1. [lostoMy
HCCTIE[IOBAHUE TaKHX CHCTEM IPOBONUTCS WACHEHHBIME WM SKCIEPHMEHTANBHBIMHI
METOJ[aMH, a TaKXKe METOIOM aHaloroBoro Mogeaaposasus [10-15].

B pexnve CP BrHenmHWil OIyM ONpENEICHHON WHTEHCHBHOCTH WHIAYLHUPYET
B3aHMOJEHCTBHE aTTPakTOPOB (MepeKkimoyerne MeXIy HEMH), IPH KOTCPOM YacTOTa
cnaboro BHEITHETO HepHOIMYeCKOr0 CUTHANNA CTAaHOBHTCS ONM3KOH K CpefHedl JacToTe
nepexmodenuli - dacrore Kpamepca [16]. Ilpu »10M OCHOBHBIMH, NPaKTH4ECKH
BAXHBIME XapakTepracTHKaMu a¢gderra CP sBiusrorca xoz¢hunuenT ycunenus 1 SNR
[5, 14, 17, 18). B wactrOCTH, OFHEM W3 BaXHbIX (A JI0 CHX IIOD OTKPLITEIM) ABASETCS
BOMPOC O BO3MOXKHOCTE MOJYYEHHS NOJOXKUTENLHOH pasHocT® ASNR Ha BBRIXOME H
BXOfEe CHCTeMbl J[Ins ciydas mepegeMI(pUpOBaHHOrO OCHHIUIATOpAa OTBET SICEH:
SNR,,.x < SNR,,. B o0iem ciyuae 60llee CIIOXKHBIX CECTEM OTBETA Ha 3TOT BOTPOC MOKA
Her. KpoMme Toro, He coBceM acHa IMpoGiieMa 3aBACAMOCTE KO (PHUIEEHTA YCATIEHAS OT
XxapakTepa [JBIDKEHIs Ha KaXK[IOM U3 B3aMMOMIEHCTBYIOIMKX aTTPakTOPOB, TO €CThb OT
THNA «BHYTPUSIMHOI» THHAMAKEA CHCTEMEL.

Ckaszandoe BBIOIE ONOpERENMIO [VIABHYIO Ilelb  HACTOsLIeH  paGoThL
[MpepcrapnsieTcss EHTEPECHBIM pPAacCMOTpeTh OHCTAGHIBHYIO CHCTEMY, B KOTOPOH
peamusyetcs 2pdexkr CP npr B3anMONEHCTBAE pa3idIHBIX THIOB aTTPaKTOPOB.
Hccnepopanue mosBomaeT OTBETUTh HA Psif BONPOCOB, CBS3AHHBIX C BIMSHHUEM THIA
BHYTDHSIMHOW munaMmuky Ha xapakrepuctuka CP. Msyuenme agexra CP Mb1 Gymem
[POBOIMTL YHCHEHHLIMA K OKCHEPUMEHTATBHBIMA METOHAMH, KOTOpBIE MO3BOJIIIOT
BBINTH 3a Hpeleibl psfa OrpaHmYeHmH, MCTONB3YeMbIX B TOH WM WHOW CTENEHH IIPH
DOCTPOEHUHA TEOPETHISCKHX MOTETeH.

1. Miccmegyemasn 6acraGuiibHan cucremMa

B xawectse ob6wekTa mccnenoBanms addekra CP Hamm 6Gbuia BhIGpaHa
KJaccHHeckas 1ens Uya, ormceiBaeMan ypaBaeHnsama [19]

x=ay- h(x)],
y=x-y+z, (5)

;}: 'B_V,
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rae h(x) - KyCOUHO-NMHENHAs XapaKTepPACTAKA HETMHEHHOTO HOKA Yya [19]
h(x) = myx +(my- my)(Ix+11 - 1x-11)/2. (6)

Crcrema (5) xapaktepusyercss AByMs YIpaBIISEOIIAME mapameTpamu o o P
cobcrBeHHO uend Uya u IByMs MapaMeTpamu 7 U my, 3aJAlOAMA PasHble HAKJIOHBI
XapakTepaCTHKA mofa Uya. B mHammx skcnmepmmentax Ml 3adEKCHpOBANTH BHT
HeJMHERHOM XapakTepucTakd (my = -1/7, my=2/7) u ogan m3 napamerpos nemm Uya
(B = 14.286). Takmm 0Gpa3om [yl yIpPaBeHUs Pe:KAMAMH KOTeGaHwWi B aBTOHOMHON
uerm Yya GpLi BEIOpaH €THHCTBEHHBIN KOHTPOIBHBIN IapaMeTp - HapaMerp o.

limnavmieckas cucTeMa (5) 3aflaeT BEKTOpPHOE mone B R3, WUBApHAHTHOE K
IIpeoOpa30BaHmIO CAMMETPAR

(xa ¥ Z) - ( X =Y, "Z) (7)
IpH YCIOBHH, YTO HapaMeTphl my H m; OTIW4HBI oT Hyixs. Ha puc.l mpepcrasnena
6udpypKaloHHas ImarpaMMa CAMMETPHYHBIX DeXXMMOB KojeGanuii B nerm Uya. Ecim
MBI OyfleM MEHSTh NapaMeTp o B HHTepBale 2<o<i0 B cewemmm P=14.286, To
HOCIECAOBATENbHO OyayT HAGMIONATHCS CHMMETpPHYHbIE peXWMBI JBYX COCTOSHHMN
paBHoBecusi (2<0:<6.8), mpenembubix makioB 77 (6.8 < o < 8.2), IUKIOB yABOEHHBIX
nepmogoB T, (8.2 < o < 84), xaoTWUecKEX aTTpakTOpoB THmAa Peccrepa

(8.7 < & < 8.9) m, Hakouer, pexxumbl «double-scroll» (DS) (8.9<a), kak 3T0 MOKa3aHO
Ha puc. 2. ‘

Jns peammsanmw s¢dexta CP B cucreMy (5) ammarusHO BBOmmics carHan F(r)
(3). AHammu3upoBaMCh [iBe CUTYALMH; CATHAI BBOJHTCS B OC/IENHEE YDaBHEHUE WIH B

B nuEAs 6rdypramma
Amngporosa~Xouba

Sy

o6nacts GHpypramui :
YBCCHHA ‘\-\_\&

aTTPAKTOP

. Pecciiepa /S
200 |- Ry

rpasnlia
rpaumana
poxperns DS .\._‘_Hg;’/ . rabena DS
yCTOHgHBEIE
COCTOSHNA
I | I
0.0 5.0 10.0 15.0 a

Puc. 1. IpyxuapaMerprdeckas GudypKaiioHHast uarpamMma cucreMel (5), mo= -1/7, my = 2/7
{xayecTBEHHOE N300paXKeHUE)
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Pric. 2 TlocnenoBaTens 40CTh THEAMITYECKNX PEXIMOB, BLICTYNAIONIUX B POJH COCTOSHHMI OHCTaOUIILHOM
cucTeMbl (3), ¢ H3MeHEHWeM Napamerpa o npy B = 14.286. TpeyronbHagamMy 0003HAUEHb] 3HAUESHNS O B
ccTedveMbix Touxax; T, - HMKN mepuona n; R - arrpakTop Peccnepa: DS - arrpaxTop Double scroll

nepBoe ypasrerme crcTeMs! (S5). B xadecTBe CHTHaNA Ha BBIXOJE CHCTEMBI OBLI BRIOpaH
npotiecc x{7), XapakTepHUCTHKH KOTOPOrO [IOIBEPraliuch BCECTOPOHHEMY aHAIN3Y.

