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1
Budypxatyu B IMHAMAYECKHX CHCTEMaX.
—— ]| T PMAHAIPOBAHHbII Xa0c. KBaHTOBBI Xa0c

W3Bectus BeIcIMX yueOHBIX 3aBeneHu. [Ipuknaanas HenuHelHas quHamuka. 2026. T. 34, Ne 3
Izvestiya Vysshikh Uchebnykh Zavedeniy. Applied Nonlinear Dynamics. 2026;34(3)
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Scalable fixed-time synchronization of robotic swarms
via a novel 4D fractional-order system without equilibrium points
and with bistable dynamics

F. Zaamoune'®™, H. Zerimeche?, R. W. Ibrahim®, A. I Karimov*

"University of Biskra, Algeria
2Constantine 1-Mentouri University, Algeria
3 Al-Ayen University, Nasiriyah, Iraq
48t. Petersburg Electrotechnical University “LETI”, Russia
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Received 11.03.2026, accepted 14.04.2026, available online 21.04.2026, published 29.05.2026

Abstract. Chaotic systems without equilibrium points represent a significant class of nonlinear dynamical systems because
their behavior cannot be interpreted through conventional equilibrium-based analysis. Purpose. In this study, a novel
four-dimensional fractional-order chaotic system without equilibrium points is proposed and analyzed. The results reveal
bistable dynamics characterized by the coexistence of two distinct attractors under the same parameter set and different initial
conditions, including symmetric limit cycles and chaotic attractors with different geometric structures. These dynamical features
are exploited to enhance trajectory unpredictability in autonomous mobile robotic applications. Furthermore, a fixed-time
synchronization framework is developed for large-scale multi-agent systems. In contrast to conventional asymptotic methods,
the proposed strategy ensures convergence within a prescribed time bound independent of the initial states. The framework is
then implemented in a master-slave robotic swarm, linking fractional-order reference dynamics with integer-order kinematic
agents. Numerical investigations confirm the capability of the proposed method to achieve accurate synchronization and
reliable trajectory tracking in networked robotic systems.

Keywords: fractional-order calculus, bistable dynamics, no-equilibrium system, fixed-time synchronization swarm robotics.
Acknowledgements. This study was supported by the Russian Science Foundation, project number 24-71-10064.
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U ¢ OMcTa0MIbHOM IMHAMUKOMN

®. 3aamyn®, X. 3epumews®, P. B. Hopaxum®, A. 1. Kapumos*
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2Vaupepcurer GparbeB Mentypn Koncrantuna 1, Amxup
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Annomayusn. XaoTHieckrue CUCTEMBI 0€3 TOUYeK PaBHOBECHS IIPEICTABIAIOT COO0M BaXKHBII KJIacC HEMHEIHBIX INHAMHYE-
CKUX CHCTEM, HOCKOJIBKY UX IOBEICHHE HEBO3MOXHO MHTEPIPETHPOBAThH C IIOMOIIBI0 OOBIYHOTO aHAIN3a, OCHOBAHHOTO Ha
paBHOBecHu. []ens. B 3TOM Hcce0BaHNH MPENIOKEHA U TIPOAHAIN3UPOBAaHA HOBAsI YETHIPEXMEPHAst XaOTHUECKask CHCTEMa
IpoOHOro mopsiaka 6e3 TodeK paBHOBecHUs. Pe3)yibmambl NMOKa3bIBAlOT OMCTAOMIIBHYIO AMHAMUKY, XapaKTEpH3YHOLIYHOCs]
COCYIIECTBOBAaHHEM JIBYX PA3IMYHBIX aTTPAKTOPOB IPH OTHOM U TOM e Habope MapaMeTpoB M NPU Pa3INIHBIX Ha9albHBIX
YCIOBHSAX, BKIIIOYast CAMMETPHYHBIE MTPE/IEIbHbIC IIUKIIBI ¥ XA0THYECKUE aTTPAKTOPBI C PA3IUIHON TeOMETPUIECKON CTPYKTYPOH.
OTH TUHAMHYECKHE 0COOCHHOCTHU UCTIONB3YIOTCS JUIS TOBBIIICHHS HENIPEICKa3yeMOCTH TPAeKTOPUH B aBTOHOMHBIX MOOHMJIBHBIX
PpOOOTH3NPOBAHHBIX NPHIIOKEHHUAX. Kpome Toro, uist KpyImHOMAacIITaOHBIX MYNIBTHAareHTHBIX CHCTeM pa3paboTaHa crcTeMa
CHHXPOHH3aLUH ¢ GUKCHPOBAHHBIM BPeMEHEM. B oTnnune oT TpaguIMOHHBIX aCHMITOTHYECKUX METOMOB, MpeIaracMas
cTparerusi o0ecreyrBaeT CXOAMMOCTh B TEUCHHE 3aJaHHOTO BPEMEHH HE3aBHCHMO OT Ha4yalJIbHBIX yCJIOBHH. 3aTteM dpeiim-
BOPK peaslu3yeTcs B pOOOTH3UPOBAHHOM POE «BEYIIUI—-BEIOMBIN», CBA3bIBAsl STAIOHHYIO IUHAMHUKY APOOHOTO MOpsIIKa
C KMHEMaTHIEeCKUMH areHTaMH, ONHMCHIBAEMBIMU CHCTEMAMH LIEJIOTO MOpsiaKa. YHCIEHHBIE NCCIEI0BAHUS TTOATBEPKAAIOT
CIIOCOOHOCTD MPETIOKEHHOTO METO/a JOCTHIaTh TOYHOH CHHXPOHHM3AIUH U HaEKHOTO OTCIIC)KUBAHUS TPACKTOPHU B CETEBBIX
pOOOTH3UPOBAHHEIX CHCTEMAX.

Knroueswvie cnosa: npobHbli MaTeMaTnueckuil aHain3, OHCTabWIbHAs TMHAMEKA, HEpPaBHOBECHAs CHCTEMa, poeBast pobOToTeX-
HUKa ¢ CHHXPOHH3aIMeH 3a KOHEYHOE BPEMsL.

bBnazooapnocmu. ViccnenoBanue BHINOIHEHO Npu noanepxke Poccuiickoro Haygnoro ¢onmaa, mpoext Ne 24-71-10064.

Jna yumuposanusn: Zaamoune F., Zerimeche H., Ibrahim R. W., Karimov A. I. Scalable fixed-time synchronization of robotic
swarms via a novel 4D fractional-order system without equilibrium points and with bistable dynamics [3aamyn @., 3epumews X.,
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Introduction

The use of chaotic dynamics in engineering has evolved considerably since Lorenz first revealed
the sensitive dependence of nonlinear systems on initial conditions [1]. Beyond its theoretical significance,
chaos has become an important tool in secure communication systems [2,3] and autonomous engineering
applications [4,5]. Classical chaotic oscillators, such as the Réssler [6], Chen [7], and Sprott [8] systems,
have been extensively studied; however, these models generally possess unstable equilibrium points, from
which phase-space reconstruction may be facilitated. For this reason, increasing attention has recently
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been directed toward non-equilibrium chaotic systems, especially those without equilibrium points or
with dynamics that cannot be fully interpreted through conventional equilibrium-based analysis [9-12].
Owing to their increased complexity and resistance to analytical reconstruction, such systems are
regarded as promising candidates for secure and advanced engineering applications [13—15].

Fractional calculus provides an effective framework for describing memory and hereditary effects
in complex physical systems [16, 17]. In comparison with integer-order models, fractional-order chaotic
systems are often characterized by richer and more diverse dynamical behaviors [18-20]. Significant
efforts have therefore been devoted to the study of fractional extensions of well-known chaotic
systems [21-23]. Recent investigations have further demonstrated that four-dimensional fractional-
order models may exhibit hyperchaotic regimes, toroidal responses, and coexistence phenomena of
considerable practical interest, particularly in applications related to encryption, nonlinear control, and
complex-signal generation [24-27].

In multi-agent systems, synchronization constitutes the fundamental mechanism through which
coordinated collective behavior can be achieved [28, 29]. Although asymptotic and exponential
synchronization methods have been widely used and have proved effective in many settings [30-32],
their convergence either requires theoretically infinite time or remains dependent on the initial conditions.
Such a limitation becomes critical in time-sensitive and mission-critical applications, including secure
robotic swarms. To overcome this drawback, fixed-time synchronization has emerged as a more suitable
alternative [33-35]. By means of Lyapunov-based design techniques, fixed-time strategies ensure
convergence within a prescribed upper bound 71, that is independent of the initial states [36-38].
This property makes such methods especially attractive for practical deployment in complex dynamic
networks [39-41].

The integration of chaotic dynamics into mobile robotics has also attracted considerable attention
[42,43]. Chaotic trajectories, owing to their topological transitivity and strong unpredictability, can
enhance workspace exploration and coverage, which is advantageous in patrol, surveillance, and search-
and-rescue operations [44-46]. In addition, fractional-order kinematic models offer extra flexibility by
incorporating nonlocal dynamical effects into the robot motion description [47-49]. Nevertheless, the
synchronization of large-scale robotic swarms under chaotic reference dynamics remains a challenging
problem [50-52]. Effective control laws must therefore be developed to preserve coordinated motion in
the presence of nonlinear dynamics, model uncertainty, and external disturbances [53, 54].

In this work, a novel four-dimensional fractional-order chaotic system is proposed and is
characterized by the complete absence of equilibrium points. The obtained results reveal bistable
dynamics, where two distinct attractors coexist under identical parameter values and different initial
conditions. To explore its practical relevance, fixed-time synchronization between the fractional-order
and integer-order forms of the system is investigated. Through this framework, convergence is guaranteed
within a prescribed time bound independent of the initial states, thereby establishing a robust link
between fractional-order and integer-order dynamics for control and communication purposes. The
resulting chaotic behavior is then exploited in the trajectory generation of a differential-drive mobile
robot, through which flexible and adaptive motion planning is achieved. In addition, the developed
synchronization framework is shown to preserve its effectiveness as the number of agents increases,
which makes it suitable for real-time and mission-critical multi-robot applications. Accordingly, both
theoretical contributions to nonlinear chaotic-system analysis and practical advantages for robotic
applications are provided.

The remainder of this paper is organized as follows. Section 2 summarizes the basic concepts
of fractional calculus. Section 3 presents the mathematical model of the proposed four-dimensional
fractional-order chaotic system together with its main dynamical behaviors. Section 4 is devoted to
the fixed-time synchronization analysis. Section 5 discusses the application to wireless mobile robots.
Finally, Section 6 concludes the paper.
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1. Fractional derivative and basic definitions

This study utilizes the Caputo definition of the different definitions of fractional integrals and
derivatives. According to Ref. [55,56], the definitions of the Caputo fractional integral and derivative
are given as follows:

Definition 1. The fractional integral of a function f(t) of order q > 0 is defined by

19(t) = r(lq) / (t -0 f(x)dr,

where t > to, and T'(q) denotes the Gamma function, which is given by

F(s)—/ t5 et dt.
0

Definition 2. According to Caputo's definition, the fractional derivative of order q > 0 of a function
f(t) € C™([to, +0),R), where n € N is such that n — 1 < q < n, is defined as

i L[ )
D50~ g |, T

In particular, when O < q < 1, the Caputo fractional derivative becomes

DO pe— / (f'(3>qu.

I'(l1—gq) t—s)
Definition 3. The Laplace transform of the Caputo fractional derivative is expressed as

n—1
L{Dif(t)} =s“F(s) =Y s“FfF0), (a>0,n-1<a<n). (1)
k=0

In particular, for o. € (0, 1], the expression simplifies to:

L{“Dif(t)} = s“F(s) — 5" f(0). @
The Laplace transform of the Riemann Liouville fractional integral is:
L)} =s7F(s), (o> 0). 3)

2. Mathematical model

A new four-dimensional autonomous nonlinear system is formulated in the fractional-order domain.
The proposed structure contains coupled bilinear terms, a quartic nonlinear term, and an absolute-value
nonlinearity, whose interaction gives rise to complex dynamical behaviors. The mathematical model is
formulated as

D (1) = x2(t),
D2y (t) = —x3(t)z2(t) — 21(t) — agzy(t), @
D%Bz5(t) = aza3(t) — asl2(t)| — as,

| D¥w4(t) = —agwy(t) + v2(t)w3(t),

where z1(t), x2(t), z3(t), and z4(t) denote the state variables of the proposed system, while a1, a,
as, as, and as are positive constant parameters. The quantities ¢; € (0,1],7 = 1,...,4, represent the
fractional orders of the corresponding state equations.
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To determine the equilibrium points of system (4), the following algebraic system must be solved:

xa(t) =0, (5a)
— x3(t)x2(t) — x1(t) — arx4(t) = 0, (5b)
agy(t) — aglaa(t)] — a5 =0, (5¢)
— agx4(t) + x2(t)z3(t) = 0. (5d)

From (5a), the condition x2 = 0 is obtained. Upon substitution of xo = 0 into (5c), the relation
—as = 0 is derived, which leads to a contradiction because as is a positive constant. It is therefore
concluded that system (4) admits no equilibrium points.

In the following sections, the dynamical behavior of system (4) is examined separately for the
integer-order and fractional-order cases.

2.1. Integer-order case. To comprehensively investigate the dynamical characteristics of the
proposed model in the integer-order domain, the derivative orders are setto ¢; = 1 fori = 1,...,4.
The system’s behavior is analyzed by varying the bifurcation parameter as across the interval [0, 2],
while the remaining system parameters are held constant at a; = 0.5, as = 0.9, a4 = 5.5, and a5 = 1.6.
For the numerical simulations, the initial condition is chosen as ¢y = (0.2,0.3,0.1,0.5). Under these
configurations, the integer-order form of system (4) exhibits rich chaotic dynamics, as visually confirmed
by the phase portraits in Fig. 1. To rigorously validate the presence of chaos, the Lyapunov exponent
spectrum a fundamental diagnostic tool that quantifies the average exponential divergence of nearby
trajectories is computed [57]. The evolution of the Lyapunov exponents with respect to a3 is depicted
in Fig. 2, a. Notably, the computed spectrum accurately captures a strictly zero Lyapunov exponent
(La = 0), which perfectly aligns with the theoretical properties of an autonomous continuous-time
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Fig. 1. Phase portraits of integer-order nonlinear system (4) for a1 = 0.5, a2 = 0.9, az = 1.5, aa = 5.5, and a5 = 1.6,
and ¢1 = g2 = g3 = g4 = 1 with the initial condition (0.2,0.3,0.1,0.5). a — (z1 — 2 — x3) plane; b — (x1 — x2) plane;
¢ — (z2 — x3) plane; d — (x2 — x4) plane (color online)
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Fig. 2. The Lyapunov exponent spectrum and the bifurcation diagram with respect to the parameter as € [0, 2] for a; = 0.5,
az = 0.9, as = 5.5, and as = 1.6, 1 = g2 = g3 = g4 = 1 and the initial condition (0.2, 0.3,0.1,0.5). a — The enlarged
fragment of the Lyapunov exponent spectrum displaying the three dominant exponents (L1, L2, and L3); b — the corresponding
bifurcation diagram (color online)

dynamical system. Furthermore, the corresponding bifurcation diagram over a3 € [0, 2] is presented
in Fig. 2, b, demonstrating a strong consistency with the calculated Lyapunov spectrum and clearly
revealing the parameter regions where chaotic and periodic behaviors emerge.

2.2. Fractional-order case. The chaotic behavior of system (4) in the fractional-order domain
is initially investigated by assigning a uniform fractional order ¢; = 0.985 to all state variables, with the
parameters fixed at a; = 0.5, as = 0.9, ag = 1.5, a4 = 5.5, and a5 = 1.6. Under these specific settings,
the system exhibits a complex chaotic attractor, as clearly illustrated by the 3D and 2D phase portraits
in Fig. 3.
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Fig. 3. Phase portraits of fractional-order system (4) for a1 = 0.5, a2 = 0.9, a3 = 1.5, aa = 5.5, and a5 = 1.6,
q1 = g2 = g3 = qa = 0.985 with the initial condition (0.2,0.3,0.1,0.5). a — (z1 — 2 — x3) plane; b — (z1 — x2) plane;
¢ — (1 — x3) plane; d — (z2 — z4) plane (color online)
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Fig. 4. The Lyapunov exponent spectrum and the bifurcation diagrams with respect to the parameter ¢ € [0.92, 1] for a1 = 0.5,
a2 = 0.9, a3 = 1.5, a4 = 5.5, and as = 1.6, g1 = g2 = g3 = g4 = 0.985 and the initial condition (0.2,0.3,0.1,0.5).
a — The Lyapunov exponent spectrum shown in two panels: the full spectrum including the highly negative LE4 (left), and an
enlarged fragment detailing the three dominant exponents (LE1, LE», and LE3) that strictly mirrors the dynamic transitions
without any numerical oscillations (right); & — the corresponding bifurcation diagram (color online)

To rigorously validate the presence of this chaotic behavior and analyze the divergence of
neighboring trajectories, the Lyapunov exponent spectrum is computed utilizing a highly refined
algorithm based on the analytical Jacobian matrix [39,40]. As shown in Fig. 4, a, the results confirm the
presence of chaos in specific regions through the existence of a positive maximum Lyapunov exponent
(LE7 > 0), accompanied by a strictly zero second exponent (L FE5 = 0). This perfectly flat and stable
zero line aligns exactly with the theoretical expectations of a continuous-time autonomous system,
completely eliminating any previous numerical oscillation artifacts.

In addition, a comprehensive bifurcation analysis is carried out to examine the qualitative
changes in the system dynamics as the fractional order ¢ is varied over the interval [0.92, 1]. For this
purpose, system (4) is numerically integrated by means of the Adams-Bashforth-Moulton method [58].
The resulting bifurcation diagram, illustrated in Fig. 4, b, provides a clear visual description of the
dynamical regimes exhibited by the system. Most importantly, a direct comparison between the Lyapunov
spectrum and the bifurcation diagram reveals a strict and perfect correspondence. When the system
enters the periodicity windows (e.g., the stable limit cycles clearly visible between ¢ = 0.950 and
q = 0.976), the maximum Lyapunov exponent (LF1) drops sharply and strictly to zero, while the
remaining exponents become strictly negative. This flawless correlation validates the consistency
between the dynamically computed Lyapunov exponents and the observed periodic behaviors associated
with the fractional-order operator.

2.3. Characterization of hidden bistability. Hidden bistability is demonstrated in the proposed
system despite the complete absence of equilibrium points. This phenomenon is confirmed through
bifurcation analysis and phase-space reconstruction. Numerical simulations reveal that two distinct
attractors can be obtained under identical parameter values when the initial condition is varied in the
form (z1(0),0.2,0.3,0.2) over the fractional-order range ¢ € [0.9, 1]. The observed bistable behavior
provides a clear explanation for the periodic windows appearing in the bifurcation diagrams that
are not always reflected in the Lyapunov exponent spectrum. In such non-equilibrium models, the
asymptotic response is determined by the corresponding basin of attraction; therefore, a single-path
Lyapunov exponent computation may follow a chaotic branch while a coexisting periodic branch remains
simultaneously present.

First, symmetric limit cycles with nontrivial periodicity and broken rotational symmetry are
obtained for a; = 0.5, ag = 0.8, a3 = 1.5, a4 = 5.5, and a5 = 1.6. As shown in Fig. 5, a, the green
attractor is generated from the initial condition z1(0) = 2.5, whereas the red attractor is generated
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Fig. 5. Bistable coexisting attractors of system (4) obtained from the initial conditions (x1(0),0.2,0.3,0.2) for g € [0.9, 1]:
a — symmetric limit cycles for a; = 0.5 and as = 1.6; b — bistable chaotic attractors with different amplitudes for a; = 0.1
and as = 0.8; ¢ — symmetric bistable chaotic attractors for a1 = 2.5 and as = 0.6; d — two distinct bistable chaotic attractors
for a1 = 2.5 and as = 0.6 (color online)

from z1(0) = —2.5. Second, for a; = 0.1, ag = 0.1, ag = 0.5, agy = 0.2, and a5 = 0.8, bistable
chaotic behavior with different amplitudes is observed. In this case, the green attractor is obtained from
x1(0) = 2.5, whereas the red attractor is obtained from z1(0) = —1.4, as illustrated in Fig. 5, b.

Moreover, a symmetric bistable pattern is identified for a; = 2.5, as = 0.9, a3 = 0.5, a4 = 5.5,
and a5 = 0.6. The corresponding attractors are produced from the initial conditions x1(0) = 2.6 for the
green trajectory and x1(0) = —2.6 for the red trajectory, as depicted in Fig. 5, c. Finally, another bistable
chaotic regime is observed for the same parameter set, where two distinct chaotic attractors are generated
from z1(0) = 2.5 and z1(0) = —0.4, respectively, as shown in Fig. 5, d. These results demonstrate
that, under the same system parameters, different long-term dynamical behaviors can be selected solely
through the initial conditions. Such persistent bistable oscillatory responses indicate strong potential
for applications requiring enhanced unpredictability and flexible state selection, particularly in secure
communication and nonlinear control systems.

3. Fixed-time synchronization

This study presents a novel fixed-time synchronization method for the new chaotic system (4)
in both its integer-order and fractional-order representations. The following lemma and theorem are
presented:
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Lemma 1. [59] Let z1,22,...,2, > 0,0 <1< 1, and r > 1. Then, the following two inequalities
hold:

anzb (iz)l

i=1 i=1
n n r
2f > nlr (Z zi> .
i=1 i=1
The following fixed-time stability result is adopted from [41].

Theorem 1. Consider the fractional-order system

1o Dix(t) = f(t, z(t)).

The origin is said to be fixed-time stable if there exists a positive definite Lyapunov function V (t, x(t)),
denoted for simplicity by V (t), such that

OD?V(t) < MI(1—v) Vl—a—i—y(t) _ hoI'(1 —B) Vl—a—i—ﬁ(t)

F2-ol(a—y+1) F2—o)l(a—p+1) o ©

where h; >0,y >0, 1 <y <oa—+1, and a—1<p < a. Then, the origin of the considered system is
fixed-time stable for any initial condition, and the corresponding settling time is estimated by

Consider the following integer-order new chaotic system as the drive system:

.%"1(75) = x2<t),
Za(t) = —x3(t)xa(t) — z1(t) — arx4(t),
(7)
.@3(15) = a2x2(t)4 - ag‘mg(tﬂ — as,
x4(t) = —agwyq(t) + xo(t)z3(t)

Dy, (t) = ya(t) + u1,

Diys(t) = —y3(t)y2(t) — y1(t) — a1ya(t) + us, @
Dys(t) = azya(t)* — azly2(t)| — as + us,

Dy,(t) = —aaya(t) + y2()ys(t) + ua,

e(t) = S(z) = W(y). ©)
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It satisfies the condition:
lim =0
i e(t)] =0,
Where S : R® — R"™ and W : R™ — R"™ are two continuous differentiable functions.
Assume that

T+ 24 Y1
To+x
S($17$27$31x4) = 2.733:1343 5 W(Z/lay2,y373/4) = zz s
T1T2 Y4

therefore the Jacobian matrix of the S(x) and W (y) can be described as follows:

1 0 0 1 10 00
0 1 1 0 01 00
xo x1 0 O 0 001
Then, we have
é(t) = Js(z) & — Jw(y)y (10)
To achieve fixed-time synchronization, the variables u1, uo, us, and w4 are introduced as control inputs
applied to the response system, while 71(¢), ..., r4(t) are defined as auxiliary design terms employed

in the derivation of the fixed-time error dynamics. Accordingly, the following control law, based on
sign-power feedback and active control, is formulated:

ui(t) = —y2(t) + I (yat) — 11(t)),

uz(t) = y3(t)y2(t) + yu(t) + arya(t) + T2 (= ys()y(t) — y1(t) — arya(t) — r2(t)), an
uz(t) = —agy2(t)" + aslya(t)| + as + J' 79 (azya(t)! — azly2(t)| — a5 — r3(t)),

ug(t) = agya(t) — y2()ys(t) + 79 (= asya(t) + y2(t)ys(t) — ra(t)).

r1(t) = 22 — asxs + xox3 — y2(t) + Mer(t) + hasign(er (t))]er (8)[ 1+
+hgsign(er () ler (8)]' 7 + hgsign(er(t))]er ()],
ro(t) = w379 — 1 — a174 + a7 — az|ra| — a5 — (—ys(B)y2(t) — y1(t) — ar1ya(t) + hea(t)+
+hgsign(ea(t))]e2(t)['* + hgsign(ea(t))]ea(t)]' 7 + hysign(ea(t))[ea(t)]'H7,
r3(t) = —2dze — 2123 — 1374 — @axF + Tox374 — (A2y2 () — asly2(t)| — a5 + hies(t)+
+ Ao sign(es(t))|es(t) |7 + Ay sign(es(t))|es(t) |1~ + Ay sign(es(t))|es(t)| 71,
ra(t) = 23 — r1x322 — 27 — arwrzs — (—aaya(t) + y2(t)ys(t) + hea(t)+

+ Ao sign(eq(t))es(t)|*H + Agsign(eq(t))]|ea(t)|1 7Y + hysign(eq(t))|ea(t) |7
(12)
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The fixed gains in (11) are extended to the adaptive form:

M (t) = 0.5+ 2e~0e@I

v(t) = 0.9 — 0.2 cos(2mnt/10). (13)
Theorem 2. The adaptive controller preserves fixed-time stability provided that % < 0 and

y(t) € [0.7, 1.1].

11 3y 3 8-
where 0 < Yi < 1, }\,1 > O, )\,2 — _4711:(<23q\{)1r<q)2{1> , }\‘3 = _471;((23(131F<q>2 1) 5

4y71r(27q)r(3’%)

3—
)

Theorem 3. The drive system (7) achieves fixed-time synchronization with the response (8) when the
control input is defined by (11).

A =hg —

Proof 1. By following the methodology presented in [60], and by substituting the control law defined
in equations (11)-(12) into the slave system given in equation (8), the following reformulated slave
system is obtained:

(
(—ys(t)y2(t) — y1(t) — arya(t) — ra(t)), 14
3 (agy2(t)* — asly2(t)| — as — ra(t)),

(

— agya(t) + ya(t)ys(t) — ra(t)).

By applying the Laplace transform to equation (14) and denoting F(s) = L(Y (t)), the following
expression is obtained:

(15)

By multiplying both sides of equation (15) by s'™P and then applying the inverse Laplace
transform, a new expression for the slave system is obtained:

yi(t) = ya(t) — r1(t),
Y2(t) = —ys(t)y2(t) — y1(t) — arya(t) — r2(?), 16)
a(t) = agy2(t)* — aslya(t)| — a5 — ra(t),

(J4(t) = —aaya(t) + y2(t)ys(t) — ra(t),
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Then, the error system is obtained as

éi(t) = —haei(t) = dasign(es() e ()11 —

— Agsign(ei(t))]ei(t)]' ™ — hysign(e;(t))]ei(t)] 1, an
where i = (1,...,4). Now, construct the following Lyapunov function:
1, o
V(t) = 2(;@ (Dei(t)) (18)

By evaluating the derivative of 'V (t) along the trajectories of system (18), the following expression is
obtained:

V() = el e -

=1
4
=31 — Meit) = dasign(eq(t) s — s sign(ei(t) lei(t)] T -

=1

— hasign(es()le ()17 <
4

< —ZelT YAre;(t ZeiT(t)}»g sign(e;(t))|es ()| — Ze t)hz sign(e;(t))]e; (£)[1 771 —
i=1
4
= 2 el (et es) 7 <
4
< - ZelT Yhei(t) — Ao Z e ()] — ?»32 les(1)]>7 — 7&42 lei ()] =
4 4 24y 4 2y 4 24y
= - Z el (hei(t) —ha Y (les®) 7 =23 Y (les®)?) 7 —ha Y (les(t)?) 2
i=1 i=1 i=1
19)
From Lemma 1, the following result is obtained:
24y 2-v
. 2 2
V(t) < MV () — o (Z lei(t) ) — M3 <Z |€i(t)|2> - (20)
i=1

2471
2

Y1 Y1

4
— gl (Z\ei(t)|2> = SMV() = V()T —dgV ()T — V(1)

According to Theorem 1, the drive system (7) and the response system (8) are capable of achieving
fixed-time synchronization when utilizing the controller (11). The proof has been finalized.

The synchronization performance between the driving system and the response system is
demonstrated by the time responses of the corresponding state variables. After the proposed controllers
are applied, the trajectories of the response system are observed to follow those of the driving system
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Fig. 6. The state variable synchronization diagram for chaotic systems with fixed time: z1 — y1 (@), x2 — y2 (b), x3 — y3 (¢),
x4 — ya (d) (color online)
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Fig. 7. The fixed-time synchronization error (color online)

accurately, which confirms the effectiveness of the developed control scheme, as illustrated in Fig. 6.
In addition, the time evolution of the synchronization errors e1, es, es, and ey is presented. The rapid
convergence of all error states toward zero further verifies that synchronization between the two systems
is successfully achieved, as shown in Fig. 7.

4. Application to Networked Mobile Robots

Autonomous navigation of mobile robots in complex environments plays an important role in
applications such as search-and-rescue, surveillance, and patrol missions. By incorporating the proposed
four-dimensional chaotic dynamics into the robot control framework, unpredictable trajectories can be
generated, thereby improving workspace exploration and motion flexibility.
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The kinematic behavior of the mobile robot is described by the following nonholonomic
model [42]:
X(t) = v(t) cos 0(t),
Y (t) = v(t)sin 0(t), 21
0(t) = o(1),
where X (¢) and Y (¢) denote the Cartesian coordinates of the robot, 6(¢) represents its orientation angle,
v(t) is the linear velocity, and w(t) is the angular velocity.

For a two-wheeled differential-drive mobile robot, the fractional-order kinematic model can be
written as

DIY (t) = v(t) sin 0(t), (22)

where DY denotes the fractional derivative of order ¢q. The linear and angular velocities are defined by

N UR(t) + UL(t) - UR(t) — UL(t)
oty = T () = SR,

with vg(t) and vy (t) representing the right and left wheel velocities, respectively, and L denoting the
distance between the two wheels.
Within the master-slave synchronization framework, the states of the master robot are denoted by

T

x(t) = (xl(t),azg(t),xg(t),x4(t)) ,

whereas the states of the slave robot are denoted by

-
y(t) = (y1(£), y2(t), y3(t), ya(t))
Accordingly, the linear and angular velocities of the master robot are expressed as

oz (t) + xo(t) oz (t) — @o(t)
vm(t) = o om(f) =

while those of the slave robot are given by
y1(t) + yo(t) y1(t) — ya(t)
t) = 2L T LA PAN
Us( ) 9 > 7
Accordingly, a seven-dimensional coupled model is formulated to describe the motion of the
master—slave mobile robotic system under the influence of the proposed chaotic dynamics, as follows:

ws(t) =

Dy (t) = ya(t) + ua(t),
Dys(t) = —y3()y2(t) — y1(t) — a1ya(t) + ua(t),
Diys(t) = azy3 () — asly2(t)] — a5 + us(?),
Dya(t) = —aaya(t) + y2(t)ys(t) + ua(t), (23)
DIX(£) = v(t) cos O(#),
DY (£) = v(t) sin 6(¢),
DI6(t) = w(t)
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For the numerical implementation, the
parameters were selected as a; = 0.5, as =
=09, ag = 1.5, ag = 5.5, and a5 =
= 1.6, while the control gains were chosen
as A = [3,2,25,1.5] and y = 0.8, with
wheel separation L. = (.08 m. Under these
settings, accurate trajectory synchronization of
the master-slave pair is achieved within a
finite time. After synchronization is established,
both robots are shown to follow closely
matching chaotic trajectories inside the prescribed
workspace, which confirms the effectiveness of
the proposed control framework for coordinated
motion generation and tracking, as illustrated in
Fig. 8. These results demonstrate that the proposed
formulation provides an effective link between
the theoretical fractional-order chaotic model Fig. 8. Trajectory synchronization in X-Y plane. Green: master

and its robotic implementation, while preserving oot (x), red: slave robot (y). Inset shows convergence within
coordinated motion and trajectory complexity. initial 3 seconds (color online)

Master Robot
Slave Robot

4.1. Multi-robot swarm synchronization. In the context of multi-robot systems, synchronization
is crucial for ensuring coordinated actions and consistent behavior among multiple agents. Applications
such as search-and-rescue missions, swarm robotics, and autonomous vehicle fleets require the ability
to synchronize a large number of robots so that they operate cohesively in dynamic and complex
environments [61,62]. The master-slave synchronization approach presented in this work is designed to
tackle this challenge, where one robot (the master) provides a reference trajectory, and the other robots
(the slaves) follow this trajectory while maintaining synchronization across their states.

Synchronization of mobile robots with chaotic dynamics is particularly challenging due to the
inherent unpredictability and nonlinear behavior of these systems. The introduction of chaotic dynamics
allows for a more thorough exploration of the environment but requires careful coordination between
robots to prevent divergence and instability. The proposed fixed-time synchronization framework
provides a solution by ensuring that the synchronization is achieved in a finite, predictable amount of
time, irrespective of initial conditions or system size [63]. The proposed fixed-time synchronization
framework is extended to coordinate N robots in a swarm. Let the master system generate the reference
chaotic trajectory X,,(t), while N slave robots follow X’(t) (i = 1,..., N) with dynamics:

DIX! = f(XD+ Ui+ > vi(X] — XD). (24)
JEN;

The distributed fixed-time controller is designed as:

U; = —kysign(e;)|e;|* — k2sign(ei)]ei]ﬁ+

0
3 m Sin(x1 m)
+8 ; , , 25
[am] cOS(4m) ()
0
ei=X - X, a=18 p=06 =02, (26)
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Theorem 4. The swarm system (24) under controller (26) achieves fixed-time synchronization if
k1 > IVf(Xm)|loo and ko > V' N - diax wWhere diax is maximum inter-robot distance. The settling
time Ty satisfies:

ky V (0)L—P 1
T, < In (1 + 1V(no)> L V=5 > eles. 27)
=1

b
k1(1—B)

Proof 2. Consider the Lyapunov function V = 3 2521 ele; + 1 Y | X — XI||2. Taking fractional
derivative:
N 1 ) 4 . )
DIV < 2; ef Diei+ 5 > (X, = X{)T (DX - D'X])
1= 2y

N N
<=k ) led P — ke > e T+ @,
i=1 =1

@ < VS loclleill = kilei P <O (when ky > ||V flloo)-

Thus D1V < —k VP2 proving fixed-time stability.

4.2. Discussion of synchronization and scalability results. The synchronization performance
of the proposed control framework for a networked robotic system is illustrated through the time
evolution of the state variable x; for the master and two representative slave units (Slave 1 and Slave 5).
It can be observed that all trajectories converge
rapidly toward the same reference trajectory,
thereby demonstrating effective synchronization
behavior. The very small phase lag and the
close overlap among the curves further confirm
that the designed control protocol ensures state
convergence across all agents, as shown in
Fig. 9. This level of synchronization is particularly
notable given the nonlinear and potentially chaotic
nature of the robot dynamics. The ability to

= [\ o [\V] =N (=) o
T T T T T

State Value

67 ——naster | achieve full-state synchronization (as seen in the

-8t = =Slve1ll virtually indistinguishable trajectories) validates

10 ‘ ‘ ‘ _ =Slave S| the robustness of the control method against
0 10 20 30 40 50 model complexities and disturbances. Moreover,

Time, s this implies that the control input not only

Fig. 9. Synchronization of state variable z; between Master, Stabilizes each agent’s dynamics but also enforces
Slave 1, and Slave 5 (color online) coherence across the entire multi-agent system.

4.3. Scalability analysis. To evaluate the scalability of the proposed synchronization algorithm,
the average synchronization time was analyzed as the number of robots increased from 2 to 50. The
results, presented in Fig. 10 and Table 1, were found to follow a highly efficient linear trend, with an
approximate slope of 0.023 seconds per additional robot.

It is important to note that while Theorem 4 guarantees fixed-time convergence for the error
dynamics of a single pair, the slight increase in synchronization time observed in the swarm simulation
is attributed to the signal propagation delay inherent in the coupled network topology is seen in Eq. 24.
Despite this, the near-linear behavior confirms that the computational and control overhead remains
minimal, making the framework suitable for large-scale swarm deployments.
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Scalability Analysis

4.2 — Table 1. Average synchronization time
4t e _iﬁﬁ‘ﬂ‘%‘:ﬁd as a function of number of robots
@ 3.87 Number of Robots | Sync Time (s)
L |
5 3.6 2 235
3.4+
g 5 2.80
3.2+
S 10 3.15
o 3.0r
e 12 3.50
= 2.8¢
> 25 3.61
< 26+
30 3.70
24+
- ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 35 3.78
0 5 10 15 20 25 30 35 40 45 50 40 3.84
Number of Robots 45 3.90
Fig. 10. Scalability analysis showing average synchronization 50 3.96

time versus number of robots (color online)

5. Discussion

The plot and data clearly indicate that synchronization time increases progressively with the
number of robots. The linear regression trend exhibits a slope of approximately 0.023 seconds per
robot. This result is highly efficient, indicating that as the system scales to 50 robots, the additional
synchronization burden is minimal. The near-linear behavior indicates the algorithm’s strong scalability,
with minimal performance degradation as system size increases.

The results illustrate an effective and scalable synchronization strategy for networked nonlinear
robotic systems. High-precision synchronization at a low incremental cost per agent is infrequently
documented in the literature. Many current methods experience exponential time growth or necessitate
centralized computation, thereby restricting scalability.