2. Mertonpi HeClieToBannsa

Oddexr CP B cucreme (5) wuccnenoBancs YHCIHEHHBIMA METONAMH H
SKCIEPUMEHTANBHO. AJIFOPHTM YHCIEHHOTO MopeiMposanms omacan B [20]. B
SKCIIEpPUMEHTE HCIIONB30Ballack peaibHas Iens ‘iya, Jr00e3HO IpefoCTaBlICHHAs Ham
npotdeccopom yuuBepcmreTa bBepkmu JI.O.Uya. COBOKYNHOCTh UHCICHHBIX H
SKCIepUMEHTANLEEIY  METOAoB  Oblla  NpoBepeda Ha  IpEMepe  MOJelH
mepeneMI(pAPOBAHHOTO OCHATIIITOPA C HOTSHITAIOM
1,15 dU(x)ldx = ayx - az3+ asx5- ax?  (8)

Wccrenosadusl MOKa3amd XOpONIee
COOTBETCTBHE  MEXAy  TEOpPEeTHYECKH,
YHCIIGHHO ¥ 9KCIEPUMEHTAIRHO IONydeH-
HeIMU XapakTepucTukama sddekra CP B
cucreme (1). B xadecTBe mpmMepa Ha puc.
3 mpejcTaBlieHbI pe3ynpTaThl padoTs! [20],
WIIOCTPUPYIOIHEe pafoToCIOCOOHOCTE B

. TOYHOCTE WCIIONB3YEMbIX HAMH METOTOB
40+ . .
, - ananmza apdexra CP. Crnenmannuo
- OTMETHM, 4TO [I1 HCKHoUYeHms addexTa
1w - ammacuara  (KOTOPBUI  33KIO9aeTcs B
3CPKallEHOM  OTpakeHMH CIeKTpa 53
0o0nacTH 49acTOT OOJBUIMX MaKCHMAaIbHON
0.0 YacTOThl  ObicTporo  MpeoOpa3oBaHms
®ypre (BIIP) B 0o6nacTs HU3KUX YACTOT
[21] w Bcerra coOmpoBOXmAET pacueT
Puc. 3. 3aBucuMocTn YCHUIEHAA CHrHajza m o7 CIIeKTpOB MOIIHOCTH ¢ HCIIONL30BaHMeM
MHTEHCHBHOCTH  LLIyMa D pns cucrembr (4) ¢ BII®), aHAMAApPYEMbIE CHTHATBI
notesmmanoM  (9);  CcpaBHEHHE  TEOPHM U e — - "
3KCNEepuMEHTa: == TEOPUI; ®- - - p y . epeB CHem’I?J’IbHLIH
- UHCNIEHHOE MOENMPOBAHUE; ***- SKCHEPHMEHT; @HHBTP HA3KHX HaCcTOT C HacTOTOM Cpesa
A=20 MB, f = 400 I'u, D - GespasMepHas BequynHa PaBHOU gacToT: Hatiksucta BIID,

3. Pe3ynbTarhl YHCICHHOTO MOTEIHPOBAHAL B YCIOBUAX
anuadaTHIeCKOro MpuGInKEeHHA

IIpu nposeacHsM HCCACAOBaHMI BIHAfHUAS THOA BHYTPHSIMHOA [MHAMHKH Ha
xapakTepucTHKE CP Ha nepsom aTane Mpl 3ahUKCHPOBAIA MapaMeTpbl pPeryaspHOH

KOMIIOHEHTBI CHTHaj(a (3}, KOTOpbIe ONTAMA3KPOBAIHICE 115 Ciiydas o.=5. [Ipa stom CP
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Puc. 4. 3aBucumocts yeunenust | 1 SNR ot uATencupHOoCcTH miyMa D mpw o = 5.0, f = 0.008, 2 = 8.1,

b= 14.286: a - curman (3) afggMTHBHO BBONUTCS B TpEThbe ypaBHeHue cucreMsl (5); 6 - CHTHAN
afIUTHUBHO BBONUTCS B IIepBOe ypasHeuue cucTeMsl (5); D - GespasMepHas BenmHInHa

00yCIaBIMBaICS EPEKTIOYEHAIMA MKy IBYMs COCTOAHHSMHF PaBHOBECHSI B CHCTEME
(5) (em.puc. 2). [lng 3Hag9enns o=5 ONTAMANbHAS AMIUIMTYA W YaCTOTA FAPMOHHYECKOH
KOMIIOHeHTHI curHana 6oum A = 0.04 u fy = wy/2n = 0.008, cooTseTcTBEHHO.

Ha puc. 4, a npuBefeHbl 3aBrCEMOCTH Koot dmpenTa ycuneHrs BXOJHOTO H
BBIXOHOr0 SNR OT MHTEHCHBHOCTH InyMa [J, KOrja CHTHAN aifdTHBHO fO0aBiancs B
TPABYIO YaCTh TPETHETO YPABHEHWS CHCTEMSI (5). AHANOIAYHbIE JaHHbIe NPABEIEeHb] Ha
puc. 4, 6 nns cimyvast BBefiends carnana F(f) B epBoe ypaBHeHHe cAcTeMbl HeTpymHo
BAJETh, u4TO puc. 4, 6 WUEOCTPUpPYET 3aMETHOE YiywileHWe XapakTtepuctnk CP:
YBEJIMUMBACTCS YCWICHHE 1| M yMeHblIlaeTcd pasuocth ASNR = ISNR,,, - SNR,l
TlopofHoe KavecTBEHHOE YIYWIICHUE XapaKTEPHCTHK OBLIO OTMEYEHO [JIf BCeX JPYIHX
peXmMOB KolteOanmii B e Uya, ¥ B falbHEHIEM Mbl GyIeM BCIIONL30BaTh PE3yIbTaTEL
COOTBETCTBYIOIEE BBeNCHMEO carHama F(f)

B IlepBOe ypaBHenue cucreMsl (5).

Ha puc. S ppueefena 3aBECHMOCTD 1
cpefjHeH YacTOTBl MEpeKIFoYeHmii OT
FHTeHCHBHOCTH IyMa. Yacrora Kpamepca
fkp COOTBETCTBYyeT YIOBOGHHOH CpefHEN
«9acTOTe NEpPEKIIOYEHHI» f; CHCTEMEL
MMog «u9acToTOl TEPEeKIIOUYSHIH»® MBI
HOHHMMaeM BelmumHy obpatHyio cpemuemy 0.010 4
BpeMeHH IpeObIBaHAs CHCTEMBI B OfHOM, a
3aTEM B IPYTOM COCTOSHAM.

Kax prgHo B3 rpadmka Ha puc.5, mpr  0.005 -
maTeHCHBHOCTH 1yma D ~ (.12 gacrora
mepekimoyeHuil  f; Omm3ka K 9acToTe
cursana f = f, = 0.008 u mmenno npu aroit  0.000 . , .
AHTEHCHBHOCTH IIyMa (PUKCHPYETCSA Pe3Koe 005 010 015 D
yBenmdaeHne ycanenus (cM. puc. 4,6).

Ecni  wm3mensts mnapamerp o, B Puc. 5. 3asmcumocTs  cpepHeli 9acTOTHI
cucteme (5) peanusyeTcs mOCHEIOBATEIb- NepKitoYeruil f; OT mHTeRcHBHOCTH wyma D;
HOCTb VCIIOXKHSIOIMWXCA aBTOKONe0aTe- mnyHKTMpOM OGO03HAYEHd BeEIMYHHA Jkp = %o
JMBHBIX PEXWMOB OT MpPEIEAbHBIX IUKIOB D - GespasmepHas BERUIMHA

0.015 4

* Yacrora Kpamepca onpegensnace NyTeM BBMUCHEHUS! CpeOHETC BpeMeHH npeGLIRaris

TPaeKTOPHH Ha OFHOM H3 B3aHMONIEHCTBYIOMHX CHMMETPHHBIX 2TTPaKTOPOB Tep= Tn/2, fkp= 2Ty 1=2f;-
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mo xaoca (cm. puc.l m 2). Ha pmc. 6