A comparative analysis with recent and relevant literature is presented in Table 2 to contextualize
the contributions of the proposed framework. A key distinguishing feature of this work is its proven
scalability and guaranteed synchronization within a fixed time frame. This study presents robust
simulation results for up to 50 robotic agents, demonstrating a near-linear and minimal increase in

Table 2. Comparison of robotic synchronization methods and contributions

Characteristic This Work Ref. [45] Ref. [61] Ref. [63] Ref. [44]
Sync Method Fixed-Time Generalized Sync | Fixed-Time General Sync N/A (Single
Sync Sync Robot)
Scalability Excellent, tested | Obstacle-focused, Theoretical Multi-robot, no N/A (Single
to 50 robots less scalable focus fixed-time focus Robot)
Dynamics 4D Fractional- Integer-Order Chaotic Chaotic Integer-Order
Order Chaos Chaos Multi-Robot Dynamics Chaos
Contribution Scalable Obstacle Theoretical Multi-robot sync Sing!e r 9b0t
fixed-time sync avoidance with fixed-time method navigation
framework sync sync
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synchronization time, in contrast to other works that have examined fixed-time theory [61] or generalized
synchronization for tasks such as obstacle avoidance [45]. This contrasts with methods based on single-
robot navigation [44] or those that do not provide a fixed-time guarantee [63], which is essential for
mission-critical applications that demand predictable convergence. The introduction of a novel 4D
fractional-order chaotic system enhances dynamic complexity and modeling fidelity relative to the
integer-order systems in the comparative studies. This analysis highlights that the framework offers a
robust and efficient solution to the challenge of guaranteed-time synchronization in large-scale robotic
swarms, addressing a significant gap in the current literature.

Conclusion

The present investigation has provided important insights into a previously unexplored four-
dimensional chaotic system distinguished by the complete absence of equilibrium points. Through a
detailed investigation of its integer-order and fractional-order forms, complex dynamical behaviors
have been identified, including distinct chaotic attractors and transition mechanisms characterized by
Lyapunov spectra and bifurcation diagrams. In particular, bistable behavior has been established through
the coexistence of two attractors under the same parameter set and different initial conditions. To bridge
theory and application, a fixed-time synchronization framework grounded in fractional stability theory
has been developed, enabling coordinated dynamics between the fractional-order and integer-order
representations. The synchronized system has been successfully employed for trajectory regulation in
differential-drive mobile robots. Moreover, the proposed strategy has been shown to be fully distributed
and capable of maintaining synchronization with a low and consistent temporal overhead. These features
make the framework well suited for large-scale applications, including coordinated swarm robotics,
decentralized sensor networks, and autonomous vehicles. Finally, the numerical results have validated
both the synchronization performance and its usefulness in robotic navigation, thereby demonstrating
the practical potential of the proposed method for cyber-physical systems subject to nonlinear dynamics
and guaranteed-time convergence requirements.
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Annomayusn. Llens HACTOSIIIETO UCCIIEAOBaHUS — MIPOAHAIN3UPOBATh KOHIENINIO IM(POBBIX JBOHHUKOB KaK TEXHOJIOIHH,
00BEUHSIONICH TEOPHIO CIIOKHOCTH M UCKYCCTBEHHBIH MHTEIUIEKT, & TaK)KEe PaCCMOTPETh MX NPHUMEHEHHE B Pa3IMYHBIX
obnactax. Ocoboe BHUMaHHE YAEICHO MaTeMaTHYECKUM MOJX0JaM K MOCTPOCHHIO HU(POBBIX JIBOHHUKOB, HX OTIHYHMAM
OT TPAJUIMOHHBIX MaTEMaTHUECKUX MOJIENeH U IepCIIeKTUBaM pa3BUTHA. Memoosi. B paboTe UCIIonb30BaH MEXIUCIUILIN-
HApHBII MOAXO0, BKIIIOYAIOIINN aHAIN3 COBPEMEHHBIX TEXHOJIOTHH, TaKHX Kak QU3HIeCKH HHGOPMUPOBAHHBIC HEHPOHHBIC
CEeTH, MOJIC/IH MOHKEHHOTO TOpsiKa, rpadoBble HEHPOHHBIE CETH M Pe3epByapHbIC BbIUMCICHUS. IIpOBEIEHO CpaBHEHUE
METOJIOB MOJICJIMPOBAHMsI, OCHOBAaHHBIX HA MEPBBIX NPUHIMUIAX U JAHHBIX, C aKIIEHTOM Ha MX WHTErPALUIO IS CO3JaHUs
THOPUIHBIX [U(POBBIX JBOWHUKOB. Pesynbmamul. Tloka3zaHo, 4To HH(pPOBbIC TBOWHUKH 00J1a1al0T YHHUKAIBHBIMU XapaKTepH-
CTHKaMH, TAKUMH KaK JMHAMHYHOCTb, alAITHBHOCTD U JIBYCTOPOHHSA CBA3b C (PU3MUCCKUMH 0ObEKTaMH. BBISBICHBI KIIOYEBbIC
MIPEUMYILECTBA U OIPAaHUYCHHS PA3JIMYHBIX MaTeMAaTHYECKUX MOAXO/0B, BKIIIOYAs MX IPUMEHHMOCTh B IPOMBIIIJICHHOCTH,
MEIUIIMHE, SKOHOMUKE H Apyrux cdepax. [Ipenoxkena 00600eHHas MaTeMaTinieckas Gpopmain3anus uppoBoOro IBOHHMKA,
00BbeIUHSIOMAs TPAIUIIMOHHBIE MOJICIM ¥ METOIBI MAIIMHHOTO 00y4eHus. 3axnrouenue. CHOpMyIUPOBAHBI IEPCIIEKTHUBBI
pa3BuTHs UH(GPOBHIX ABOHHUKOB, BKIIIOYAsl CO3JJaHUE CKBO3HBIX IKOCHCTEM U Pa3BUTHE TMOPUIHBIX ITOJXOIOB K MOJEIHPO-
BaHHIO CIIOKHBIX HEJIMHEHHBIX IpoueccoB. [Ioa4epKHyTa BaXKHOCTD AaibHEHIIe HHTErpauy METOI0B TEOPUH CIIOKHOCTH
U MCKYCCTBEHHOTO MHTEJUIEKTA Il MOBBILICHUSI TOYHOCTH M aIaiTABHOCTU BUPTYalbHbIX Mozenei. [{udpoBbie aABOHHNKY
OTKPBIBAIOT HOBBIE BOSMOXKHOCTH JUIsl TPOTHO3UPOBAHHUS U YIIPABICHHS CIOKHBIMU CHCTEMaMH B YCIOBHUSX HEOIPE/ICICHHOCTH,
YTO JIeNaeT UX KIIFOYCBBIM HHCTPYMEHTOM B HaykKe, IPOMBIIUICHHOCTH U OOIIECTBE.

Knroueswie cnosa: undpoBbie ABOWHUKH, NCKYCCTBEHHBIH HHTEIUICKT, TEOPHUsI CII0)KHOCTH, HEJIMHEHHAs! TUHAMUKA, MALlIMHHOE
o0ydeHne, THOpUIHEIE MOIENH, IPEIUKTUBHOE MOJENNPOBAaHKE, IEpCOHANIN3NpoBaHHas MeaunuHa, Uunycrpus 4.0, rpadosie
HEHpOHHBIE ceTH, (pU3nIecku HHPOPMHUPOBAHHBIE CETH.

s wumuposanusn: Anopees A. B., lapacenus JI. I11., Jlosxcoes B. C., [llenoeprok-)Kuoxoe A. B., [lInax B. B., Xpamog A. E.
LudpoBsie TBOWHUKH: CHHTE3 TEOPUH CIOKHOCTH M UCKYCCTBEHHOTO MHTesUekra // M3Bectus By3oB. [TH/I. 2026. T. 34, Ne 3.
C. 371-419. DOI: 10.18500/0869-6632-003211. EDN: UIJBGW

Cmamus onybaukosana na ycnosusx Creative Commons Attribution License (CC-BY 4.0).

(© Anopees A. B., Qapacenus JI. LLL., Jloocdes B. C., [Llendepiok-’Kuokos A. B., llnax B. B., Xpamos A. E., 2026


https://doi.org/10.18500/0869-6632-003211
https://elibrary.ru/UIJBGW
https://doi.org/10.18500/0869-6632-003211
https://elibrary.ru/UIJBGW

Review DOI: 10.18500/0869-6632-003211
Digital twins: a synthesis of complexity theory and artificial intelligence
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Abstract. Purpose. The objective of this study is to analyze the concept of digital twins as a technology integrating complexity
theory and artificial intelligence, and to examine their applications across various fields. Particular emphasis is placed on
mathematical approaches to the construction of digital twins, their distinctions from traditional mathematical models, and
future development prospects. Methods. This research employs an interdisciplinary approach, incorporating an analysis of
contemporary technologies such as physics-informed neural networks, reduced-order models, graph neural networks, and
reservoir computing. A comparison of first-principles and data-driven modeling methods is conducted, with a focus on their
integration for creating hybrid digital twins. Results. The findings demonstrate that digital twins possess unique characteristics,
including dynamism, adaptability, and bidirectional interaction with physical objects. The key advantages and limitations
of various mathematical approaches are identified, encompassing their applicability in industry, medicine, economics, and
other domains. A general mathematical formalization of a digital twin, integrating traditional models and machine learning
methods, is proposed. Conclusion. The prospects for the development of digital twins are outlined, including the creation of
end-to-end ecosystems and the advancement of hybrid approaches for modeling complex nonlinear processes. The importance
of further integration of complexity theory and artificial intelligence methods to enhance the accuracy and adaptability of
virtual models is emphasized. Digital twins present new opportunities for the forecasting and management of complex systems
under uncertainty, establishing them as a pivotal tool in science, industry, and society.

Keywords: digital twins, artificial intelligence, complexity theory, nonlinear dynamics, machine learning, hybrid models,
predictive modeling, personalized medicine, Industry 4.0, graph neural networks, physics-informed neural networks.
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BBenenne. JKCKypc B HCTOPHUIO

Iudpossie nBoiinuku (anrn. Digital Twins) — omHa u3 HanboIee MEPCIEKTUBHBIX TEXHOIOTHH
XXI Beka, Bce yalie HaXOAsIasi IPUMEHEHNE B CAMBIX Pa3HBIX 00NACTIX: OT MPOMBIIIICHHOCTH U HAYKH
JI0 METUIIMHBI U YTIPaBJIEHUS TOPOICKON HHPpacTpyKTypoil. CyTh MUPPOBBIX ABOHUKOB 3aKIFOYAETCS B
CO3/IaHUU BUPTYAJIBHBIX KOIUI pPealbHbIX 0OBEKTOB, MPOIIECCOB MU CUCTEM, KOTOPbIE TUHAMHUYECKH
OTpakaroT WX COCTOSHWE B pEaIbHOM BPEMEHH. JTO TO3BOJISIET HE TOJIBKO OTCIIEKHBATH TEKYyIIEe
COCTOSTHHE OOBEKTa WIIM CUCTEMbI, HO U MPOTHO3UPOBATh UX MOBEIACHHE, ONTUMH3UPOBATh MPOIECCHI
Y TIpeI0TBpAaIaTh BOZMOXKHBIE COOH.

Ucropust iudpoBbIX ABOHHUKOB BocxoauT K mporpamme HACA «Amoiony, rae ans o0ydeHus
ACTPOHABTOB U JHCIETYCPOB HCTIOIB30BAIOCE 15 cumynsatopos [1]. Kak mucan mo3xe J>xun Kpani,
miaBHBIA MONETHRIA nupektop HACA mist «Anominos—13»: «Cumynsmopst Ovliau 0OHUMU U3 CAMBIX
CONCHBIX MEXHON02ULL 8Celi KOCMUYECKOU NPOSPAMMbL. OUHCIMBEHHBIMU PeaibHbIMU 8eUujamu 8 CUMY-
JAYUOHHOM 00YUeHUU ObLIY IKUNAC, KAOUHA U KOHCONU YNPABTeHUs. NOJlemaMu, 8ce OCHAIbHOe Oblio
NPUMEOPHO, CO30AHHOE KyUell KOMNbIOMEPO8, MHONCECMEOM (OPMYIL U KEATUDUYUPOBAHHBIMU MEXHU-
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yecKUMU CReYUaIuCmamu». X0oTsa B TO BpeMsl OHU, OUE€BUIHO, HE Ha3BIBAJUCH TAK, 3TH CHUMYJSATOPHI
OBLTH, BO3MOXKHO, TIEPBBIM PEaTbHBIM MPUMEPOM «ITU(PPOBBIX TBOMHUKOB». DTH CHMYJISATOPHI BBICOKOM
TOYHOCTH M CBSI3aHHBIE C HUMH KOMIIBIOTEPHBIE CHCTEMBI HMEJH pellaroliee 3HaueHue i ycrexa
MPOTPaMMBbl «ATIOJUTOHY». Pa3nmudHble CUMYISATOPH! YIPABISUIACH OTAETBHBIMU KOMITBIOTEPAMH, KOTOPBIE
MOIIM 00BEUHATHCA JUIsI MMUTALMU B3aUMOJIEHCTBHS pa3IMUHBIX MOJCUCTEM. bbIIO YeThIpe KOMIIbIO-
Tepa I CUMYJISTOpa KOMaHIHOTO MOAYISA W TPH I CHUMYJSTOpa JIyHHOTO Momyisi. Kommbsrorepst
MOTJIM 00IAThCs, UCIIONB3YA 256 KHI00aNT 00IIel MaMsATH, TIe MOXKHO OBUIO XpaHUTh UH(POPMAILIUIO,
HEOOXOIMMYIO Ha MPOTSHKEHUH BCETO MOAEITHPOBAHUSI.

Koneuno, cumynsarop cam 1o cebe He siBIsieTcs [U(PPOBBIM JABOHHHUKOM, a sBIsIeTCs (paKTHYeCKH
MOJIETIBIO PEATLHOTO yCTpoiicTBa. Ho B Muccun « AnonmoH-13» 3Tu cuMyISTOpPEI, TTO-BHIUMOMY, CTalTH
MEPBBIMU HACTOSIIMMHU NMPUMEPaMHU HU(POBBIX IBOHHHUKOB. DTOT IOJIET CTa €IWHCTBEHHBIM W3 BCEH
MporpaMMbl TojeToB Ha JIyHy, BO BpeMsl KOTOPOro MpoM30Ilia cepbe3Has aBapus. 13 ampens 1970
Ha paccrosaun 330 000 KHJIOMETPOB OT 3eMJIM BO BpPeMs IUTAHOBBIX OIEpaIiiii 1Mo OOCITY>KHBaHHIO
0aKOB C KHCJIOPOAOM YacTb CUCTEM KOpaOis « ATOIIIOH-13» BBIIIIA U3 CTPOS, IIPH STOM caM Kopaodib
C acTpOHAaBTaMU MPOIOIDKAJ yHasAThea OT 3eMin Ha 640 KHJIOMETPOB KaXKIyI0 MUHYTY.

Hucnietuepst muccun HACA cmoru ObICTpO aJjanTUpOBaTh U U3MEHHUTH UMEIOILINECS CUMYIISTO-
PBL, 9TOOBI COOTBETCTBOBATh yCIIOBUSAM Ha PEaJIbHOM, YACTHYHO BBIMIECAIIEM U3 CTPOS KOCMHUYECKOM
KopabJiie, YTOOBl OHU MOTJIM MCCIIE0BaTh, OTBEPIaTh U COBEPIICHCTBOBATh CTPATET MU, HEOOXOIUMBIC
JIIST BO3BPAIIICHUS aCTPOHABTOB JOMOM. 3aberast BIiepes OTMETHUM, YTO OOJBITHHCTBO COBPEMEHHBIX
UQPPOBBIX TBOWHUKOB BKJIHOYAIOT B Ce0sl YIAICHHBIH (U3MUECKUI OOBEKT, KOTOPBIH MOAKIIIOUEH K IU-
POBOI MoJIenH Yepe3 HeMpPephIBHbIN MOTOK JAHHBIX. DTO COCTUHEHHE HCIIONB3yeTCs s OOHOBIICHUS
KOMITBIOTEPHBIX MOJIEJIell B OTBET Ha M3MEHEHHUs B peajdbHoM oO0bekre. HACA mcmonp30Baiio caMble
COBpPEMEHHBIC Ha TOT MOMEHT TEJIEKOMMYHHUKAIIHOHHBIE TEXHOJIOTHUH, YTOOBI OCTABAaThCS HA CBS3U CO
CBOMIM KOCMHYECKHM aIaparoM. DTH JaHHbIE OBUIH MCITOIB30BAHbI T MOIU(HUKAIIUN CUMYJISITOPOB,
YTOOBI OTPa3UTh COCTOSIHHIE MMOBPEKAESHHOTO KOCMHYECKOTO ammapara. XOTs CBs3b TOH 3MOXH SBJISIIacCh
rpy0oii MO0 COBpeMEHHBIM CTaHJapTaM, peallu3alrs TaKOW KOMMYHHUKAIIUU MEXIy CHMYJIATOpaMU U
¢$u3MUECKUM 0OBEKTOM MOAYEPKUBAET OOIIYI0 MPOOIEMY C COBPEMEHHBIMHU LIM()POBBIMHU JABOHHUKAMHU:
MOJTyYeHHe TAaHHBIX B PEKUME PEeaTbHOTO BPEMEHH — 3TO OHO, HO 00padoTKa 3THX NaHHBIX B (hopMy,
KOTOPYIO MOXKHO JIETKO HCITIONIb30BaTh LIS IPUHATHS PEUICHUH B PEKUME PEaIbHOTO BpEMEHH, 0CTa-
eTcs mpoOieMoii. Jlake ¢ yueToM 3TUX OTpaHWYEHHUH yIpaBieHHE MOJIETOM CMOIJIO OBICTPO W TOYHO
JIMATHOCTUPOBATh MPOOJIEMy U 3BaKyHPOBaTh aCTPOHABTOB B JIYHHBIH MOIYJb JO TOTO, KaK KHCIOPOI
B KOCMHUYECKOM MOJyJe 3aKoH4miIcA. Takke ObLT clieslaH BBIBOJ, YTO JABHUTATEh CEPBUCHOTO MO OBIIT
NoBpexieH. MHKeHephl CMOTJIM MCIIOIh30BaTh ATH JIAaHHBIE [T H3MEHEHUS! CBOUX CUMYIISITOPOB, YTOOBI
OTPa3UTh COCTOSIHUE (PU3MUECKOTO OOBEKTa — elle OJHO KITF0YEBOE KayecTBO HMH(POBOTO JBOWHUKA.
He BaaBasics BO Bce MOIPOOHOCTH MHUCCHH IO CITACEHUIO HKHITaXKa, MOXKHO C YBEPEHHOCTBIO YTBEp-
JKIaTh, YTO 3Ta ONepalys OCTAeTCA OAHUM M3 JIYUIIUX IMPUMEPOB NMPUMEHEHHU HH(POBOro JBOWHUKA
B KpUTHYECKOH aBapuiiHOH curyarn. Ckopee Bcero, 0e3 ormepaTHBHO CO3IaHHOTO II(POBOTO ABOIHNKA
aCTPOHABTHI HE CMOTIIM OBl OJIaromnoayYHO BEPHYTHCS Ha 3EMIIIO.

JlaBaiiTe ocTaHOBUMCSI Ha XapaKTEPHUCTUKAX CHUMYISATOPOB MPOrPaMMEBI «ATIOIIIOH», KOTOPBIE
OTIPENENSIOT UX KakK MpuMep HU(GPOBOTO TBOWHUKA B ICHCTBHH.

@usuueckue. 1ludpoBrie TBOWHUKN HanOoJiee MOJIC3HBI, KOTIA OHHU CBA3aHBI ¢ (YM3UICCKUMU
o0bekTaMu, KOTopbIe (110 KpaifHel Mepe, BpEMEHHO) HEOCTYITHBI IS IPSIMOTO BMEIIIATEILCTBA YEIOBEKa.
Hecmotps Ha TO, 9T0 Ha OOPTY HAXOAWIHNCH TPH ACTPOHABTA, «ATIOIUIOH-13) SIBISIETCS MACaTbHBIM
MPUMEPOM ITOTO, TaK KaK HKUIAX HEe MOT BIIMATH Ha almaparypy, KOTopas HaxoIuiach Ha KopaOie.

Kommynuxayuonnsie. LlndppoBsie ABOMHUKH TPEOYIOT TOCTOSHHOW 0OpaTHOU CBS3M ¢ (hu3UUe-
CKHMH aKTUBaMH, KOTOPast MOXKET OBITh HCIIONBH30BaHA I OOHOBIIEHUSI MX COCTOSHHUSA, a TAKXKe IS
000CHOBaHHS HHXCHEPHBIX PELICHHH, YTO SBJISIETCS KIIOUEBBIM TpeOOoBaHHEM HU(PPOBOrO JBOWHHUKA.
CoBpemMeHHbIe TU(PPOBHIE TBOHHUKNA OOBIYHO UCTIONB3YIOT MIHTEpHET Belel Ui TOCTHIKEHHS STOH LeIH.
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HACA B 70-x Togax JOCTHUIJIO TOH K€ LIETH C TIOMOIIBIO0 MEPEIOBBIX TEICKOMMYHHKAIIUH, KOTOPHIS
BKJIIOYAJIM JIByCTOPOHHIOIO TIepenady JaHHBIX.

Aoanmusnvie. LluppoBbie NBONHUKYU JOKHBI OBITh JOCTATOYHO TMOKMMHM, YTOOBI pEarupoBaTh
Ha w3MeHeHus B pusnyueckoM o6nekte. CoOBITHSA «ATOIUIOHa-13» pa3BopadynBaInch BCEro 3.5 mHS,
B TEUCHHUE KOTOPBIX MPOHU3OIILIO0 HEBEPOSTHOE KOMUYECTBO aaanTanuid u peumxunupunra. HACA cmorio
B CUHTAHHBIC Yachl IEPEHACTPOUTH CBOM CUMYJISITOPEI Ha KOHPUTYpaInio, KOTopas HUKOTIa He ObLia
MPeAyCMOTPEHA TP UX Pa3paboTKe, U MCIIOIh30BATh 3TU CUMYIISTOPHI ISl TIPEIOCTABICHHUST KPUTHYECKU
BXHOUW MHGOPMAITIH YKUTIAKY.

Mooynvusie. [lis mporpaMmbl « ATIOJUTOH» HE CYIIECTBOBAJIO €MHOTO MHU(PPOBOTO TBOIHHKA;
HACA wucrnons3oBaiio 15 pa3nuyHbIX TpeHaXXEPOB JUIst OTPabOTKH pa3IMYHBIX acleKTOB Muccuu. KoH-
LIEMIIUs, COMTACHO KOTOPOW HHU(POBbIE JBOWHHUKH OJKHBI OBITh OCHOBAaHBI HAa €IMHON «OOJBIION
YHIUPHUIMPOBAHHON MOJIEIHN», MPEACKA3BIBAIOIICH BCE ACHIEKTHI PabOThl (PU3UYECKOTO YCTPOUCTBA, Yallle
Bcero He pabotaer u cerogs. CoBpeMeHHbIE TUPPOBBIE ABOHHUKH COCTOST M3 MHOKECTBA B3aUMOJICH-
CTBYIOIIUX MOJENEH, KOTOphIe MOTYT OBITh HEPAPXUUECCKH OOBEANHEHBI IS YYeTa Pa3IHyHbIX aCIEKTOB
peanbHOro 0OBEKTa.

MpEI cnienuanbHO YAETUIN CTOJIBKO BHUMAHHUS STOMY YK€ CTaBIIEMY HCTOPHUUYECKUM MPUMEPY
co3maHus MU(PPOBOTO TBOMHUKA, YTOOHI ITOKA3aTh UX OCHOBHBIE OCOOEHHOCTH U CHEIU(HUKY, a TAKKE
WX OTIIMYHE OT MU(PPOBBIX MOZEIEH 00bEKTOB, KOTOPask MO3BOJISET aHAIM3UPOBATh JUHAMHUKY O0BEKTa
MOJICITUPOBAHMS, HO HE ITO3BOJISIET MPOTHO3UPOBATH €TO MOBEJCHNE 0€3 TOMYICHUS B pealbHOM BPEMEHU
“H(OPMAIIH O COCTOSHUU 00BEKTa, KOTOPOE MOXKET TIOCTOSTHHO MEHSTHCS B CBSI3H C YIPABISIOIIUMHU
BO3JIEUCTBUAMU.

CaM TepMuH «H(POBOI ABOWHHUK» MOABWICSA B padoTe [2], TIe OH UCIONB30BaNICS IS PEACTaB-
JeHus 1U(MPOBON MOJCIH I UTEPATUBHBIX MOAU(DHUKALIUI MPH NMPOSKTUPOBAHUU TOPOACKUX JOPOIKHBIX
cereil. OqHako OOIIENPHU3HAHO, YTO BIEPBBIE KOHIENIUS «IH(POBOTO ABOWHHUKA» KaK «IHU(PPOBOTO
9KBHBaJICHTa (PU3MUECKOrO MPOAYKTa» Oblila HCIOJIb30BaHa B paboTe [3], rae oHa Oblla HampaBieHa
Ha ITOCTPOEHHE apXUTEKTYphl YIIpaBIIieHUs WH(POpMAIHel, KOTopas MOAePKIBAET JIByHAIIPAaBICHHBIH
IMOTOK WH(POPMALIMYU C TOUYKH 3PSHUS MPOAYKT-IIEHTPU3MA.

Koneuno, HacTOSIMNNA POPEIB B Pa3BUTHH dTOU KOHIIEIITUH MTPOU3OIIIEIT ¢ TIOSIBICHUEM U ITHPO-
KUM BHEIpEHHEM Takux TexHonorui, kak Unrepuer Bemieit (IoT), uckyccrsennsiit unremiext (M)
u oOpaboTka Oompmux MaHHBIX. CeromHs IUGPOBBIC TBOWHUKHN CTAHOBATCS 0a30BOW TEXHOJOTHEH
Wunyctpun 4.0, kotopas obvenuHser kubepdusudeckue cucrembl, MatepHer Bemeit (IoT) u U1
JUISL CO3MaHMsI «yMHBIX TIPOU3BOICTBY [4], MIMPOKO MPUMEHSSICH B a3POKOCMHUYECKON OTpaciu, Ma-
IIUHOCTPOCHHH, SHEPreTHKE, JIOTUCTUKE U T. 1. Ho Hajo WMETh B BHIY, YTO KOHIICTIIHS H(PPOBHIX
JBOMHUKOB BCE aKTUBHEE BBIXOUT 32 TPAHHUIIBI TOJBKO TEXHUUECKHUX 3a7a4 M HAXOTUT CBOE MIPUMEHEHHE
B 3/IpaBOOXPaHEHNH, SKOHOMHUKE U JJaKe B CO3JaHUN «YMHBIX TOPOIOBY.

Oco0y0 aKTyallbHOCTh IIU(PPOBBIC [BOMHUKH MPUOOPETAIOT B KOHTEKCTE HAYKH O CJIOXKHOCTH U
HEJIMHEWHOW TUHAMUKH, TIIE CIIOXKHBIE CHCTEMbI IEMOHCTPUPYIOT HETpencKka3zyeMoe MoBeIeHUE, 3aBHCs-
Iee OT MHOXKECTBA B3aMMOCBsI3aHHBIX (hakTopoB. bnaronaps unrerpamuu ¢ UM u MeTonamMyu ManmHHOTO
o0ydenus mudpoBhIe TBOWHUKN MTO3BOJISIOT MOJCIUPOBATh TAKUE CHCTEMBI, BRISIBIISITH CKPBITHIE 3aKOHO-
MEPHOCTH U aJallTHPOBATHCS K U3MEHEHHSM B PEaIbHOM BPEMEHU. DTO OTKPHIBAET HOBBIE BOZMOXKHOCTH
JUTSI TTPOTHO3MPOBAHYIS, YIIPABICHHUS M ONTHMH3AINH B YCIOBHSIX BBICOKON HEOIPEICICHHOCTH.

B naHHO#1 cTaTbe paccMaTpUBAIOTCS KIIFOUEBBIE acTIeKThl HU(POBBIX TBOMHUKOB: X JBOIIOLUS,
TEXHOJIOTHYECKUE OCHOBEI, TPUMEHEHNE B PA3IUIHBIX cepax U MEePCICKTUBHI PA3BUTHS, CBI3aHHBIC
C HEJIMHEHHOW TMHAMHUKOW U MCKYCCTBEHHBIM UHTEIUIEKTOM. [IpemoxkeH 0600IeHHbII MaTeMaTHIeCKUi
MOAXOM K ONMHUCAHKIO MU(PPOBLIX JBOWHUKOB, KOTOPBIA €CTECTBEHHBIM 00pa3oM OOBEIUHSET TIOIXOHI,
OCHOBaHHBIE Ha TPAJIUIMOHHBIX MaTeMaTHYECKUX MOJEISAX W TEXHOJOTHSAX MAaITUHHOTO OOy4YeHHS.
Oco0oe BHUMaHHUE YIEISCTCS TOMY, KaK U(PPOBBIC JBOHHUKKA MOT'YT CTaTh HHCTPYMEHTOM JIsl PEIICHUS
CJIOKHBIX, MHOTOTIAPAMETPHUYECKUX 33/1a4 B HayKe M HMPOMBIIUICHHOCTH.
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1. Onpenenenne nudposoro ABoiiHuKa. OTINYMS
OT MaTeMaTHYeCKOoii MoaeIH

Ludposoii ABOWHUK — 3TO BUPTyallbHasl JUHAMUYECKAst MOJCTh (PU3NYECKOr0 0OBEKTa, CHCTEMBI
WJIH TIpo1iecca, KOTopasi CHHXPOHHU3HUPYETCS C peajJbHBIM OOBEKTOM B PEKHME PEaIbHOTO BPEMEHH 32
cueT oOMeHa JaHHBIMH (CM. pHC. 1, HA KOTOPOM CXEMaTH4YHO [OKa3aHbl PAa3IUYHbIe TUIIBI HH(POBBIX
JBOWHUKOB B 3aBUCHMOCTH OT YPOBHS MHTETPalMU C peaslbHONW (PU3NYECKON CHCTEMOIl, MpoIeccoM
i 00bekToM). L{ndpoBoit NBOWHHUK HE TOIHKO OTpa’kaeT TEKYIee COCTOSTHUE (HU3NICCKOTO OOBEK-
Ta/CUCTEMBI WK TIPOLIecca, HO M MO3BOJISIET IPOTHO3UPOBATh UX MIOBEICHUE, OITUMH3UPOBATh MPOLECCH
U MIPUHUMATh peIlIeHUs] Ha OCHOBE aHallu3a JaHHbIX, MOJYYaeMbIX OT pealbHOTO OOBEKTa.

[Ipexxne uem mepexoquTh K 00CYKAEHUIO CBOIMICTB M XapaKTEPUCTUK NHU(POBOTO IBOIHMKA, Cie-
IyeT OCTaHOBHUTHCS Ha Ba)KHOM BOIPOCE: YeM pa3iuyaroTcs HU(poBOi ABOWHUK M TpaaWLMOHHAs
MaremMaTH4yecKas MoJenb ¢pusnueckoro oobekra? He sBisercs i undpoBoil ABOMHUK MPOCTO APYTUM
Ha3BaHUEM JUI1 MaTeMaTHYECKOM MOZENH, KOTOpasl peaI30BaHa C MCIOJIb30BAHMEM TEX WM UHBIX
YHCIICHHBIX METOJIOB Ha COBPEMEHHBIX BBIYHUCIUTENIBHBIX IUIaT(GopMax (B IUTEpaType, MOCBSILIECHHOMN
IU(POBEIM IBOMHMKAM, €€ 4acTO Ha3blBaloT LHU(POBOH Mozpenbio)? Ha 3Tu BONMpOCEl MOXKHO AaTh
OJTHO3HAYHBIA OTBET, YTO HU(POBON ABOWHHK M MaTeMaTW4yecKas MOJEIb OObEKTa, XOTS M CBSI3aHBI
MeXIy co00H, 00/1afaoT NPUHLUIHAIBHEIMU pa3nndusiMd. OCHOBHOE OTIMYME 3aKII0YAETCs B MX
B3aMMOJEHCTBUU C PeaJbHBIM 00BEKTOM, CUCTEMOW MM MpoueccoM. Mozenb 00beKTa NpenCcTaBIseT
co00¥# TpencTaBIeHne, KOTOPOE CYIIECTBYeT HE3aBUCHMO OT (PM3MYECKOTO MPOTOTHIA U HE OOHOBISIETCS
B peajbHOM BpeMeHHu. B oTnnuue ot Hee, 1 poBoil NBOWHUK MONIEPKUBAET TOCTOSIHHYIO JUHAMU-
YECKYI0 CHHXPOHH3ALHUIO C pealbHbIM OOBEKTOM Yepe3 MOTOKU JaHHBIX U CHUCTEMBl 00paTHON CBSI3H,
KOTOpEIe 00BIYHO peanm3yrorcs depes loT-cucremsr.

HarmagaeiM IpuMepoM MOXKET CILy’)KUTh CPaBHEHHE MOJENN — KapThl TOPOJa CO BCEMH AOMAaMH
U ynmuiamMu — U 1udpoBoro aBoiiHuKa — Yandex Map ¢ mpoOkamu, MapipyTaMu U OOHOBJIECHUSIMHU
MHPOPMAINU B pealbHOM BPEMEHH, MOITyd9aeMOil OT 00BbEKTOB B roposie. AHAJOTHYHO MOKHO CPaBHUTH
3D-monens mBurarens B CAD-cucreMe, KoTopas ocTaeTcs MpocTo IMU(PPOBOH MOAENBIO, C TOW XkKe
MOJIEJBIO, TIOAKITIOYEHHON K JJaTYiKaM paOoTaroLIero ABUTATENs — B 3TOM ClIyyae Mbl IMEEM JAENO0 ykKe
C MOJTHOLEHHBIM ITU(PPOBBIM JTBOWHUKOM.

MareMaTndeckue MOJENIN MPEUMYIIECTBEHHO HCIOIB3YIOTCS Ul 3a/1ad IPOEKTHPOBAHUs, BU3Y-
aIM3aluy WIK TEOPETHYECKOTO aHaN3a, TOTa KaK IU(POBbIC ABOWHUKH CITy>KaT JUIsl ONEPaTHBHOTO

Physical Physical Physical
Object/ Object/ Object/
Process . Process Process
Digital Digital Digital
Object/ Object/ Object/
Process | 77 Process Process
a b c

-------- 1
Y Manual Data Flow ; Automatic Data Flow

Puc. 1. Tums! tudpoBBIX TBOHHUKOB B 3aBUCUMOCTH OT YPOBHS MHTETPALIUH C peabHON (PU3MUECKON CHCTEMOH, TPOIIECCOM HITH
00BEKTOM: g — MaTeMaTuuecKas Moienb; b — nudposas TeHb; ¢ — UPoBoil aBoMHUK. [IpencTaBienHas cxemMa MOJUEPKUBACT
MepapXuIo CO3IaHuUsI LU(PPOBOTO IBOWHHKA, KOTOPBIH COAEPKUT KaK MAaTEMAaTHIECKYIO MOJEIb, OMMCHIBAIOIIYIO B3aUMOCBSI3b
MEX/ly BCEMH HHTEPECYIOIMMH HAC MEPEeMEHHBIMU (DH3HYIECKOro 00BbEKTa, TaK U MU(POBYIO TEHB, PEICTABISIONIYI0 cO00it
CTPYKTYypPHPOBAaHHBIN HaOOp ONEPALIOHHBIX, YCIOBHBIX U MPONECCyanbHbIX AaHHBIX. OCHOBAHO Ha JAHHBIX U3 [5, 0]

Fig. 1. Types of Digital Twins based on level of integration: a — Digital Model; b — Digital Shadow; ¢ — Digital Twin. The
presented scheme highlights a hierarchy for creating a digital twin is presented, which contains both a mathematical model
describing the relationship between all the variables of the physical object that interest us, and a digital shadow, which is a
structured set of operational, conditional, and procedural data. Based on data from [5, 6]

Anopees A. B., Hapacenus JI. I, Jloscoes B. C., [llenoeprox-)Kuokos A. B., llInax B. B., Xpamog A. E.
W3BecTus By3os. [TH/I, 2026, T. 34, Ne 3 375



MOHUTOPHHTA, IPOTHO3UPOBAHUS U YIIPABJICHUS B pealbHOM BpeMeHH [7]. B pesymbrare MBI MOXEM
CeNaTh BBIBOJ, YTO OCHOBHBIM OTJIMYHEM MaTeMaTHYeCKOH MOJENH OT HMH(POBOTO NBOWHUKA, KaK
MOKa3aHo Ha puc. 1, a, ABIsAETCS OTCYTCTBUE CAMOCTOSTEIBLHOTO B3aUMOJEHCTBUS U Mepeaady JaHHbBIX
MeXy GU3NIECKHM OOBEKTOM WIIM MPOLECCOM U €ro HU(PPOBBIM JIBOMHUKOM.

Hanpumep, asponuHamuueckas Moaenb camoiieta B ANSYS octaercst Bcero Julllb MOJENbIO,
B TO BpeMs Kak HU(POBOI IBOMHUK TOTO K€ CaMoJIeTa, aHAIN3UPYIOUINHA aKTyallbHbIe JaHHBIE TI0JIeTa
U TIPEAYNPEKAAIONUN O MOTECHIIMATBHBIX Meperpy3Kax, MpeacTaBisieT co00i MPUHIMIHATHHO WHON
HHCTPYMEHT. ECIi CyIecTBYyEeT CaMOCTOsTENBHBIM OJHOHAIPABICHHBIN TIOTOK TaHHBIX MEXITY (DHU3u-
YeCKUM 00BEKTOM M HH(PPOBBIM THEBHHKOM, TO TOBOPAT O IU(PpoBoii TeHN 00bekTa (CM. puc. 1, b),
OTJIMYUTENBHON CIIOCOOHOCTHIO KOTOPOU SIBJISIETCSI CIOCOOHOCTH K ajanTtainuu [8]. Maremaruueckue
MOJZIETH TIPH WX aHaJHN3€ OCTAIOTCS HEM3MEHHBIMH, €CIIM TOJIBKO MX He MOIU(HUIHPYIOT BPYYHYIO,
YTOOBI YYECTh T€ WIH HHBIE JOMOIHUTEIbHBIE 0COOEHHOCTH 00bekTa. [{udpoBble TeHN W/UITH ABOMHUKH
HENPEPHIBHO MOAUDUITMPYIOTCS U 00Y4aIOTCS Ha MOCTYHAOIIUX JAHHBIX U MPHOOPETAIOT CIIOCOOHOCTh
MIPOTHO3UPOBATh OYAyIIHE COCTOSHUS aHAIU3UPYEeMOTO OOBEKTa.

W, HakoHen, MaKCHMaJbHYIO CTEIIEHh MHTETPAllUU C PeaIbHBIM O0BEKTOM JEeMOHCTPUPYET IH]-
pOBO ABOMHMK, ISl KOTOPOTO B3aUMOJICHCTBHE HA YPOBHE MOTOKOB JaHHBIX MEXKAY CYIICCTBYIOIIUM
(r3mueckuM 006BEKTOM M UG POBBEIM 0OBEKTOM MOJTHOCTHIO MHTETPUPOBAHO B OOOMX HAIPABIICHUSIX
(cm. puc. 1, ¢). Takum o6pa3zom, eciii MOIETh MOXKHO CPaBHHTH CO CTAaTHYHOUW KapTOWl MECTHOCTH,
TO 1I(POBOY IBOMHUK MONOOCH COBPEMEHHOW HABUT'AlIMOHHOM CUCTEME, KOTOpasi He TOJIbKO 0TOOpaxaeT
00BEKTHI, HO ¥ OTIEPaTHBHO pearupyeT Ha M3MEHEHUS, Ipeiiaras ONTHMAIbHbBIE PEIIeHUs B peaTbHOM
BpeMeHH, HalpuMep, U3MEHEHUE MapIIpyTa JIBIKEHHUS B 3aBUCHMOCTH OT MPOOOK M 3arpy>KEeHHOCTH
JOpoT B ropoze. B To xe camoe BpeMsi aHaIu3 U IPOrHO3 MOTOKOB TPAHCIIOPTa MOXKET OBITh YUTEH Ha
YPOBHE OIIEPaTUBHOTO ITEPEHANPABICHHS TIOTOKOB KaK 33 CYET CPEACTB FOPOJCKOTO PETYIUPOBAHUS, TaK
U 32 CYET U3MEHEHUS CTPATEeruy KakJ0ro Mojib30BaTelsl HAaBUTAlMOHHON CHUCTEMbl HA OCHOBAHUH WH-
(hopmaruu, MpeoCcTaBIsseMOl i, 4To 00eCIeurBacT HaTMYUe TMHAMUYECKOW 00paTHOM CBSI3U, TO €CTh
obparHOTO TTOTOKA MH(OPMANIUK OT IMTU(POBOTO MBOMHIKA K PEATEHOMY (PU3UICCKOMY IIPOIECCY.

2. XapakTepUCTHKH HU(POBOro IBOIHUKA

B 3aBucuMocTH OT THTA NUGPOBOTO TBOWHHKA OH MOXKET 00JNIaaTh OTIMYUTEILHBIMEA CBOMCTBA-
MH, HO, HE3aBUCHUMO OT JTOTO, BCE IU(DPOBLIC ABOMHUKHA MMEIOT HECKOJBKO OOIIMX XapaKTEPUCTHK.
OcTaHOBUMCS Ha HHX ITOIpOOHEE.

2.1. Boicokasi TOUHOCTb. B omimume oT MareMaTHYecKuX Mojeliel, KOTOphIE, KaK OTMEYanoch
B [9], ABIAIOTCSA «YNPOIIEHHBIM MPEACTAaBICHUEM OPUTHHAJIA», «KapUKATypol Ha 00BEKT» B CHITy TOTO,
YTO OHU OOBIYHO 00JJAF0T TOJIBKO PSIIOM CBOWMCTB, MPUCYIIUX (HU3HYECKOMY OOBEKTY, 1151 3 PEKTUBHON
paboTel I pPOBOI TBOWHUK JOHKEH OBITH OYTH WICHTUIHOM KOMMHMEH CBOETO (PHM3MYECKOTO aHajIora
C TOYKH 3pEHUs AWHAMHKH, COMEpKaHUs, PYHKIMOHAIHHOCTA U T.Jl. C OYEHb BBICOKOH CTETIEHBIO
TOYHOCTH.

Ceepxpeanuctuunas mudposas moaensd (anri. High-fidelity Digital Model) momoraer mugpo-
BOMY JBOWHWUKY MMHTHPOBATh W TMPEICKA3bIBaTh BCE aCIEKTHl CBOETO (PU3UYECKOTO JIBOMHHUKA IPHU
W3MEHEHUHU ero cocTosHus. [ludpoBrie MOmenn ¢ BEICOKOW TOYHOCTHIO CUUTAIOTCS OCHOBOM HU(PO-
BbIX JBOMHUKOB [10]. BhICOKHI ypoBEHb JeTaln3allii NO3BOJISET HHCTPYMEHTAM MOJCIMPOBAHUS U
MIPOTHO3UPOBAaHUS IU(PPOBOrO JBOMHUKA OBITH OOJiee HAICKHBIMU TP MPEACTABICHUN HA0opa ajb-
TePHATUBHBIX IeHcTBHUM min crieHapueB [11]. OOBIYHO JOCTATOYHO CIOXKHO JTOCTHYH HEOOXOIMMYIO
TOYHOCTH C UCIIOJB30BAHUEM TPATUIIMOHHBIX METOIOB MOJICITMPOBAHUS, HAIPUMED, C HCIIOIH30BAHUEM
00BIKHOBeHHBIX muddepenmanpaplx ypaBaerui (O1Y) wm muddepeHmaibHpIX YpaBHCHHHA B 4acT-
HbIX Tpou3BoAHbIX (YUII) 3a cueT oveHb O60IBIIOTO Yncia GakTopoB, KOTOPIE HEOOXOAMMO YUECTh IS
TOYHOTO OIMUCAHUS MPOIIECCOB B peabHOM (pr3mdeckoM 00bekTe. boree Toro, B ciiydae MEIUITMHCKUX
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U(POBBIX ABOMHHUKOB 3TO YaCTO Ja)ke€ HEBO3MOYKHO B MPUHIIMIIE, TOTOMY YTO MBI HE IMEEM XOPOIINX
MaTeMaTH4ecKhX JETePMHUHUPOBAHHBIX MOJIENIeH, OCHOBAHHBIX Ha (DM3WYECKUX MPHUHIINIAX, TAKAX KaK
cuctemsl OJ1Y, oNMCHIBAIONINX COOTBETCTBYIOIINE MPOIECCH B JKUBBIX OpraHu3Max. Hanpumep, mis
MHOTUX MEIUITMHCKUX MPUMEHEHHI COOTBETCTBYIOMIAs 0a30Bast OMOIIOTHS YaCTHYHO FUJTH MOJHOCTHIO
Hen3BecTHA. Tak, W3BECTHO, YTO HEKOTOPHIC 3a00JIEBaHUS UMEIOT BayKHBI MUKPOOUOMHBIH KOMIIOHEHT.
OpHako B OONBITMHCTBE CIy4aeB O MEXaHW3MAaX, YYaCTBYIOIIMX B ATOM MPOIECCe, N3BECTHO OYEHb MaJlo.
[Ipu 3TOM HaHHBIE 0 MUKPOOHMOME JIETKO COOMpaTh, M MX MHOTO, TIO3TOMY €CTh BO3MOXKHOCTh IIPUME-
HATH TIOAXO/bI, OCHOBaHHBIE HAa JAHHBIX, IS CTPATH()HUKALNU MAIMEHTOB M ITOIyYeHHs TTOTEeHIIMAIBHO
MOJIE3HBIX CBEICHUH ISl TApTreTUPOBAHUS JICUCHUS HA MTOATPYIIIBI MAIUEHTOB, HICHTH(PUIINPOBAHHEIE
C TIOMOIIIBIO AJITOPUTMOB MAIIMHHOTO 00y4eHHs [12]. DTOT mprMep TOBOPUT O TOM, UTO ISt IOCTPOCHUS
U POBOTO TBOWHUKA HAM He 00s3aTeNbHO 3HATh BCE OCOOCHHOCTH BHYTPEHHETO (DYHKIIMOHUPOBAHUS
HCXOAHOTO O0OBEKTa.

[ToaTomy Hamboiree yacTo B HACTOSIIEE BpeMs IS TOCTPOEHUS MU(POBBIX TBOMHUKOB UCTIONb-
3YIOTCSI MOJIETT! MalTuHHOTO 00ydenus [13], KoTopble MO3BOMISIOT MPEOI0JICBATh 3TH CIOKHOCTH 32
cdeT 00ydeHHUsI Ha OCHOBE OOJBIINX JaHHBIX, KOTOPBIE PETUCTPUPYIOTCS ¢ (PU3MIECKOTO 00BEKTa HITH
npouecca. YacTo Takoi MoaXoJ MPOTUBOPEUUT OCHOBHOMY IMPHUHIIMITY MAaTeéMaTHYeCKOro MOJIEIHPO-
BaHWS 00 aKTHMBHOW TMO3HABATEIHHOW POJIM MOZENH: MOZAENbh HEOOX0ANMa, YTOOBI BEISIBUTH U TTOHSTH
MOBEJICHUE MCCIIENYeMOT0 MOACIUPYyeMoro o0bekTa. OHAKO MOJEIH MAIIMHHOTO O0YyYEHUs 4acTo He
00JTaar0T STUM CBOMCTBOM — OHH UMEIOT BBEICOKYIO 0000IIAIONIYI0 CIIOCOOHOCTH K OMMCAHMIO TTPOoIlecca,
HO HE MMO3BOJISIOT B CHITy CBOEH HMPUPOIBI «IEPHOTO SIITHKa» OOBSICHUTH T€ WM HHBIE 3aKOHOMEPHOCTH
B3aMMOCBSI3€H MEXAY XapaKTepUCTHKaMH OOBEKTa, a TOBBIIICHHE YPOBHS IPO3PAYHOCTH WIIM HHTEP-
MPETUPYEMOCTH MOJIeield MAallIMHHOTO 00y4YeHHs1 0OBIYHO HEeM30€KHO BENET K CHUKEHUIO TOYHOCTH MX
paboTHI 3a cUeT YNPOLIECHHUS apXUTEKTyphl Moaeneil. Ho st mudpoBoro 1BoMHNKA 3TO 4acTO HE BaXK-
HO. MBI yke 3HaeM 0COOCHHOCTH pabOoThl 00BEKTa C MCIIONB30BaHUEM TEXHOJIOTUH MaTeMaTHYeCKOTO
MOJEJIMPOBaHMS, MTPOBEACHHOIO BO BpeMs pa3palOTKU W/WIIM UCCIeNOBaHHUs (PH3HMUECKOTO OOBEKTa.
3amada UQPOBOTO ABOWHWKA — MMHTHPOBATH U MPEACKA3BIBATH PA3IMYHBIE ACIEKTHI THHAMUKH U
XapaKTEePUCTUK (PH3HIECKOTO 00beKTa, ¢ ueM MeToAbl MW oTnryHOo cripaBisioTces. DTo elie pa3 TOBOPHUT
0 TOM, 4TO ITU(POBOI ABOWHUK HE 3aMEHSIET TPATUIIMOHHOTO MaTeMaTHYeCKOTO MOIEIMPOBAHUS, KaK
Y MaTeMaTHYeCKHe MOJICIIH OTPAaHHYCHBI 33a/lauaMy IMO3HAHUS U ONTUMH3AIuu o0bekTa [9], a He ero
MOHHTOPHHTA ¥ MPOTHO3a TEKYIIETO COCTOSHHA.

2.2. IMnHAMHMYHOCTh U HeCTAMOHAPHOCTb. OOBIYHO pealbHBI 00BEKT JUHAMHUYEH, TO €CTh
OH MEHJETCS BO BPEMEHHM, a 4acTO AK€ HECTAllMOHApeH, HallpuMep, B cllydae, KOIAa BO3HUKAIOT
cbor 000pyIOBaHMA WIIHM TMAIMEHT NMEPEXONUT U3 COCTOSHHUS «3I0POBbE» B COCTOSHHE «OOJIE3HBY.
[TpoMebineHHbIe TU(GPOBBIE IBOHHUKH XapaKTEPU3YIOTCs ABYMSI 0COOEHHOCTAMM: (1) OHM MOCTPOEHBI
HA OCHOBE T€X WJIM WHBIX MaTeMaTHYECKHUX MOJeNIeH (pU3NIEeCKOro 00beKTa, KOTopas AOJDKHA OBITh
«KJIOHMPOBaHa», 1 (2) OHU AMHAMHYECKU B PEXHME PEAJLHOIO BPEMEHH KaJHMOPYIOTCS 1O OOBEKTY
C LEJIBIO TPOrHO3UPOBAHUS POU3BOAUTEIHLHOCTH CUCTEMBI U OIIPEENIeHNs] Mep BMEIIaTeNbCTBa, TAKNX
KakK Mpo(QMITaKTHIECCKOE O0CTyXKIUBaHUE U T. 1. [ 14]. Apyrumu cioBamu, MAGPOBOM TBOWHUK Pa3BUBACTCS
BMecTe C PU3MIECKUM OOBEKTOM HIIM CHCTEMOH C TeUEHHEM BpeMeHH [5, 15]. DTOT moaxoa MoJIHOCTHIO
COOTBETCTBYET M KOHIICTIINY NEePCOHAIN3UPOBAHHON MEIUIIMHBI, KaK JedeOHOH, TaK U IpodUIaKTH-
yeckoil. [ToaTomy koHUenus nu@pPOBHIX TBOMHUKOB Bce OOJBbIIE HAXOOUT MPUMEHEHHE B 3aJadax
MEPCOHATTM3UPOBAHHON MeTuIIHEI [16].

LudpoBoii IBOMHUK pa3BUBAECTCSI BMECTE CO CBOMM (PM3NYECKHM aHAJIOTOM Ha MPOTSHKEHUH BCETO
YKU3HEHHOTO IMKJa B (p3rUecKoM U nu(poBoM mpeacTaBieHnu. JIioOpie n3MeHeHUs B (PU3MIECKOM
Wi 1M(POBOM JBOMHHUKE OTPaXKalOTCs B €r0 aHAJIOre, CO3AaBasl 3aMKHYTYIO Liellb 00paTHO# cBs3u [17],
MOKa3aHHYI0 Ha pHUC. 2. OTa ABYXCTOPOHHSIS CBSA3b OCYILECTBIIAETCS Yepe3 ABYHAIIPaBIEHHBIH 00OMEH
nHpopmanueil, rae «hu3ndeckn — BUPTyaIbHAs» U «BUPTYyaJbHO — (QU3HUECKas CBSI3U 00pasyloT
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Puc. 2. KommoneHTsI 1{pOBOro IBOWHHMKA M IMPOIECCHl BBICOKOTO ypOBHS B KuOepdusudeckux cucremax (OCHOBaHO
Ha JaHHbIX U3 [17])

Fig. 2. Digital Twin components and high-level processes in cyber-physical systems (based on data from [17])

3aMKHYTHIH IUKI yHpaBieHUs B KUOephU3nUeckoil cucTeMe «(OU3MUECKHil OOBEKT <> IU(POBOit
IBOMHUK.

Takum oOpazoM, P POBOI TBOWHHUK CAMOAMANITUPYETCS U CAMOOIITUMH3UPYETCS C TIOMOIIIBIO
JIAHHBIX, PETUCTPUPYEMBIX C PEalIbHOTO OOBEKTa B PEXHME PEabHOTO BPEMEHU, MEHSSCH TI0 Mepe
W3MEHEHHS COCTOSHHSA (PU3NUECKOTO 0OBEKTa MM TIPOIecca, KOPPEKTUPYS CBOM MapaMeTphl U COCTOSHUE
JUISL BO3MOYKHOCTH NMPOTHO3a (hu3mdyeckoro oowekra [15, 18]. DTo mocturaercs 3a cueT OCCIIOBHOM
CBSI3M ¥ HETIPEPHIBHOTO OOMEHA MEXIY (PH3UUIECKUM M BUPTYATHHBIM MUPAMH, O KOTOPOUM TIOTOBOPUM
B paznene 2.3. llenp nnHaMUYHOCTH NU(POBOTO TBOMHHKA 3aKIII0YAETCS B TOM, YTOOBI PEaTUCTHIHO
OTpaXkaTh pealbHBI OOBEKT U €ro MOBEACHNUE B BUPTYAIBHOM MpeacTaBicHuu [19].

2.3. IByxcTOpOHHSISI CBA3b. B3amMoneicTBre MEXIY QPU3MIECKON pearbHOCTBIO H BUPTYailb-
HBIM TIPEJCTaBICHUEM, PEATU3YIONINM 3aMKHYTYIO LIeIb OOPaTHON CBSI3H, COCTABIAET OCHOBY (DYHKLIHO-
HaAJILHOCTH LU(pOBOro ABoiHUKA. Kak oTMedeHo B paszerne 2.2, 3T0 B3aMMOACHCTBUE OCYIICCTBISETCS
yepe3 JBYHAIIpaBIIEHHBIH 0OMeH nH(popManneld Mexay (U3HNIeCcKUM U NA(PPOBBIM MPOCTPAHCTBAMH,
00pasyst 3aMKHYTBIH [IUKJI yIPaBIECHUS.

«Du3nyueckn — BUPTyaTbHAS» CBA3b BKIIOUAET TPH KIIFOYEBBIX ATama: cOOp JaHHBIX O (QHu3ude-
CKOM cHCTeMe, UX MHTEPIPETALHIO B COOTBETCTBUY C BHIOPAHHBIM YPOBHEM aOCTPaKLUUH U OOHOBIICHHE
COCTOSTHUH IH(POBOTO NpeACTaBICHUA. B MEIUIMHCKUX MPUIOKEHUAX 3TO COOTBETCTBYET HHTETPAIUH
KJIMHUYECKUX JaHHBIX (J1abopaTopHbIE MOKa3aTely, BU3yaIu3anns, MOHUTOPUHI B pEaIbHOM BpeMe-
HHU) B MEPCOHAJIN3MPOBAHHbIE MOAENH NanueHTa. Hampumep, qaHHBIE HEPEPHIBHOTO MOHUTOPHHTA
IJIFOKO3bI MOT'YT aCCUMHJINPOBAaThcs B (PApMAKOKMHETHYECKYIO MOJEIb Uil YTOYHEHHS [1apaMeTpoB
WHCYTUHOTEPAIHH.

«BupryanpHo — (usnueckas» cBA3b NPEACTABISET MIPOLECC TPAHCILUN aHAIUTUIECKUX BBIBO-
JIOB 11 (POBOTO JBOMHKKA B JICHCTBUS, BIUAIONUE HA (PU3NUECKYIO CUCTeMy. Takol Moaxo]] O4eBHUICH
JUTSl MHOKEHEPHBIX YIPaBIEHUH W COOTBETCTBYET aBTOMAaTHYECKOH KOPPEKTUPOBKE ITapaMeTpoB 000pya0-
BaHus [17]. B 3npaBooxpaHeHnn JaHHBIN MPOIECC B HACTOSAIIEE BpeMs Hallle pealn3yeTcss HeMpsIMbIM
CTIOCcO0OM Yepe3 peKOMEHIAaTeIbHBIE CHCTEMBI MOAEePKKN BpadeOHbIX pemennit [20]. Ludposoit aoii-
HUK MaleHTa MOXKET, K IPUMEpPY, IPOrHO3MPOBaTh MHAUBUYANIbHBII PUCK OCIOKHEHHH NPH PA3THUHBIX
cXemax JICUeHHs, O3BOJISIS KIIMHHUIIUCTaM BBIOMpPATh ONTHMANIFHYIO TEPAalleBTHUECKYIO cTpareruio. Bme-
CTE€ C TeM B HEKOTOPBIX OMOMEIULIMHCKHUX MPHIOKEHUSAX, paOOTAIOMIMX B PEalbHOM BPEMEHH, HallpUMED,
B MHTEJUIEKTYQJIbHBIX CHCTEMaX MHTep(eiicoB «MO3r—KoMmbioTep» [21] mim cucremax rryOOKOH cTUMY-
JAIMH Mo3ra [22], TOMyCTHUMO MPSMOEe BO3ICHCTBHE HA )KHBOW OPTaHU3M B CHITy HEOOXOIUMOCTH OBICT-
pOTO MPHUHATHS OYeHb OOJIBIIOTO YHCia PEIICeHNI Ha OCHOBE TEKYIET0 COCTOSHUS opraHusma [23,24].
OnHako Takye CLieHapuH NPUMEHEHUS LHU(POBBIX IBOMHUKOB B OMOMEIULIMHE BCE )K€ IIOKA OCTAIOTCS
HCKIIIOYCHUEM U3 mpaBui [25].
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2.4. MHOroMacmITabHOCTh U MOAYJBHOCTb. OTH CBOWCTBA TECHO CBSI3aHBI MEXAYy COOOH U
3aKJIFOYAIOTCS B TOM, 4TO ITU(POBOI JABOWHUK, SBISSICH BUPTYyaJIbHOM KONMEH CBOEro (hH3MYecKOro
JBOWHHKA, TOJDKEH BKIIOYATh B ceOsl CBOICTBA peallbHOrO OOBEKTa HA HECKOJBKUX MacliTadax Wik Ha
HECKOJIBKUX ypOoBHX. Hampumep, Hac MOXKET HHTEPECOBATH TOBEEHNE MaKPOCKOMIMYECKOTO (hU3UIeCcKO-
ro 00beKTa KaK LEeJNOoro, HO JJIsl 3TOr0 HEOOXOIMMO YUUTHIBATh €r0 MUKPOCKOIIMYECKHE XapaKTePUCTUKH,
TaKue Kak [IepoX0oBaTOCTh MOBEPXHOCTH U T. 1. [26]. AHanoru4yHasi cutyanus BO3HUKAET MPHU MOCTPOe-
HUM [UQPOBBIX MOZIETICH MAIUSHTOB, TJE MePCIICKTUBHBIM IPEICTABISCTCS HCIOIb30BaHUE THOPUIHBIX
MojeseH, codeTamux (u3ndecKne MPUHIUIGI, HaTpuMep, YPaBHEHNS TeMOANHAMUKH (MUKpOMacIITad-
HBIH YPOBEHB) C METOJ]AMU MAIIMHHOTO 00YYeHHUsI, CBI3BIBAIOIIMMY MHUKPOMACIITAOHBIE XapaKTePUCTUKU
¢ makpomnapamerpamu narnuenTa (KT, kposHoe maBneHue u T. 1.) [27,28].

MonynbHbIi XapakTep HUPPOBBIX TBOMHUKOB 00YCIOBJIEH TEM, UYTO Pa3INYHbIE KOMIOHEHTHI U
JIeTalld, U3 KOTOPBIX COCTOMT KOHEYHBIN MPOAYKT, IMEIOT CBOM COOTBETCTBYIOIIME MOIEIH, HAIpUMED,
UQPOBOIA ABOIHUK CaMOIIeTa COCTOUT U3 IH(POBOTO TBOWHUKA CTONKH, IIM(POBOTO TBOWHIKA CHCTEMBI
yHpaBieHus: noneroM u T. A. [29]. Takum oOpazom, HuppoBoil ABOWHHUK MOKHO paccMaTpUBaTh Kak
CepHI0 MHTETPUPOBAHHBIX TToaMmonenei [30]. Bo3aukaer cepresnas mpoodieMa, Kak yBsI3aTh ITOTOOHbBIE
pa3po3HEHHbIE MOIAYJIM B €AMHYIO CHUCTEMY, KOTOpas Morjia Obl JaTb TOYHOE ONMCaHHWe M MPOTHO3
JTUHAMHUKH QU3udeckoro oobekTa (cM. pasmern 2.1). B aToMm ciayvae npuHINTIHAIBHO HEOOXOTUMO YUHUTHI-
BaTh KaK MakpoMacmTaOHOCTh pacCMaTPHBAaEMBIX MPOIIECCOB HA IIKAJle BPEMEHHU, TaK U Pa3HOPOIHEIC
MPOCTPAHCTBEHHBIE MACHITA0BI MPOIECCOB, ONMMCHIBAEMbIX NN(POBBIMH IBOMHUKAMH.

3. MaremaTH4ecKHUe MOAX0AbI K MOCTPOeHUI0 UG POBHIX TBOHHNKOB

OmnwucaHHas BHIIIE CTPYKTypa HU(PPOBBIX JABOHHHUKOB MIpeAcTaBieHa Ha puc. 3, a. Lludposoit
JIBOMHMK HCIIOIB3YETCs U1 HEMPEPHIBHOTO BO BPEMEHU YIIPABJICHUS NOBEICHUEM U aHAIIN3a COCTOSHUSA
¢u3nueckoro oObEKTa MM MPOLECcCa Ha OCHOBAHWHU JAaHHBIX, KOTOPHIE YAAaeTCs MOJMYYUTh ¢ 0OBEK-
Ta/mpoliecca B peajJbHOM BPEMEHU C HEKOTOPOH 3aJepxKoi 1o BpemeHH Al', KOTOpasi onpenensercs
KaK 3aJIcp)KKOM B KOMMYHHKAIlMOHHBIX KaHajlaX, TaKk M BPEMEHEM IEpPBHYHONW OOpabOTKH IJaHHBIX.
LundpoBsie NBOWHUKHA TPHU BBICOKOW CTETIEHH JOCTOBEPHOCTH ITOJIOKEHHBIX B UX OCHOBY Mojenei
TAKKe MOTYT OBITh MCIIOJb30BAaHBI Al MOAEIUPOBAHMS TUIIOTETUYECKUX CUTYaLli, HATIPUMED, YCIOBHI
BO3HMKHOBEHUS aBapUHHBIX COCTOSHUI WIM Pa3NUYHBIX BO3ACHCTBUN Ha peasbHBIA OOBEKT.

dopManu3upyeM MaTeMaTH4ecKoe ONHMCAaHUE LU(POBOro IBOMHHMKA HEKOTOPOIO peanbHOro/
¢usngeckoro oowvekTa. IlycTsh 3aaHa MaTeMaTHyecKasi Mofiellb 00bEeKTa

S=(F.6,X.Y,Z,P), (1)

e F : X XY — Y — oneparop 3BOJIIOLKN COCTOSTHUS PeaibHOTO 00bekTa, G : Y — Z — oneparop
HaOmroneHuss, X — MPOCTPAHCTBO BXOAHBIX YIIPABJIAIOIIMX MAapaMETPOB, Y — MPOCTPAHCTBO COCTOSHUM
00BeKTa, Z — MPOCTPAHCTBO BBIXOIHBIX M3MEPSEMBIX BEIUYHWH, PP — MPOCTPAHCTBO YIPABISIOIINX
rapamMeTpoB.

Toraa nudpoBoii IBOHHUK 00bEKTa B CaMOM OOIIEM BUJIE MOXXHO OTPEICIUTh KaK JUHAMUYECKYIO
CHUCTEMY

D= (S,(D,‘II,Q,K:,Q:[OH), (2)

rme @ : Z xY — X — anropuT™M KOPpEeKINH BXOJHBIX ITApAaMETPOB Ha OCHOBE JAHHBIX OT (u3nde-
ckoro oowekTa, ¥ : Y X Z — Y — mMexaHu3M ajanTaluy BHYTPEHHEIO COCTOSIHUSA IO U3MEPCHHSM,
Q: X xY — R" — QyHKIHUS OLEHKN PACXOKIEHHUS MEKILY MOJIEILIO B OOBEKTOM (OMEPATOpP HEBS3KH),
K:Y x ZxR" — P — oneparop KaJuOpOBKH MapaMeTpoB P, &,,; — AOMyCTHMasi HOTPEIHOCTh
MPE/ICTABICHUSI COCTOSHHS PeabHOTO 00BEKTA.
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[Ipouecc paboTel UPPOBOTO BOMHKMKA B MPOIECCE B3aUMOICHCTBUS C pPEabHbIM OOBEKTOM

B JIMCKPETHBIC MOMEHTHI BPEMEHHU Kk MOXKET OBITh OIKCAH CICAYIOIIEH 00IIel nTepaliMOHHON CXEMO.

1. IHonyuenue Oanmvix: Ha k-M MOMEHTE BPEMEHH IOJydyaeM M3MEpEHHUe 2 € Z ¢ (pu3nuecKoro
o0BeKTa.
Koppexyus 6x0006: BEIMUCISIEM CKOPPEKTHPOBAHHBIC BXOAHBIC MapaMeTpsl:: Ty = P(zx, yp—_1).
IIpoenos cocmosinus: 06HOBIsIEM coctosiHne Monenu: U, = F(ZTx, U (yg—_1, 2k))-
Oyenka mouHocmu: BEIMUCISIEM HEBSI3KY MEXKIY MOJICIBIO H 00beKTOM: £ = Q(T, Yk ).
Aoanmayus modenu:

wk v

e Ecmu g < €50n, IPpUHUMACM Y, = Yk,
e Ecmum € > €0y, BBINOMHAEM KaTHOPOBKY:

Pr = K(Yk—1, 2k, k),

Yk = Fpk ('ik’ \ijk (yk—la Zk))7

rae Fp, u W, — omeparopkl MOIENIM U KOPPEKIMU ¢ OOHOBIECHHBIMHU IapameTpamu P.
Omneparop /C MOXKET pealin30BbIBATbCS PA3IMYHBIMH METOAAMHU: FPATUSHTHBIM METO/IOM,
METOJIOM HaWMMEHBITUX KBaapaToB, 0alieCOBCKOM amanTanuei, u T. 1.

OTMeTHM, 4TO HE BCE IIArd JAHHON CXEMBI MOTYT BBITIONHSATHCS MPHU IMOCTPOCHUHU H(PPOBOTO
JIBOMHWKA, B YaCTHOCTH, NMPU KOHKPETHBIX Peau3alisaX MOXKET OIMYCKAThCS IIar aJarTalldd MOICIH.
OKoHYAaTeNbHO B AUCKPETHOM BpeMeHH k HU(POBOM NBOMHHK pean3yeT 0TOOpaKeHue

D:Z*xY =Y xRT, 3)

rae Z* — mocienoBareNbHOCTh M3MEPEHHHT, 2 0OHOBICHUE COCTOSHUS H(POBOTO TBOHHUKA ITPOUCXOHUT
COIVIACHO CJICAYIOLIEMY BBIPAKECHHIO:

yr = F (P (2k, Y(Yr—1,2k)) » Y—1) - 4)

CXOmUMOCTh COCTOSTHISI IT(POBOTO JTBOWHUKA K COCTOSHUIO PEAIbHOTO 0OBEKTa 00eCTICINBACTCS
BBITIOJTHEHUEM YCIIOBUS

Ve>030>0: |z — Gyr)| < 0= Qzk,yi) <&, Q)

I7Ie BEIMYMHA € XapaKTePU3yeT TOYHOCTh MPEACTaBICHUSI NU(PPOBHIM IBOMHIUKOM peaabHOTO 00BEKTa
B BHPTYaJIbHOM NIPOCTPAHCTBE. 3/1eCh U Jajee ||.|| 0003Ha4aeT eBKINI0BY HOpMY (HOpMY Lo), ecin
HE OTOBOPEHO MHOE.

OueBHIIHO, 9TO ITU(GPOBBIC TBOMHUKU MOTYT OBITH MTPUMEHEHBI IPAKTHICCKH BO BeeX cepax
HaIIel )KU3HU — OT MPOU3BOJICTBA U YIPABICHUEM JIBIXKCHUEM TPAHCIIOPTA J0 MEJAUIIUHBI U COIHAIIb-
HBIX MPOIIECCOB — IMPH YCIOBUH, YTO CYIICCTBYIOT ITOIXOAIINE METOBI ISl CO3AHUS CBEPXTOUHBIX U
HAJIS)KHBIX MaTeMaTUYECKUI MOJIENIei COOTBETCTBYIOIIUX MpoieccoB mwin 00bekToB [31,32]. Tlo onpene-
JeHUI0 MU(POBEIC TBOMHUKH TOJHKHBI OBITH B KOHEYHOM HUTOTE HEOTIIMIUMEI OT (QU3NIECKIX 0OBEKTOB B
MOJICTIMPYEMbIX MU aCHEKTaX MOBEACHUS PEabHOTO 00beKTa. DTO TPeOOBAHUE CTABUT OOJBIINE 3a/1a4H,
HampuMep, B 00JIaCTH HAJICKHOCTH, YCTOMIUBOCTH, JTOCTOBEPHOCTH M MPEICKA3yEMOCTH C MCIIONIb30Ba-
HHEM ITOCTPOEHHBIX Mojened. Kak moka3ano Ha puc. 3, a (INTpUXoBas CTpeKa), B OCHOBE IMOCTPOCHUS
M(ppOBOro IBOMHMKA HCIIONB3YIOTCS PETPOCHEKTUBHBIE JaHHBIE O (YHKIIMOHUPOBAHUH 00BEKTa/mpo-
necca (coOpaHHBIC TaTaceThl) M/ WIH TOHUMaHHE ero paboThl HA OCHOBE U3BECTHBIX 3aKOHOB (PU3HKH,
OMOJIOTHH U T. ., HAIPUMEP, MEXATPOHHBIE CUCTEMBI MOTYT MOJEIHUPOBATHCS C UCIIOIH30BAHUEM 3a-
KOHOB MEXaHWKH, a JIJI ONMMCAHHS JTUHAMHKU KPOBOTOKA B OPraHW3ME MOTYT OBITh HCIOJIH30BaHBI
COOTBETCTBYIOIIHNE 3aKOHBI TeMOAUHAMUKH. COOTBETCTBEHHO, B HACTOSIIIEE BPEMSI pacCMaTPUBAIOTCS
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Puc. 3. a — ba3oBas cxemMa NPUMEHEHHS W KOHCTPYHPOBaHMs LU(PPOBBIX ABOHHUKOB. b — Jlnarpamma Benna meronos
MOJIETIUPOBAHHs, OCHOBAaHHBIX Ha IEPBHIX NPUHIMNAX W Ha OOJBIINX JAHHEIX, AT CO3/1aHUs MU(POBBIX ABOHHUKOB (TIaHENb b
OCHOBaHa Ha JaHHBIX U3 [33])

Fig. 3. a — Basic scheme for the application and design of digital twins. » — Venn diagram of first-principles modeling and
data-driven approaches for the creation of digital twins (panel b is based on data from [33])

TPH OCHOBHBIX MaTeMaTH4eCKHUX MOAX0/a K CO3/IaHUI0 IIU(PPOBHIX TBOWHUKOB: (1) mocTpoeHne Marema-
THYECKUX MOJIENIel U3 TIEPBBIX MPHUHIUIIOB, (2) MOJEIMPOBaHNE Ha OCHOBE JaHHBIX U (3) ruOpumaHOE
MOJIEIMPOBaHIE HA OCHOBE OONBININX JaHHBIX [33].

MonenupoBaHie Ha OCHOBE ME€PBHIX NPUHIIMTIOB OCHOBAHO Ha HAOMIONEHUH 3a MOBEAEHNEM OOBIY-
HO (pU3HUECKOTO0, peske — OMOIOTHYECKOTr0 00BEKTa, a TAK)KE HAa OCHOBAaHUH (QH3HYEeCKUX/Onopu3nIecKux
3aKOHOB U ()OPMHUPOBAHWY YaCTUIHOTO IIOHUMAHUS, KOTOPOE 3aTeM BBIPAKAETCS B MaTeMaTHYECKHIX
YPaBHEHUSX, KOTOPbIE B KOHEYHOM HTOTe pematorcs. Hanbomnee 4acTo B Ka4ecTBe TaKUX MaTeMaTH4e-
ckux ypaBHeHuit BoictynaroT OJY unu VUIIL. [TockonbKy MOHUMaHUE SIBISIETCA JIMIIb YaCTUYHBIM U
B TIpoliecce OOBIYHO JENaeTCs MHOTO JAOMYIISHUH U YIPOIICHUH, TO 3HAYUTENIbHAS YaCTh PeallbHbIX
SIBIICHUH W B3aHMOCBSI3EH B CIIOKHOM OOBEKTE UTHOPHUPYETCSI.