LSRN i
SN [ TpefcTaBlIeHbl pe3yJbTaThl 3aBUCAMOCTH
o
~ . TBEHOLO YeHFS YCHJICHHS T B
0 ~ | ASVR MakcuMal 3Ha y n
29 . | <, obmacte, rae ASNR wMumAManeHO, H
S / 3aBECHMOCTH  CpefHedl  MHHHAMAalbHOHN
R R / T HHAMHYIEC KHE ! ASNR
10.04 yerokumsae . [ " pesanms  Pa3HOCTH OT TmapaMeTpa o IS
CocToHAR ] \g (PUKCHPOBAHHBIX 3HAUCHMI aMIUIETYBI X
CHA 7 o
PABHOESE R JaCTOTHI BHEIIHEN MOy JISTLIHA.
504 e PesynmeTaThl HarasgHoO [IEMOHCTPHDYIOT
—5 acbcberT yxymuenms xapakTepucTEK CP ¢
LT %
0o~ ‘ YCIIOXHEHHEM THATIOB BIaMMOZEHCTBYIOIITX
Y § " — T 1 .
20 10 50 80 o aTTPakTopOB: K03 HUIHCHT YCHICHUS 1

MPaKTHYEeCKH JIMHEHHO chajaeT, a ASNR

Puc. 6. 32BHCHMOCTH MaKCHMANBHOTO YCHAEHHS N B PE3KO0 BO3PACTALT C YBEIHYCHHAEM Ol
obmact ¢ muHEManbHeM ASNR U cpemHero C A3MELEHIEM o MEHSIOTCS

MHHUMAJIBHOTO ASNR 0T napamerpa o, nyHKTUPOM
pasgenespl obnactd OO0 K rocre Oudypranuu BejgdMHa  H cbopma ITOTEHIHAIBPHOTO

AHIIpOHOBa - Xonq')a 6apbepa, paB}IeJIﬂTOHleI‘O BSaEMOJJeI';I—
CTByIOLU;He CPIMMCTPI/I‘{HI:IG aTTpaKTOpBI.

Curgan MORyJistiny, ONTHMATLHBIA pis chayuas o=5.0, ecrtectBenHo He OymeT

YIOBIETBOPSTH 3TEM YCIOBHSAM B cnydae 0>5.0. MBI IpoBommizm ONTHMH3AIMIO
napaMeTpoB IapMOHHEYECKOrO CarHala 1 iyMa Ha IPeIMET YIyTieHns XapakKTEPUCTHK
CP gna o>5.0, ocTaBadck B paMkax am@adaTA4YeCKOro NpROMMKeHrs, KOrja 4acToTa
KpaMepca MHOIo MEHbHIC HYaCTOThI penaxcamm H aMILTETyga curgajia CynJeCTBEHHO
MEHBIIE BBICOTHI HOTEHUMANbHOrO Oapbepa. VcClOemoBaHWA IIOKa3alH, 4TO

Ka4eCTBeHHBIX N3MCHEHW!T B CPABHEHNH C JaHHBIMU puUc. 6 He HMPOMCXONHT, XOTSA IPH
3TOM MOXHO FOOHTECS HEKOTOPOI'O YIyIIeHNs KOMMIeCTBEHHBIX XapakTepuctuk CP.

4. FIKcHepHMENTANIBHbBIE Pe3yIbTAThHI

®uzpdeckIii IKCIepuMeHT NO H3ydeHmro xapakrtepuctak CP B Hammx
HCCTIENOBaHusIX OOnajaeT 3aMETHBIM I[IPEHMYIIECTBOM B CPaBHEHHMH C YHCICHHBIM.
ITpakTHueckd He yCTynas B TOMHOCTH (Cp. pe3yabTaThl, IPENCTaBIeHHbE HA puC. 3),
busmIecK Ml 3KCIEePHMEHT NPOBORUTCS B pealnbHOM Macnrrabe Bpemenwm (TO €CTh B
fecaTh pa3 ObICTpee BBEIMHCIUTENBHOIO), HMO3BONSAECT JELkKO BapbUpOBaTh HE TOBKO
HapaMeTpbi CHCTEMBI H  PETYIMPHOrO BO3MCHCTBHS, HO H CTATHCTHYECKHE
XapaKTepHCTHKH BHEIHHEro myMa. g oO6paboTKa BBIXOOHOTO CHTHATA HCHONL3YEeTCS
KOMIOBIGTED € TeM 3X€ NporpaMMHBIM o0ecrnedeHueM, YTO HW B UHCICHHOM
skcrepuMmenTe. TakmM 00pa3oM, «(pA3AKa» SKCHEPHAMEHTA 3aKIIF0YaeTcs MO CYTH [ejia
JEIIL B TOM, YTO CHCHAJI Ha BpIxofe GucTalmmbHOU cAcTeMsl (uenn Uya) mpencTaBiser
pealbHbIA  SACKTPMYECKMM CHTHAN, 9 AHAM3a XapakTepHCTHK KOTOpPOro B
JaNLHEWIIEM MCHONB3YeTCA IMpoBas TEXHNIKA. MeToguKa SKCIEpHMEHTa B [JeTallaxX
ommcasa B padore [20], n MbI He GygeM OCTaHABIMBATLCS Ha STOM BOIIPOCE.

B uccnemyemoii nenu Yya, COOTBETCTBYIOIIEH MaTeMaTHdeckoi Mozend (5), (6),
napaMeTpel B, my B 7y HECKONBKO OTIHYAIOTCS OT HCHONB3YEMBIX B UMCICHHOM
MOJENHPOBaHUH, YTO OOYCIIOBIEHO OCOOEHHOCTSIMH SKCHEPHMEHTA. B CBSI3W C 3THEM
3HAYEHHS O, I KOTOPLIX HAGIIFOAAk0TCS pasimyHble [UHAMIIECKHE PEXUMBI, OIH3KH,
HO He COBHANAIOT ¢ NPHBEJEHHBLIME Ha JUarpaMMe pHc. 2. Boemmee Bo3pnelicTehe Ha
Ienb COOTBETCTBYST BBEIEHHIO cuTHanma F(r) B ocleHee ypaBHeHue cucTeMsl (5), 910
CBSA3aHO ¢ yNoOCTBOM IKCIEPUMEHTA,

Ha puc. 7 nNpoacTasicHbl 3aBHCAMOCTH Kodddmimenta youneHnas N B pyHKIAA
3(pPeKTHBHOIO 3HAYECHUS HHTEHCHBHOCTH InyMa D Qs PasiudHBIX PEXXAMOB PaGoThI

ueny Hya, KOTOpBIS DEANE3YIOTCS B MHTepBaje 3uadeHnil mapamerpa 4.62<u<7.022.
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Puc. 7. DkcrnepuMeHTallbHble — 3aBHCHMOCTY
YCHJIGHHS CHTHana 7| OT MHTEHCUBHOCTH miyma D
- pns mapamerpa O
YCTOHYMBLIE COCTOsHMS DABHOBeCHS: © - O = 4.62,

Pa3uEbIX  3HAYCHMH

B- 0 =506, ¢ - o= 06303 opeReNbHBLI TUKI:
+- a=7.022

10.0 -

5.0 4L

0.0

T T L T T ¥ 1
0.005 0.010 0.015 0.020 0.025 0.030 D,MB

Puc. 8. DkcnepumeHTaNbHBIE 32BUCHMOCTE SNR Ha
BBLIXOME OT MHTEHCHBHOCTH LifyMa D 7% pa3iuyHbIX

3HAUCHUH NapaMeTpa (.; YCTOUYUBBIE COCTOSHUS
0 - o=462, @8- o=256, e
o = 6.303; npepenbHbll MK + - o = 7.022;

TyHKTHpOM 0003HaueHo 3HaueHne SNR Ha BxXOfe
CHCTEMBI

PaBHOBECHHA!