VY4uuTeiBas 3TH OrpaHUYCHUS TPAJAULIUOHHOTO MaTeMaTH4eCKOr0 MOJACIUPOBAHUS, IJIsl TOCTPOCHUS
M(POBBIX TBOHHUKOB BCE 0OOjIee MOIMYISIPHBIM CTAHOBUTCSA MOJAEIUPOBAaHNE HAa OCHOBE TAHHBIX, MO
KOTOPHIM MBI IIOHUMaeM TOAXO0]] K CO3JJaHUI0 MOJIENeH, IIPH KOTOPOM HCIIOJIB3YIOTCS JaHHbIE (HAapuMep,
pe3ynbTaThl u3MepeHuid) st oOydenust anroputMoB MU 6e3 siBHOTO ydera (pUBHUECKUX 3aKOHOB.
MonenupoBaHue Ha OCHOBE MEPBBIX NPUHILIMIIOB, KOHEYHO, MEHEE MPEAB3SITO, YEM METObI HA OCHOBE
JTAHHBIX, TTOCKOJIbKY HMCIOIb3YET 3aKOHBI MMPUPOIBI, KOTOPHIC JISTKO MHTEPIIPETUPOBATh U 0000IIaTh, HO
OHH MOTYT OBITh CIIO)KHBIMHU B BBIYHCIHTEIHHOM IUIaHE (HallpuMep, TpeOoBaTh pelleHus] ypaBHEHUH B
YACTHBIX MTPOU3BOIHBIX B MHOTOMEPHBIX IPOCTPAHCTBAX, YTO AAXKE IJI COBPEMEHHOU BBIYMCIUTEIHHON
TEXHHKH SIBISIETCS CIIOXKHOM 3a/a4deil mpu paboTe B peabHOM BPEMEHH), XapaKTepPH30BaThCS YUCICHHON
HEYCTONYMBOCTBIO U TPEeOOBaTh IKCIIEPTHBIX 3HAHUIM JJISl TOCTPOCHUSI.

B 10 %e camoe BpeMmsi MOZIeNTHpOBaHNE, OCHOBAaHHOE Ha JAHHBIX, CTAHOBHUTCA Bce Oonee dpdek-
TUBHBIM Onarofaps pactyiieMy o0beMy cOOMpaeMbIX JaHHBIX O MPOIeccaX TaK HAa3bIBAEMBIX JIaTaceTOB,
OTHOCHUTEIHHO HEOPOTHM BEICOKOTIPON3BONUTEIHHBIM BEIYUCIUTEIHHBIM PEIICHUSIM U 3P (EKTUBHBIM
MeTonam oOydenus mojeneir M. JlanHble o mporeccax oTpa)xaroT He TOJNBKO M3BECTHBIE 3aKOHOMEPHO-
CTH TIPOILIECCOB U ABJICHUH, HO U HEU3BECTHBIE UX cocTaBistonie. [103ToMy Ha OCHOBE 3THX JaHHBIX
MOYXHO COCTaBHTH OoJiee TIONHYIO KapTHHY ITOBEIEHUS PeallbHOTO 00BEKTa.

HNHTepecHbIM OamancoM, KOTOPEI 00BEANHSIET JOCTOMHCTBA MOIETICH, OCHOBAHHBIX Ha MEPBLIX
MpPUHLUIAX, U MOZEJIEH, OCHOBaHHBIX Ha JAAaHHBIX, SIBIISIOTCS PEAYLIMPOBAHHbBIE MOAEIH WM, KaK UX €lle
4acTO Ha3bIBAIOT, MOJICIH MOHMWKEeHHOTO nopsiika (aHnt. Reduced Order Models), wiu metamonenu,
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KOTOPBIE XOPOIIIO TMOAXOIAT ISl CO3MaHuUs MUGPOBBIX IBOWHUKOB, 0OOeCIIieUrBas OagaHnc MEXIy YPOBHEM
TOYHOCTH ¥ HEOOXOTUMOW BBIYHCIUTEILHON MOIIHOCTRIO [34]. PeaynupoBaHHBIE MOIETH — 3TO YIIPO-
LICHHBIE BEPCUU BBICOKOTOYHBIX MOJIENICH, COXPAHSIIOIINE KIIOUYEBhIE XapaKTePUCTHKH, HO TpeOyromue
MeHbIIIEe BEIYUCIUTEIBHBIX PECYPCOB, HAIPHUMEP, BMECTO MOJTHOTO penieHus ypaBHernii HaBpe—Crokca
MOYKHO MCIIOJIb30BaTh alIPOKCUMUPYIOIIYIO0 MOJIENIb HA OCHOBE HEMPOCETe, TaK Ha3bIBaeMYH (hU3UUe-
CKH MH(POPMHUPOBAHHYIO HEHPOHHYIO CETh.

Hakosner, rubpuHOe MOIETUPOBAHHUE, TIO3BOJISIONICE COYETAaTh B ceOe (PU3nIecKoe MOIEIHPO-
BaHNE W MOJCIMPOBAHUE HA OCHOBE JAHHBIX C TOIXOMaMH OOJBINHUX JAHHBIX, TTO3BOJISIET BKIFOUUTH
OonbIne (HPU3UKH 32 CUET YBEIWYCHHs CIOKHOCTH Mojeid. [IpeuMyInecTBoM TaHHOTO MOJX0/a SBISETCS
TO, UTO aHAJU3 OONBIINX JAHHBIX IMO3BOJISIET BBHISIBUTH HEU3BECTHBIC 3aKOHOMEPHOCTH JaHHBIX U IaTh
0oJiee TOUHBIE OLIEHKU CBSI3aHHBIX BeMHYWH. [10X0pl, KOTOpBHIE U3BJIEKAIOT CyppOTaTHbIE MOJIEH Ha
OCHOBE JaHHBIX U3 (PU3MUECKUX MOMENEH, pacloIoKEeHbI Ha MTEPECEUCHUH (HU3NIECKOTO MOJICITUPOBAHUS
1 aHanu3a OOJBIINX JAAHHBIX, TAKHE MOJEIH TPAIWIIMOHHO HA3bIBAIOT CyppPOTAaTHBIMH MOZCIISIMU Ha
ocHoBe ¢u3uku [33].

B Tabn. 1 nmpencraBieHs! OCHOBHBIE METOBI MTOCTPOSHHS HMU(POBHIX IBOMHUKOB U UX CPaBHEHHUE
C TOYKU 3PEHUS MPEUMYIIECTB U OTPAHUYCHUN.

Tabnmuma 1. CpaBHeHHE METOJOB MOCTPOCHUS HU(BPOBBIX TBOHHUKOB

Table 1. Comparison of methods for building digital twins

Merton OcHoBa \ IIpeumymecrBa \ Orpanuyenus \ KnroueBbie BBIBOBI \
IlepBoie npuHIK- | PuUzHUEcKue Bricokas wunTepmpe- | Tpebyer nonupix | duszndeckue Momenu
I1bI 3aKOHBI THPYEMOCThb, 0000- | 3HAaHUW O CHCTe- | HE3aMEHUMBI, KOT/Ia
(O4Y/YUIT) 1aeMOCTh M€, BBIYUCIIUTENb- | U3BECTHBI 3aKOHBI CH-
HO J10poT CTEMBI.

PINNs

ROM

I'my6okoe ob6yue-
HHUC

PezepByapHbie
BBIYHMCIICHUS

CeTeBble MOAEIH

Hannsie + dusu-
YeCKHe OrpaHnye-
HUSA

Penyxuust
MEpPHOCTH

pas-

Bonpmme nanueie

JlaHHbIE U peKyp-
PEHTHBIE HEHPOH-
HBIE CETH

Teopus rpados
U CIOXHBIX Ce-
Tel, TrpadoBeIe
HEWpOHHBIE CETH

l'ubkocth, paboTa c
HEIIOJIHBIMU  JTaHHBI-

CrnoxHOCTE 00Yy-
YeHws1, BEIOOp TH-

I'ubpunHBIE METONBI
(PINNs, ROM) na-

MH neprapaMeTpoB 0T OalaHc MeXmy
TOYHOCTBIO M CKOPO-
CTBIO.
Bricokass ckopocts | Iloreps Tounoctn | —
MIPOTHO3a JUTS HeIIMHEHHBIX
PEXHUMOB
ABroMaTmuueckoe u3- | Tpebyer MHoro | MammHHOEe 00y4e-
BJIEYEHHE NIPU3HAKOB | JAAHHBIX,  «4&p- | HUE YQPEKTHBHO IIPU
HBII ATUK) N30BITKE  JTaHHBIX,
HO CTpagaer oOT
HEIOCTATOYHON HH-
TePIPETUPYEMOCTH.

Brictpoe oOyueHue,
o0OpaboTka BpeMeH-

OrpaHuydeHHast
TOYHOCTh, SMITHU-

Kommnpomucc amns 3a-
Jlad peaslbHOro Bpe-

HBIX pSJOB pUYeCKUil qU3aiiH | MEHH, MPOCTOTa y4e-
Ta BHEIIHUX (aKTo-
pOB.

VYuer cTpykTypHBIX U | CI0XKHOCTH Hezamenumbr st

(YHKIIMOHATBHBIX 3a- | ONPEICICHHUS pacrpeneneHHbIX

BHCHUMOCTEH, TOIIOJIO- | BECOB CBsI3CH, | CCTEeM C  SIBHOH

TUH CHUCTEM, BBISIBIIE- | BBIUMCIUTENbHAS | CTPYKTYpOH B3auMO-

HHUE KPUTHYECKUX y3- | CIOKHOCTh JUIS | JEUCTBUH.

JIOB, YCTOWYMBOCTD K
aTakam

6ospmux rpadon
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3.1. Monenu Ha ocHOBe NEPBBIX MPHHIMIOB 1J51 NOCTPOEHUs HU(PPOBBHIX IBOHHUKOB. KoH-
nenus MUGpPOBHIX JTBOMHUKOB CYIIECTBEHHO ONHPAETCs Ha MaTeMaTHdecKoe MOJAEIUPOBaHUE C HC-
noJnb30BaHueM auddepeHnnanbHbIX ypaBHeHHH. B 3ToM KoHTekcTe nuddhepeHnnanbHbie ypaBHEHUS
CITy’KaT SAIPOM BUPTYalIbHOTO MPEICTABICHNS (PU3NIECKOTO 00BEKTa, MO3BOJISS HE TOJIBKO OMUCHIBATH
ero TeKyllee COCTOSHHE, HO U MPOTHO3UPOBAaTh Oyayliee MOBEACHHE MPH Pa3IMuHbIX CLEHAPHAX.

B aToMm ciydae guzndeckuii 0OBEKT WM TPOLIECC pacCMaTPUBACTCS KaK TMHAMHYECKas CHCTEMa,
onuckiBaeMas nudepeHInaIbHBIMU yPAaBHEHUSIMHE, KOTOPBIE PEACTABISIOT COOO0M MOIIHBIN YHHUBEP-
CaJBHBI MHCTPYMEHT JIJIsl ONUCAHMS DBOJIOIUHN CHCTEM BO BpeMeHH. CyIIHOCTh JTAaHHOTO TOJIXO0J1a
3aKiIroYaeTcsl B (hopMau3alui MOBEACHUS CHUCTEMBl Yepe3 MaTeMaTH4eCKHe COOTHOIICHHS, CBS3bI-
BalONIME TEKYIIEe COCTOSHUE CHCTEMBI C €ro MPOW3BOIHBIMU 10 BPEMEHH, 0a3HpysCh Ha MEPBBIX
MPUHIIMITAX — 3aKOHaX MEXaHWKH, JJIEKTPOJUHAMUKYN, OMOPU3NKH U T. 1. BIOOp KOHKpeTHOrO THIa
nuddepeHInaNbHbIX YPaBHEHU — OOBIKHOBEHHBIX, B YACTHBIX MTPOU3BOIHBIX WJIM CTOXACTUYCCKUX —
oTpenensieTcs MPUPOAOH MOJEIMPYEMOTo Tporecca U TpeOyeMol JeTanu3aleid OmuCcCanusl.

B »ToM ciiydyae nuHaMuKa cOCTOSHUS J B MaTeMaTu4ecKkoi cucteme (1) omuchiBaeTCs CUCTEMOM
muddepeHITMAIBHBIX YpaBHEHUH

y<t) = F(X(t)v y(t>7 t)v (6)

e y(t) € Y — BEeKTOpP-COCTOSIHHE CHCTEMbI B MOMEHT ¢, X(t) € X — BXOJHBIC TTaApaMETPbl CHCTEMBI,
aF: X XY — Y — maakoe BeKTOpHOE I10JI€, 334a01ee JUHAMHUKY CHCTEMBI.

[Tpu BBIYMCANTENBHON peanu3anuy Nog0OHOTo HU(POBOro THEBHUKA HEOOXOAMMO BBECTH, BO-
TIEPBBIX, BDEMEHHYIO CeTKY {11} 72, tk+1 = t + Al (IpUBeaeH npocTeiiuuii BApHAHT SKBUIACTAHTHBIX
BPEMEHHBIX HHTEPBAJIOB) U, BO-BTOPBIX, AUCKPETHBIN omeparop 3Bomoiun Fa 1 X X Y — Y, nonyyae-
MBIH YHCIIEHHBIM MHTETPUPOBAHUEM:

tkt1

Vot = Fa(xe ye) = vi + / F(xp, y(1))dv.
tg

B atom kouTekcTe auddepeHnnanbHble ypaBHEHUS CIIyKaT SAPOM BHPTYalIbHOTO MPEACTABICHHS
¢usudeckoro 00bEKTa, MO3BOJISAS HE TOIBKO OIMUCHIBATH €r0 TEKYIIee COCTOSHUE, HO U MTPOTHO3UPOBATh
Oyaylee MOBEACHHE MPU PAa3IMUYHBIX cleHapusx. OcoOyI0 LEHHOCTh MPEACTABISET BO3MOXKHOCTh
aHaM3a YyBCTBUTEIBHOCTH CHCTEMbBI K M3MECHCHHSM MapaMeTpoB P U ympasieHus u(y,t) B CHCTeMax
¢ 00paTHOM CBS3BI0 BUIA

y(t) =F(x(t),y(t),u(y,t),t). (7)

Takue MozesU TO3BOJISIOT IPOBOAUTD BUPTYaNIbHBIE SKCIICPUMEHTHI, ONTUMU3UPOBATh apaMeTphl
paboThI cUCTEMBI U pa3palbaThIBaTh aJITOPUTMEI yIIpaBlIeHUs 63 BMEIIaTeIbCTBA B PeabHbBII OOBEKT.

CoBpeMeHHbIE TeXHOJIOTHH HU(POBHIX JBOMHUKOB CTAIKUBAIOTCS C MPOOIEMON MOAETHPOBAHUS
CIIOKHBIX CHUCTEM, TJie TpaJulUOHHbIE METOABI Ha OCHOBE MU depeHINaNbHBIX YPaBHEHUH MOTYT OBbITh
7100 BBIYUCIUTENIFHO AOPOTOCTOSIIIMMY, JIHO0 HEAOCTATOUHO TOUHBIMH M3-3a HEMOJIHOTHl (PU3NIECKUX
Mozeneit. IToaTomy, kak oTMeuaoch BEIIIE B pa3ziere 3, COBPEMEHHbIE TEHASHIIMH B 001acTH Moje-
JUPOBAHUS JUHAMUYECKHUX CHCTEM BKIIIOYAIOT Pa3pabOTKy pedyLUpPOBAHHBIX U THOPUAHBIX MOJEIel,
coveTaruux AudppepeHraIbHbIe ypaBHEHHS ¢ METOJaMH MAaIIMHHOTO 00y4YeHHs, YTO 0COOCHHO aKTy-
aJBHO /ISl CUCTEM C HETIOJTHON HAOII0MaeMOCTHIO WIIH CIIOKHBIMH HETTMHEHHOCTAMHU. PaccMoTpuM aTH
noaxons! 6osee MoxpoOHO.

3.2. ®uznyecku MHPOPMUPOBAHHBbIE HEHPOHHBIE ceTH B IU(PPOBLIX ABOIHMKAX. Duznye-
cku nHpopmuposanHsie HelipoHHble ceTH (Physics-Informed Neural Networks, PINNs) npeanaraior
MPUHLIMITHAIEHO HOBBIM TIOAXO/, COYETAIOMINI MTPEUMYIIEeCTBa IITyOOKoro 00ydeHus ¢ (yHIaMeHTalb-
HBIMH 3aKoHam¥ ¢u3uku. OHU MPECTABISIOT o000 Kiacc Mozesel TiyOoKoro 0Oy4eHus, B KOTOpbIe
SIBHO BCTPOCHBI N3BECTHBIE (PH3MUECKUE 3aKOHBI, OMHICHIBAIOLINE [TOBEICHNUE MOACTUPYEMOH CUCTEMBI.
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B omnume oT TpaguIMOHHBIX HelpoceTeBbIX Monxoa0B, PINNs He TpeOyroT HCKIIIOUUTENbHO JaHHbBIX
IUIsT OOy4YeHUs, a MCTOIB3YIOT TakKe ypaBHEHUS, 3afaronine GU3NIeCKUe OTPaHWUYEHUsS, UTO Jelia-
€T MX OCOOCHHO MEpPCIEKTUBHBIMU IS MOCTPOCHHS HU(POBBIX TBOHHUKOB PEaIbHBIX MPOIECCOB,
onuceiBaeMbix YUII.

PaccmoTrpuM 1udpoBoii TBOWHUK, 3aJaHHBINA cUCTeMOH (1), Te THHAMHKA COCTOSHHS OTpeaeysIeT-
cs nuddepeHuransHeiM ypaBHeHueM (6). B ciyuae PINNs mozmenb coctosiaust y(t) anmpoOKCHMUPYETCst
HEHUPOHHOH ceThio YnN(t, 0), Tae 6 — HaGop 00yUaeMbIX MapaMETPOB HEHPOHHOM CETH.

Ouzndeckas HHOOPMHUPOBAHHOCTH JJOCTHTACTCS 33 CUET BBEICHUSI (DYHKITUH MOTEPh, COCTOSIICH
U3 ABYX KOMIIOHEHT:

1. Ilomepu na oannoix (data loss):
1
Lata = N, Dl (tis 0) — wil %, )
i=1

N,
rie {t;,y;};.; — AOCTYIHbIC H3MEPEHHs COCTOSHHS 00BEKTa.
2. @usuueckue nomepu (physics loss):

N,
1 -
Lphysics = F Z ||yNN(tj; 6) - F(‘T(tj)7 yNN(tj; 6))”27 (9)
¢im

rae {t] };V:'jl — TOYKH KOJUIOKAIIMH, B KOTOPBIX BBIMMOJIHACTCS IIPOBEPKA COOTBETCTBUSA ITOBECACHUA
MOJCIN YPAaBHCHUIO JJUHAMUKH.

OO1ias GyHKIHUS MOTEPh MPEACTABIAET CO00i CyMMy 3TUX JIBYX THIIOB noTeph (8) u (9) u umeer
BH[

‘C(e) = (1 - )\)Edata + )"['physicm (10)

rae A € [0,1] — BecoBoil k03 HUIKECHT, OANTAHCUPYIOIINI BKIA] JaHHBIX M (PU3HYCCKUX 3aKOHOB.
Heiiponnas cetsb ynn(t; 0) TpeHHpyeTcst TakuM 00pa3oM, 9ToOBI HAiTH ONTHMalbHbIE TTapaMeTpsl 0
IMyTeM MUHUMU3anuu oomei Gpyakuun moteps (10).

ITpumep ucnonbzoBanus PINN s MogenupoBaHus KIAaCCUYECKOTO HEJIMHEWHOIO YpaBHEHUS
MaTemMaTtndeckor (pU3NKH — ypaBHEHHs broprepca, omuchBaomero (popMupoBaHue yaapHOH BOJHBI,
MoKa3aH Ha puc. 4.

B pamkax utepanroHHO# cxembl nudpoBoro aBoitHuka PINNs MoOryT OBITh HCHIONB30BaHBI HA
3Tanax MNporHo3a COCTOSHUS M afaNnTallly MOAEIH.

Ha sTane nporuosa cocTosHUS BMECTO YHCICHHOTO MHTETPUPOBAHUS ypaBHEHHUs (6) cOCTOsSHHE
MOJICIIU TPEJICKa3bIBaeTCsl 00YUCHHOM HEWPOCEThIO:

Uk = ynn(tx, 07). (11)

Ha sTane agantanuu Moznenu B cilydae BBINOIHEHMS YCJIOBUS, €CIH € > Epop, NapaMeTPhI O
YTOYHSIIOTCS yTeM MuHuMu3anuu L£(6) Ha HOBBIX JaHHBIX. B 3TOM ciiydae (usndeckre orpaHuYeHUsI
[IO3BOJISIIOT COXPAHATh KOPPEKTHOCTh MOJEIH MAIIMHHOTO 00y4YEeHUs AaxKe NIPHU HEILOCTATKE JaHHBIX.

[Mpumenenre PINNs B iu¢ppoBbIX ABOHHHUKAX IMpeUiaraeT HeCKOJIbKO KIFOUEBBIX MIPEUMYIIECTB.

1. Tubxkocms moodenuposanus. Bo3MOKHOCTh 0O0ObEANHEHNS Pa3pO3HEHHBIX JaHHBIX (IKCTIEPUMEH-
TaJbHBIX U3MEPEHUH, PE3YJIBTATOB YHUCIEHHOIO MOJCINPOBAHMS) B €IMHYIO COIIACOBAaHHYIO MOJEIIb.
PINNs moryT paboTaTh ¢ YacTUYHO HaOJIOJaeMbIMU CUCTEMaMH U HETOIHBIMU (PU3UUECKIMHI MOACIISMH.

2. Obpamuvie 3a0auu. IHHEeKTUBHOE PEIICHUE TTapaMeTPUISCKUX OOPaTHBIX 3aja4, Korma Tpeody-
€TCsI OTIPEJICNITh HEM3BECTHBIE TApaMETPhl CHCTEMBI P 110 HAOIIOaeMbIM JTaHHBIM:

N

p" =argmin » Q(Fp (T, Vp(Yr—1,2k))s 2k)s (12)
PEP 4
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Puc. 4. a — Cxema pabotsl pusnueckn HHOOPMUPOBaHHBIX HelpoHHBIX cereil (PINNS) Ha mpumepe ypaBHeHus broprepca. Heii-
ponnas cets (NN(z, ¢, 0)) npeackassisaer peuienne u(zx, t), a gpusuuecku napopmuposattas yacts (PDF) BbIHMCIISET HEBA3KY

2
ypasHenus Broprepca: R(z,t) = %—7: +ug—”; —ng”;. @ynkuust noreps L, B coorBercTBrH ¢ (10), BKIIOYaeT onmOKy Ha JaHHBIX

(HayasIbHBIC ¥ TPAHUYHBIC YCITOBHS) Ldata = Nid SN (u(ws, ti) — wi)” 1 HeBsi3Ka ypaBHEeHHS Lophysics = Nic Z;V:CI Rz, ;)3
[Ipou3BoaHBIC BBIUUCIISIOTCS C MOMOIIBI0 aBTOMATHYECKOro muddepeHIMpoBanus (Ha OCHOBE MaHHBIX U3 paboThl [35]).
b — Bepxusist uactb: [IporHo3 pemieHus ypaBHeHus broprepca u(x,t) BMecTe ¢ HaYalbHBIMH M TPAHHIHBIMA O0YYarOIIU-
MU naHHbBIMH. McnonezoBaHo N, = 10000 To4ek KOJUIOKAIMH, CTEHEPHUPOBAHHBIX C ITOMOIIBIO CTPATETHH JIATHHCKOTO
runepkyOa [36]. BHu3y: cpaBHEeHHE IPOTHO3UPYEMBIX U TOUHBIX PEIICHHUH, COOTBETCTBYIOIINX TPEM BPEMEHHBIM MOMEHTAM,
0003HauCHHBIM OENIBIMM BEPTHKAJIbHBIMU JIMHUSIMH Ha BepxHeil nanenu. OtHocurenpHas ommbka (10) s storo ciaydas
cocrasnser £ = 6.7 x 10™*. OGparum BHUMAHHE, YTO 3Ta IOrPEUIHOCTH IPUMEPHO HA IBA IOPAIKA HIDKE, YeM T4, O KOTOPOH
coobmanocs B pabote [37] 1O pemeHUIo ypaBHEHHH B YaCTHBIX IPOM3BOJHBIX C HCIIOIb30BAHIEM TayCCOBBIX MPOIECCOB Ha
ocHoBe naHHBIX. OOyueHne Monenu 3ansio npuMepHo 60 ¢ Ha ognoi Buaeokapte NVIDIA Titan X GPU (Ha ocHOBe 1aHHBIX
u3 [38]) (uBer oHnaiiH)

Fig. 4. a — Schematic representation of PINNs using the Burgers equation as an example. The neural network (NN(z, ¢, 0))

predicts the solution u(z, t), and the physically informed part (PDF) calculates the inconsistency of the Burgers equation:
R(z,t) = % + u% - v%. The loss function £ according to (10) includes an error on the data (initial and boundary
conditions) Lawa = 3 2 Mo (u(w,t;) — u;)? and the equation mismatch Lonysics = o >, R(ws,t;)*. The derivatives
are calculated using automatic differentiation (based on data from [35]). & — Top: Prediction of the solution to the Burgers
equation u(z, t) together with the initial and boundary training data. N, = 10,000 collocation points generated using the
Latin hypercube strategy [36] were used. Bottom: Comparison of the predicted and exact solutions corresponding to the three
time points marked by white vertical lines in the top panel. The relative error (10) for this case is £ = 6.7 x 10™*. Note that
this error is approximately two orders of magnitude lower than that reported in [37] for solving partial differential equations
using data-driven Gaussian processes. Training the model took approximately 60 sec on a single NVIDIA Titan X GPU (based

on data from [38]) (color online)

rie p* € P — uckoMble ONTUMAalbHBIE MapaMeTphl cucTembl, Q @ Y x Z — RT — ¢(ynxuuonan
HEBSI3KH, olpeneisemMsbiii Gopmymnoit (5)), Fp — oleparop 3BOJIOLHUNA COCTOSHUS C MapaMeTpaMu P,
U, — MexaHM3M aJaNTalyy ¢ HapaMerpamu p, T = P(2j, Yk—1) — CKOPPEKTHPOBAHHBIC BXOJHBIC
rmapamMeTpel, zk{cvzl — TIOCJIE0BATEIbHOCTH HAOMIONEeHNUH.

3. Mynvmudghuzuunocms. EcrecTBeHHOE 00beAMHEHNE YPAaBHEHUH U3 Pa3HbIX (PU3NIECKUX JOMEHOB
(MexaHuKa, Terionepeaaya, NeKTPOANHAMHUKA) B €IUNHYI0 MOJETb.

4. Boiuucnumenvras sgpgpexmusnocms. Ilocie o6ydenns PINN obecrnieanBaeT OBICTpOE TIpecKa-
3aHUE COCTOSIHUN CHUCTEMBI 0e3 HeoOXoIMuMOCTH peleHus aAuddepeHnrnaIbHbpIX YPaBHEHUH B YaCTHBIX
MIPOU3BOJHBIX B PEATbHOM BPEMEHH.

5. Unmepnpemupyemocms. UcnionszoBanne PINN coxpaHseT QU3NIESCKYI0 OCMBICICHHOCTH
MIPOTHO30B.

HecMmotps Ha nepcnexTuBHOCTD noaxona, PINNS CTankuBarOTCs ¢ psAAOM CYLIECTBEHHBIX OTPAHU-
yeHuil. Bo-nepsrix, PINN xapakreprsyeTcs CI0KHOCTBIO 00y4eHHs: TpeOyeTcs OamaHc MeXay JaHHBIMHU
¥ QU3MYECKUMH OTpaHHMYCHUSIMH; BHIOOD TOYEK KOJIOKAIUK {t; }j\]:‘:l U Beca A KPUTHYECH /IS TOYHO-
CTH MOJEJH; UMEIOTCS MPOOJIEMBI CXOAUMOCTH O0yUeHHsI IPH HAJIMYUH MHOKECTBEHHBIX MacIITaboB
BPEMEHHU W MPOCTpaHCTBA. BO-BTOPHIX, Tpy 00y4YeHUN TaKUX MOJENIeHl MBI CTaJIKHBAEMCSI C BEICOKUMH
TpeOOBaHUSMHU K BBIYUCIHTEIBHBIM PECYypcaM MpH OOYYEHHH ISl CIIOKHBIX MHOTOMEPHBIX CHUCTEM,
a TaKKe CO CIOKHOCTHIO BepHU(UKAIMU W BATUAALNH MTOTYYSHHBIX MOJCIICH.
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3.3. Moae/ii MOHM:KEHHOTO MOPSIAKA B MOCTPOeHUH NU(PPOBBIX ABOIHUKOB. [Ipu pazpaborke
IUQPOBBIX JTIBOWHUKOB CIOKHBIX TUHAMHUYECKUX CHCTEM, OITUCHIBAEMBIX YpaBHEHHSIMH BUa (6), 4acto
BO3HHUKAET MPOOJIeMa BHIYHCIUTENBHON CIIOXKHOCTH. [loHBIE MOMIENN, 0COOEHHO OCHOBaHHBIE HA ypaB-
HEHUSIX B YACTHBIX MMPOU3BOIHBIX, MOTYT TPeOOBaTh 3HAYMTENBHBIX BEIUUCIUTEILHBIX PECYPCOB, UYTO
3aTPYAHSAET UX UCIIONB30BAaHHUE B PEKUME PEAbHOTO BPEMEHH. B 3TOM KOHTEKCTE MOJIENH MOHKEHHOTO
nopsaaka (Reduced Order Models, ROM) npemnararoT 3¢h(eKTHBHBIN MOAX0A K CHUKCHHUIO BBIYHCIIH-
TEJILHOW HAarpy3Kd NpU COXPaHEHUH KIIIOUEBBIX (PH3HMUECKUX CBOWCTB CHCTEMBI B PaMKaX ITOCTPOCHUS
UG POBBIX IBOWHUKOB [39].

OcHoBHas uaess ROM 3akitouaeTcst B MPOSKIIUU UCXOAHOM BHICOKOPa3MEPHOIN CUCTEMBI Ha TIOJI-
MPOCTPAHCTBO CYIIECTBEHHO MEHBILEH pa3MepHOCTH. PaccMOTpHUM MONHYIO MOJIEIb, TIPEICTaBICHHYIO
B (1), rme mpocTpaHCcTBO cocTOosIHUM Y mMeeT pazmepHOcTs N (HampuMep, 9UCIIO Y3JI0B B KOHEYHO-
ANIEMEHTHOH HMJIM KOHEYHO-CETOYHON AUCKpeTH3anuu). BMecTo paboThl HEMOCPEACTBEHHO B Y MBI HIIEM
npuOIMKEHHOE pelieHre B noanpocrpanctee () C Y pasmepHocTd n < N:

y(t) = yo + Uq(t), (13)

e yp € Y — 6azoBoe cocrosiaue cuctemsl, U : R™ — Y — omeparop npoekuud, a ¢(t) € R™ — Bexrop
00001IeHHBIX KoopauHaT. Takoe mpeacTaBieHre MO3BOISAET NepeOpMyITUPOBATE UCXOIHYIO CHCTEMY
(6) B TepmuHax nepemenHsix ¢(t) ¢ yaerom (13):

G(t) =UTF(x(t), y0 + Uq(t)). (14)

Ota peaylMpoBaHHAs CHCTEMa COXPaHIET OCHOBHBIE AMHAMUYECKHE XapaKTEPUCTUKU OpUTHHAIA,
HO TpeOyeT Ha MOPAAOK MEHbIIE BEIYUCIUTEIHHBIX PECypPCOB.

HHaTepecHo otMeTuTh, 4T0 ROM MOXXHO paccMaTpuBaTh Kak 0COOBIN cirydail pu3ndecku nHpop-
MHUPOBaHHBIX Mojenel, oocyxnasmmxcs panee. B otmmune or PINNs u3 paspena 3.2, roe ¢pusndeckue
3aKOHBI BCTPanBaloTcs depes ycnoBus oOydenus (9), ROM HemocpenacTBeHHO MPOEHUpPYeT YpaBHEHUS
Ha MoAnpocTpaHcTBO. OHAKO COBPEMEHHbIE THOPUIHBIC [TOAXOAb! HAUNHAIOT coYeTaTh 00a MeToAa,
WCIOJb3Ys] HEHPOHHBIE CETU I MOCTPOSHUSI HEMMHEWHBIX MPOSKIMOHHBIX ONepaTopoB U.

Ha npaxruke nocrpoeane ROM BkitodaeT 1Ba OCHOBHBIX 3Tana. Ha moaroroBurensHOM dTare
00yueHUs! BBIIOJIHAETCS aHAJIN3 MOJIHOM MOJIENIN: TeHepupyeTcs Habop «CHUMKOB» COCTOSIHUM CHCTEMBI
{y;}4,, nomy4eHHBIX NPH YKCIEHHOM MOJETMPOBAHUM MM SKCIIEPUMEHTATBHBIX M3MEPEHUSX, O
KOTOPBIM CTpOUTCS 6azuc U.

OpnuH n3 Hanbosiee paclpoCTPaHEHHBIX MMOAX0A0B K nocTtpoeHuto ROM ocHoBaH Ha Metone
COOCTBEHHBIX OPTOTOHANIBHBIX paznoxkeHuil (Proper Orthogonal Decomposition, POD) [40]. OtoT MeTox
[T03BOJIAET BBIJICIHUTH JOMUHHUPYIOIINE MOJBI TMHAMUKH CUCTEMBI HA OCHOBE aHAJIN3a «CHUMKOBY €&
COCTOSIHUI {yl}f\il Maremarunyecku POD permaet 3agayy MUHUMHU3ALUN:

M
U = argmin » _||ly; — UU y;| %, (15)
UTU=I 3

e U — UckoMas OPTOHOPMHUPOBAHHAS MaTpHIA 6a3HCHBIX BeKTOpoB, UUT — omepartop mpoekimu Ha
MIOANPOCTPAHCTBO, I — equHMYHAS MaTpHIa.

Pemenune 3Toit 3a1auu CBOOUTCS K CUHTYIISIPHOMY Pa3jIOKEHUIO MAaTPHUIBI CHUMKOB, II€ CTOIOLBI
U cOOTBETCTBYIOT IFIABHBIM COOCTBEHHBIM BEKTOpaM KOBApHALIMOHHOM MaTpuilbl cucteMbl. YeM ObicTpee
yOBIBaIOT CHHTYJISIpHBIE YHCIa, TeM 3(dexkTnBHEee paboTaeT MeTo, O3BOJISASA CYIIECTBEHHO COKPaTUTh
Pa3sMEpHOCTh 3aJadH.

J7st mepruoguyeckuX WM KBa3UIIEPUOANUECKUX cUCTeM 3P (EKTUBHBIM MOIXOAOM SIBISIETCS METO
rapMoHH4eckoro Oamanca. B aTom ciydae pemieHue npeacrasisercs B Buje psana Oypoe:

K
y(t)~ Y eV RO (16)
k=—K
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Te ¥ — KOMIUICKCHBIC aMILTUTYIbI TAPMOHUK, () — OCHOBHAS 9acTOTa CUCTEMBI, X — YHCIIO yUHUThIBae-
MBIX TaPMOHUK.

OTOT MeTol OCOOEHHO YacTO KCIIONB3YETCs JUIS aHallM3a YCTAHOBHUBIIMXCS KOJeOATEIbHBIX
PEKIMOB B MEXaHUICCKUX U AMEKTPOTEXHUUSCKUX CHCTeMax. PenynnpoBaHHas MOIETh B 3TOM CIIydae
onepupyet kodhdunpenramu Oypbe ¢ BMECTO ITOJHOTO BPEMEHHOTO PEIICHUSI.

OnHaKo COBPEMEHHEIE ITOIXOIbl AKTUBHO MCIIONB3YIOT METOIBI MAIIMHHOTO OOYYEHUS ISl TOCTPO-
eHus Metamojenell. Bo-iepBhIX, 3T0 pecpeccuonnvie memamoodenu (rayccoBsl npoueccel, RBF-cetn),
KOTOPBIE MTO3BOJISIIOT allIPOKCUMHUPOBATH 3aBUCHUMOCTh MEXKITy MTapaMeTpaMU CHCTEMBI U €€ OTKIIMKOM,
o0y4asich Ha JAHHBIX YHCIEHHBIX SKCIIEPUMEHTOB. PerpeccroHHbIe MeTaMozieln 0co0eHHO (P (EeKTHBHEL,
KOT/ZIa TIPSIMOE PEIICHUE TTOHON MOoneI TpeOyeT 3HAYUTENbHBIX BRIYUCIUTEIHHBIX PECYPCOB.

Bo-BTOpEhIX, asmosukodepwt (autoencoders) IpeaoCTaBIAIOT HeMuHEHHbI aHanor POD, oOy4as
HEHPOHHYIO CETh HAXOMUTH KOMIIAKTHOE MPEICTABICHUE COCTOSHUM cucTeMbl. COBpEMEHHBIE apXUTEKTY-
PBI aBTOOHKOJEPOB TIO3BOJISIOT JTOCTHTATh CKATHS HA TOPSIKH MPEBOCXOIAIIETO KITACCHUSCKUE METOIBI
MPHU COMOCTABUMOW TOYHOCTH BOCCTaHOBICHHs. KiTtoueBoe mpenMyIiecTBo — CIIoCOOHOCTh COXPaHSTh
HesBHBIE (PM3NYECKHE WHBAPHAHTHI (HAIIpUMeEpP, CHMMETPHH WM 3aKOHBI COXpaHEHUs) naxe 0e3 mx
SIBHOTO 3aJaHMUS.