Kax BUTHO H3 pE3YIBTATOB, KOB(IJCI)EI],HGHTBI YCANICHHA B ONTHMAJIEHBIX YCHOBHAX

COBIANAIOT

(ormTManbHBle 3HAYEHMsT HHTEHCHBHOCTH HiyMa D) TpakTHYECKH
Nonr=16.5+17.5) gB, Ho sIBHO yMeHBIIAIOTCS ¢ pOCTOM 0. B o6nacta D>(0.015+0.02) mB.
Ha puc. 8 gaHe1 pe3ynbratst 3aBECEMOCTH SNR, 1 SNR,,,,, OT mHTEHCHBHOCTH D s Tex
3Xe, 9TO U Ha PHC. 7, 3Ha4eHHH o. Kax BAAHO m3 pHC. 8, onTAMansHasi pa3HocTh ASNR =
ISNR,..x - SNR,,] nocruraercs umenno B obnactu D > 0.015 MB! B cBsg3u ¢ sTaM, ecim
aHaNM3MPOBATh 3aBHCHMOCTh KOS(DHUMECHT2 YCHUNIEHHS, H3MEPEHHOro B OONacTH
3HaueHuit D, oTBevarolle#i onTuManbHoN pasHocTH ASNR (cM. puc. 8), Mbl HOIydAM
Ka4eCTBEHHO TOT e DPe3ylbTaT, Yo IpefiCTaBieH Ha puc. 6. Puc. 9 mnmocrprpyer
pe3yAbTaThl W3MEPEHH! YCHJICHAS 1| IPU ONTHAMAIbHBIX 3HAYeHUSAX ASNR 1 BelmumHy
ASNR B 3aBHCEMOCTH OT IIapaMeTpa 0., BKJIFoUad 06JIacTi B3aEMOJEHCTBHS aTTPaKTOPOB
Pecciepa (8.2<0<8.59) m pexxkmm DS (8.59<0<9.0). Yucnewspie (cM. puc. 6) @
OKCIEpUMeHTaNbHble (CcM. puc. 9) JaHHbIe HAXONATCS B XOPOINEM KA9eCTBEHHOM
cootBercTBEA. C POCTOM mapaMeTpa ., Korga B Hemd Uya ycTOHYMBEIE COCTOSHHS
paBHOBeCHS IIOCIEAOBATEHFHO CMEHSIOTCH PeXUMaMW IIPEIefbHBIX IHUKJIOB, IHKIOB
YIBOGHHOI'O  [EpHOfNA,  ATTPAaKTOPaMH
Peccnepa, a 3aTeM PEKHMOM
nepeMekaeMOCTH THOA «Xaoc-xaoc» [22]30.0-
(pexxum DS), xapakrtepmcraku addexrta
CP yxymmnazoTcs

OrmeTaM, 9YIO B TpHEBEASHHBIX 20.0-
pe3ynbTarax  aMIUIITyAa H  9acToTa
rapMOHMYECKOI KOMITOHEHTHI CurHana F(?) 1507
Obme  3ahUKCAPOBAHBI W COOTBETCTBO- 40.0-
BaJd YCTIOBHIM amEabaTmIecKoro
opubmmkedns: gactota wy=60.06 TI'm u
ammmryga A=10 MB. Beixog 3a pamkm 00 . .
9THX ycHoBHil (HaupmMep, yBemmueHme 40 50 60
HacTOTHI BHCIIHETO PETYIHIPHOTO  pye g OKcHepuMeHTalbHbIE  3aBUCHMOCTH
BOSNENCTBEA)  MOXKET TOBIASTD  HA  yvakcumanbeoro ycHieHds N B ofnactn ¢
KOJIHYCCTBCHHBIC XapaKTEPpUCTHKHA CP # wumumamessm ASNR CpelHEero MHUHEMaJbLHOTO
IpUBECTH K HOBBIM adhexTaM TaK ASNR or mapameTpa  NYHKTAPOM pasienieHbI
HA3BIBAEMOTO BLICOKOYACTOTHOro Ofnacrta o u mocie Gudypkauwn AHAPOHOBA -
CTOXaCTHYECKOTO pe3oHaHca [13]. Xontpa

ASNR

25.04

|
|
!
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i
|
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1
1

yeroltumBsie
COQTOSIHRT
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BroiBomn!

B Hacrosmuelt paboTe Mbl MPOBENH BEIYACTEHHAE W U3Mepenue xapakrepuctuk CP
(ycuneHES W pasHOCTH OTHOINEHWs CHTHAN/ITYM HA BXOHE H BbIxOfe) B Henu Uya B
3aBACHMOCTH OT napaMetpa o. [Ipu aroM acbdext CP peanmuzopasics npu 6uctabuibHOM
B3aFMOJEHCTBEN JEYX CHMMETPHYHBIX COCTOSHHHA pPaBHOBECHS, IPEfelbHBIX LHKJIOB
nepuofa 71;., HEKJIOB YABOSHHOIO mepmofa, arTpakTopos Peccnepa m DS-aTTpakTopa.
WccnegoBands NpOBOIWIACH IS KJIACCHIECKOrO anuabaTHiecKoro NpHOMKeHn,
KOrfla aMILIMTyfa BHEIIHEI'O TFapMOHHYECKOrO BO3XEHCTBHA Mana B CpaBHEHHMH C
HOTEHIHAMBHEM OapbepoM, a uacToTa BO3[AEHCTBAY MHOTO MEHBINE YaCTOTHI,
onpefenseMoil BpeveHeM peiakcamwm cucteMmbl [4]. B ycnoBmax ammabarmyeckoro
NpHECIDKEHHS ¢ YCJIOXHEHWeM CTPYKTYPhl B3aMMONEHCTBYIOIIMX aTTPakTopoB (c
YCIOXHEHHEeM THIIOB BHYTPUSMHOH [HWHaMuKW) xapakTepuctukun CP ogHO3HaYHO
YXyOUIArOTCS: YMEHEIaeTCs YCHIeHHe 1 Bo3pactaeT ASNR!

Opuaxo, 3TO He O3Ha4aeT, ¥TO NMyTH onTAME3almm xapakrepucTuk CP B aToM
HalPaBJICHUH SABJSIOTCA 3aKPBITHIME. [€10 B TOM, YTO YCIOXHEHHasd BHYTpHIMHAS
IMHAMPKA CHCTEMbI TpelyeT MeTalbHOTO ydeTa HOBBIX XapaKTEpHBIX BPEMEHHBIX
Macurrabos M MOWCKA HOBBIX YCIOBHM HX KOTEPEHTHOT'O B3aHMONECHCTBUs C CHIHAJIOM
BHELIHEH Momysimi. Mbl yOexXNeHbl B TOM, ITO Jifisi ONTHMHA3amHA xapakrepactuk CP
B Oollee CIOXHBIX CAy4asx HEOOXONMMO BBINTH 3a OpefeNbl agrabaTHIecKoro
npubmkenns, paccMarpuBarh BoicokodactoTHeii CP [13] u mepeiditm k Gomee
[ETANBHOMY HCCIE[OBaHMIO HEIMHENHBIX acniekToB smiennst CP [23].

Hacmosuwan paboma wacmudno gunancuposasraco MexOyHapoOHbim HAyHHbIM

gonoom (epanm NRO 000) u Fockomumemom no swvicuiemy obpasosaruro Poccuu
(zpanm 93- 8.2- 10).
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STOCHASTIC RESONANCE IN CHUA’S CIRCUIT WHEN DIFFERENT
TYPES OF ATTRACTORS OF THE SYSTEM INTERACT

V.S. Anishchenko, I1.A. Khovanov, B.V. Shulgin

Stochastic resonance in Chua’s circuit is investigated by numerical simulations and
physical experiments for different regimes of its own dynamics. The main characteristics
of stochastic resonance for different regimes under adiabatic approximation are compared
from the points of view of the using of stochastic resonance for the amplification of the
signal in radioengineering.

Xosanos Hzopb Anexcanoposeuw - popuncs B 1971 ropy B Caparoge,
OkOHuHMN ¢hu3nueckmit hakynbTer CaparoBckoro yeueepcurera (1993). Ilocie
OKOHYaHUsS. YHHUBEPCHTETa NMOCTYNWI B ACIMpPaHTypy Ha Kadepy pamuodU3uK,
O6nacTb HayJHBIX HHTEPECOB - HENUHENHAS MHAMKKAE ¥ CTaTUCTHYecKas pu3uka,
ABTOp 5 HayuHbIX paboT.

Hiysveun Bopuc Baaoumuposuu - popuncs 8 1970 romy B Capatose,
oxoHnn (usmdeckuil dakyneTer Capatosckoro ymueepcurera (1992). Iocne
OKOHYAHUS YHUBEPCUTETA TMOCTYIMI B aCTMpantTypy Ha Kathenpy pajnodhHu3mKa.
O6nacTs Hay4yHBIX WUHTCPECOB - HENHHEIHas [UHAMMKA § CTOXAaCTHYECKHE

nponecchl. ABTOp 4 Hay4HBIX paloT.

99



R S T T TR
"TeOPHAX KOITeOaH!H H BOITH
T A T R S O e ST

V38,8308 «[THH», 7.5, Ne 3, 1995 YOK 621.373

CTOXACTHYECKMI PE3OHAHC B ABTOTEHEPATOPAX
C KECTKUM BO3ZBYXJIEHNEM

[.3. IocmHos

Toka3zano, yro 3ddexkT CTOXAaCTHYECKOTO PE3OHAHCA ABNSETCA THIWYHBIM s
IIIMPOKOTO KJlAcca PafuOTEeXHHMYECKHX CHCTEM - T€HEPaTOpPOB C KECTKHM BO3OYXASHUEM
apTokoeOanuil. [TpHBeneHbI Pe3ynbTaThl (PU3HUECKOrO 3KCIIEDAMEHTA HA ABYX MOOCISAX:
TEHEpaTope C OTPHLUATENLHLIM COMPOTMBIAGHMEM U KJIACCHUYECKOM TPEXTOYEYHOM
LC-reseparope. OO6cyxpaercs npobnema «d(EeKTHBHOW  CUMMETDUM»  CHCTEMBI
NPUMEHUTENBHO K 3(hdIeKTY CTOXAaCTHYECKOro PE30HAHCa.

Baenenne

HUccnenosarme croxactudeckoro pesonasca (CP) mauanocs B 1981-83 ropax ¢
pador [1, 2]. HeoObluHBIA MeXaHH3M TIOBEJCHUsS [UHAMUYECKON CHCTEMBI MOJ
BO3ficliCTBAEM CJIA00Or0 INEPUONUYECKOr0 CHIHANa B IPHCYTCTBHH (hIyKTyauui,
IPEeIIOXKEeHHEI B KadyecTBe OOBYICHEHHS JERHMKOBBIX [EPHONOB, BBI3BAN K IKW3HH
MHOXKECTBO IKCIEPHMEHTAIBHBIX ¥ TeopeTmIeckux pabor (71 o63opa cm. [3, 4]). Cytb
apderra CP 3akimrodaeTcd B pE30HAHCHOM XapakTepe YCHJICHHS CHTHaNa B
3aBHCAMOCTHA OT HHTEHCHBHOCTH IfyMa. IIpH 3TOM OTHOINEHHE CHTHAN/IIYM BBIXOZHOTO
CHTHAJA BeJeT ¢e68 aHOMAalbHbIM 00pa3oM, YBEIHYHBASCh IIPH YBEIAYCHUM BHEIMHETO
nryma. Teopums CP  6pima paseura DPAMEHWTENEHO K CHCTEMaM  THOA
nepeneMuUpoBaHEOTO OHCTAGHIBHOrO OCHILIATOpa [5-7] W 3HAaYUTENHHOE YHCIIO
SKCIIEPEMEHTaNbHBIXK paGOT OCHOBAHO Ha MCCIENOBAHII EMEHHO 2TOH Mogenw [3, 8]. B
peanbHEIX dm3mueckux cacremax CP Boepsrle 66T 0GHapy:XeH B nasepe [9], mosgHee B
yCIOBHSX TIapaMarHuTHoro pescnasca [10]. HepgaBHO monydeHB! pe3ysibTaTbl MO
nposeienno CP nmpm  mepefade HEpBHBIX HMIYIBCOB Yy pakooOpasmeix [11].
PagmorexHmieckde cmcTeMbl, p#eMoHCTpupyrommme CP, Kax npaBmio, SBISUTECH
AHAJIOTOBBIMU MOJENAMY, IOCTPOCHHLIMA Ha 0a3e ypaBHeHHH OUCTAOWIHHOW CHACTEMBI
[3, 06, 12].

PesynrTatel nOCTHEeyrOIIFX HCCICIOBAHWN NpPUBENK K TIOHUMAHUIO TOrO, 4TO
IpUEHIANHANLHEIM A8 addekra CP sBnsiercs Hanwdme ynpaBiaseMOi HHTEHCABHOCTRIO
myMa TIEpEeMeXKaeMOCTH MEXAy aTTpakTopaMu cacTeMbl. Ilpm aroMm xapakrtep (TEm)
B3ANMONSHCTBYIOLIKX PEXHMOB MOXeT ObiTh pasnmder. CP 6pul ofHapy®en B
aBTOKO1e0aTe/IbHbLY CUCTEMAX B PEXMME IEPEMEXACMOCTE MEXKEY COCYIIECTBYIOITEME
mikaavu [4, 13, 14] u gaxe Mexpay xaoTuaeckamu arrpakTopamu |15-17] Kpome Toro,
6bua oKaszaHa BO3MOXHOCTE achdexTa Tuna CP B MonocTabunbHol cacreme [18].
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B mHacrosmiee BpeMs TpajHUMOHHBIM IIOINXONOM SABISETCS HCCISOBAHHE
CTOXaCTHYECKOrO Pe30HaHCAa B CHCTEMax C ONpEfielIeHHOH CTEmeHBIO CHMMETPHM.
PesympTarel mcclenioBaHHS — KJIACCHYECKOM  OHCTAGHIBHOH MOUeNH  IOKas3and
ONTAMATBHOCTh CHMMETPHYHOIO CIydas C TOUYKH 3peHEs xapakrepuctuk CP [8].
Hccneyembie aBTOKOAE0aTENbHBIE CACTEMBI O0IalaloT, KaK IPaBWIIO, CAMMETPUYHO
PACHONOXEHHBIME COCTOSHUSIME DABHOBECHA, B OKPECTHOCTH KOTOPBIX CYINECTBYIOT
perynspHble Wi XaOTHYECKHE aTTPakTOpel (Takopa, HampmMmep, uemb dya [15, 16],
ocopnisirop  Hyddurra [13]). Jlume B HemHormx paBorax yfgensieTcs BHEMAHEE
CHTyallddi, KOITla XapaKTEPHCTHKH B3aHMOJIEHCTBYIOIAX YCTOMYMBEIX PEKAMOB
pazmramst [8, 19]. TIpeacrasasercs, YT0 ponb cuMMeTprH B Tposisienma spexta CP
HCClIefoBaHa K HACTOAIIEMY BpeMeHH JAleKO HE MONHO. B 4acTHOCTH, HECOMHEHHBIN
HHTEPEC NPEACTABIAET HCClefoBanue xapakTepucTHK CP B yCloBHSX NepeMekaeMOCTH
MeXJy aTTpaKTOpaMH pPa3IdvHOro Tuma.

Hmxke OypeT mokasaHO Hamuupe W THIAIHOCTE adgexkta CP mus wmpokoro
Klacca pajHOTEXHWYECKMX CHCTEM - [EeHEepaTOpOB C KECTKHM BO30yXJeHHEM
aBTOKOJIcOaHu!, HMEIOmUX B (ha30BOM IIPOCTPAHCTBE KAaK CIMHCTBEHHOE YCTOHYMBOE
COCTOSIHME PaBHOBECHS, TaK M YCTOHYMBBIN Hpefie/IbHbI UEKA. B pomm 6mcrabuanpHOM
CHCTEMBl TaKOl TeHepaTop TpPUHIMIHANLHO acHMMeTpudeH. YeM B 9TOM Ciydae
XapaKTepH3yeTcss ONTAMANBHBIN (C TOUKH 3peHHs nposeienmsd CP) pexmnm, Kakosa B
3TOM pOJb IApaMeTPOB CHCTEMEI - BOT BTOpas 3ajjada JaHHOH paboThl.