3TH METONBI 0COOEHHO IIEHHBI I CUCTEM CO CIIOKHOW HETMHEHHOW TUHAMUKOU, TAC TPAJAUIIUOH-
HBIE JIMHEHHBIE METOJIBI MPOEKIMH OKa3bIBAIOTCS HEOCTaTOYHO TOYHBIMU. X MOXHO KOMOMHHPOBATH C
¢dm3ugecku HHPOPMUPOBAHHBIME TTOXOIaMH, 00CYKIaBIIUMUCS B paszene 3.2, co3naBas THOPHUIHBIE
MOJIeITH, COYETAIONINe TaHHbIE U (PU3NIECKUE TPUHITHIIBL.

B konTekcte nudpoBoro nsorinuka (1) npumenenne ROM mo3BonseT MOTUPUIIUPOBATH OIIEPaToOp
3BOJIFOLIUU COCTOSIHUSL:

Fr: XxQ—=Q, QCR", (17)

rae X — MpPOCTPaHCTBO MapameTpoB, () — MOAMPOCTPAHCTBO MOHMKEHHON pa3sMepHOCTH (n K N),
anmnpOKCUMUPYIOLIee UCXOAHOE MPOCTPAHCTBO COCTOSIHUM MOJIHON MOJENH.

[Ipomecc moctpoenus u ucnons3oBanusi ROM BkirouaeT aBe kimroueBble (a3bl. Ha aToM sTa-
e TpeIBapPUTEIbHBIX BBIYUCICHUN BBHITIOIHIIOTCS PEeCypcOeMKHE BBIYHCIICHHS, HEOOXOIMUMBIE IS
MOCTPOEHUSI METAMO/IEIIU:

e TCHEpalus CHUMKOB TIOJHOW MOJIENHU: PellicHHEe IMOIHONW MOJICIH ISl PENPEe3eHTaTHBHOTO Habopa
MapaMeTpOB U HAYATEHEIX YCIIOBHIA,

e TocTpoeHue Oa3nca Uf: C TOMOIIbIO METOJOB CHHTYJISIPHOTO Pa3ioKeHUs, COOCTBEHHBIX pa3iio-
skeruit (POD) ninm apyrux METO0B BELICISIOTCS JOMHUHAHTHBIC MOJEI, (DOPMHUPYIOIINE TTOIITPO-
CTPaHCTBO;

e KamMOpPOBKA METAMOJIEIH: HACTPOKa K0I()(OUIINEHTOB peIyIMPOBAHHON CUCTEMEI IJI1 MUHUMU3a-
IIUHM OUTHOKH armpOKCHMAIUH.

[Tocne mocTpoenns 6a3uca MeTaMoeNb Ha dTane dKcruryaranud ROM mo3Bosser:

¢ 3 deKTUBHOE MPOTHO3ZUPOBAHKE: PEIICHUE PELYIIUPOBAHHON CHCTEMBI B IOAMPOCTPAHCTBE () C
CYIIECTBEHHO MCHBIMMHU BBIYMCIUTEILHBIMH 3aTPaTaMHu;

® PEKOHCTPYKIMS MOJHOTO COCTOSHHUS: MPU HEOOXOMUMOCTH MOJHOE COCTOSHUE BOCCTAHABIMBACTCS
yepes JIMHeWHYI0 KOMOMHAINIO 0a3UCHBIX BEKTOPOB U.

CoBpemennsle uccneaoBanus B odmactn ROM miis miudpoBEIX JBOMHHUKOB (POKYCHPYIOTCS Ha
TpeX HalpaBJICHUSX:

® QIaNITHUBHBIC METOJIbI, AaBTOMATHYECKU OOHOBJISTIONTHE 0a3UC MPH H3MECHECHUH PEKUMOB PaOOTHI
CHCTEMEI;
HEJTMHECWHBIE 0000IIEeHUs TPAAUIIMOHHBIX JTUHEHHBIX ITPOCSKIIMOHHBIX METOJIOB;

e ruOpugHBIe TOAXOABI, coueTarone ROM ¢ mMeTogamu MammHHOTO 00yUYEHUSI.
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OtH pa3paboTKu 0COOCHHO aKTyallbHBI JIJISl CIIOXKHBIX TEXHUYECKHUX CHCTEM, TIe TPeOOBaHUS
K CKOPOCTH BBIYHCIICHUH COUETAOTCS C HEOOXOAMMOCTRIO yUeTa IIMPOKOTO JHAna30oHa pabounx PeKUMOB.
Kax nokaspiBaeT mpakTuka, rpamotrHoe coderanne ROM ¢ npyrumu mopxomaMmu, paccCMOTPEHHBIMHU
B MPEIBIAYIINX pa3eliax, Mo3BOJICT co3naBarh G GEKTHBHBIC IH(PPOBHIE TBONHUKH, YIOBICTBOPSIOIINE
MIPOTHUBOPEYHMBBIM TPEOOBAHUAM TOUHOCTU U OBICTPOICHCTBUSL.

3.4. I'ny0oxkoe o0y4eHue B MOCTPOeHNH HUGPOBBLIX IBOHHNKOB. COBpPEMEHHBIE METOMBI
MAaIIMHHOTO W IIIyOOKOTO OOYYEeHHs IMpe/IararoT MOIIHbIE HHCTPYMEHTHI JUIsl CO3JaHHs H(POBBIX
JBOWHHKOB, IOTOJHSS TPAAULMOHHBIE TIOAXO/IBI, OCHOBAaHHBIE HA (PU3NYECKUX MOAEISIX. DTH METOABI
ocobeHHO (D PEeKTUBHEI B CiIyUasx, korna cuctema (1) comep>KUT CIIOKHBIE HETUHEHHOCTH HITH KOTJa
MOJHOE (PU3UYECKOE OMHMCAHHUE MIPOLIECCOB HEBO3MOXKHO MIIM OYEHB CIIOXKHOE.

I'myOoxme HEWpOHHBIE CETH MOTYT HEMOCPEICTBEHHO alMPOKCUMHPOBATEH OTEPATOPHI IBOIIOIH
F n HaOmonenus G u3 (1). PaccMoTpum HelipoceTeBylo mapaMeTpH3alLuio OllepaTopa COCTOSIHUS:

Fo: X xY =, (18)

rae 0 — oOyuaemble napaMeTpsl ceTH. OOydeHre Takoil MOJeNIH MPOBOAUTCS MUHUMHU3AUUEH QyHKINO-
Haja, aHAJIOTHYHOTO (5), HO C 3aMEHOH (PM3HYECKOTo orepaTopa Ha HEHPOCEeTEeBOI:

N
L£(0) =Y |Folaw, yk — 1) — yil* + BR(0). (19)
k=1

3necy R(0) — perymspuzarop, 00eCneYnBAIOLINIA YCTORYNBOCTD PEIICHHS, a [3 — mapameTp peryisipusa-
MK, OOBIYHO MaJIbIM.

WHTepecHbIN OIX0/l, Ha3bIBAEMBIH HEHPOHHBIM AU(HEPCHIINATLHBIM YPABHCHHEM, COYETACT
(bu3mUecKre MOJeNH ¢ MAaIIMHHBIM 00y4eHueM. Hampumep, MoxxHO MonudumupoBaTs ypaBHeHUE (6),
JN00aBUB HEHPOCETEBOM YJICH, alllIPOKCUMUPYIOIIHNA BEKTOPHOE T0JIE:

y(t) = F(x(t),y(t)) + Fan(x(t), y(t); ), (20)

rae F onmceiBaeT m3BecTHBIE (u3nueckue 3akoHbl (60), a Fyn o0yuaercs a1 MoaennpoBaHUs HEM3BECT-
HBIX 3¢ dekToB. Takoil mogxon coxpaHseT GU3NIECKYI0 HHTEPIPETHPYEMOCTh, OJHOBPEMEHHO IOBBIIIASL
TOYHOCTH MOJICNIU 32 CUET y4eTa HEM3BECTHBIX U C1a00 KOHTPOIHUPYEeMBIX (dakTtopoB. B paznene 3.6 Ha
puc. 6 IpeacTaBIeH NpUMep TaKOH MOIETIH.

B peanpHBIX 3a7a4ax yacTo BO3HHKAET CUTYallMs, KOIIa MBI MOXeM HaOJfo/1aTh TOJIBKO BBIXOJHbIE
BEJIMYUHBI CUCTEMBI 2}, € Z (HampuMep, OKa3aHUs JaTYUKOB), B TO BpeMs Kak IIOJIHO€ BHYTpPECHHEE
COCTOSIHUE Yj € Y ocTaeTcs CKpBHITBIM. JTa MpobjeMa M3BecTHA Kak OOydeHHe MpH YacTUIHOH
HaOmomaeMocTi. B 3ToM ciiyyae MOXKHO HCIIONB30BaTh MOAXO, aHAJIOTHYHEIHN (4), HO ¢ HEWPOHHOI
cerbio Ny Uil BOCCTAHOBJICHHSI CKPBITHIX COCTOSIHUI. YpaBHEeHUe

Yk = No (ks Yk—1, Tk (21)

OTIHCHIBAET PEKYPPEHTHYIO MOJIENb, ITIE 2 — TEKyllee HaOIIoAeHHe, ¥;_1 — HPEAbIAyIIee OIlEHEHHOE
COCTOSIHUE, X}, — TEKyIllee BXOJHOE BO3ZEHCTBUE, O — mapamMeTpbl HEHPOHHOH CEeTH.
OO6yueHre TPOBOAUTCS METOIOM OOPAaTHOTO PACIIPOCTPAHEHUS OMIMOKH, MUHUMU3HUPYS PACXOXKIC-

HUE MEXAY NpeAcKa3aHHBIMU M HaOIoaeMbIMK BhIXogaMu. [Iporiecc oOydeHus BKITFOYAET CIEAYIOIne
STaIBbI.
1. IIpsimoit npoxoo. Jliist Kaxmoit mapsl (xy, 2 ) B 00yYarOIINX JaHHBIX:

e TpPUMEHSEM HEUPOCETh IS MOCIEAOBATEIILHOTO MPEICKA3aHUS COCTOSHUH i ;

e ycnonb3yeMm oneparop HabmomeHuss G (u3 (1)) s moiydeHUs NpeAcKa3aHHBIX BBIXOJOB

2, = G(Ir)-
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2. Boiyucnenue owubku. CpaBHUBaeM INpeCKa3aHHbIE BBIXOABI C PeabHBIMU HAOMIONCHHUAMU:

N
LO) = |z — &l” (22)
k=1

3. Obpamnoe pacnpocmpanenue:
e BBIYHCIIAEM TpaguceHThl VgL depe3 BCIO BPEMEHHYIO IOCIIEA0BATEILHOCTD;
e OOHOBISIEM MapaMeTphl O METOIOM T'PaJHEeHTHOTO CITyCKa.

KittoueBbIME 0COOEHHOCTSIMHU JJAHHOTO IMOJXOJIA SBJISIFOTCS, BO-IICPBBIX, BO3MOXHOCTh YYHUTHIBATh
BpPEMEHHBIE 3aBHCUMOCTH B JaHHBIX 33 CYET PEKYPPEHTHOM CTPYKTYpPHI aJTOPAUTMA: BO-BTOPHIX, BO3MOXK-
HOCTh KOMOMHAIINYU JaHHBIX U MOJEICH, UCIOIb3Ys U3BECTHBIN oreparop G mpu 00yueHHH; B-TPEThUX,
YHUBEPCAIBHOCTD ITOX0/1a, KOTOpas MO3BOJISIET YUNUTHCS HEHPOCETH BOCCTAaHABIMBATH COCTOSHUSA 0€3
SIBHOHM (PU3MYECKOM MOJEIH 3BONIOIHUN CUCTEMBI.

Ha mpakrtuke Takas cxema 0cOOEHHO TOJI€3Ha ISl CUCTEM C HEMOJHBIM MaTeMaTHIeCKUM OIH-
caHWeM, 3a/lad JUarHOCTHKH W MOHUTOPHHTA M CIIy4aeB, KOTrJa MpsAMOe U3MEpPEHHE TeX WM WHBIX
MEPEMEHHBIX COCTOSHUS HEBO3MOXKHO.

CoBpeMeHHBIE UCCIIEIOBAHUS COCPEIOTOUEHBI Ha Pa3paboTKe apXUTEKTYp, COUSTAOIINX MTPEenMy-
niecTBa GpU3nYecKux Mojenei (6) ¢ THOKOCThIO TiTyOokoro o0ydeHus. OcoOblil HHTEpeC TPENCTaBISIOT
HeHpoHHBIE TUddepeHInanTbabIe YpaBHeHU [41], TpaHchopMephl I BpeMEHHBIX pIoB [42], MeToIbI
o0yueHus: ¢ HeOONbIIUM KoardecTBOM 1pob (few-shot learning) mus ObicTpolt amanTaruu [43]. Otr
MOAXOBI OTKPBIBAIOT HOBBIE BOSMOXXHOCTH JIJIsl CO3TaHUS TU(PPOBBIX TBOWHUKOB CIOKHBIX CHCTEM, T/E
TPaJUIIUOHHBIC METO/BI CTAIKMBAIOTCS C OTPAHUYCHUSMHU.

3.5. Pe3epByapHble BbIUMC/IeHHs 1)1 NU(POBHIX IBOHHUKOB. PesepByapHble BHIYUCICHUS
(arrn. Reservoir Computing, RC) mpencraBisitor co0oit 0coOBIi monxon K 00paboTke BpeMEHHBIX
MoCJeI0BaTeIbHOCTEH, 0COOCHHO 3(PpPeKTHUBHBIA A 3a7ad [U(PPOBBIX ABOWHUKOB, IJe TpeOyeTcs
MOJICIMPOBAHNE CIOKHON TUHAMHKHU cUCTeMEI (6). OcHoBHast uaes RC 3akimodaercsi B UCTIOIh30BaHUN
(PMKCUPOBAaHHOMW CITydYalHOW NMHAMUYECKOH CHCTEMBI («pe3epByapay) i mpeoOpa3oBaHUs BXOTHBIX
JIAaHHBIX B BBICOKOpPa3MEpPHOE MPOCTPAHCTBO COCTOSIHUN C MOCIEAYIOIIEeH JTMHENHON perpeccuen s
MOJIy4eHUs BbIXoAHoro curHaia [44]. Otmetum, uto RC SBIAIOTCS YaCTHBIMU CIydYasMU PEeKypPPEHTHBIX
HEUPOHHBIX CETEH.

Maremarnyecku RC onuchiBaeTcs cieayromieil cucTeMoil ypaBHEHUH:

rp = (1 —o)rg_1 + ac(Wiyur + Wry_1), (23)

rie ri € RY" — coctostuue pesepByapa B MomenT k, u;, € RV« — Bxonmoii curnan (sanpumep, Ty HiIa
2, m3 (3)), Wi, € RV *Ne _ varpuna BxommbIX BecoB (ciyuaiinas, pukcuposanHas), W € RN-xNr _
MaTpuIa CBsi3ell pesepByapa (paspexeHHas, ciydaiiHas), o(-) — HeluHeiHas GQYHKUUS aKTUBAL[HMN
(0o6br4HO THIIEpOOIMUecKuii TaHreHe tanh(-)), a € (0, 1] — napamerp yTeukw.
O6y4denne RC-cuctemsl s npoBOTO TBOMHIKA BKJIFOYACT JBa dTarla.
1. ®asa pesepsyapa: monaya BXOAHBIX NaHHBIX {uy }1_, u cGop cocrosnmii {ry}i_,.
2. @aza peepeccuu: penieHHE 3a/1a4 ONITHMHU3AINH [UTsl BBIXOIHBIX BeCOB W gy

T
. Z 2 2
W = arg mnin HYk - WoutrkH + BHWOut” ’ (24)
WOUI
k=1

TJe Y — LeJeBOH BBIXOA (Hampumep, yy Wik 2;4+1 13 (4)), f < 1 — kod3dPUIHEHT perysapu3aium.
[pumep npumenenust RC st coznanus nudpoBbiX IBOHHUKOB B YCIOBHSX HEMOIHBIX JTAHHBIX
npezacrasiieH B pabore [45]. ABTOPBI HCCIIEIOBATI BOSMOXXHOCTh KIIOHUPOBAaHHS CTOXaCTHYECKHX JHHA-
MUYECKUX CHUCTEM, KOTJA JIOCTYIHBI [ M3MEPEHHUsI JIUIIb BHEIIHUE BO3JCHCTBUS M YACTHYHBIA OTKIIUK
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CUCTCMBI, @ BHYTPECHHUEC IEPEMCHHBIC OCTAIOTCS CKPBIThIMU. CxemMaTHYECKOe IMpeACTaBJICHUC MMOAX0a Ha
OCHOBE Pe3epBYapHbBIX BBIYMCICHHUHN /ISl KIIOHUPOBaHUS JUHAMUYECKUX CUCTEM MPH HATUYUH CKPBITBIX
MEPEMEHHbBIX TIOKa3aH Ha pHc. 5, a. RC cocTouT U3 Tpex clioeB: BXOAHOTO CJI0sl, CKPBITOTO PE3ePBYapHOro
CJI0SL ¥ BBIXOIHOTO ciiost. CHCTeMa HCTIBITBIBACT BHEIIHHME BO3ICHCTBHS & () Ha AMCKPETHBIX BPEMEHHBIX
uHTepBasiax ¢t = kT, IJle T — UHTepBall TUCKPETH3aIuy, a k — nquckpeTHoe Bpems. OHOBPEMEHHO C
OTHUM pC€aKiusa CUCTEMBI Ha 3TO B036Y)KZ[CHI/IC PETUCTPUPYETCA B TEX KE BPEMCHHBIX MHTEPBAaIax, 4TO
obecrieunBaeT HEOOXOMMMBIC JAHHBIC ISl 00YUEHHs U POTHO3UPOBaHuUs. B pesynbrare BXOMHON curHAI
pe3epByapa (23) dhopmupyeTcst Kak

i = (Eta Zy, Etf‘h Zi_vy ... 7%1‘,77117 thnT)Tv (25)

IJe Z — HaOIoJaeMble MepeMeHHbIC PeallbHOTO OOBEKTa, 1. — YHCIO 3a/IePKaHHBIX MEPEMEHHBIX,
Kotopsie hopmupyoT 1 map (E;—ir, zi—iz), ¢ = 1,2, ..., n. Uncio map n ABIAETCS BAKHBIM TapaMETPOM,
OTIPEIETISIONINM KaueCTBO IMOCTPOSHUS U(POBOTO TBOMHHUKA TPU OTCYTCTBUU ITOIHOW HH(pOPMAIIHH
0 cucTeMe. AHAJOTUYHBIE MTOIXOIbI MOTYT HAalTH MPUMEHEHUE W JUIsI OOHAPY)KEHUSI CKPBITBIX WIH
BOCCTaHOBJICHHS YTPAUEHHBIX JAHHBIX CIOXKHBIX cUcTeM [46,47].

B pabotax [45,48] ObLIH TPOBEAEHBI YKCIIEPUMEHTHI TI0 TIOCTPOCHUIO IUPPOBOTO ABOWHUKA 3P-
OHMeBOTO BOJIOKOHHOTO JIa3epa, UCIOIBb3YeMOT0 B pa3IMYHBIX CUCTeMaX CBs3H [49], skcrepruMeHTalbHas
peai3anusi KOTOporo mokasaHa Ha puc. 5, b. B kadecTBe BHENIHETO BO3ACHCTBUS E(t) UCIOIB30BAIACH
IIyMOBas HaKadka, KOTopas MPHUBOIIIA K TeHEPAIlNH UMITYJIbCOB JIa3epOM, a B Ka4eCTBEe M3MepsieMol Be-
JIMYUHBI Z(t) — HHTCHCUBHOCT JIa3epHOro u3iyueHust z(t). IIpu HeGOIbIINX HHTEHCUBHOCTSX LIyMOBOM
HaKa4yK¥{ yNalIoCh JOCTHYb TaK HA3bIBAEMOTO «CHJIFHOTO KJIOHHPOBAHUS) C TOYHBIM BOCIPOHM3BEICHIEM
TPaeKTOPUI NPU UCIIOIB30BAHUU 1. = 3 BPEeMEHHBIX 3ajiepkek B apxutekrype RC. CooTBeTcTByOIINE
BpPEMEHHBIE PAIbl HHTEHCUBHOCTH JIa3epa M HHU(POBOTO ABOMHMKA, a TAKXKE PACTIPENEIICHHUS UX aMIUTATY]]
MmoKas3aHbl Ha pHC. 5, ¢. [Ipu OOMBIINX UHTEHCUBHOCTSAX IIyMOBOW HAKAa4YKH & TOYHOE BOCIPOM3BE/IC-
HU€ BPEMEHHBIX TPaeKTOPHH 0Ka3al0Ch HEBO3MOKHBIM. OTHAKO METO TO3BOJIIII TOCTHYb «CIaboro
KIIOHUPOBaHUS» — TOYHOTO BOCIPOU3BECHHUS CTATUCTHYECKUX XapaKTePUCTUK CUCTEMBI IpU 1 = 9
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Puc. 5. Cxemarnueckoe MPEICTABICHUE MOJX0Aa PE3CPBYAPHBIX BBIYUCICHUHN TS KIIOHUPOBAHHS IMHAMHUYCCKHUX CHCTEM.
a — Obuas apxutekrypa RC-monenu. b — DkcriepuMeHTaIbHasI cXeMa SpOUEeBOro BOJIOKOHHOTO Jsasepa. ¢, d — CpaBHeHne
Pe3yNIBTaTOB CHIBHOTO U CJIA00T0 KIOHMPOBAHMS BOJIOKOHHOTO Jla3epa (Ha OCHOBE JaHHBIX M3 pabot [45,48]) (uBeT oHnaiin)

Fig. 5. Schematic representation of the reservoir computing approach for cloning dynamic systems. a — General architecture of
the RC model. » — Experimental setup of an erbium fiber laser. ¢, d — Comparison of the results of strong and weak cloning
of a fiber laser (based on data from [45,48]) (color online)
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3aJIepiKKax, KakK MoKa3aHo Ha puc. 5, d. BuaHo, 4To mocienoBarebHOCTh UMITYIILCOB HE COBIAACT
C TIOCTIETOBATEIEHOCTHI0 HMITYJTBCOB 3KCIIEPHUMEHTAILHOW CUCTEMBI, OTHAKO PACTIPEACICHHS HHTCPBAIOB
MexIy umiryabcamu 7 uist ucxomuon cuctembl U e€ RC-kiToHa coBNaJIM ¢ BRICOKOW TOYHOCTBIO.

[Tomy4yeHHbIe pe3ynbTaThl HIMEIOT BaXKHOE 3HAYCHUE TS Pa3paOO0TKH ITU(PPOBHIX TBOMHUKOB peallb-
HbIX cucteM. OHU MOKa3bIBAIOT, YTO JIaXKe MPU OTCYTCTBUU MOJHOW MH(OpMAIMK O BHYTPEHHEH JTHHA-
MUKE HCIIOJIb30BaHUE BHEIIHUX BO3MYILIECHHH B COYETAHUU C METOIOM PE3€PBYapPHBIX BBIUUCICHHH 103~
BOJISIET CO3/[aBaTh OO TOYHBIC KOIIMH CUCTEMBI, TNOO MX CTATUCTHYECKHUE aHAJIOTH, KOTOPBIE BO3MOXHO
MCIIOJIB30BaTh MPH TECTUPOBAHHUH U pa3paboTKax peanbHbiX cucTeM. ONTHMATBHOE KOJIMYECTBO BPEMEH-
HBIX 3amepkek B apxutekType RC (00bpr9HO He Oomnee 10) obecmeunBaeT OalaHC MEXKIY TOYHOCTHIO MO-
JICTUPOBAHKS M BHIYUCIUTEILHON CII0XKHOCTBIO, YTO OCOOCHHO BaXKHO JIsi PA0OTHI B PeaibHOM BPEMEHHU.

Takum o6pazom, RC umeer nenslid psa IpeuMyIIECTB B KAYECTBE MaTeMaTHIeCcKOro sAapa nudpo-
BBIX JIBOMHUKOB. BO-TIepBBIX, 3TO BHIYHUCIUTENbHAS 3((GEKTUBHOCTh. B OTIIMYME OT MOJIHOTO 00yUeHUS
PEeKYpPPEHTHBIX HEeHpOHHBIX ceTell, RC TpeOyeT onTHMH3aliuKi TOJBKO BBIXOJHOTO CJ10sl. BO-BTOPHIX,
st RC He Hy»)XHO OYE€Hb MHOIO JIaHHBIX, TaK KakK JaHHAs apXUTCKTypa AEMOHCTPHUPYET BBICOKYIO
0000IIaIONTyI0 CTIOCOOHOCTh NaXke TPH OTpaHWYeHHBIX daHHBIX. Hakoner, RC oueHs s¢ddekTHBHEI
JUTSL MOJICJIMPOBAHUS CIIOXKHOM TUHAMHUKH. CIIOCOOHOCTh anmpoOKCUMHUPOBATh HEJIMHEHHBIC BPEeMEHHbBIC
3aBHCHUMOCTH, XapaKkTepHbie 1t (6), Jaxke MPH HEMOJHOTE BCEX MAHHBIX JE/IaeT Pe3ePByapHbIC BBIUKC-
JICHUS] HE3aMEHUMBIM HHCTPYMEHTOM ISl TOCTPOSHUS TU(MPOBBIX TBOMHUKOB CI0XKHBIX HEITMHEHHBIX
MPOIIECCOB.

3.6. Teopusi cjIOKHBIX ceTell M rpadoBbie Moaeau B HUGPOBLIX ABOHHMKaAX. Teopus ciox-
HBIX CETed M METOIbl aHaIHu3a rpadoB NPEeJOCTABIAIOT MOLIHbBIM MaTeMaTHUYECKUH anmapar Ui HOCTpo-
eHUsI IIU(PPOBBIX TBOMHUKOB CHCTEM C paclpesleIeHHOW CTPYKTYPO U CIOKHBIMH B3aUMOJICHCTBHSIMH
MEXIy KOMIIOHCHTaMH. B koHTekcTe opMannsma, 3agaHHoro ypaBHeHusIMH (1)—(5), rpadosle mud-
POBBIE MOJIENIM TO3BOJISIOT KOMIIAKTHO MPEICTaBUTh ONEPATOP SBONIOIUH COCTOSHUSA J IS CUCTEM,
I7ie IPOCTPAHCTBO COCTOSHUM Y HMMEET CeTEeBYIO CTPYKTYpy. THIMYHBIMU 0OBEKTaMHU TaKOW MPUPOAB
SBJIAIOTCS pa3InuHble TPAHCHIOPTHBIE H dHepreTuueckue cetu [50,51], a Takxke QyHKIMOHATBHBIEC CETH
XKHUBBIX OPraHU3MOB, HaIpUMep, QYHKINOHAIBHBIE CETU T'OJOBHOIO MO3ra [52], KOTOpbIE SBIISIOTCS
3 PEeKTUBHBIM CPEICTBOM ISl TOCTPOCHHUSI HUPPOBBIX ABOHHUKOB 3a00JI€BaHUI TOJIOBHOTO MO3Ta.

[TycTts mudpoBoil ABOHHHUK OMMUCHIBAET CUCTEMY, COCTOSIYIO 3 N B3aNMOAEHUCTBYIOIINX KOMITO-
HEeHTOB. Torza e€ CTpyKTypy MOXHO MPEICTaBUTh OPUEHTUPOBAHHBIM MIIM HEOPUEHTHPOBAHHBIM IpadoM
G = (V,E), tne V = {v;}}¥., — MHOXeCTBO BepIuH (KOMIOHEHTOB cucTembl), a ' C V x V — mHo-
XKecTBO pEOep (B3auMonecTBI MEX Iy KOMIIOHEHTaMH). COCTOSHUE CUCTEMbI B MOMEHT AUCKPETHOTO
Bpemenu k 3anaéres kak yr = {yi }Y |, me yi € R? — cocTosHue i-TO KOMIIOHEHT.

JluHaMHKa CHCTEMBI OITHCHIBACTCS CETEBOM Bepcuer ypaBHeHU (6):

yl(t) =k (mi(t)vyi(t)7 {yj(t)}jéf\fi) , 1=1,...,N, (26)

rne N; = {j|(vj,v;) € E} — MHOX)ecTBO cocefeii Bepumusl v; B rpade G, a F; — 1nokaabHbIH
OIEpaTop 3BOJIOIUH ISl i-0 KOMIIOHEHTA, YUUTHIBAIOLINI €10 COOCTBEHHOE COCTOSHUE M COCTOSIHHS
COCE/IHUX Y3IIOB.

JUist upPOBBIX TBOMHMKOB FOPOJICKUX CHCTEM U MPOMBILILIEHHBIX KOMILIEKCOB, @ TAKXKE CETEN
TOJIOBHOTO MO3Ta 0CO0Y0 IIEHHOCTD MPEICTABISIOT METO/IbI AHAJIM3a TOMOIIOTHYECKUX CBOUCTB ceTH [53]:

L] pa3JII/I‘-IHI>Ie THUIIbI HeHTpaHI)HOCTI/I BepIHI/IH JUIS1 BBISIBJICHUST KpI/ITI/I‘IeCKI/I Ba’XHbIX KOMIIOHCHTOB,

e anreOpanyecKas CBA3HOCTH Ipada UIf OLIEHKH YCTONUYUBOCTH CHCTEMBIL,

e CBOIfCTBa cerperanyy M MHTErPaIliy, BEIYUCIsAEMbIe yepe3 K03 (PUIIUEHTH MOIYIAPHOCTH, Kila-
cTepusauu, 3Gp(GEKTUBHOCTH M T. [I. IJIA BBIABIEHUSA (PYHKIIMOHAIBHBIX MOJCHCTEM PeabHOTO
00BEKTA.
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Omneparop HaOmonenus G B (1) U ceTEBBIX CUCTEM YacTO MMEET BHIOOPOUHBIN (pa3peskeHHBIN)
Xapakrep: ‘
2k ={ypties, SC{l,...,N}, SN, (27)

rae S — MHOXKECTBO HaOMIOMaeMbIX y3JIoB. B 9TOM ciydae 3a/iaqa BOCCTAHOBIICHUSI TIOTHOTO COCTOSTHUS
CUCTEMBI TI0 OTPAaHHYEHHBIM HAOIIONCHUSM TPeOyeT MPUMEHEHHS METOJIOB CETEBON PEKOHCTPYKIIHH
U TEOPHUH PaA3PEIKEHHOTO BOCCTAHOBJICHUS [54,55], MOTYT TakKe MPUMEHATHCS METOIBI MAITUHHOTO
oOyuenus1, Hanpumep, RC [46, 56].

[lepcnieKTHBHBIM HAIpaBICHUEM SIBISETCS coYeTaHHe rpa)OBBIX MOJEICH ¢ METOAMH TITyOOKOTO
o0ydeHus, TakuMu kKak rpadossie Heiiponnbie cetu (aHrn. Graph Neural Networks, GNN) [57, 58].
B atom ciyuae omepatop 3Bomonnu F B (1) mapamerpusyercs kak GNN:

Yk+1 = GNN(yk7 Ty A7 6)7 (28)

rame A — marpuna cmexHoctd rpada (G, a 6 — mapaMeTpbl ceTd, o0ydaeMble Ha PEeTPOCIEKTHBHBIX
IaHHbIX. Takol momxon ocobeHHO 3¢ ¢eKTHBeH U1l HU(POBBIX TBOWHUKOB TPAHCIIOPTHBIX CHUCTEM,
SHEPreTHYECKHUX CETEH U COLMANIBHBIX CETEH, IIe TOIMOJIOTUS B3aUMOJECHCTBUNA UIPAET KIFOUEBYIO POJIb.

Spxum npumepom npumenenust GNN B MenunuHe sBisiercs padota [59], rae nngpoBoil ABOWMHUK
nauenTa crpoutcs kak rpad G = (V, E), oObeaAnHsAONIMiT JaHHBIE OT MUKPO- (MOJICKYJISIPHBII) depes3
Me30- (KJIETKH) A0 Makpo- (OTAeTbHbBIE OpraHbl M BHEUIHUE (aKTOpbl) YpOBHA opranusauuu. Ha puc. 6
mpeacTaBiieHa rpadoBast apXUTeKTypa HU(GPOBOTO IBOMHMKA MallMeHTa, OCHOBAaHHAS Ha OObEAMHEHUHT
mojienu Ha ocHoBe OJIY u GNN. Mozens oTpaxaeT MHOTOYPOBHEBYIO OpraHU3alMI0 Y€JI0BEUECKOTO
OpraHu3Ma, rae KaXKIblii KOMIIOHEHT CHCTEMBI (TeHBI, KIIETKH, OpraHbl, BHEIIHHE (AaKTOPHI) MPEACTaBIeH
B BUjE BepwnH Tpada V, a ux B3anMMOIEHCTBHSA — B BHJAE MHO)XECTBA HAIPaBICHHBIX pédep F.
Monens Ha ocHOBe OJ1Y [60] mo3BoINISIET, BO-TIEPBHIX, (hOPMATN3UPOBATH U3BECTHHIE OHOMU3HIECKIE
3aKOHOMEPHOCTH, a BO-BTOPBIX, T€HEPUPOBATh CUHTeTHYECKUE AaHHbIe U1 oOyueHuss GNN. GNN
MIPOTHO3UPYET AUHAMUKY MOJEIH depe3 oOMeH cooOmeHusMu (aHTI. message passing), Omaromaps
KOTOpOMY Kax[1asi BEpIIMHA OOHOBIISIET CBOE COCTOSIHUE HA OCHOBE MH(GOPMAaUH OT COCEIHUX BEPILHH.
Hampumep, Ki1eToUHBINH YPOBEHb MOIYYaeT JAaHHBIE O TEHHOM SKCIPECCUH U BHEIIHUX BO3ACHCTBMSIX
(madexmus SARS-CoV-2), a ypoBeHb OpraHOB WHTEIPUPYET CHUTHANIBI OT KJIETOK U KOPPEKTHPYEeT
(hU3MOIIOTHYECKHE TTapaMeTphbl. DTOT IMOAXOJ COOTBETCTBYET dopManm3My ypaBHeHui (1)—(4), raoe
omeparop IBOIOIKHU cocTosiHus F (-) peanmn3zoBad uepe3 GNN (28), a Tomonorus rpada G kogupyer
Ouoornyeckre uepapxum.

B paccmarpuBaemoii pabdote [59] momens B Buae O/]Y ucmonp3oBanmack Il MOIEITHPOBAHUS
OMOXMMHUYECKUX PEaKIUi TOPMOHOB, TEMOIMHAMUKH CEPIEUHBIX KaMep U BIMSHUS MPenapaToB (MHIHU-
6utopsr AII®). B cBoro ouepens, GNN, Graronapsi HCIOIB30BaHHUIO IPpadOBOTO MPEACTABIECHUS BCEX
B3aWMOCBS3€ll B OpraHu3Me, BO-TIEPBBIX, OCYIIECTBIICT HHTETPAIMIO PAa3HOPOIHBIX JaHHBIX (MOJEKYIIp-
HBIIl ypOBEHb (3KCIPECCHs I'€HOB) — KJIETOYHBIH yPOBEHb (METa0OIMYECKUE IyTH) — YPOBEHb OPraHOB
(pusnonornueckue mapaMeTpsl) U UX B3aUMOCBS3b C BHEIIHUMHU (DaKTOpamMH) 4epe3 MEeXaHH3M oOMeHa
coobmenusmMu. Bo-sropeix, GNN okazbiBaeTcs 23QQeKTHBHON TSI IPOTHO3WPOBAHUS IMEPHKEHTHBIX
CBOWCTB CHUCTEMBI, KOTOPBIE BO3HUKAIOT TOJIBKO MPH B3aUMOAECHCTBUN KOMIIOHEHTOB CHCTEMBI, & TAaKXKe
oOHapy>KeHHUs Touek On(ypKaluy, Iie MaJble N3MEHEHHS BBI3BIBAIOT KaueCTBEHHbIN caBur. Hampumep,
GNN BBISIBHIIa SMEPHKEHTHBIA 3((EeKT CUCTEMHON THIEPKOATYIAINA U TOYeYHON ANCHYHKINA de-
pe3 aHanu3 Kackajaa B3auMOJIeUCTBUM: BbICOKHN ypoBeHb ACE2 B N€rkux — HapyllleHUe peryssiuu
PEHUH-aHTMOTEH3MHOBOM CHUCTEMBI — IUCOaNaHC BOCHAIMTEIbHBIX IIUTOKMHOB — OJHOBPEMEHHOE
MTOBBIIIICHUE CBEPTHIBAEMOCTH KpoBH (depe3 aktuBanuio PAI-1) u yxymamenue ¢GyHKOIHUH modek (depes
CHIDKCHHE MOYEYHOI0 KPOBOTOKA), YTO HEBO3MOXKHO HPEACKA3aTh, aHATM3UPYS KaXKIbIH KOMIOHEHT
CHUCTEMBI 110 OTIENBHOCTH.

ABTOpBI IEMOHCTPHUPYIOT, YTO TAKOH MOAXO MO3BOJSET HE TOIBKO MPOTHO3UPOBATH TUHAMUKY
KJIMHUYECKUX MapaMeTpoB (HanpuMep, apTepUualbHOro AAaBICHUS), HO U MOJEIUPOBAaTh KPOCC-TKAaHEBbIE
B3aUMOJIEICTBUS, TaKUe KaK BIUSHHUE SKCIPECCHU TEHOB B JIETKUX Ha BOCHAIUTEIbHBIE MAPKEPHI B KPOBU.
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Puc. 6. I'ubpunnas moxens nudpoBoro nqeoiiHuKa nanueHta: OJY 3agaror 6Modu3nvIecKre 3aKOHBI Ha JIOKAJIbHOM YPOBHE,
GNN wuHTErprpyeT MHOTOYPOBHEBBIE B3aMMOICHCTBHUS AJIs1 MPOTHO3UPOBAHMS CUCTEMHEBIX 3¢ ¢dexToB, a GAN pacmupser
JaHHbBIC, MOJICIIUPYS PEAKHE U KpUTHUECKHe cocTtostuus. CreBa mokasaHa cTpykrypa rpada G. MHOXKECTBO BepIluH rpada
V' (y3mbl ceTH, IpeNCTaBIEHHON CIpaBa) COOTBETCTBYIOT 4YeTHIpeM YpOBHSM: (1) TPaHCKPHNTOMHBEIH YpPOBEHb (T€HBI U
HX dKcmpeccus), (2) KIETOUYHBI YpOBEHB (Takue OMOJIOTHYECKHE TPOLECCHl, KaK METa0ONH3M W BOCIAJICHUE, a TaKKe
BHYTPHUKJIETOYHbIE CUTHAIBHbIE MYTH), (3) ypOBEHb OpPraHoB (ceparue, JErKue, NOYKH U X (PU3HOIIOTHYEeCKHe HapaMeTphl
(maByieHue B KaMepax cepaua)), (4) ypoBeHb BHEIIHHUX (akTopoB (aueTa, Gusnueckas akTUBHOCTb, BUPYCHbIE HH(EKIUH).
MHoxecTBo pebep £ (CBSI3M MEXIY Y3JIaMH CETH) OTPaKAI0T NPHYHHHO-CJIC/ICTBEHHBIE CBSI3H MEXY YPOBHIMH, HAIIpUMep,
BiusiHue skcnpeccun reHa ACE2 B €rkux Ha ypoBeHb LIMTOKHHOB B KPOBH, BO3JCHCTBHE BBICOKOTO KPOBSHOTO JaBJICHUS
B cepaue Ha (YHKLIUIO TOYEK, MOAYJSALMS KJIETOUHBIX MPOLECCOB JeKapcTBaMu (Hanpumep, uHruoutopamu AIlD) u T 1.
GAN-Monynb (mokazaH BHU3Y) JOHOJHsIET Mojeb Ha ocHoBe GNN, reHepupyst peaaucTH4Hble CHHTETHYECKHE TaHHbIe IS
PEIKNX KIMHUYECKUX cIieHapHeB, 4To no3BoisteT GNN o0ydaTbest Ha pacIIMpeHHOM HAO0Ope IMaTOJOTNIECKUX COCTOSHUN 1
TepaneBTHYECKUX BMEIIATeIbCTB. BpeMeHHbIE 3aBUCUMOCTH TTOKA3bIBAIOT PE3YJbTaT MPOTHO3a /Ul OJHOTO M3 Y3JIOB CETH.
W3 pabortsl [59]) (uBeT oHnaiiH)

Fig. 6. Hybrid model of patient’s digital twin: ODEs specify biophysical laws at the local level, GNNs integrate multi-level
interactions to predict systemic effects, and GANs expand data by simulating rare and critical states. The structure of graph G
is shown on the left. The set of vertices V' (nodes of the network shown in the center) corresponds to four levels: (1) the
transcriptional level (genes and their expression), (2) cellular level (biological processes such as metabolism and inflammation,
as well as intracellular signaling pathways), (3) organ level (heart, lungs, kidneys, and their physiological parameters (pressure
in the heart chambers)), (4) external factors level (diet, physical activity, viral infections). The set of edges E (connections
between network nodes) reflects causal relationships between levels, for example, the effect of ACE2 gene expression in the
lungs on the level of cytokines in the blood, the effect of high blood pressure in the heart on kidney function, the modulation
of cellular processes by drugs (e.g., ACE inhibitors), etc. The GAN module (shown below) complements the GNN-based
model by generating realistic synthetic data for rare clinical scenarios, allowing the GNN to learn from an expanded set of
pathological conditions and therapeutic interventions. Temporal dependencies show the forecast result for one of the network
nodes. From [59]) (color online)
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KiroueBbiMu npenMyIecTBaMu IpadoBOil MOAETH SBISIOTCA:

Macwmabupyemocmy. Jlerko mo6aBisTh HOBBIE Y3JIbl (HapUMED, NOMOJHUTEIbHBIC OpPIaHBI
WJIU TEeHBI).

Humepnpemupyemocms. Bpad-uccienoBareslb MOXKeET MIPOCIEANTh, KaK N3MEHEHUE B OHOM Y3II€
(HampuMep, PUEM JIeKapCTBa) BIUAET Ha APYTHE YPOBHHU.

Humeepayus oannvix. Jlerko o0benunseT paznopoansie qanabie (OMUKC-aHamu3sl, KITHHAIECKIE
MOKa3aTelH, BHEITHHE (DAaKTOPHI).

Cunmemuueckue oannvie. CymecTByeT BO3MOXXHOCTh T€HEPAllMi CHHTETUYECKUX JAHHBIX IS
PEIKHX MATOJIOTHYECKUX COCTOSIHMH C MOMOIIbI0 FE€HEPaTUBHO-COCTA3aTeNbHBIX ceTel (Generative
Adversarial Network, GAN).

[Tonxombl Ha OCHOBE TEOPHH CIOXKHBIX CeTeH U rpad)OBBIX MPEACTaBICHUN NTaHHBIX [TO3BOJISIIOT
co3laBarh HU(POBBIC ABOMHHUKH JJISI CIIOKHBIX PACIpeesEHHBIX CHCTEM C Pa3INYHBIMA BHYTPCHHU-
MU B3aMMOIEHCTBUSMH, COXpaHss OaJlaHC MEXIy TOYHOCTHIO MOAEIMPOBAHUSA M BBIYMCIUTEIBHOMN
3 PEKTUBHOCTHIO, YTO COOTBETCTBYET TPEOOBAHUAM, 3aJaHHBIM B (5) Uit HUPPOBBIX ABOHHUKOB.

[lepcnieKTHBHBIM HalpaBlIEHHUEM IIPpUMEHEHHUs Ipad)OBBIX MOJENICH MOXKET CTaTh CO3AaHue [ud-
POBBIX JIBOIHHMKOB MPOMBIIIICHHBIX Npeanpuatuii. CoBpeMeHHbIe MPEeINpUATH NPEACTaBIS0T coO0H
CIIO)KHBIE CETEBBIE CHCTEMBI, B KOTOPHIX TPAIWIIMOHHBIE METOIBI MOJCIHPOBAHMS CTAIKHUBAIOTCS C
MPUHIUIHAILHBIMA OIPaHHYCHUAMH, 00YCIIOBIEHHBIMH HECTIOCOOHOCTBIO aJeKBATHO OTPakKaTh MHO-
TOMEPHOCTh, HEIMHEHHOCTh M JTWHAMHUYECKYIO MPHUPOLY PEajbHBIX MPOIECCOB. DTH OTpaHUYCHUS
MIPOSIBIIAIOTCS B YIPOUIEHHOM NPEICTABICHUU B3aUMOCBA3EH, HTHOPUPOBAHUHU SMEPIKEHTHOTO TOBEIe-
HUS, Hey4€Te BPEMEHHBIX 3aJIep>KEK M OOPaTHBIX CBA3EH, a Tak)Ke B HEJOCTATOYHOW aTallTUBHOCTH K
M3MEHSIOIMMCS BHEIIHUM YCJIOBUSM M BBICOKOH pa3MEpHOCTH JaHHbBIX. KIIroUeBBIM BBI30BOM SIBIISETCS
MHTErpanus pasHopoAHbIX AaHHBIX OoT loT-ycrpoiicts, ERP- 1 MES-cucTeM, KoTOpbIe XapaKkTepu3yroTcs
BBICOKOM pa3sMepHOCTHIO U TPeOYIOT METOIOB MAaIIMHHOTO oOydeHus it 0opabotku [61,62]. Kpome
TOTO, TPATUIIMOHHBIE MOJIEIN HE YYHTHIBAIOT CETEBYIO TOIOJIOTHIO U HEPAPXUUYECKYI0 OPTaHU3aLHIO
HPEANPUSATHH, YTO 3aTPyJHAET IPOrHO3UPOBAaHNE KAacKaIHbIX 3()(EeKTOB M ONTUMHU3ALUIO B PEXHUME pe-
JIBHOTO BpeMeHHU. Bc€ 9To mopuepkuBaeT HEOOXOAMMOCTD Mepexoa K 0osiee COBEpLICHHBIM MOAX0AaM,
TaKUM Kak rpagoBbie HU(PPOBHIE TBOMHUKH, KOTOPBIE 00BEANHAIOT (PU3UUYECKIE MPUHITUITBI C METOTAMHU
HCKYCCTBEHHOTO MHTEIUIEKTA JUIA CO3JaHUs TMHAMUYECKUX, QJIaITUBHBIX M MAacCIUTa0HpyeMbIX MOAEINeH,
CIOCOOHBIX K HETPEPHIBHOMY OOYYEHHIO U MOACPIKKE IPUHATHS PEIICHNH B YCIOBUAX HEONPEAETIEH-
HocTH [63]. DTa mapagurma MokeT OBITh Taroke dQQEKTUBHA AJIsI TOCTPOCHUS HU(PPOBBIX ABOHHHUKOB:
(1) memouex MOCTaBOK, (2) TPAHCIIOPTHBIX CeTel,  (3) BHYTPUKOPIIOPATUBHOMN JOTUCTHKH, BKITIOYAst
MEAULUHCKUE YUPEKICHUS.

YKka3zaHHbIE BBIIIE OIPAaHUYCHUS MPOSIBIASIOTCS B HEBOZMOXXHOCTH Y4€Ta IMEPIKEHTHBIX CBOMCTB,
BO3HHKAIOIINX W3-3a B3aUMOAEHCTBUS MHOXXECTBA FETEPOrCHHBIX KOMIIOHEHTOB, OPraHU30BaHHBIX B BUJIE
MHOTOCJIOWHOTO IWHAMUYECKOro rpada

K
Ge(t)= V.| Ec), | Wi(®) ], (29)

rne V = Vi UV, UV, oOpenunser uenoseueckue (V},), marepuanbusie (V,,,) u moructuueckue (V)
pecypcesl, a Kaxkabli ci1oit pédep Ej cOOTBETCTBYET ONpeneIEHHOMY THIY B3aWMOACHCTBUIL: TOBapHbIE
notoku (E1) ¢ mapamerpamu 006EMOB 1 cpokoB (W1 (1)) mwist memouek moctaBok, MapiupyTsi (F2) ¢ mpo-
myckHoi crioco6HOCThIO (Wo (1)) AMs TpaHCHOPTHBIX CeTell, MepeMeleH s TallMeHTOB 1 MEIHKaMEHTOB
(E3) ¢ BpemennbsiMu 3aaepskkamu (W3 (1)) st MEIMIMHCKUX YUPEXKIACHUH U T. 1.

IleHTpaIbHBIM KOMIIOHEHTOM IIPEO/I0IEHHS YKa3aHHbIX OTPAaHUYEHUH ABNISCTCS THOPUIIHAS MOAENb
IUQPPOBOTO TBOWHHKA, COYETAIOIIAS 3aKOHBI CUCTEMBI (3TO MOTYT OBITH (PM3HMUECKUE 3aKOHBI, aHAIOTH
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3aKOHOB COXPaHEHHs, SKOHOMUYECKHE MIPUHIIUIIEI U T. JI.) ¥ KOPPEeKTUpOBKH Ha ocHoBe MM 1 ananmsa
OONBIINX JaHHBIX:

& = fi | @i, u, Z ®ij(wij, zj5) | +ear(t), (30)

JEN;

e z(t) — BEKTOp COCTOSHUSI CUCTEMBI (HalpuMep, YPOBHH 3aI1acoB, 3arpy3Ka y3ioB), f; OPEACTaBISET
3aKOHBI CHCTEMBI, BEIpaXKCHHBIC B (DyHKIIMOHAIEHOM BHIIC, & €A1 — KOPPEKTUPOBKY oT MM -monenw,
00y4EeHHOH Ha MCTOPHYECKUX JIAHHBIX, IIPU 3TOM, HalPUMED, Ul LIENOYEK MOCTABOK (;; KOAUPYET
TPAHCIIOPTHBIC U3ICPXKKH, a JUIsI OOTBHHI] — COBMECTUMOCTb MEIUKAMEHTOB.

KputndyecknMu TEXHONOTHSIMH peann3anud rpadoBbIX MUGPOBBIX JBOWHHUKOB BBICTYHAIOT,
BO-TIEPBBIX, rpad)oBble HEUPOHHBIC CETH IS MPOTHO3UPOBaHUs (28), BO-BTOPBIX, METOMIBI JTUHAMHU-
YeCKOH OalaHCHPOBKH PECYPCOB C HCIIOIH30BAHUEM ONTHMAIILHOTO YIIPABICHUS 1T MUHUMHU3AITUH
L[EJIEBOTO (PYHKITMOHAA CIEIYFOIEr0 BUAA:

T
min/ [a|z(t)* + Blu(t)|*] dt npu orpanmuennn  @(t) = Ax(t) + Bu(t), (31)
ui Jo

e u(t) — yrnpasIsOIMe BO3ACHCTBUS, A — MaTpHIa CBS3ei MEX/Iy KOMIOHEHTAMH CHCTeMbI (OTpaa-
et Tononoruto rpada), B — Marpuia BIusSHUS yIPaBIeHUH Ha COCTOsTHUE, a cucteMma (30) nmuHeapu3oBaHa
B OKPECTHOCTH TEKYIICH TOYKH, U, B-TPETHUX, CICKTPATHHBIN aHAIHU3 sl OOHAPYKEHUS aHOMaJUH
yepe3 BHIYMCICHUE KPUTHUYECKUX apaMeTpoB

herit = max Re(eig(M)), M = A — diag(B,). (32)

3necs B, — BEKTOp yHpaBISIOIIMX BO3ACHCTBUIL, MIPUMEHSAEMBIX K y3/1aM (HallpuMep, yBEJINYCHUE
HPOIMYCKHO# CIOCOGHOCTH, KoppeKiust MapipyToB), diag(B,,) — AnaroHansHast MaTpuia, COCTaBICHHAS
U3 NeMeHToB B, U onmuckIBaronias JOKaJIbHOE YCUICHHE WK oclablieHue Y3708 B cuity ynpasieHus (31).
Takum o6pazom, M — MoanuIMpoOBaHHAS MaTpHULa CBSA3EH, YUUTHIBAIOIIAS BIMSIHUE YIPABICHUH Ha
y3nbl. [TapaMeTp Acrj; OKA3bIBACTCSI KPUTHUECKUAM MApaMeTPOM, ONPEICISIFONUM TOPOT YCTOWYHBOCTH
cucteMbl. Ero MOHUTOPHHT MO3BOJISICT, BO-TIEPBBIX, OOHAPYKMBAaTh aHOMAJIUHN (HAIpUMEp, Pe3Koe
YBEIIMYCHUE Acrj¢ YKA3bIBACT HA PUCK KACKAJIHOTO OTKa3a) W, BO-BTOPHIX, OLIEHUBATh 3 PeKTHBHOCTD
yrpaBiaeHui u(t): €ClH Aeri¢ PACTET, YIPABICHHS HE KOMIICHCUPYIOT IECTaOMITH3UPYIOIIHE (HaKTOPbI.

[lepcieKTHBBI pa3BUTHS HAIIPABIICHUS CBA3aHBI C MPHUMEHEHHEM KBAaHTOBBIX aJTOPUTMOB IS
YCKOPEHUS BBIYMCICHUH Ha KPYIMHOMACIITaOHBIX Ipadax, 4TO OTKPHIBAET HOBBIE BO3MOXKHOCTH VIS
MOJIETUPOBAHUS M YIIPABIEHUS CIOKHBIMU CETEBBIMU CHCTEMaMHU MPEIIPUATHS WIH JTOTUCTHYECKUMHU
LETIOYKaMH1 [TOCTABOK.

4. IIpuMeHenusi UMPPOBHIX TBOHHUKOB

4.1. ITpoMbIlITeHHOE TPUMeHeHHe HM(PPOBBIX ABOIHUKOB. L[ndpoBoil ABOMHMK MpencTaBisi-
eT co0oli onHy U3 HauboJiee ePCIEKTUBHBIX TEXHONOTHH HM(PPOBOH TpaHCc(HOpMaui NPOMBILUICHHOCTH,
HaXOJAIIyI0 MPUMEHEHHE Ha BCEX 3Talax KU3HEHHOTO IIMKJIa MPOIYKIUHU. B MPOMBINIIEHHOM KOHTEKCTE
nuGpPOBEIC TBOMHUKY MO3BOJISIOT KOMIIAHUSAM IEPEUTH OT PEAKTHBHOTO K MPEIUKTHBHOMY U Ja)Ke
MIPOAKTHBHOMY YIIPABJIECHHUIO MpoIieccaM. TexHomorus obecrneunBaeT NPUHIUIINAIHLHO HOBbIE BO3MOXK-
HOCTH JJI1 MOAEIUPOBAHUs, aHAIN3a U ONTUMHU3ALUHU, CTAHOBSCH KIIFOYEBBIM JIEMEHTOM KOHLEMIIUI
WNnnyctpun 4.0 1 ymHoro npousBoscTsa [4]. KitoueByto posib TyT UTpatoT NMPOMBIIITICHHBIE TAHHBIE,
KOTOpbIe Onarogapst tH(pOBU3aLMU COBPEMEHHOIO IIPOM3BOACTBA HAKAIIMBAIOTCS U TO3BOJISIOT CTaTh
OCHOBOH AJIs co3aaHus TH(POBBIX TBOWHHUKOB [61].
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Iupora npumMeHeHUs U(PPOBBIX ABOWHUKOB B MPOMBIIINIEHHOCTH MOPAXXaeT — OT OTJACIBbHBIX
KOMITOHEHTOB ¥ 00OPYIOBaHHS O LEJBIX NMPOM3BOACTBEHHBIX JHHUI M MHPPACTPYKTYPHBIX OOBEK-
TOoB. OCHOBHAas OEHHOCTh TCXHOJIOI'MH 3aKJIOYacTCsa B €€ CIOCOOHOCTH HUHTETrprupoOBaTh JaHHBIC W3
Pa3IMYHBIX HCTOYHHUKOB, IPUMEHATH CIIOXKHBIE aHAJTUTHIECKUE MOJEIH U MPEIOCTAaBISATh HHTYUTHBHO
TOHATHBIC BU3YyaJIM3alluN [JIS1 MOAACPIKKHU MPUHATUSA peHleHHﬁ. B 3aBUCHUMOCTH OT 3Tamna >KM3HEHHOTO
[MKJIa TIPOAYKTa IIU(POBHIE NTBOWHUKH PEIIaloT Pa3iMdHBIC 3a/1a4d, AEMOHCTPHUPYS 0co0yro addex-
THUBHOCTH B IPOCKTHPOBAHHH, ITPOM3BOJICTBE U OOCITY)KUBAHUH CJIOKHBIX TEXHUYECKUX CHCTEM, KaK
CHCTEMaTH3UPOBaHO B TabmI. 2.

Ilpumenenue 6 npoexkmuposaruu. Ha sTane npoeKTHPOBaHUS HU(PPOBBIC TBOWHUKH PEBOIIOIHO-
HU3HUPYIOT TPaIWIIMOHHBIE TTOAXOAbI K CO3AAHUIO HOBBIX MPOAYKTOB M cucTeM [64]. OHM MO3BOJISIOT

Tabnuma 2. IIpoMbIIUIEHHOE IPUMEHEHHE IU(POBBIX IBOWHUKOB HA PAa3HBIX 3Talax XU3HEHHOTO IUKIIa

Table 2. Industrial application of digital twins at different stages of the life cycle

OcCHOBHbBIE NMPUMEHCHUS KiaroueBbie npenuMyimecresa

IIpoexTupoBanue
e UreparuBHas onTUMHU3ALUSA KOHCTPYKIMI o CokpalleHne IUKIa MPOSKTHPOBAHUS
e BupryansHas nposepka U BaluAaLns BrisiBiieHHe HepenBUIEHHBIX MPoOieM Ha
o  MynbTUANCUUILIMHAPHOE MOJIEIIMPOBaHUE PaHHUX CTAJHSIX
e OoOecriecucHNE IEIOCTHOCTH JTaHHBIX e UHTerpanus MaHHBIX IS BCEX YYACTHHUKOB
mporiecca
e Co3nmanue nU(POBBIX HUTEH
IIpousBoacTBO
[ ] MOHI/ITOpI/IHF B p€aJIbHOM BPEMECHU e [loBrbInIieHne KayecTBa IIPpOAYKIHH
e IIporHosupoBaHue XapaKTEpPUCTUK U3IEIUIL e CHmXeHHe NMPOU3BOJICTBEHHBIX 3aTpar
e VmpaBiieHHe MPOU3BOJCTBEHHBIMU aKTHBAMHU e [uOkoe pearnpoBaHue HA U3MCHCHUS
e OnTUMH3AINS TEXHOIOTHIECKUX MPOIECCOB e [IpexoTBpalieHue MPOCTOEB 00OPYIOBAHHS
e BsaumoneiicTBue «4enmoBek — poOOT» e ViydImeHHe SprOHOMHKH pPadOdnX MECT
e [InanupoBaHue NPOU3BOICTBA
IKemIyaTanus
o [IpenukTHBHOE TEXHUYECKOE OOCITyKMBaHHE e VYBenMYeHHE CPOKa CIIy>KObI 000PYIOBaAHUS
e JluarHocTrKa HEUCIIPAaBHOCTEU e CHmKeHHUe 3aTpar Ha 00CITyKHBaHUE
e MOHHTOPHHT COCTOSHUS 00OPYIOBaHUS e [loBbimeHHe OE30MACHOCTH IKCILTYaTaI[HH
e [IporHo3mpoBaHue MPOU3BOTUTEITHHOCTH e  OnTUMHU3aIs PEKUMOB PaOOTHI
e BupTryanbHbIe UCTIBITAHUA e VialeHHBIH MOHUTOPHUHT U YIIPaBJICHHE
Yruanzanus

e VIpaBieHHE OTXOJaMH 3JICKTPOHHOTO 000- CHIDKEHHUE DKOJIOTHYECKOTO BO3IEHCTBHS

pyIOBaHUS D¢ddexTHBHOE UCIIONIB30BAHKUE PECYPCOB
e Onrummu3aiys MPoIEeccoB peManyhakTypuH- o CoxpaHeHHe 3HaHUH O MPOAYKTE

ra
e TpaccupoBka MaTepuaioB AJsi BTOPUIHOU

epepadoTKH
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WHKeHepaM paboTaTh ¢ BUPTYAIbHBIMH MPOTOTUIIAMH, KOTOPBIE TOYHO OTPAXKAIOT BCE XaPAKTEPUCTUKU
Oyaymero ¢usudeckoro oo0bekra. B ommune ot tpaaunuonHoro CAD-moapenuposanus, nudpoBoit
JIBOITHHMK BKIJIIOYAEeT HE TOJIBKO F€OMETpHUYECKHe apaMeTphl, HO U JaHHbIE 0 MaTepuaiax, Harpys3kax,
TEMIIEPATYPHBIX PEXXUMAaxX U APYTHX KPUTHUECKUX (hakTOpax. DTO aeT BO3MOXKHOCTh IPOBOIUTH KOM-
TUICKCHBIE MYJIBTH()U3NYECKHAE CUMYIISILIUM, BBISBILSS OTEHIMAIBHBIE TPOOIEMBI 10 Hayajla GU3HYeCKOro
TIPOU3BO/ICTBA.

Oco0eHHO LIEHHBIM CTaHOBUTCS IPUMEHEHUE [TU(PPOBHIX TBOWHUKOB B HTEPATHBHOM IpoLIEcce
ONITUMHU3AINH KOHCTPYKIWH. TeXHOMOTHS MO3BOIIeT OBICTPO TECTHPOBATH COTHH BapHAHTOB IPOEKTHBIX
pelIeHN, aBTOMAaTHYECKH OLICHUBAsl MX IO 3aJaHHbIM KpuTepusiM. Hampumep, B a3pokocMHUUYECKON
oTpaciu nH(POBbIE TBOWHUKH MCTIONB3YIOTCS JJIS MOAETMPOBAHHS a3pPOINHAMUIECKUX XapaKTePUCTHK,
pacnpeneneHust Harpy30K U TeIUIOBBIX PEXKHUMOB JI€TaTeNbHBIX anmnaparos [65]. B aBromobuiectpoennn
OHM TIOMOTAIOT ONTHMH3UPOBAaTh KOMIIOHOBKY Y3JIOB, CHIDKas Maccy TPaHCIIOPTHOTO CPEICTBa IpH
COXPaHEHUH MPOYHOCTHBIX XapaKTePUCTHK [66]. BaxXHO OTMETHTD, 94TO MU(POBBIC TBOHHUKH HA dTaIle
MPOEKTHUPOBAHUS YaCTO CTAHOBSATCS OCHOBOW IJIsl co3ldaHus «Iu(poBbIX HuTei» (digital threads) —
CKBO3HBIX MH(OPMAIIMOHHBIX II0TOKOB, COIPOBOXIAIOIINX NPOAYKT Ha BCEX MOCIEAYIONIMX 3TAIaX €ro
>KU3HEHHOTO IuKia [67].

Ipumenenue 6 npouzsoocmse. B mpon3BoacTBeHHON chepe udpoBbie TBOHHUKA TPaHCHOPMHUPY-
0T MTOAXOABI K YIPABJIECHHUIO U KOHTPOIIO TEXHOIOTHYECKUX MpoueccoB [68]. OHM CO3AaI0T BUPTyaJIbHOE
OTpaXXeHHE BCETO MPOMU3BOCTBEHHOTO KOMITIEKCA — OT OTIEIBHBIX CTAHKOB JI0 IEIBIX [[EX0B, TO3BOJISS B
pearbHOM BPEMEHH OTCJIEKUBATH THICSYM MapaMeTpoB. Takue CHCTEMbI MOT'YT aBTOMAaTHYECKU BBISBIISTH
OTKJIOHEHHS B paboTe 000pynoBaHMs, MPOTHO3UPOBATh BO3MOXKHBIE COOM M MpeyIaraTtb ONTHMAaJIbHbIE
KOppekTupyoonue neiictsus. Hanpumep, Ha aBTOMaTH3MPOBAaHHBIX JIMHUSAX COOPKU aBTOMOOMIICH nud-
pOBBIE TBOWHUKH ITOMOTAIOT MOAIEPKUBATh CTAOMIIBHOE KaueCTBO MPOIYKIMH, ONEPATUBHO pearupys
Ha U3MEHEHMS B MapaMeTpax TeXHOJOTHUYECKOro mpoiecca [66].

OcoO0blii HHTEpEC MPEACTABIAET IPUMEHEHUE HUPPOBBIX ABOHHHUKOB ISl aJINTUBHOTO MTPOU3-
BozcTBa (3D-1euarn), rae OHU MO3BOJIIOT KOHTPOJIMPOBATh IIPOLECC HA MUKPOYPOBHE, IIPEIOTBPAILast
BO3HUKHOBeHHE AedexToB [69]. B ruOkux mpou3BOICTBEHHBIX CHCTEMaX LU(POBbIC IBOMHUKU HCIIONb-
3YIOTCS ISl BUPTYaIbHOH TIpoBepku mporpamm UITY mepen ux 3arpy3koit Ha peaiqbHOe 000pymoBaHHE,
3HaYUTENHLHO CHUKAsl PUCK JOPOTOCTOSIIMX omKOoK. Emie oHO mepcnekTHBHOE HampaBieHHe — co3/a-
HUe IHU(POBHIX TeHEH pabounx MECT, KOTOpPBIE aHATU3UPYIOT YPTOHOMHUKY W O€30IaCHOCTH OTeparuil
C y4eTOM aHTPOIIOMETPHUYECKUX AAHHBIX KOHKPETHBIX COTPYIHHUKOB. [10 Mepe pa3BUTHA TeXHOIOTHi
IoT nHa 6a3e 5G-KOMMYHUKAllMd BO3MOXKHOCTH LH(POBBIX JBOWHHUKOB B MPOM3BOICTBEHHOH cdepe
MPOJOJDKAIOT PACIINPATHCS, OTKPBIBAsI IyTh K HOJIHOCTHIO aBTOHOMHBIM IPOU3BOJCTBAM.

Ipumenenus na smane sxcnayamayuy. Ha stane sxcruryaraiuy nupoBbie IBOWHUKA CTAaHOBSTCS
MOIIHBIM HHCTPYMEHTOM NPEIUKTUBHOIO OOCIYKUBAHUS U YJAJICHHOIO MOHUTOPHHIA CIOXKHBIX TEX-
HU4eckux cucteM. OHU HENpPEepbIBHO MOIYYalOT JaHHbIE C JATYUKOB, YCTAHOBJICHHBIX Ha (PU3HYECKOM
000pyIOBaHUY, U CPABHUBAIOT UX C ITAJOHHBIMUA MOAEISIMU PAOOTHL. DTO IMO3BOJIAET BBIABIATH MaJle-
II1€ OTKJIOHEHHS OT HOPMBI, KOTOPBIE MOTYT CBUJETENBCTBOBATh O HAUMHAIOIINXCA HEUCIIPaBHOCTSX.
Hampumep, B sHepreTuke nudpoBsie ABOWHUKH TypOWMH aHAJIN3WPYIOT BHOpAIMH, TeMIIepaTypHbIe
PEKUMBI M APYTHE MapaMeTpbl, IPOTHO3UPYs OCTaTOYHBIH pecypc 0O0OpyAOBaHHs C TOYHOCTBIO IO
HECKOJIEKHX COTeH YacoB HapaboTku [70].

B tpancnoptHO#i oTpaciau undpoBble IBOMHUKH MCIONB3YIOTCS IJsl ONTHMH3ALUN TpaprKoB
TEXHUYECKOTO 0OCITy>KUBAaHUS CaMOJIETOB, ITOE3/I0B U CY/IOB, YUNUTHIBAs UX peaIbHOE COCTOSHUE, a HE
pertamenTHbIe cpokH [71]. OcoOeHHO BIEYATISIOMINE PE3yNbTaThl JOCTUIAIOTCS IPU KOMOMHAIMHN -
POBBIX ABOIHUKOB C TEXHONOTHSAMM JIOTIOTHEHHOH peanbHOCTH (AR) — TEXHMKM MOMy4aloT BU3yalbHbIE
MOJICKAa3KHU MIPSIMO HA yCTPOWCTBE, BUAS «CKBO3bY» KOHCTPYKIMHU U IOJIy4asi JOCTYI K HCTOPUYECKUM
JaHHBIM N0 KakaoMy y3iy [72]. B Hedrera3osoit orpaciu nudpoBble ABOMHUKH TPYOOIIPOBOAOB U OY-
POBBIX YCTaHOBOK IIOMOTAOT IIPEAOTBPAILATh aBapUH, MOACIUPYS PA3IMYHbIE CLIEHAPUH 3KCIUTyaTalun
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B CJIOKHBIX KIIMMaTHYecKuX yciaoBusx [73]. [To Mepe pa3BUTHS TEXHOJIOTHH MAIIMHHOTO 00y4eHHs ud-
POBBIE JBOMHHUKU HAYMHAIOT HE TOJIBKO JUATHOCTUPOBATH, HO M CAMOCTOSATENBHO IPUHUMATh PELICHUS
0 KOPPEKTHPOBKE PEXUMOB paboThl 000pYIOBaHUS LIS MPOIUICHHSI €T0 pecypca.

Wrak, sBomronus HUQPOBBIX IBOMHHUKOB IPOJOKAET HaOUpaTh 00OPOTHI, TOCTEIIEHHO CTUPas
TPaHUIBl MEXAY PU3MUECKHM U HUPPOBBIM MupamMu. CerogHsi Mbl HaOIIOAaeM Nepexo]] OT OTAEIBHBIX
M30JIMPOBAHHBIX PEMICHNH K KOMIDIEKCHBIM IKOCHCTEMaM B3aWMOCBS3aHHBIX HHU(POBBIX TBOMHUKOB,
OXBaTBIBAIOLINX BCIO LIETOYKY CO3MaHUs cTOMMOCTH. OCcOOEHHO MEPCIEKTUBHBIM BHIIVIAUT HAIIPABICHHUE
«r(poBBIX ABOMHHUKOB TpoaykTa» (aHmI. Product Digital Twins), KoTopble CONPOBOXKIAIOT H3ETHE OT
MOMEHTA MPOEKTUPOBAHUS 10 YTUIN3ALH, HaKalJInBas YHUKAJIbHbIEC JAHHBIE O €T0 dKCIUIyaTalluu U
TTO3BOJISISI ICTIONTB30BATh AT 3HAHUWS IS CO3JaHUS CISMyIONINX MOoKoIeHui mpoaykmwn [74]. Ilo mepe
COBEPILICHCTBOBAHUS TEXHOJIOTUI 00PaOOTKH AaHHBIX M MOAEIUPOBaHUS LHHU(POBEIE TBOWHUKU OymyT
UTpaTh Bce 0oJiee BAXKHYIO POJIb B CO3JaHUH YCTOHIMBBIX, 3QPEKTHBHBIX U OE30MACHBIX MPOMBIIUICHHBIX
cucreM OymayIIero.

4.2. Memunuackue nudpoBbie ABOWHHUKH. MemunuHCcKue NU(PPOBBIE TBOHHUKH HAXOMIST
MPUMEHEHHE B TPEX OCHOBHBIX 007acTsIX: MpodUiIaKTUKe 3a00IeBaHNM, ICUCHUH TTAIMEHTOB U pa3pa-
0OTKE HOBBIX TEpaIlleBTUICCKUX METOJOB, BKITIOYAs JICKAPCTBCHHBIC CPEICTBA M MEAMIIMHCKUE YCTPOii-
ctBa [12,75]. Puc. 7 umnocTpupyeT BCe TPU BbIIIEYKa3aHHBIX HAIPaBICHUS.
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¢ — Development of new therapeutic agents. From Ref. [12] (color online)
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Puc. 7, a moka3piBaeT MPUHIIMIT UCTIONB30BaHHUS MEAMIIMHCKOTO HHU(POBOTO JBOWHHKA JUISI TIOJI-
Jep>KaHus 310pOBbsl. JlJIs1 KOHKPETHOTO ManyeHTa (PKeJITHIH [BET) olpeaesseTcs: 0e30MnacHblil ypOBEHb
XOJIECTEpUHA C MCIOJIb30BaHHEM I'eHETHYeCKOH MHPOpMaLuK, CEMEHHOI0 aHaMHe3a U IPYyTrUX JaHHBIX.
XKentas nuHUS MOKa3pIBAaET IMHAMUKY YPOBHS XOJECTEpHHA y NAIMCHTAa C TEUCHUEM BpeMeHu Oe3 jede-
HHS, TJIe )KeNThIe KBagpaTsl 0003HaYal0T exkerofHble u3Meperus. C Apyroil CTopoHsl, TH(PPOBO IBOWHHK
narueHTa (CHHANR) MPOTHO3UPYET TPACKTOPHIO M PEKOMEHIYET MEepHOANIecKUe MPOPUITaKTHIECKIE
MephI (CHHUE CTPENIKH), B pe3yJbTaTe Yero ypoBEHb XOJIECTEPHHA CIIEAYeT CHHEH KPHBOM.

Puc. 7, b nemoHCTpHpYyET IPUMEP HCIOIL30BaHMS MUGPOBOTO JBOMHUKA MIPU MOCTYIUICHUU B
OT/EJICHNE UHTEHCUBHOM Tepanuu MmanueHTa (3eneHslii). Ha Bxone manueHT npoxogut obcienoBaHue
Y TIOJTy4aeT MepBOHAYAIbHOE JeueHne oT MH(peKun. KoMIbIoTepHBIH aJropuT™M MepCoOHaIN3NPyeT
COOTBETCTBYIOLYIO BBIYUCIUTEIBHYIO MOJIEIb 3a00/IeBaHUsl BMECTe ¢ MH(pOopMalen u3 0a3bl JaHHBIX
STAJIOHHBIX MAIMEHTOB, YTOOBI PEKOMEH/I0BAaTh ONTUMAabHBIE MEpHL. 110 Mepe MmpoBeneHNs] TOBTOPHBIX
W3MEPEHMH y MalMeHTa 3TAJIOHHAs NOMYJSILUS YTOUHACTCS, MOJETb NEePeKaIMOpOBBIBACTCS ISl ALUEH-
Ta B OoJjiee MO3IHUE MOMEHTHI BPEMEHH, a PEKOMEHIALUU 110 ONTUMAIbHOMY JIEUYEHHIO YTOUHSIIOTCS.
KoHyChbI IpeACTaBISIOT BEPOSTHYIO TPAEKTOPUIO PAa3BUTUSI MHPEKINH, ONPEAEICHHY0 IU(PPOBBIM JABOM-
HuKoM. Co BpeMEHEM U C yBEJIIMYEHHEM KOJIMYECTBA TOUEK JAaHHBIX O MaI[MeHTE HEONPEAEICHHOCTh B
MIPOTHO3aX YMEHbIIAeTCs (KOHYC CTAaHOBUTCS yXKe), M TOCTIeNyIOINe MOMEHTHI BpEMEHH /ISl MTallieH-
Ta CTaHOBATCS ONMKe K LWEHTPY MPeIblAyIIero KOHyca IPOTrHO30B. YIydIleHHe Habopa napaMeTpoB,
OTHCHIBAIONINX IMAIlMEHTa, OTPAYKAETCS B COOTBETCTBYIOIIEH BUPTYaIbHOH KOTOPTE, KOTOpasi OMHCHI-
BaeT NalMEHTa B KaXKAbII MOMEHT BpeMEHH U N300pakaeTcs Kak cofepikaiiasi Bce OombIIe 3eJICHbIX
CyOBEKTOB, TOJOOHBIX MAIIUEHTY.