1. Acnonb3yeMpie BeJIMIMHBI H 0003Ha9eHust

Hmxe nDpusenensl o0003Ha4YeRHMA © HOSICHEH CMBICT psfa  BEJIHYHH,
HCNONIL30BAHHBIX IIPH IKCIEPUMEHTANBHOM Hecnefosanmn ssieand CP.
Bxo0Hoti cuzHan COCTOWT B3 PETYIIPHON X IIyMOBON COCTaBIISIOIEH

V(1) = Asin(ay) + (2D)V2E(7), <E(t+1)E()> = 8(z).

B mameM ciydae peryiisipHasi KOMIIOHEHTa €CTh TaPMOHAYECKHI! CHTHAIl C YaCTOTOR () B
ammmTyao# A, lllymoBas KOMIOHEHTa €CTh rayccoB GelbI IIyM C HHTEHCHBHOCTLIO D.

OmnouieHue cuzHas/usym OTpefieNsieTcsd Kak OTHOIICHAE MOIHOCTeH curHaia ’
ImymMa B ITOJI0CE YacTOT CArHaia. [ BxogHoro caraana V(r)

Ri= Ssl(CDS)/Snl('ms),

e Sq(0,) # Sy(0;) - cnekTpansHbie IUIOTHOCTH MOLIHOCTH PEryJsipHOR M IHyMOBOM
KOMIIOHEHT BXOJHOIO CHTHANa COOTBETCTBEHHO. KpoMe TOro, jis BXOTHOrO CHIHAja
V(t), BRITEO4AOUIET0 TAPMOHMYECKAR CATHA 7 GeNbi IyM, MOXKHO 3aircaTh

Ri = 7CA2/ (8D)
H.T[f{ BBIXOOTHOI'O CHI'HAJIA aHAJIOTHYHO
R, = SsZ(ms)/SnZ((Ds)s

e So(m) - chnekTpambHas IUIOTHOCTH, COOTBETCTBYIOMAS BEMAYMHE NPEBBUIEHUS
IMKOM Ha YacTOTe BXOJHOTO CHTHAla YPOBHS HIYMOBOILO IbefiecTalla B CIEKTpe
BBIXOIHOTO CHTHANA, a Sp(®,) - COOTBETCTBYIOLMHA YPOBEHD LIYMOBOI'O IbEAECTANA.

Koagpgpurjuenm ycunenun xapakTepuzyeT H3MeHeHHME OOmEH CIeKTpainbHOH
aMILTATYJABI Ha 9aCTOTe CHFHAJA OT BXOJa K BBIXORY HCCIeNyeMOoH CHCTEMBI

K =[(SSZ((‘OS) + SnZ(ms))/(Ssl(ms) + Snl(ms))]m'

Yacmoma Kpamepca [20] f, - cpepmusis gacroTa HHAYIAPOBAHHBIX LIYMOM
nepexmogeHnall cacTeMsr; f; = 1/(21), roe © - cpeamee BpeMsl Ope6LIBAHASA CHCTOMBL B
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OFTHOM W3 YCTONYMBBIX COCTOSHMH. B HallleMm ciyvae IPEHUMIAANLHO aCAMMETpPIIHON
CHCTEMBI OyAeM PasiHEyaTh T ¥ T) - BPEMEHA NPeChIBaHNS B OKPECTHOCTH COCTOSIHUS
PaBHOBECHSA H IIPEJS/ILHOTO IHKI4, COOTBETCTBEHHO.

2. CroxacTHgeckHii pe30HaHC B reHEPATope ¢ XapaKTepHCTUKON N-THna

B moctarowro obieM BHE aBTOTEHEPaTOp C OFHONH CTEHECHBIO CBOOOIBI MOKET
ObITH OIMACAH YDaBHEHAEM

X+ f)x+x=0. 1)

WHorma cHcTeMBbl Takoro BHAa HA3plBAIOT reHeparopamu THna Ban-gep-Ilond,
HOI9epXHBas STAM 3aBECAMOCTD BEJMYMHBI 9KBUBAJIEHTHO IMCCUNAIWH f(X) TONBKC OT
camoflt mepemennoil x. Haubonee npocteiM B obumM criocofoM ypapserue (1) Moxer
6bITH CMOJEIMPOBAHO C IIOMOIIBIO CXEMBI, PeAcTaBIeH ol Ha puc. 1, a. Kak m3BecTHO,
17151 BO30yKieHusl aBToKoMe6aunii B cacreMe Tana (1) HeoGXoguMo HaIHYMe MHTEpBala
1o x, rae f(x)<0. [7st pexuMa KeCTKOTO BO3OYXIEHAA aBTOKOIeGaHmIT STOT HHTEPBAl
He JOJKEH BKIIOYaTh cocTosHue paBHoBecHma X = (. O0a ykasaHHBIX YCIOBHS [IETKO
VEOBJICTBOPSIIOTCS ~ BBIOOPOM I8 R KyCOYHO-NMHEHHOH  BOJNBT-aMOEPHOR
xapakTepuctakr N-tmma {(puc. 1, 6). Ilpu 3ToM B mpefenax IIafaloMero yJacTka
xapakTepucTEKu R uMeeT mAddepeHimanbhyo nposoguMocts G-<0, a B ocranpHOH
oGuacTi 3HadeHny 1 - G+>0. Ypasuenue Kupxroda mis cxeMbi Ha puc. 1, a mveeT BAJ

Cduldt + 1/L Judt + 1 (x) =0. (2)

Hucdepentmpyst 10 £, BBOIS HOPMHUPOBAHHEIE BpeMs T=#/{LC)12 1 HalpssKeHue x=u/u
(vy = const, nanpumep, 1B), a takxke yumrbisag, uro dl(w)ldu = G(u) -
muddepeHEanbHas IpOBOMUMOCTD, IOy IAM

X +H({LICY2G(x)x + x = 0, (3)

rge Todkon o6o3HaveHo maddepeHmdpoBanme 1o 0e3pasMEpPHOMY BpEMEHH T
Ouesmjo, uro npw 3amere f{x) = (L/C)12G(x) nonyyaem cactemy (1).

CsoffcTBa XapakTepaCTUKH (cM. puc. 1,6) ompepensior pasbueHue (pa3oBOi
mnockoctu cucremsl (1). Byrem xapakrepusosath f(x) nByms mapamerpama: |G-/G+ -
OTHOWIGHHE OTPHUATENBHON W MHONOXHTENbHOH npoBopmMocTelt u  UJAU -
HODMHPOBaHHBII CABHT HaflAalOllero ydYacTKa. Dbudypkalu@woHHas [u@arpaMMa Ha
IUTOCKOCTH YKa3aHHbBIX IapaMeTPOB IpHBefieHa Ha pHC. 2.