Haxonern, Ha puc. 7, ¢ HOKa3aHO BO3MOXKHOE HCIIOIb30BAHME MEIUIIMHCKOIO LU(PPOBOTO JBOMHIKA
Ipu pa3paboTKe HOBBIX TEpaeBTHYECKUX CpeAcTB. B HacTosmee BpeMs KIMHUYECKHE UCTIBITAHUS 0ObIY-
HO BKJIFOYAIOT MCIIOJIb30BAHNE KUBOTHBIX M KOTOPT MAalMEeHTOB (JieBas naHens). C nosiBIeHHEeM LU(PPOBBIX
JIBOMHMKOB CTaHET BO3MO)KHBIM COKPAaTHTh KOJIMYECTBO KUBOTHBIX, UCTIONB3YEMBIX B TOKIMHUYIECKUX
UCHBITAaHUSX, 1 ONTUMHU3UPOBATh UCIBITAHMS HA MAIMEHTaX C IIOMOILNBIO BUPTYaJlbHBIX IALIUEHTOB.
WX MOXXHO HCTIONB30BATH I CKPUHHHTA OOJIBIIOrO KOJMYECTBA MHUIICHEH JIEKapCTBEHHBIX MpenaparoB
Y KaHAWMIaTOB B JIEKapPCTBEHHBIE MPENapaThl, a TakKe I MPOBEIASHUS MePBOHAYAIBHBIX ONTHMH3a-
LUOHHBIX UCCIIENOBAHUN C UCTIOJIb30BaHUEM OOJBLIOTO KOJMUYECTBA LU(PPOBBIX JBOHHHUKOB MAIIEHTOB
(cpenusisa maHens). ONTUMAaIBHBIE PEXUMBI, 036l H KOMOWHAIINY JIEKAPCTBEHHBIX MPENapaToB TaKXKe MO-
I'yT OBITH OIIPEAENEHBI C IOMOIIBI0 MEOULMHCKUX HU(POBBIX IBOMHUKOB A0 BBEICHHUS JEKAPCTBEHHBIX
MpernapaToB MAMEHTaM, YTO TIO3BOJISICT MUHUMHU3HPOBATH MOOOYHBIE d(h(DEeKTH (TIpaBasi TaHEINb).

ITomMumo 3TOrO, MEOUUMHCKNE HHU(POBBIE ABOHHUKN MOTYT CIIOCOOCTBOBATh COKPAILECHHUIO HC-
MI0JIb30BaHUs )KMBOTHBIX B JIOKJIMHMYECKHX HCCIIEAOBAHUAX, a TAKXKE ITOMOrarh MpeoosIeBaTh Hello-
CTaTOYHOCTb OOJBILIMX AAHHBIX B 3ApaBooxpaHeHnH. Hanpumep, oHM no3BoisitoT GopMupoBaTh Ooiee
penpe3eHTaTUBHBIE KOTOPTHI TSI KITMHUYECKUX UCIBITAHUM, YUUTHIBAs HEAOCTATOUHYIO MIPEICTaB/ICH-
HOCTb OTAEJBHBIX I'PYII HACEJIECHHs, TAKUX KaK 3THUYECKUE MEHBIINHCTBA WM MAlUEHThI C PEAKUMU
3aboneBanusmu [20]. Kpome Toro, MenmuuuHCKre HUQPOBBIC JBOHHUKHA MOTYT CHW)KATh BIMSHHE COLHU-
aNBHBIX MpeayOexIeHni Ha MEANIIMHCKAE PEIIeHNs, ITpeIarasi MoJellb-OpHEeHTHPOBAHHBIE CHCTEMBI
TOAJEP>KKH MIPUHATHS PELICHUI.

B xoHTeKkcTe TPOMITAKTHIECKOW MEIUITNHBI IU(PPOBBIE TBOHHUKN CTAHOBSITCS MHCTPYMEHTOM
nepexofa OT JICYCHHUS K MPEAyNPexICHNI0 3a0oneBanuii [76]. OnHako UX IIMPOKOE BHEAPEHHUE OTPaHH-
YEeHO HEIOCTATOYHBIM ITOHUMAaHUEM KPHTEPUEB 310POBbS P BBHICOKOI OHONOTHYECKOil BaprabenbHOCTH
MAlMEHTOB, YTO 3aTPyAHSACT CO3IaHHE TOUHBIX MPOTHOCTHUECKUX Mozened. TeM He MeHee 3TOT acleKT
MIPUMEHEHH METUIIMHCKUX U(POBBIX JBOMHHUKOB SABJISETCS HanOoee MepCleKTHBHBIM B IOJATOCPOYHOM
MEPCIEKTUBE, aHAJOTUYHO HCIIOIb30BaHUIO IU(POBBIX TBOMHUKOB B IPOMBIIUICHHOCTH VIS TIPEIUK-
TUBHOTO OOCITy>)KMBaHHs. B oTiMYMEe OT METOAOB MAIIMHHOTO OOy4YeHHs, MPEAIOYTECHHE OTAAeTCs
MEXaHUCTUYECKUM MOAEISM, O3BOJISIOIUM IIPOrHO3UPOBATh 3G (PEKT KOHKPETHBIX BMEIIATEIbCTB.
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Haubonpmmx ycrnexoB B MPUMEHEHUH MEIUIUHCKUX HU(QPOBBIX JBOWHUKOB TIOCTHTHYTO B Jie-
YEHUH MalHUEHTOB ¢ XPOHMYECKHMMH M KPUTHYECKUMH COCTOSHHUSAMH. [IprMepoM cily>kaT CHCTEMBI
ABTOMATH3WPOBAHHOW MMOJaYM MHCYJIMHA 1751 OONBHBIX 1UabeToM 1-ro THIa, OCHOBaHHBIE HA MOAECISIX
MeTaboIM3Ma TIIIOKO3bI U JITOPUTMAaX 3aMKHYTOTO KOHTPOJISL. B yclnoBHsAX MHTEHCUBHOM Tepanuu Meau-
LMHCKHE IH(POBBIC NTBOMHUKH MCIOIB3YIOTCS KAK HHCTPYMEHTBI HHTETPALUH JAHHBIX U TOAACPKKI
NPUHATHS perieHnid. Hampumep, s nedeHus cerncruca M MHCYAbTa pa3padaTsiBaloTcs THOPHIHBIE
MOJIETH, coueTarole 0aileCOBCKUE CeTU ¢ HKCIIEPTHON JIOTHKOM, YTO MO3BOJISIET IEPCOHATU3UPOBATh
tepanuto. KirroueBoit mpoOieMoii octaercss ydeT OMONOTHYECKON TeTEpPOreHHOCTH TAIlUEHTOB, IS
4ero npeaiaraeTcsi KOMOMHUPOBATh MEXaHHUCTUUECKUE MOJIENH C aJITOPUTMaMH MAIIMHHOTO OOy4eHHUs,
aJanTHPys MapaMeTpbl MO MHIUBUAYAIbHBIE XapaKTePUCTHKH TTallMeHTa.

TpeTbe HanpaBiIeHUE NPUMEHEHNSI MEAULMHCKUX HH(POBBIX JBOWHUKOB — pa3padOoTKa HOBBIX
TEpaneBTUYECKUX METONOB Yepe3 BUPTyaIbHbIE KIMHUUYECKUE HCIBITAaHU. MeXaHUCTUYEeCKHEe MOJEIH,
NapaMeTpU30BaHHbIE HA OCHOBE PEANIbHBIX JAHHBIX, TO3BOJIIOT CO3/1aBaTh BUPTYAJIbHbIE TOMYISAUN
MAIMEeHTOB, YTO O0COOEHHO aKTyaJIbHO IS HCCIICAOBAaHHMH penkux 3aboneBaHuid. [lepCrIeKTHBHBIM,
HO IIOKa HE PEaJM30BaHHBIM IIOIXOJOM SIBJISETCSI CO3JaHHE TOYHBIX HU(POBBIX PEIUIMK peabHbBIX
MaIMEHTOB, YTO COOTBETCTBYET NMPOMBILIUICHHBIM CTAHIApTaM HCIONB30BaHUS U(POBBIX IBOHHUKOB.

B pabote [59] npencTasieH mporpecc B CO3MaHUN METOCTHBIX MTU(POBHIX JBOWHUKOB IMAIMCHTA
c ucnionibzoBanueM GNN u GAN, kak rmokasano Ha puc. 6. ['padoBslit monxon, ocHoBanHBi Ha GNN,
IT03BOJIIET YYUTHIBATh CIIOKHBIC HEJIMHEWHbIE B3aNMOIEHCTBUS MEXIAY T€HETHYeCKUMHU (paKTopamu,
MeTa00IMIECKUMU MY TAMH U (PU3HOIIOTHIECKUMU TTapaMeTpaMH, YTO CYIIECTBEHHO MOBBIMIAET TOYHOCTh
MIPOTHO3A 10 CPABHEHHUIO C TPAJUINOHHBIMHU CTaTHCTHYECKUMH MOJENIAMHU. B wacTHOCTH, Takoi moaxon
ITO3BOJIMJI TTPOTHO3UPOBaTh cUcTeMHBIE d(hdhekThl SARS-CoV-2 nHpekuu, Takue Kak OMHOBPEMEHHOE
pa3BUTHE THIIEPKOATYISAIMN U MTOYEYHON TUCHYHKIMH Yepe3 aHaIn3 MEXOPTaHHBIX B3aMMOJECHCTBUM, U
BBISIBIJI KPUTHYECKHUE [TOPOTOBbIe 3HAaUeHUs (Harpumep, koHueHTpauu ANGII), npu kotopsix ¢usmomno-
rUyYecKas aJanTanys NepexoauT B marojoruyeckoe pemozaenuposanre. GAN BHOCAT NPUHLUITHAIBHO
HOBOE Ka4eCTBO B MEIULUHCKHE HU(PPOBbIE IBOWHUKH — CIOCOOHOCTh CHHTE3UPOBATh PEAMCTUUHBIC
MYJIBTHOMaTHYECKUE MPOQHIN A1l COCTOSHUHM, HEIOCTATOYHO MPEACTAaBICHHBIX B PEabHBIX TaHHBIX
(mammpumep, skcripeccuss ACE2 B komOnHanmu ¢ iuabeTrndeckoi Hedpomnatueit) [77]. 1o mo3BomseT
MIPEO0JIETh KIIIOYEBOE OIPaHUYEHHE MEAUIIMHCKUX 1aTaceTOB — HENOCTaTOYHOCTh JAHHBIX ATl PENKHX,
HO KJIMHUYECKH 3HAUYMMBIX MMaTTepHOB 3a0oieBaHmil. B wacTHOCTH, B [59] mpeacTaBieHbl pe3yIbTaThl
MOJICJIUPOBAHUS PEAKUX KIMHUYECKUX cleHapreB ¢ noMouipio GAN, 4To 0COOCHHO IEHHO ATt U3YUCHHUS
OCJIOKHEHHUH y MalMeHTOB ¢ KoMopOuaHoCThIO (Hampumep, auadet + COVID-19).

Bonbmne ycnexu B pa3BUTUM MEAWIMHCKMX LU(POBBIX IBOWHUKOB IJIsl NEPCOHATIM3UPOBAH-
HOW MEIWIMHBI JOCTUTHYTHl B OHKOJIOTUH U KapAHOJIOTHH. Tak, uQpoBble TBOWHUKNA B OHKOJIOTHU
OTKPBIBAIOT HOBBIE BO3MOXKHOCTH JJIsl IEPCOHATM3UPOBAHHOTO JIEYEHUs, TI03BOJISA MOZIEIHPOBATh IPO-
IPECCUPOBAHUE OITyXOJH U POTHO3UPOBATh AP(PEeKTUBHOCTE Tepanui. OHM UHTETPUPYIOT FTE€HETHUECKHE
JaHHbIE, KIMHUYECKYIO HCTOPUIO U PE3YJIBTaThl BU3yalINn3alluy, YTO OCOOCHHO BayKHO IPH arpecCHBHBIX
¢dopmax paka, TaKux Kak IIMoOiacToma, rae nu@poBble ABOWHUKH MTOMOTAIOT TOYHEE OINMpPENelsiTh
TPaHULBI OITyXOJW M ITUIAHWPOBATh XUPYpPrHYE€CcKOe BMeIareascTBo. Hampumep, Moaenn Ha OCHOBE
IuddepeHINaIbHBIX YPaBHEHUH, KaauOpoBaHHble ¢ moMoinsio MPT, ycnenHo nporao3upyroT pocT
OITYXOJIF MOJIOYHOM JKeJIe3bl U peakiuio Ha UMMyHOTepanuio. OJHAKO OCTArOTCA MPOOIEMBI, BKIIIOYAs
HEIOCTAaTOK JAHHBIX U HEMOJIHOE MOHUMAaHHUE MOJIEKYIISIPHBIX MEXaHU3MOB PA3JIMYHBIX NTOATHUIIOB paka,
YTO OTPaHUYHUBAET TOYHOCTH IPOTHO30B.

B kapauonornu MeaMuMHCKUE UU(POBbIC IBOMHUKYM MPUMEHSIOTCS Ul IPOTHO3UPOBAHUS PUCKA
BHE3AIIHOW CEPAEUHOM CMEPTU M ONTUMHU3ALMH JIedeHus aputMuid. Hanpumep, Moaenu, co3gaHHble Ha
ocHoBe MPT narueHTOB nocie nH(apKTa, NPEBOCXOAAT TPAAULHMOHHBIE METOb! OLIEHKH PUCKA, IOMO-
rasi ONpeAeauTh He0OX0ANMOCTh UMIUTaHTAMK AepuoOpmsiTopa. Kpome Toro, mudpossie 1BOIMHUKH
YIYYIIAT TOYHOCTh KaTeTEPHOH abisiuuy, peacKa3blBas ONTHUMAaIbHbIC MUIIECHH Ul BO3ACHCTBUA,
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YTO CHHKAeT BEPOATHOCTh peunauBoB [78]. [lepcrieKTHBHBIM HampaBieHHEM SBISETCA MCIOIb30BaHUE
M(POBBIX JBOWHUKOB NpH PHOPHILIAINY TPeACEepIrii, TIe OHU MO3BOJISIOT IIAHUPOBATh CTPATETHH
JICYCHHSI ¥ TIPOTHO3UPOBATh PUCK MOBTOPHBIX TocmuTaim3anuii [79]. [lanpHeiimee pa3BUTHE TEXHOIOTHH
CBSI3aHO C MHTETpaIfell HepephIBHOTO MOHUTOPHUHTA JaHHBIX, 9YTO 00ECTIEYHT aKTyaJIbHOCTh IU(PPOBBIX
JIBOMHUKOB B PEaJIbHOM BPEMEHHU.

Hakosnelw, BbI3bIBaE€T HHTEPEC PACIIMPEHUE KOHLENIUH 32 PaMKH MHAMBUAYAJIBHOTO MAMEHTa U
nepexoll K MOJCITMPOBAHHIO LIENbIX MEJUIIMHCKUX CHCTeM. Peub uiet o pa3padoTKe BUPTYaIbHBIX KOMUI
HE TOJIBKO (PM3MONOTHUECKHX MPOIECCOB, HO M OPTaHU3AIMOHHBIX CTPYKTYp: HampuMmep, Iu¢ppoBoro
JIBOMTHMKA OOJIBHUIIBI, KOTOPBIH UMUTHPYET MOTOKU MAIlUEHTOB, pabOTy OTAEIEHHH, NCITOIb30BaHUE
00opymoBaHus U iepcoHana B peanbHoM BpemeHu [80-82]. Takue cuCTeMHBIE TBOMHUKH TTO3BOJISIIOT
MPOBOAUTDH «UYTO-E€CIIM» aHAIU3 ISl ONTUMU3AINYN PACIUCAHUM, paclpeeleHUs] PECYPCOB, JOTUCTUKU
SKCTPEHHOHN IOMOIIH, YIPaBICHHs 3aracaMiy JIEKapCTB WM IUIAHUPOBAHHS PEMOHTOB, TEM CaMbIM
MOBBITIAs O0IIYI0 3((EKTUBHOCTD, CHM)KAS 3aTPaThl U yIydIlas JOCTYITHOCTh MEIUIIMHCKON TTOMOIIIH.
Hanpumep, B pabore [83] onrcan nudpoBoi ABOHHUK AJIsl IPUMEHEHHUSI B YCIOBHSIX OKa3aHHS Me-
JULAHCKOU MOMOIIM B YCIIOBUSAX Ype3BbIYalHbIX CUTyLHH. KpoMe Toro, Ha ypoBHE yNpaBiIeHYECKUX
HIPOLIECCOB BO3MOXKHO CO3JaHUE ABOMHUKOB IS 3MUACMHUOIOTHYECKOrO IIPOTHO3UPOBAHUS, MOJEIIU-
pOBaHMS pacTpoCTpaHeHHUs 3a00IeBaHUN B TIOMYJISALIUN WITH OIICHKH MOCIEACTBUI BHEIPEHUS HOBBIX
MEIHMIIMHCKUX TPOTOKOJIOB B MacIlITabax pernoHa WM Bcel CUCTEMBI 3lIpaBooxpaHeHus. Takum obOpa-
30M, 3TO HalpaBJICHUE 3HAMEHYET MEePeXo]l OT NEPCOHAIU3UPOBAHHON MEIULMHBI K MPEIUKTUBHOMY
Y ONTUMHU3UPOBAHHOMY YIIPABJICHUIO MEAULIMHCKUMH OPTaHU3AIMSIMHU U OTPACIBIO B LIEJIOM.

4.3. udpoBble ABOIHNKN B MaKpOdIKOHOMHKe. B paborte [84] mpemiokeHa KOHIICTIIIHS
«(ppPOBOro NTBOWHMUKA SKOHOMHUKH» KaK MHCTPYMEHTA JJsl NMPOEKTHPOBAHHS U OICHKH SKOHOMH-
YECKOW TMOJUTHKU. ABTOp JEMOHCTPHUPYET, YTO TPAAUIIMOHHBIE MAaKpPOIKOHOMUYECKHE MOJIENH, Ta-
KHE KaK JUHAMHUYECKUE CTOXaCTHUECKHE MoJenu o0miero pasHoBecus (anri. dynamically stochastic
general equilibrium models, DSGE) [85], o6nagaroT 3HaYMTETFHBIMA OTPAHHYCHUSIMH H3-32 YIIPOIICH-
HBIX JOIYIIEHUH U HECTIOCOOHOCTH YUUTHIBATH CIOKHOCTh PEAIbHBIX AIKOHOMHMUYECKHUX CHUCTEM [86].
B xagectBe pemieHns OblTa peIoxKeHa KOHIETIHS I(POBOTO TBOWHUKA, OCHOBAHHOTO HAa KOMOWHAIINU
METO/1a SKOHOMHYECKOH apXUTEKTYphl, 00€CIEUYNBAIOILEIO CTPYKTYPHYIO MPO3PaYHOCTh, U areHTHO-
IO MOJIEIMPOBAHNS, ITO3BOJISAIONIETO UMHUTHPOBATH MTOBEIEHUE PAa3HOPOAHBIX SKOHOMHUYECKIX areHTOB.
Pe3ynbraThl MOKa3bIBAKOT, YTO TAKOH MOAXO]] CIIOCOOEH 00JIee TOYHO MPOTHO3UPOBATH MTOCIESICTBUS TOJIHU-
TUYECKUX PEIIeHNH, BBISBISATH CKPHITHIE B3aNMOCBSA3H N MUHHMH3UPOBATh PUCKH 32 CYET BHPTYaJIbHOTO
TECTUPOBAHUS MEp 10 UX peaji3allHu.

KitroueBbIM JOCTH)KEHHEM MCCIIEAOBAaHUS SBISIETCA pa3paboTKa TEOPETUIECKON OCHOBBI JIJISl CO-
3[aHUST MEXIUCIUILTMHAPHON T1aTGOPMBI, 00BbEANHSIONIEH IKOHOMUKY, HH(POPMAIIMOHHBIE TEXHOIOTHH
Y MOBEJICHYECKYIO HayKy. ABTop [84] moquepKuBaeT MoTeHIHal IU(POBOTro ABOMHUKA B ONTUMU3AIIUU
TIOJIUTHKY, HATIPUMeEp, NPH OIIEHKE aHTUKPHU3UCHBIX MEpP HJIH IepPeXojie K IKOHOMUKE 3aMKHYTOTO IIHKJIA,
OCHOBaHHOH Ha BO30OHOBIEHHHU pecypcoB. OJHAKO YCIEIHOe BHEAPEHHE KOHLIENIMN TpeOyeT perie-
HUS BOIIPOCOB CTaHIAPTU3ALMK MOJEJIeH, TOCTyIa K MaKPOIKOHOMHUYECKUM JaHHBIM U 00€CTIeUeHIs
MEXIIyHapOAHOW koopauHauuu. Pabora [84] oTKprIBaeT HOBBIE MEPCIEKTUBBI AJISi IKOHOMHUYECKOTO
MOJICTTUPOBAHNS, COYETass PEANNCTHYHOCTh MUKPOOCHOBAHHUH C BO3MOXKHOCTSIMH COBPEMEHHBIX BBIUHMC-
JIUTEIHHBIX TEXHOJIOTHUH.

PazBuTne nu@poOBBIX JBOWHUKOB YPE3BBIYAHO BAXKHO JJIsI 00ECIIEYCHUS IPOILECCOB TUIAHH-
POBaHMsI M MPUHATHS PEUICHUI B cepe OTPaciICBOro yNpPaBICHUS W pealn3allud ToCylapCTBeHHON
MOJIUTHKY, B 0COOEHHOCTH B cepe BHICOKOTEXHOJIOTHYHBIX OTpaciieil. [I[puMeHeHrne GONbIINX S3bIKOBBIX
moneneit (Large Language Models, LLM) [87] MoXeT 103BOJIUTh 3HAYMUTEIHHO TOBBICUTH KA4ECTBO
MOCTAHOBKH M OLU(POBKU CTPATEIHYECKUX LENeH U 3a/1a4, OLEHKH UX pealu3yeMOCTH, IPEKAE BCEro,
3a CYET MOBBILICHHS ONEPATUBHOCTH U KayecTBa 00pabOTKH IIMPOKUX MacCHBOB HECTPYKTYPHUPOBAaHHON
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nH(popManuy. IT0 0COOEHHO Ba)KHO B YCIIOBHUSX JIe(UIIUTa JOCTOBEPHBIX TAHHBIX U PACTYIIETO TPEH-
Jla Ha BCECTOPOHHEE OIpaHUYEHHE OTKPBHITOTO JOCTYyNa Kak K (PMHAHCOBO-DKOHOMHUYECKOM, TaK M K
MIPOM3BOACTBEHHO-TEXHOJIOTYeCcKoi HH(opMauu. B Takux ycloBHAX HEOOXOIMMO YIENATh BHUMAaHUE
BO3MOXKHOCTSIM aJialTalui Mojaesnel Mu(poBbIX IBOWHUKOB HE TOJBKO HAa YPOBHE OTAEIBHBIX IpEN-
MpUSATUHN, HO U HA YPOBHE OTpaciiei. JJaHHBIN NOAX0N CONPSIKEH ¢ PSIOM METOJOJIOTHYECKUX PUCKOB
u orpannyeHuil. K Hum otHOCcsaTCes: 1) cknmonHocts LLM K reHepanun mpaBaonofoOHbIX, HO GaKTH-
YECKH HEJJOCTOBEPHBIX YTBEPKICHUN («TaJUTFOIIMHALINN ), YTO MOXKET MCKaXXaTh BBIBOJIBI IIPHU paboTe
C SKOHOMHYECKHUMHU MIPOTHO3aMH; 2) HU3Kasg HHTEPIPETUPYEMOCTh PEIICHNH, 3aTPYIHAIOMAs aHaAIN3
MIPUYIHHHO-CJIEICTBEHHBIX CBA3€H B SKOHOMHYECKHX MpoIeccax; 3) 3aBUCHMOCTh Ka4ecTBa Pe3yJbTaToB
OT PENpPEe3eHTATUBHOCTH U 00bEMa 00yJarONINX JAHHBIX, YTO OCOOCHHO KPUTHUYHO JUISA JUHAMUIHBIX
Y HECTAIMOHAPHBIX YKOHOMHYECKHX CHCTEM. DTH aCIeKThl HEOOXOIUMO YUUTHIBATh MPY MHTErPAlluU
LLM B cucTtembl IPUHATHUS PELICHUN HA MAaKPOYpPOBHE.

B Poccun Ha ceromHANTHAUNA A€HD B JJIEKTPOHHOHN MPOMBIIIJICHHOCTH CIIPOEKTHpPOBaHa 06a30Bas
APXUTEKTypa CUCTEMBI MOAACPKKU NPUHITHUS pelleHui [88], HanpaBieHHas Ha IEPEBOJ OTPACIEBO-
rO yHIpaBJeHHs B PeXUM IU(POBOH WHTEINIEKTYaJbHON cereneHTpudeckoi moxenu [89, 90]. Taxas
raTgopma Me309KOHOMHYECKOTO YIpaBIeHuS B (hopMaTe «Ii(ppoBoii TBOWHUK MEKTPOHHON MTPOMBIII-
JIEHHOCTH — IU(POBBIE TBOWHUKH MPEANPHUATHI TEKTPOHHON MPOMBIIIIIEHHOCTHY» COCTABUT OCHOBY
IUTSL CTPATeTHYECKOTO TUTAHUPOBAHMS PAa3BUTHSI DJIEKTPOHHOW MPOMBIIIEHHOCTH ITOCPENCTBOM (op-
MHPOBaHMS HEOOXOINMBIX OTPACIIEBBIX U MEXOTPACIEBBIX 0aJaHCOB, CTPYKTYPHI yIIpaBIeHUs OM3HEC-
MIPOLECCAMH OTPACIIH, TEPPUTOPUAIBHOTO IIAHUPOBAHUSA, Pa3BUTHS IPOU3BOIUTENBHBIX CHII U T. II.

4.4. lln¢pposbie NTBOHHUKH (PHHAHCOBBIX ATEHTOB HA OCHOBE 0OJILIINX SI3BIKOBBIX MoOJesei.
[Mapagurma nupoBbIX JBOWHUKOB MMOTYYaeT HOBOE MOIIHOE BOIUIOMICHHE B 001acTH (PUHAHCOB M KO-
HOMUKH C TOSIBJICHHEM OOJBIINX A3BIKOBBIX Mojienieil. B To Bpems kak TpaJuIMOHHBIE SKOHOMHYECKUE
moznenu (Hanpumep, DSGE) onepupyroT arperupoBaHHBIMH MTOKa3aTeIsIMH U YIIPOLIEHHBIMH JOIyIIe-
HUSIMU O TIOBEJICHUU areHTOB, Moaxoa Ha ocHoBe LLM mo3Bosiser co3aaBarh HU(POBBIC TBOMHUKH
(DMHAHCOBBIX areHTOB — BUPTYyaJIbHBIE MOJEIH, CIIOCOOHBIC MIOHUMATh (PMHAHCOBYIO TEPMHHOJIOTHIO,
pelare crienuaIn3upoBaHHbIE 33/1a4H, CJI€A0BaTh HHCTPYKIIUAM U, YTO Hanbojee BaXXHO, TPOBOINUTH
CJIOXKHBIE PAcCyXJICHHS B YCIOBHSAX HEONPEAETCHHOCTH, HCIIONIB3Yys MYJIBTHMOAAIbHBIE JaHHBIE (¢ po-
BbI€ OTYETHI, SKOHOMUYECKHE JTaHHBIE, TOJIUTHIECKIE HOBOCTH H T. 11.).

SIpkuM TIpuMepoM Takoro Mmoaxona sABisercs padora [91], rme mpemcraBieHa METOHOIOTHS
Finance Domain-Adaptive Post-training (FinDAP) mns momennoit agantannn LLM B ¢uHancoBoit
cepe. FinDAP — 310 menmocTHBIN GpeiiMBOpK IS CrieIUaIn3upoBaHHON nopadotku LLM moxn 3a-
nadu (puHaHCOBOM oTpacnu. B omnmmume ot mpocToro moo0ydenust Ha (PUHAHCOBBIX TekcTax, FinDAP
IpenjaraeT CUCTeMHBIHN 1Moaxo, KOoTopelid BkiodaeT: FinCap — omnpezeneHnne KIFO4eBbIX KOMITETEH-
Wi, KoTopble JoKHA nMeTh (puaancoBas LLM; FinRec — pernienrtel 00y4ueHus1, KOTOpbIE COBMECTHO
ONITHMHU3UPYIOT pa3iuuHble dTansl JoooydeHns; FinTrain — crenmansHo momoOpaHHbIe HAOOPHI TaHHBIX
st ooyuenns; FinEval — xommiekcHast cucrema onenku pesynsraros. [lo cytu, FinDAP — s1o He
MIPOCTO METO JOOOYUEHHs, a MOTHOIIEHHAs METOJOIOTHS CO3anus dKcnepTHeIX LLM s ¢puraHCOB,
KOTOpasi yYUTHIBAET OCOOEHHOCTH MPEAMETHOM 001acT 1 00ecIeunBaeT COXpaHeHNE TIOJIE3HBIX Ka9eCTB
WCXOAHOM MOAETH NpH MPHOOPETEHNH CHEeHAIN3UPOBAHHBIX (DMHAHCOBBIX 3HAHUH.

ABTOpPEHI [91] BBIIENSAIOT YETHIPE KIFOYEBBIC CTIOCOOHOCTH, KOTOPHIMH JOKEH 00JIanarh (hUHAH-
COBBIN ITU(GPOBON TBOWHHK: IOHUMAaHUE TOMEHHO-CIIEITM(DUIHBIX KOHIICTIIIUN (HAIIpuMep, OOIHTaIlns,
ko3 durment 1llapma u T. 11.), BEITOIHEHNE CTISTHAIM3NPOBAHHBIX 33/1ad (HaIpuUMep, OlleHKa KpeIuTo-
CIIOCOOHOCTH, aHAJIU3 HACTPOEHUH Ha PBIHKE), CHOCOOHOCTh K PACCYXKICHUIO I aHaIu3a (PUHAHCOBBIX
OTYETOB U PELICHUS] MaTEMaTUIECKUX 33/1a4 U, HAKOHEL, CIe0BaHNE HHCTPYKIUAM [UI B3aUMOJCHCTBHS
B JMAJIOTOBOM PEKUME, YTO KPUTHUECKH BaXKHO VIS MHTETPAaLUU LHH(POBOTO JBOWHUKA B CHCTEMBI
MOJAEPKKH NPUHSITHS PEIICHUM.

Anopees A. B., Hapacenus JI. I1L1., Jloocoes B. C., Illenoeprox-)Kuokos A. B., llInax B. B., Xpamos A. E.
402 W3Bectus By3oB. [TH/, 2026, T. 34, Ne 3



Merognonorus FinRec npemnnaraer s¢gpdexrunelil penent nocrrpenudra LLM, KoTopsiii MOXeT
OBITh MHTEPIPETHPOBAH KaK IMPOIECC «BOCIUTAHUM) LHU(POBOro ABoiHNKA. COBMECTHOE HEMPEPHIBHOE
npenodydeHne U NHCTPYKTUBHAS TOHKas HACTPONKa MO3BOJISAET IU(PPOBOMY IBOMHHUKY OJHOBPEMEHHO
yCBaWBaTh HOBBIE 3HAHMS M3 (PMHAHCOBBIX TEKCTOB M COXPAHATH 00IIME CIOCOOHOCTH, U30eras «kara-
cTpodudeckoro 3a0bIBaHUs». DTO AaHATIOTHYHO O0YUEHHIO CIIEIMANINCTA, KOTOPBIA YIIIyOssieTcss B HOBYIO
o61acTh, He TepsAs 6a30BBIX HaBBIKOB. Jlanee, BRIpaBHUBaHHUE IO MPEAIOYTEHHUAM C UCIIOIb30BaHUEM
meronoB FAP (Final Answer Preference) u SCP (Stepwise Corrective Preference) nenenamnpapieHHO
yAy4IIaeT CIIOCOOHOCTD K paccykaeHusM. SCP, B 4acTHOCTH, HCHONB3yeT TeHePaTUBHYIO MOJIETh BO3HA-
TpaXIeHNs U1 HACHTU(HUKAINN U KOPPEKITUH TIepBOi OIIMOKK B IETIOUKE PacCyXICHUH, oOecreunBast
TOHKHWH, TOMIATOBBIA KOHTPOJIb 32 «MBIIIJIEHHEM» MU(POBOTO ABOWHMKA. Pe3ympTHpyromas Moaensb
Llama-Fin, co3gannas mo 3Toif METOIOIIOTHH, TOKA3BIBAET BHICOKYIO 3(PPEeKTHBHOCTH B BBHITTOITHEHUHN
IIMPOKOTO CIEKTpa (PMHAHCOBBIX 3a7a4d — OT aHAJIN3a CEHTUMEHTA JI0 CIOKHBIX dK3aMEHAIMOHHBIX BO-
npocoB Chartered Financial Analyst (CFA), mpeBocxons 1m0 MHOTHM TIOKa3aTeNsIM Jlaxke OoJiee KpyIHbIe
obmme LLM.

OTOT MOAXO] HAIPSIMYIO pa3BUBACT UICH, 3aJIOKEHHBIE B padore [84], obcyxmaemoii B pazzaene 4.3.
BMecTo co3ganus enuHON MOHOJUTHON MOJEINA YKOHOMHKH METOXOoJorus Ha ocHoBe LM no3Boiis-
€T CO3/1aBaTh MOMYJISIIHIO BEICOKOPEATMCTUYHBIX IU(PPOBBIX TBOHHUKOB OTACIBHBIX 3KOHOMUYECKHUX
are’ToB (TpeiIepoB, aHAIUTHKOB, pUCK-MeHeKepoB). Takue NBOWHUKH, 001aast CIIOCOOHOCTHIO K pac-
CYXJIEHUIO U paboTe ¢ HeCTPYKTYPHPOBAaHHBIMU JaHHBIMH, MOTYT ()OPMHPOBATh OOJiee peaTnCTUIHbIE
MHUKPOOCHOBaHHUs AJIsl aT€HTHBIX MOJAEJIEH, HEMOCPEICTBEHHO UCIIONB30BaThCA B CUCTEMAX MOMIECPKKH
NPHUHATHS PEIICHUN NIl aHaJIN3a HOBOCTEH, OTYETOB U PHIHOYHOM KOHBIOHKTYDBI, a TAKXKE CIYKHUTb
OCHOBOH IJIsl «BUPTYAJIbHBIX HCIBITAHUIA) (PUHAHCOBBIX CTPAaTEIMii 1 HOPMAaTUBHBIX aKTOB B CMOZEIINPO-
BaHHOH cpeJie, HACEJICHHOW TaKMMH areHTaMHu.

Taxkum oOpaszoMm, WHTerpamus crienuaan3upoBandelx LLM, Takux kak Llama-Fin, oTkpeiBaet
MyTh K CO3JaHUIO0 HOBOI'O IOKOJICHUS! HU(POBBIX JBOWHUKOB B YKOHOMHKE — HE KaK CTaTHYECKHX
MOJIeJIeH-arperaTopos, a Kak JUHAMUYECKHX, PACCYKIAIOLUIMX U 00y4alomuXcs BUPTyaIbHbIX CyObEKTOB,
Ybe KOJUIEKTUBHOE TOBEJECHUE CMOXKET C BBICOKOM TOYHOCTBIO MOZEINPOBATh CIIOKHOCTH PEABHBIX
(DMHAHCOBBIX CHCTEM.

4.5. JIpyrue odi1acTH NpuMeHeHHs] HU(PPOBLIX ABOHiHUKOB. [IpuMenenue uQppoBEIX ABOIHMU-
KOB HE OIPaHWYMBAETCS BBIIIEPACCMOTPEHHBIMHU HANpaBJICHUSIMH, OHH HaXOAAT MPUMEHEHNE MpaKTH4e-
CK{ BO BCEX HAINPaBICHHSIX NESTEIHLHOCTH, T/I€ BOZMOXKHA MaTeMaTHdecKas (popMain3amnys MpoLeccoB
M 00BeKTOB. PaccMOTprM KpaTKo pa3TudHbIe HAIPaBICHHS.