I 4
i I
G+
L{c R ‘
I
l
et >
/ 0 | [ | U
a 6 }(_A_Z]._).l
Puc. 1. a - skBUBaNErTHAR CXeMa aBTOreHEPAaTOpa ¢ TMHEAHLIMY UHAVKTHBHOCTLIO L ¥ eMKocTbio C, 1

HEMHHEIHBIM Pe3lCTOpoM R; 6 - KyCOMHO-JIMHEHAS XapakTEePHCTHKA R; U, COOTBETCTBYET CcepeiHHE

Hajarouero yvactka: G+ u G- - MPOBOAMMOCTH, COOTBETCTBYIOLHE BOCXOLSILMM H TAfAOLIEMY
YYACTKAM XapaKTepHUTHKH
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Puc. 2. Budypkaumornast guarpamma cuctemsl (1);  Puc. 3. Pasosbii noprper cucreMbr (1) mas
GHCIEHHBNT 3KcnepuMent it G+ + IG-1 = 3.0 Gt +1G-1=3.0,1G- (G* = 2.0, UJAU = 0.56; C, u

Cs 0003Ha9arOT HeyCTOMMHMBBII W YCTOHYHMBBIMA
UUKJIE], COOTBETCTBEHHO

Ilpu U /AU > 0.5, npasee L; u L, cOCTOSHHEE paBHOBECHS B Hadajle KOOPJHHAT
Bcrofy ycroiumBo., O6nacTs yepee Ly m L, COOTBETCTBYET MITKOMY BO30YXIESHUIO
aBTOKONCOaHMIi, TOCKONBKY TOYKA paBHoBecHs x=( Haxoj@TCd B Tipejenax MMajaroliero
y9acTKa xapakTepucTuky (cM. puc. 1,6). Jlumms Ly orBedaeT Sudypranmd AHIPOHOBA -
Xonda. SamrrpmxoBaHHAS 30HA COOTBETCTBYET COCYIIECTBOBaHHIO Ha (ha3oBoH
IJIOCKOCTHE yCTOMIMBOrO (hoKyca, HEYCTONYMBOTO. M YCTOWIHBOTO IPEEIbHBIX IUKIIOB.
L, coOTBeTCTBYET CIHMAHHIO YCTOUIHMBOrO (PoKyca ¢ HEYCTOWYHBBLIM IIpefeNbHBIM
UpKIOM, L; - Kacanwio W WCUe3HOBEHWIO YCTOHUMBOTO U HEYCTOHUMBOrO NMPEReNbHBIX
[HAKJIOB. ’

O6BexT Halero HHTEpeca - 3aNTPAXOBAHHAS 30Ha MeXy Jmmansamu L, u L;. Ha
puc. 3 npuBeneH ¢a30Bbli nopTpeT cucreMs! A1s |G-/G+ = 2.0 m UJAU = 0.56. 3pech
C, 7 (C; 0603Ha4alOT HEYCTONYMBLII W YCTONYHMBBLIM IHKJbI, COOTBETCTBEHHO, a
3aAIITPAXOBAHHAA 30HA COCTBETCTBYET MAJAIOIEMy YYacTKy XapakTepHCTHKE Ha PHC.
1,6. Xopomio BHgHO, 9TO KOJIeOaTeNbHBI peXEM Jajek OT TI'apMOHHYECKOro.
IMpepenbHBIl OUKI CymiecTBYeT B YCIHOBHAX OaylaHca MeEXJy MOINHOW MTOAKadKoH
9HEpPIrMH B 3alITPHXOBaHHON 30HE W HE MEHee MOIIHOH ee MUCCHIIANMEN HAa OCTAIbHOM
y4acTKe TPaeKTOpHH. :

IlpakTuyeckas peanmm3anga aBTOTEHEPATOpPa C HEJHHEHHOU XapaKTEPHCTHKOHN
paccMaTpuBaeMoro ThHa IpmBefieHa Ha puc. 4. IloBropmTens Ha OINEpPamHOHHOM
yewmarene A; ofecneunBaeT aMTHBHOE BKJIIOYEHHE BXOQHOrO curHajia (B IpaByio
vacTh ypashenmsi (1)). Hemumefmmiht pesmcrop R peamm3oBaH Ha ONepariOHHOM
yemmurene A,. Ilpa atoM G-=-1/R,, G+ =1/R;, AU=2[R,)/(R, +R,)IE,, tme E, -
HaNpsCKeHWe HACBIMEHHS MHUKpockeMbl. CMeHIeHHe HajaloIero y4acTKa XapaKTepH-
CTHKH 3afjaeTCs MCTOYHHKOM HanpskeHus U, Bemmamean! L @ C BBIOMpalACH Tak,
gT06BI BBIIONHANOCH YCIOBHE fi>>f;, The f; U f; - 4acTOThI T€Hepaldd U BXOTHOIO
CHrHaNa, COOTBETCTBEHHO. B fanHoM Ciiydae f; cocTaBnsia 25 kL.

ITockoapKy BO3AEHCTBAE BXOHOTO CHrHAa NPOSBISVIOCH B BHAE MORYJIIAN
BBICOKOYACTOTHOY I'eHepaIyH, Jjlsi HEPEHOCa BBIXOJHOIO CHTHAJNA B HHM3KOYACTOTHYIO
4acTh CHEKTpa HCHoNb3oBaics perekTopHent 6ok DET, copepxammtt HY-dmwmtp ¢
mocTosiHHOl Bpemenn nopsuka 0.5 mc. B pesynprare BeIXopHOU curHan U, cogepsKal
KOMIIOHEHTHI CHWIHajia OTKIAKA CHCTeMBI Ha dacTorTe cmrHana f. Hasmagenwe
JETEeKTOPHOTO OJIOKa - pa3NWuMTh B BHIXOMHOM CHTHAje JBAa COCTOSHHUS CHCTeMmbl. B
NpAHIMIE, 3Ta 3afaYa MOXeT ObITh pelleHa A APYTHM CIocoGoM.
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Puc. 4. TIpunnumiansHas cXeMa HCCIeRyeMOro TeHEPaTopa ¢ XapakTePHCTHKON THiia, 306pakeHHOH Ha
pic. 2. Ry=44 xOm; L = 18 mIw; C = 6800 nd; Ry mewsoce B mpegenax (0+5) xOw

B mnpormecce 3KcnepHMEHTOB BXONHOH H BBIXONHOW CHIHANBLI IIOAaBaMHChL IS
ob6paGoTk B Kowmmeiorep 1486 uwepez 12-paspsjmmeni  aHanoro-mmdpoBof
npeobpazosarens DAC-1600 ¢ wacroroit guckpermsanuu o S0 ko, [ns ycrpanenus
appexra mopmens! (aliacing [21]) na Bxoge AIIYI Gpum ycranoeaens! HY-dunbTpel,
OrpaHMYMBAIOMINE YACTOTHBIM NHANa30H CHTHAJOB Ha YPOBHE IIOJNOBHHBI 4acTOTHI
CUMTHIBAHHS, YTO  COOTBETCTBOBaIO  dwacToTe  HafikBucra  MOCHEHYIOIIETO
dypre-npeobpasoBanma. Cama o6paborka cATHANOB - yepenHeHne Pyphe-CleKTpoB H
pactier HEeOGXOMUMBLIX XapaKTepHCTHK - HPOM3BOIMIACL IPH IOMONIH CICHHATBHO
pa3paboTaHHOrO NporpaMMHOTO obectieuenus [22].

Kak  oTMewasock  BBHLlE, NpHHIHNHANbHAs  OCOGEHHOCTH  CHCTEMBI,
nemoHcTprpyIomel addert CP, 2T0 Hanmmyme ynpasisgeMoll IyMOM IepeMeKaeMOCTH

MeXpmy arrpakropamm. Ha pme. 5
NpHUBEAEHB! Pe3yIbTaThl 3KCIEPHAMEHTA,

- KOTOpbI wmrpal ponk TectoBoro. OH

/ 3aKIFoYalIcs B ofade Ha BXOJA reHepaTopa

f;:rﬂ

mymMoBOTO CHrHana B OTCYTCTBHE

perymspHo#t kommoneHTHL. Ha BbeIxOome

/ YCTPOICTBa H3MEPSNIaCh CPENHSAS YacToTa

mepeknoueHnli - yactota Kpamepca f.

/ Kax smgHO H3 rpaduxa, fO ypoBHS HIyMa

D = 0.002 [MB2Tu] mepexmoueHns He

duxcupyrorcd. [Ipu 6onsomx 3navennsx D

KpUBad Pe3KO HANET BBEPX, NEPEKIIFOUEHHS

MeXJy pexwmMaMmy paGoThl TeHepaTopa

CTAaHOBSTCSI  BCE Boee JACTBIMHA.

. dakTHUECKH, IUHANAa30H HHTEeHCHBHOCTEI

0.0 = T e yma A dactor Kpamepca Ha pme. S

0.01 002 003 0.04 D8 onpenensier ofaacTh IPOSIBIICHES
B adppexTa CP B ECCIERyEMOM yCTPOHCTBE.

Femoncien, stpecmors oy PGPS Ha pue. 6 npuseein pesywrar:

: © m3MepeHust R, - OTHOINEHHS CHTHAI/IIyM

uHTeHCHBHOCTH wiyMma Dt 1G-/1G+ = 2.0, UJAU = 0.6 77151 BBIXOHOTO CHTHana H Ko3(bdhuimenTa
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Puc. 6. 3aBUCHMOCTH BBIXONHOTO OTHOIEHNS CUTHAN/IUYM R, (@) u kosduipenta yeunenus K (6) oT

uHTeHCUBHOCTY iyMa D B cucreMe (1); smavennst yacToThl curdana f,=33.6 Tn (o) u 133 Ty (A)

BbLIOHpanACh M3 COOOPaXeHUH TOYHOCTU MOCHERYIOUIEH NUCKpETH3aLUMy CHTHAJNOB W HCIEHHOro
pacuera ®ypne-creKTpoB

ycmnenusi K B 3aBACAMOCTH OT HMHTEHCHBHOCTH miyma D mpu A = 11 MB mua mByx
3Ha4YeHW JacToTh! curHana f,. Kpyroidl poct R, u K B y3ko# obnacrd 3uaueHmit D,
HaJIMIAe MakKCAMyMa H IIOCHIERYIOMEH IIABHBI ciaf yOeUuTeIbHO CBAETENLCTBYIOT O
Ham@auy  3hdhekTa CTOXacTHYecKoro pesopaHca. OOpamaer Ha ce0s BHEMaHUeE
creflytomasi OCOOEHHOCTb: B TO BpeMs Kak rpaduxkd ycmiueHms K [is 3HadeHWH
£:=33.6 T'n m 133 I'yy 3aMeTHO pasnayaroTcs ( MX MOBEJICHAE Ka9eCTBEHHO COOTBETCTBYET
TEOpeTHUeCKAM pe3ysbTaTaM i KIJacCH4ecKoil OmcrabmmbHoBi cmcTemsl [23]),
3aBHICHMOCTH R, IPaKTHYECKH JOXKaTCsl OfHA Ha APYIYIO, HMesl HEOOIBIIOE Pa3InIbe B

3HadeHWH  MakcmMyma. M3 TeopeTHYecKHMX — NIPEINOCBIIOK  BeamumHa D,
COOTBETCTBYIOIIAas MakcuMyMy K mim R;, ROJIXHA 3aBHCETh OT 9acTOTHI CHTHAa [23]
Inst K takoii cisur MakCHMyMa YeTKO BHICH, OJHAKO Ha pHC. 6, 4 MakcEMyM OGOHX
KPHBBIX Rr JOCTUTACTCs NIpH OJHOM H TOM XK€ 3HA4CHHH D. B octanpEOM XK€ rpacpmm
KadeCTBEHHO BIIOJIHE COOTBETCTBYIOT DPE3yIbTaTaM, MOJNYYEHHBIM IIpH HCCIEOBAHWH
Kjaccmyeckoii  OucrabmnpHOl — Mopemd  [24].  Pesyabrarel  3KCIEPHMEHTOB
CBHJISTENILCTBYIOT O TOM, 4YTO TIOJOGHOE TIOBEJEHHE ~UCCIENyeMOH CHCTEMBI
HaOJIIONAEeTCS B INMPOKOIM 00JacTd 3HAYEHWH MapaMerTpoB (3amTpuUXOBaHHAsS 30HA Ha
puc. 2). Ilpm srom cremens mnposiBieHHS 9¢¢eKTa (BeIHYEHBI YCHICHHS,
MAaKCHMAILHOIO OTHOINEHHS CHUTHAJ/ITYM /s BBIXOZHOIO CHTHAla W T.I.) MOXeT
BapbUpOBaTh B IIHPOKAX IpefenaX. Bce 2TO NO3BOJNSET 3aK/IOUWTh, 4TO
paccMOTpeHHAs MOAENb JOCTATOYHO OOMIET0 XapakTepa HpeNcTaBIsSeT KIacC CHCTEM,
onst KoTopsix a¢gekT CP aBinsercs THIMYHBIM. B cOOTBETCTBEM ¢ MaTeMAaTHIECKOH
MOJIENBbIO, K ITOMY KJACCy MOTYT ObITh OTHECEHBI, Hanpumep, CBY-reneparopst Ha
TYHHEJIBHBIX JHONaxX U T.JI. Hmke Mpl IIOJITBele;BM I'IOIIO6H06 obobmeHrAe Ha pAMepe
KJIaCCHYECKON pago9acTOTHON CXEMBL

3. CroxacTnueckul pe3oHAHC B TpexToueuHeM LC-reneparope

PaccMoTpuM cXeMy, n300pakenHyio Ha pac. 7 [25]. Ona mwmpoko npaMeHseTcs B
PaJROTEXHAKE K H3BECTHA Kak «eMKOCTHas TpexXToukax», mim reHepaTop KommmTna.
OpHako, NpH COOTBETCTBYIOIIEM BbIOOpE HANPSDKEGHHS CMEINEeHHs TpPaH3|CTopa H
BEeNYHAH S7EMCHTOB CXeMbI OHA Bepger celsd Kak CHUIbHO HEJWHENHas CHCTeMa,
nemoucrpupyioman 3dekr CP. B ornmdme OT CXeMbl, NIPHBEJCHHON Ha puc. 4, ee
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Prc. 7. Tlpusuunuansuas cxema Tpextodeyuoro LC-reneparopa [25]; C1=Cy=C3= 680 nd; Ry =
=20kOM; Ry=2.4 kOn; VT1 - KII1305

MaTeMardteckad Mojeidb B YCACBHAX CHALHOH 00paTHOH CBA3M KaK MHHHAMYM
TpexmepHa. Criocod BBefieHys BXONHOIO CHTHAIA B YPaBHEHWS TaKKe MHOI: BKJIFOUCHHE
HCTOWHHKA CHTHAaNa TOCHeNOBaTelbHO C PE3UCTOPOM COOTBETICTBYET TOMY, YTO B
VpaBHEHUAX TIOSBIACTCS IIPOM3BOAHAS MO BpeMeHM OT BXONHOTO curHana. Mmd
PETYNIpHON TapMOHMYECKOH KOMIIOHEHTHI BXONHOI'O CHTHAla 3TO O3Ha4daeT JHb
azoBblil COBHr, TOTHA KakK CIEKTpalibHAs HWHTEHCHBHOCTL IOYMOBO#i 9acTH CHrHala
CTAHOBUTCS YaCTOTHO-3aBHCHMOL.

TaknM ob6pazoM, JaHHas CXeMa 3aMETHO OTIHYaeTcs OT HIeald3APOBAHHON
monenn (1). Omsako, aHanornuHoe pasbueHue mxX (ha3oBbIX MPOCTPAHCTB (YCTOMIMBOE
COCTOSH¥E PABHOBECHS ~ HEYCTOHUMBLIN [IpefelbHbI UK - YCTOMYABBIA IpefiesIbHBIN
LIWKJT) DO3BOJISIET PacCUMTLIBATh Ha Hanmuwe 3(derTa CP B faHHON cHCTEME.

Ilpm mpaxTweecKoi pealH3alldid TPEXTOUSTHOIO aBTOreHepaTropa COOCTBEHHAS
gacrora fy cocrasnuia okoio 200 kI, Vsmepenws: npoBOgAIMCE HA TPEX 4acTOTax
BXogHOre curaana, cocrasigeimmx 300, 600 m 1200 T'u. 3aBMCHMOCTH BBIXOTHOrO
OTHOLIECHUS CHTH<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>