Ipumenenue 6 apxumexkmype u cmpoumenscmee. KoHuenmws i poBeIX TBOIHUKOB MPOH3BENa
PEBOJIOIHIO B ApXUTEKTYPHO-CTPOUTEIHHON OTPaAciy U pa3BUTHH YMHBIX TOPOIOB. DTH BUPTyaJbHBIE
Komnu (pr3mdecKux 00BEKTOB, TOCTOSTHHO OOHOBJISIEMbIE Yepe3 MOTOKM JaHHBIX B PEaIbHOM BPEMEHH,
OTKPBIBAIOT HOBBIE BOSMOXKHOCTH JJIsI MOJETMPOBAHMS, MOHHUTOPHHTA U ONITHMHU3aIMU. B cTpourenscTse,
Kak oOcyxmaercs B [92], mudpoBsie TBOWHUKY MPUMEHSIIOTCS HA BCEX 3Talax KU3HEHHOTO IUKJIA 3/1a-
HUI — OT MPOEKTHPOBAHUS 70 SKCIUTyaTauy. B ropoackoM miaHnpoBaHuH, cornacHo [93], ropoackue
nrdpoBsIe TBOWHUKH WHTETPUPYIOT nanHeie ¢ loT-ycTpoiicte, BIM-moneneit (Building Information
Modeling — 3D-mozens 30aHMH ¢ IPUBA3AHHBIMA TaHHBIMHE, TAC KaXIBIHA 3JIEMEHT MOJCIH COIACPKUT
HE TOJIBKO TEOMETPHIO, HO U TEXHWYECKHE NapaMeTphl (IUIOTHOCTh, TEIIONPOBOIHOCTh, MaT€PHAIIbI, CTO-
UMOCTB U CPOKH W3TOTOBIICHHS, TPOU3BOIUTENHN), PYHKIIHOHATBHBIE CBI3U (B3UMOACHCTBHE IIEMEHTOB
3[aHVSI: CTEHA <> OKHO <> BEHTWJIALHS, JJOTHCTHKA CTPOUTENHCTBA), TUHAMUYECKHE CBOMCTBA (HAIpH-
Mep, aBTOMAaTHYECKU NepecyeT CMEThI IIPU 3aMEHe MaTepHana  T. I.) U TeoMH(OPMaLMOHHbIE CHCTEMbI
(F'UC) misa co3nanns TMHAMHYECKAX MOJEJICH TOPOACKIX CHCTeM. MaTeMaTHUeCKUi amnmapar, JIeKarii
B OCHOBE 3THX TEXHOJIOTUH, BKJIIOYAET METOIbl MAIIMHHOTO O0Yy4EHUs, YUCICHHOTO MOJIEIUPOBAHUS
U JUCKPETHON ONTHMU3AIUH.
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BuptyanbHOe IPOSKTUPOBAHKUE C MCIIOJIb30BaHUEM LU(POBBIX JBOHHUKOB IO3BOJISIET apXUTEKTO-
pam co3aaBaTh BBICOKOTOYHBIC MOJIENU 3[JaHWH, YIUTHIBAIOIINE HE TOIBKO TEOMETPHUSCKUE TTapaMeTphl,
HO U Qu3uvecKue cBoicTBa MarepuanoB [92]. st 3TOro mpuMeHSIFOTCS METOIBI KOHEUHBIX JIEMEHTOB
Y BBIYUCIUTEILHOW THAPOJUHAMUKY, TO3BOJISIONINE IPOTHO3UPOBATh MOBEACHUE KOHCTPYKIIUM MIPU
Pa3MYHBIX HAarpy3Kax W KIMMaTHYeCKHUX YCIOBUAX. Hampumep, HHCTpYMEHT [T co3maHus ITUPPOBBIX
JIBOVHUKOB B apXUTEKTypHOM IpoektupoBanuu Ph2D coueraer pusudeckue u 1udpoBbie MPOTOTHIIBI,
WCTIONB3YS aJlTOPUTMBI KOMITBIOTEPHOTO 3peHHS JUIsl TPeoO0pa30BaHUs PYYHBIX MAKeTOB B MapaMeTpuye-
ckue Moxaenu [94].

Topoockue yugpposvie 06otinuxu. B KOHTEKCTE YMHBIX TOPOAOB IIU(PPOBHIC IBOMHUKU CTAHOBSITCS
MOIIIHBIM WHCTPYMEHTOM YIIpaBiIeHus! ropockoil mHppacTpykTypoit [93]. IIpoekr Virtual Singapore
ucnons3yeT 3D-Monenu ropona, odoramieHHble JaHHBIMU [0T-ceHCOpOoB, U1 MOJIETUPOBAHHSI PA3THUHBIX
clieHapueB. MareMaTH4ecKoi OCHOBOH CITy)KaT areHTHbIE MOZEIH LIS POTHO3MPOBAHUS TPAHCTIOPTHBIX
IOTOKOB M METOJbI MAIIMHHOTO OOy4YeHUs s aHaiu3a naHHbiX. B JlyOae anropuTmbl oOydeHHs C
MTOJIKPETIJICHHEM ONITUMU3UPYIOT paboTy cBeTO(hOpOB, YMEHbBINAS 3aTOPHI HA JOPOTax.

st MofenupoBaHus SHEPTETUYECKUX TOPOICKHUX CEeTeld MPUMEHSIOTCS METOIBI KIacTEpHOTO
aHallu3a U PErpeCcCUOHHBIC MOJIENH, 00pabaThIBaIOIIME JaHHbIC O oTpebneHnn 3Heprun [95]. MeTons
TEOPUHU CIIOKHBIX CeTeH M alrOpUTMBI pabOTHI C TpadaMHu MOMOTAIOT ONMTUMHU3UPOBATH MapIIPYyTHI
00IIIeCTBEHHOI'0 TPAHCIIOPTA U pacilpeieieHue KOMMYHAIIBHBIX pecypcoB [96]. Ocoboe 3HaueHHEe UMEIOT
MeTobl 00paboTKK OONBIIMX JAaHHBIX, Takue kKak MapReduce u Spark, mo3Bomstomue anann3upoBaTh
TepabaiTel HHPOPMAIH C TOPOACKUX JaTYHKOB B peanbHOM BpeMeHH [97,98].

Onepeemuxa. B sHepreTrke MUGpOBBIE TBOWHUKU UTPAIOT KIHOYEBYIO POJIb B YIPABICHUH yM-
HBIMH ceTsAMH (smart grids) u onTuMm3anuu dHepronoTpednenus. OHU MO3BOJIIOT MOJEIHPOBATh U
aHaIM3UPOBaTh paboTy SHEPreTUUECKUX CHCTEM B PEXHME PealbHOTO BPEMEHH, YTO CHOCOOCTBYET
MTOBBIICHHIO UX dPPEKTUBHOCTH M HamexHocTH [99]. Hampumep, nudpoBbie TBOWHUKH UCTIONB3YIOTCS
JUISL TIPOTHO3UPOBAHUS HATPY3KU HA CETh, BHISIBICHUS MOTCHIIMATBHBIX COOEB U TUIAHUPOBAHUS TIPO-
¢unakrrnyeckux mepomnpusatuii [100]. B koHTeKcTe BO30OHOBIIEMBIX HCTOYHUKOB 3HEPTUU U(DPOBHIE
JIBOMHHKH TTOMOTAIOT ONTUMH3HUPOBATh PA0OTy BETPSIHBIX W COTHEYHBIX JIEKTPOCTAHINM, YIUTHIBAs
“3MeH4HBBIe morogusie ycnoBus [101]. Kpome Toro, oHM NpUMEHSIIOTCS U1 MOACTUPOBAHUS CIOXKHBIX
CIICHApHEB, TAKUX KaK HHTETPAIHS PacIpeNeICHHBIX YHEPTopecypcoB B 001Iyo ceTh [102]. OTnensHbpIM
OBICTPOPA3BUBAIOIIMMCS HAIIPABICHUEM SIBJISCTCS IPUMEHEHHUE IIU(PPOBBIX JBOWHUKOB B YIPABICHUH
neHTpamMu 00pabotku maHHbIX (L{O/]) [103], KOTOphle HHTETPUPYIOT JaHHBIE O HArpy3Ke Ha BBIYHCIIH-
TeJIbHBIE Y3JIbI, TEMIIEPATyPHOM PEXHME B CEPBEPHBIX 3ajax, 3PPEKTUBHOCTH CHCTEM OXJIAKICHUS
(BKJTIOYAs JKHJIKOCTHOE) U SHEProNoTPEOICHHH B peajlbHOM BPEMEHH, MPOTHO3UPYIOT OTKa3bl 000py-
JIOBaHUS W TUIAHUPYIOT TEXHUYECKOe OOCITy)KHBaHUE, YTO TIOBBIIIAET OTKa30yCTOMYUBOCTD M CHIKAET
sHepronoTpednenue (Bkimtouast ynyumenue PUE — Power Usage Effectiveness) [104] u nmo3Bomsier
MIPOBOJUTH CIIEHAPHBIA aHaJIH3 MPHU U3MEHEHNH HArpy3Kd U KOHQurypanun nHppacTpykTypsl [105].

Obpa3zosanue. LludpoBsie TBOWHUKN B 00pa30BaHUM OTKPHIBAIOT HOBbIE BO3MO)KHOCTH JJIS TIEp-
COHaJM3aIMK O0yYeHUs, YIyYIIeHHs TIearorTHYeCcKiX MPOIECCOB U yrpaBieHus: oOpasoBanueM [106].
Buenpenne texHonornit nnpoBEIX ABOMHHUKOB TIO3BOJISIET CO3aBaTh BUPTYAIbHBIE MOJENH CTYCHTOB,
KOTOPBIE YYUTHIBAIOT UX UHIUBHUIyaJbHBIE 0COOCHHOCTH, TAKWE KaK YPOBCHb 3HAHUMN, PEAIOYTCHUS U
ctiutb oOydenus [107, 108]. DT1o cmocobcTByeT pa3paboTKe alalTHBHEIX 00pa30BaTEIbHBIX MPOTPAMM,
KOTOPBIC aBTOMaTHYECKH TOJICTPAMBAIOTCS MO/ MOTPEOHOCTH Kaxkaoro obyuatoinerocs [109,110]. Hampu-
Mep, B paMKax MacCOBBIX OHJIAH-KypCOB IH(POBBIE JBOWHUKN MTOMOTAIOT aHAIN3UPOBATh MIOBEICHUE
CTYAEHTOB M ONTUMH3HPOBATh yueOHbIe MaTepransl B peaqbHoM Bpemenu [ 107]. Kpome toro, nugpossie
JBOWHHUKH MOTYT HCIIOJh30BAThCS Il aBTOMAaTH3HPOBAHHOTO MOHHTOPHHIA YCIIEBAEMOCTH M TPOTHO3H-
POBaHUS aKaJeMUYECKHX Pe3yJbTaToB, YTO MO3BOJISIET TPETOABATENSIM CBOEBPEMEHHO KOPPEKTHPOBATh
yueb6HbIi npouece [111].
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3akiaoueHue

B nanHoii pabore nmpoBeeH KOMIUICKCHBIN aHaau3 HU(GPOBBIX ABOMHHUKOB KaK MEPCIIEKTUBHON
TEXHOJIOTUH, 00bEIUHSIOIEH TOCTIKEHHS TEOPUH CIIOKHOCTH M HCKYCCTBEHHOTO MHTeJUIekTa. [TokazaHo,
91O II(POBBIE TBOWHIKH — 3TO HE MPOCTO CTAaTHYECKHUE MOJIENTH, a TMHAMHYECKHE aJallTHBHBIE CHCTEMBI,
CHOCOOHBIE K CaMOOOYyUCHHIO U ITPOTHO3UPOBAHHUIO B peaqbHOM BpeMeHH. OcHOBY HX 3()(eKTHBHOCTH
COCTaBJIACT CUHTE3 TPAAUIMOHHBIX MaTeMaTHYeCKUX MeToA0B (Iu(epeHnalbHble ypaBHEHNUS, TEOPUs
rpa¢oB) U coBpeMeHHBIX moaxon0B MammHHOTO 00yueHus (PINNs, GNN, pesepByapHble BBIYHCICHUS),
YTO I03BOJIIET IPEOJONETh OTPAHUUEHUS KJIAaCCHYECKOTO MOJCIMPOBAHUS MIPH PabOTE CO CIOKHBIMHU
HEJINHEHHBIMH CHCTEMaMH.

Teopernueckuii aHaJIN3 AEMOHCTPHUPYET, YTO MU(PPOBbIE ABOWHUKH 3PPEKTUBHO PEIIAIOT MPO-
O7eMy yHpaBJICHUS CIOKHBIMH CHCTEMaMH 3a CUET COYETAHUS METOAOB HEIMHEHHOW NMHAMHMKH U
WNU-anroput™oB. PaspaboranHas Maremaruueckas GopMani3anus TMPpOBOro IBOHHUKA KaK TUHAMUYC-
CKOW CHCTEMBI C aJJalTUBHBIMHA CBOWCTBAMHU OTKPBIBAET HOBBIE BO3MOKHOCTH JJISI IPOTHO3WPOBAHUS
MOBEJCHUS CIIOKHBIX OOBEKTOB B YCJIOBUAX HeompeneaeHHOCTH. OcoOyro LIEHHOCTh MPeNCTaBIsieT
WCIONB30BaHNE THOPHIHBIX MOAXOJO0B, COYETAIOMINX (HU3MYECKHE MOAETH C METOHaMH IIIyOOKOro
00ydJeHus1, 9TO MO3BOJISIET COXPAHUTH WHTEPIPETHPYEMOCTh Pe3yIbTaTOB MPH paboTe C HETIOIHBIMHU
JTaHHBIMH.

[IpakTuueckre MpuMEHEHUs! TUPPOBHIX TBOWHUKOB, PACCMOTPEHHBIE B Pa0OTe, MOATBEPKAAIOT
WX TpaHC(OPMAIMOHHBIN MOTEHIIHAI B Pa3IMYHBIX 00IACTAX — OT MPOMBIIIJICHHOCTH U MEIUIIUHBI
JI0 YIPABIEHUS TOPOACKON MH(PACTPYKTypoH M MaKpOIKOHOMHUKH. YHHBEPCAIBHOCTh KOHLEMIHUU
(POBBIX IBOMHHUKOB MO3BOJISIET CO3/1aBaTh S(PPEKTHUBHBIC PEIICHUS KaK Ul TEXHUYECKHX CHCTEM, TaK
U U1t OMOTOTHYECKUX OOBEKTOB, YTO 0COOEHHO Ba)KHO B KOHTEKCTE Pa3BUTHS IEPCOHATM3UPOBAHHOMN
MEINLIHBIL.

[epcnexTHBBI pa3BUTHS HUQPPOBHIX JBOWHUKOB CBS3aHBI C JaJbHEHIIECH HHTErpalueil METOI0B
TEOPHUHU CIOKHOCTH M HCKYCCTBEHHOTO MHTEIIJIEKTa, YTO MO3BOJUT CO37aBaTh Oojiee TOYHBIE U ajall-
TUBHBIC BUPTyalbHbIe Mojeny. KirtoueBbIMy HamnpaBieHUAMHU OyAyIIUX MCCIEAOBaHUN JOIKHBI CTaTh
pa3paboTka yHUPUIIMPOBAHHBIX CTAaHAAPTOB AJIS HU(POBBIX TBOWHHUKOB, COBEPIICHCTBOBAHHE METOJOB
WX Bepu(UKALUM U BaIUJAINH, a TaKXKe pelleHHne 3THUYECKUX M IMPaBOBBIX BOIPOCOB, CBSI3aHHBIX
C UX IPUMEHEHUEM B YyBCTBUTEIBHBIX O0IACTSIX, TAKMX KaK MEIUIMHA M COLMAJIbHOE YIIPaBJICHHUE.
Ha ocHoBaHuU pa3BUTHUSA 3THX HAINIPABIEHUH B MEPCIEKTUBE BEPOSITEH NMEPEXOA OT OTAEIBHBIX NMPHIIO-
KEHHH K CKBO3HBIM JKOCHCTEMaM, I7ie [U(pOBHIe ABOMHUKHN PAa3HBIX YPOBHEH B3aUMOAECHCTBYIOT JAPYyT
¢ mpyrom, GopMHpys «IIM(POBBIE MUPBD) ISl HAyKH, IPOMBIIIJIEHHOCTH U 00IIeCTBa, YTO, BEPOSATHO,
BO3MOYKHO pean30BaTh depe3 TexHoaornu MH-areHToB kak CBS3YIOIUX AIEMEHTOB MEXTY OTAEIbHBIMU
IUQPOBBIMU JIBOHHUKAMH.
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Abstract. The purpose of this study is to investigate the optimization of parameters of an elastic beam equipped with dynamic
vibration absorbers under transverse oscillations. Special attention is given to improving the efficiency of vibration suppression
by selecting optimal system parameters, as well as analyzing the influence of mass ratio and installation positions of the
absorbers. Methods. The problem is formulated within the framework of classical beam theory. The solution of transverse
vibration equations is obtained using the Bubnov—Galerkin method, which allows reducing the governing partial diftferential
equations to a system of ordinary differential equations. Additionally, the vertical tangents method is applied to determine
optimal tuning conditions of dynamic vibration absorbers based on amplitude—frequency characteristics. For the case of multiple
absorbers, the method of expansion in eigenfunctions (natural modes) is used to construct approximate analytical solutions.
Results. Analytical expressions describing the damping efficiency of transverse vibrations are obtained. It is shown how the
optimal parameters of dynamic absorbers depend on the mass ratio and their spatial configuration along the beam. The study
demonstrates that the use of two parallel-installed dynamic absorbers significantly improves vibration suppression over a
wider frequency range. The amplitude—frequency characteristics of the system are analyzed, and optimal tuning parameters are
identified for various boundary conditions. Conclusion. The proposed approach provides an effective framework for optimizing
vibration control systems in elastic beams. The combined use of the Bubnov—Galerkin method and the vertical tangents method
ensures high accuracy and computational efficiency. The obtained results can be applied in engineering design of structures
requiring enhanced vibration suppression.
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frequency response.
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Annomauus. Llenvio naHHON pabOTHI ABISETCS MCCICIOBAHUE 331a4K ONTUMU3ALMI IIapaMETPOB YIIPYrod OaJKy ¢ JMHAMHYe-
CKHMHM TacuTesIMU KoJIeOaHui npu monepedHsix BuOpamnusix. Ocoboe BHUMaHKE YIENSETCs MOBBILICHNIO 3P ()EKTHBHOCTH
MIOZIAaBICHUS KOoJeOaHu 3a CUET ONTHMAIBHOTO TOA00pa MapaMeTPOB CHCTEMBI, a TAK)Ke aHAIN3Y BIUSHUS MacCOBOTO OTHOIIE-
HUSI M PacHOJIOKEHNsI racuTesiel Boib Oanku. Memoowr. IlocTaHOBKA 3aja4y BEIIIOJHEHA B paMKaX KJIACCHYECKOW TEOpUH
ynpyrux 6anok. J[yns pemieHus: ypaBHEHHH MONepeyHbIX KonebaHuil ucnonb3yercs: Metos, byonoBa-T"anépkuHa, mo3BoJISIONIHI
CBECTH HCXOIHYIO KPAaeBYIO 3aady K CHCTeMe OOBIKHOBEHHBIX AU(depeHIHaIbHBIX ypaBHEHUH. JJOTIONMHUTENBHO IPUMEHSETCS
METOJ/I BEpTHKAIBHBIX KacaTeJbHBIX IS OTPEACICHUS ONTHUMAIBHBIX MapaMeTPOB HACTPOWKH ITUHAMHYECKUX TacCHTEICH
Ha OCHOBE aHaJM3a aMIUIUTYJHO-4aCTOTHBIX XapaKTEePUCTHK. B cilyuyae cUCTeMbl ¢ HECKOJIBKHUMM IacUTENSIMH pELICHHE
CTPOMTCS C UCTIOIB30BAHUEM METOJa Pa3oKeHus Mo GopmMaM coOCTBEHHBIX KojeOaHuil. Pesyavmamul. I1omydeHsl aHAIUTH-
YEeCKHe 3aBUCUMOCTH, XapaKkTepu3yromue 3()(HeKTHBHOCT TeMII(HPOBAaHUS MOTIEPEYHBIX KOJIeOaHUH Gallki. YCTaHOBICHO
BJIMSIHAE MacCOBOIO OTHOLICHUS U MOJIOXKEHUs AUHAMMUYCCKUX racuTesledl Ha UX ONTHMalbHble napameTpsl. [lokasano, uto
HUCIIOJIb30BaHUE JIBYX NapalUIC/IbHO YCTAHOBJICHHBIX JTUHAMHUYCCKUX TracUTEJICH MO3BOISET CYLUIECTBEHHO PAaCUIMPUTL JUAIla30H
3¢ peKkTUBHOTO MonaBneHus Konebanuil. [IpoBenéH aHanM3 aMIUTMTYIHO-9aCTOTHBIX XapaKTEePHUCTUK CHCTEMBI U OIIPEAEICHBI
ONTHMAJIBHBIC TTAPaMETPhl HACTPOWKH NPU Pa3IMYHBIX TPAHUYIHBIX YCIOBUSX. 3axnouenue. [IpenoKeHHBIN TOIX0 SBIS-
ercst 3(GEeKTUBHBIM UHCTPYMEHTOM JUIs ONTHMHU3ALUU CUCTEM BHOPO3alUThl ynpyrux 6anok. CoBMECTHOE IMpUMEHEHHE
MeTona byonoBa-I"anépkuHa 1 MeToa BEPTUKAIBHBIX KacaTeIbHBIX 00ECIIEYNBACT BHICOKYIO TOYHOCTh M BBIYHCIUTEIBHYIO
a¢dexTuBHOCTD. [lomydeHHBIE PE3yabTaTEl MOTYT OBITh HCIOJIB30BaHBI IIPH MPOCKTUPOBAHHU HH)KCHEPHBIX KOHCTPYKIIHIA
C TOBBIMIEHHBIMU TPEOOBAHUAMH K CHIDKEHHIO BUOpAIIHIL.

Knrwouegwie cnosa: ynpyras 6aika, oneparop Jlamnaca, n3rubaroniiii MOMEHT, AMHAMUYECKUH racuTelb KojleOaHui, momnepey-
HBIE KOJIe0aHMs1, aMIUTUTYJHO-9aCTOTHAs XapaKTePUCTHKA.

Jna yumuposanus: Kudratov A. E., Khudazarov R. S., Yuldosheva O. O. Eliminating transverse vibrations on an elastic beam
using absorbers [Kyopamog A. D., Xyoazapoe P. C., IOnoowesa O. O. IlonapieHue monepedHsIx KoJIeOanuii ynpyroi 6aiku ¢
HCTIONB30BaHUEM THHAMUYECKHX mortotuteneii| // U3sectus By3os. [TH/. 2026. T. 34, Ne 3. C. 420-431. DOI: 10.18500/0869-
6632-003216. EDN: WCVTIS

Cmamvwsa onybnuxosana na ycinosusx Creative Commons Attribution License (CC-BY 4.0).

Introduction

Modern development of engineering and technology requires the design of elastic beams with
economical and low material consumption. In this context, problems associated with transverse vibrations
of elastic beams often arise. Insufficient investigation of methods for solving transverse vibration
problems leads to the necessity of introducing additional design modifications during the stages of
design, construction, and commissioning. This, in turn, results in increased development time or changes
in the main performance characteristics of the product, thereby reducing the consumer properties of
elastic beams [1-4].

Numerous scientific studies are devoted to the problem of vibration suppression in systems with
distributed parameters using dynamic vibration absorbers. It has been shown in [5, 6] that when a
dynamic vibration absorber is attached to a beam, an additional natural frequency of the system appears.
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This frequency is close to the partial natural frequency of the absorber and, depending on the system
parameters, may be lower than, higher than, or equal to the absorber’s partial frequency.

Experimental investigations [7] present a comparative analysis of beam vibrations with two
dynamic vibration absorbers symmetrically positioned relative to the beam ends. In this case, the
governing differential equations of motion are nonlinear and require the application of appropriate
analytical and numerical solution methods.

In works [8], nonlinear vibration problems of a beam with a dynamic vibration absorber are
analyzed, taking into account elastic-damping properties of the hysteresis type under harmonic excitation.
Solutions of the governing equations are obtained in the form of transfer functions.

The dynamics of nonlinear oscillatory systems [9], as well as their stability [10], have been
extensively studied. Based on the above, it follows that the investigation of beam vibrations and vibration
suppression remains a relevant problem in modern mechanics. This article focuses on the optimization
of system parameters during steady-state vibrations of a beam equipped with two dynamic vibration
absorbers.

A vibration control device is presented in [11], consisting of compression and tension springs
operating jointly to resist vertical and horizontal loads caused by permanent, temporary, and seismic
actions. In addition to absorbing vertical and horizontal loads, the device is capable of restoring the
span structure to its initial position after seismic excitation. Furthermore, it eliminates resonance effects
without increasing construction costs for the span, supports, or foundations and does not complicate
installation conditions.

1. Proposed methodology, experiments and results

In the present study, the objective is to suppress transverse vibrations of an elastic beam using
dynamic vibration absorbers (DVAs). An algorithm describing the sequence of operations required to
achieve the desired dynamic properties is developed based on a systematic set of procedures. Fig. 1
illustrates the algorithm of operations and the main stages of the proposed technical process.

STEP 1
Determination of natural shapes
and frequencies of an elastic beam (EB)

.

Calculation of the parameters of EB

STEP 2
under the influence of dynamic vibration

dampers (DVD)

Condition
or Decision Criterion:

Adjust parameters
) 1. Jw; = Wtarget ' < &

of DVDs
A 2. Aﬁiw\' = allow
3. DAF < DAg.;
Are all conditions satisfied?
STEP 2 v
#»  Adjust parameters of DVDs = -
Option of EB with
I required dynamic properties

Fig. 1. Algorithm of operations and stages of the technical process
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Fig. 2. Design diagram of an elastic beam (EB) with two dynamic vibration absorbers (DVAs)

The solution to the problem of transverse vibrations of a beam with two parallel-installed dynamic
vibration absorbers is considered using the method of series expansion in vibration modes. This approach
is particularly convenient for optimizing the parameters of dynamic vibration absorbers for various types
of beam vibrations under different boundary conditions, especially when repeated calculations of the
amplitude—frequency characteristics (AFC) of the system are required.

The results of the studies cited above confirm that, for sufficiently large vibration decrement of
the material of the elastic-damping element of the dynamic vibration absorber (DVA), the nonlinearity of
the internal resistance characteristics of the beam material has a negligible effect on the beam vibrations
and on the determination of the optimal parameters of the DVA.

Consider a beam of length [, width b, and height h, rigidly fixed to a vibrating base. The motion
of the base is prescribed along the Oz axis. Dynamic vibration absorbers are installed at points of the
beam with coordinates x; and xo [12-14] (Fig. 2).

2. Analysis of experiments and research results

We write the governing differential equations of motion of an elastic beam with two dynamic
vibration absorbers (DVAs) under kinematic excitation in the following form:

9?M 9w 0%wg

922 + pF o2 — ClRlé(Jf — 1‘1)@1 — CQRQé(iL‘ — .CUQ)CQ = _pFW7
O?w(xy,t 0%C 0%w
8(t21) ml@T; +aRit = —mlaTQO, (D
32w(x2, t) 82C2 82w0

mQT WQW + CQRQCQ = —m2w.

Here, M denotes the bending moment; the terms involving the Dirac delta functions represent the
interaction forces between the beam and the dynamic vibration absorbers. In particular, the absorber
force acts as a concentrated transverse force applied at the installation points x = x1 and z = x3. p
is the material density; F' is the cross-sectional area of the beam; w(z, ) is the transverse deflection
of the beam; wy(t) is the prescribed displacement of the vibrating base; w(z1,t) and w(xa,t) are
the beam displacements at the DVA installation points; c; and co are the stiffness coefficients of the
elastic-damping elements of the DVAs; m; and mo are the absorber masses; T; and T2 denote the
relative displacements of the DVAs with respect to the beam; d(z — x1) and d(x — x2) are the Dirac
delta functions indicating the locations of the dynamic vibration absorbers; x; and x2 are the coordinates
of the DVA installation points.

Ry =1+ (=v1 +jv2) [Do + g1(Cirer)] - (2)
Ry =1+ (=01 + j02) [Eo + g2(Corer)] - (3)

Kyopamos A. 3., Xyoazaposg P. C., Onoowesa O. O.
W3Bectus By3os. [TH/I, 2026, 1. 34, Ne 3 423



Here, j2 = —1, vi,v2, 01,05 are coefficients determined by the dissipative properties of the
materials, and g1 (Cire1), g2(Corel) denote the vibration decrements [15].

Cl’rel Z DK1 Clrel (4)
K1 1
92(Carer) = Z Ex, Gy (5)
Ky=1
The parameters Dy, D1,...,D,,, Eo, E1, ..., E,, are material-dependent parameters of the

elastic elements of dynamic absorbers and are determined experimentally [8]. The relationship between
the normal stress o, and the relative strain &, is given as follows [9].

0 = B(1+ (=1 + je) [Co + f (&red)] e (©)

Here, E' is the modulus of elasticity of the rod material; 1, 12 are coefficients determined by the
dissipative properties of the materials; and f(E,.) denotes the vibration decrement of the rod, which
can be expressed as follows:

Erel Z le Tel (7)
Ji1=1
Here, Cy, (1, ..., C), are experimentally determined coefficients of the hysteresis loop that characterize

the nonlinear dissipative properties of the rod material. In this study, the coefficients Cy, C1, Cy, Cs
are adopted from the model proposed by Pisarenko and Boginich [8].
For the relative strain, the following expression is written:
0w

Erel = W 2 (8)

here, the z-axis is directed along the cross section of the rod.
We calculate the bending moment acting on the cross section of the rod:

h/2 92w . 24 . h/2 ,
M = 2b/ opzdz = EJa 14+ Co( m —l—an) + ﬁ(_nl —l—]ﬂg) f(Erel)Z dz|, (9)
0 0

bh3
here, J = Tz is the second moment of area; b is the width of the rod, and £ is the height (thickness)
of the rod.
Substituting the obtained expression for the bending moment into the first equation of system (1),
we obtain the following system of differential equations:
As a result, the system of differential equations takes the form

9w 0? [a% 2

. 2
EJ[14 Co(—m +jme)] 57 12 3 EJ( Mty s |52 fEre)z” dz| +

8211) 8211)0

+pF —5 —aaRid(x — 21)01 — coaRad(x — )00 = —pF’ ’
ot o2 (10)
Pulat) 0% 0wy
m1T 152 + kit = —W1W7
32 (xz, ) 2@2 3211)0
I L
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To solve system (10), the displacement of the rod is represented in the following form:
oo
w(z, t) = ui(@) g:(t). (11)
i=1

Here, ¢;(t) is a function of time, while u;(z) represents the mode shape (eigenfunction) of the rod and
satisfies the following equation:

d*u;(x)
dz*
Here, p; denotes the natural frequency of the rod.

Substituting solution (11) into system (10) and taking relation (12) into account, after the
corresponding transformations we obtain

EJ — pFpui(z) = 0. (12)

Z ((‘ji +[1+Co(—m + jﬂz)]pfqz‘)uiJr

=1

3E.J I O T LE
o e 3 Gl gt (G ) ) |-

Ji=1

c1 ca
“oF CiR10(z — 1) — oF CaR2d(z — 12) = =W, (13)

oo
Z w1 G + G+ niRiG = —W,
i=1
w ..
D iz i + o + n3 Rolo = WA,
=1
here,
82'{00
Wy = 210
07 o2

is the base acceleration.

In the particular case, the dynamic absorbers are assumed to be linear, i.e., vi = vo = 6; = 02 = 0.
Using the Bubnov-Galerkin method for the first equation of system (13) and employing the orthogonality
condition of the functions u;(x), we obtain the following system of differential equations:

After performing the corresponding transformations, the system of equations is reduced to the
following form:

G + [1+ (=1 + m2) N piai — mpmoinfuinty — nepoinsuinte = —d;Wo.
windi + G + 0t = —Wo; (14)
windis + Lo + 13ty = —Wo,

where p; is the natural frequency of the beam; the dimensionless mass ratios are defined as

mi ma
W = ) W2 = >
msg ms

l dy;

Uoi = ——, di = —,
do; do;

with

! !
dli:/ u;i(x) dx, in:/ u?(z) dz,
0 0
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where
ms = pFl,

. 3EJ ny; 3 i1 ha
Ni=Co+ mszl CiGia 37 (5, 4 3) Civ
-

sD;
l 52 2w Ji
(]
Giﬁ = /O UZ(IL') Ox2 ( 912 ) dz,
is the mass of the beam; m; and my are the masses of the dynamic vibration absorbers; u;(x) are the

natural vibration modes of the beam; W} denotes the base acceleration. The modal shape functions at
the installation points of the absorbers are given by

82 U;
Ox?

uin = ui(z1), uiz = ui(x2),

where x1 and x2 are the coordinates of the DVA installation points.
The natural frequencies of the dynamic vibration absorbers are defined as

! €2
Ny =3/ n2 =/ —
mi m2

where ¢; and ¢y are the stiffness coefficients of the elastic elements of the absorbers.
The base displacement is denoted by wy(¢), and the corresponding base acceleration is defined as
6211}0
ot?

In the case of harmonic excitation, the base acceleration is assumed in the form

Wo =

Wy = wy cos(wt),

where wy is the amplitude of the base acceleration and o is the excitation frequency.
We seek steady-state solutions of the system in the following form:

Gmi(t) = ami(t) cos(wt + omi(t)),
Ci(t) = by(t) cos (u)t + ﬁl(t)), (15)
Ca(t) = ba(t) cos(wt + Ba(t)).

Substituting these expressions into the governing differential equations of motion and assuming
that the coefficients vary slowly with time, we obtain the following system of averaged (normal)
equations for the system under consideration:

. 1 . . .
Qg = % [diwb SIN Olypy — amip?ngNi + le%bl sin (1)1 + lZi’ﬂ%bQ sin (1)2] ,

1

200

dmz' = [diwb COS Oz + amip?(l — T]lNZ‘) — ami(,l)2 — llym%bl COSs (Dl — lQ’Z‘n%bQ COS (1)2} s

. 1 . . .
b1 = % |:(1 — diuﬂ)wb Sin ﬁl — lg7in%ui1b2 Sin q)g — uﬂp?ami Sin q)1:| s

. 1

B1 = o [(1 — dju;1)wy cos P + bm%Ti,e‘ —bw?+ ZQ,m%uﬂbz cos ¢z — uilp?ami cos q;l},
by = 50 [(1 — diuio)wy sin fg — l1,m%uz'2()1 sin ¢pg — uigp?ami sin q)Q} ’

. 1

By = T [(1 — dyuga)wy cos o + bandTir — baw? + 11 in2uinby cOS P3 — Uizp2ami COS q>2} .

(16)
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where
d1 = PB1 — %, G2 = P2 — O, ¢3 = P2 — P,
l1; = wposui, la; = Haloitsso.

From the system of equations (16), putting zeros instead of the derivatives on the left-hand side,
we obtain the stationary solutions in the following form:

(gi| = |ami] = \/(Bl(w))2 + (Ba(0))?
3

o= [ B
== \/ B+ (Ba(w)? o

Wp.

|C2| = [ba]| = \/(37(0)))2 + (Bs(w))”
(B3(0))2 + (Bs(w))?

The coefficients Ay (k = 1,...,18) are determined as follows:
Bi(w) = dio* — 410 + As, By (w) = —Asw? + Ay,
Bs(w) = —0% + As0* — Agw?® + A7,
By(w) = Ago® — Agw? + Ay,
Bs(w) = (1 — djui)o" — Ajj0® + Ay,
Bg(w) = —A130° + Ay,
Br(0) = (1 — diugp)w* — Ajsw® + Ag,
Bs(0) = —Aj70® + Ajg,
A1 =niT; 1 +n3T;2, Ay =nin3Tis,  A3=0, As=0,
As =pi(1 = mN;) + niTi6 + 3T, 7,
Ag = (nf +n3)p7 (1 — mNg) + nin3Tis,
A7 = ningp}(1—mN:),  Ag = pinalVi,
Ag = (nf +n3)pimaNi,  Awg = nin3pina i,
Avr = pF(1—mNg) + Tam3, Ay = n3p; (1 —mNy),
Ay = pin2N;, Ay = n3pimaNi,
Ais = pi(1 = mNy) + 17Ty 5, Asg = nipi (1 — mNy),
A7 = pin2N;, A = nipinaN;.
The auxiliary coefficients 7} ; are given by

Ti1 = d;i + poi i1, Tio = di + poilause,

Tiz = di + poi (Wil + nauiz),

Tia =14 poilouin(wiz — win) — ditit,
Tis = 1+ woimuir (uin — wi2) — diuga,
Tie = 1+ woiuz, Ti7 = 1+ poillaud,
Tis =1+ poi(maujy + pnoud).
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3. Results of numerical studies

Numerical analysis is performed to determine the first eigenmode in two separate cases. First, a
numerical analysis is carried out by varying the mass ratios @y and pa, (W = w1 = u2) which represent
the ratios of the masses of the dynamic vibration absorbers to the mass of the beam. Second, based on
the obtained relationships, the amplitude—frequency characteristics (AFC) of the system are constructed,
and approximate optimal locations for installing the dynamic vibration absorbers are determined.

In the study of the motion of a rod equipped with dynamic vibration dampers, the choice of the
damper mass plays a crucial role. In this work, the ratios of the dynamic damper masses to the mass of
the rod are considered (Fig. 3). For each case, the corresponding amplitude—frequency characteristic is
presented. In the first case, a mass ratio of 0.05 is selected (red curve); in the second case, a ratio of
0.04 is chosen (blue curve); and in the third case, a ratio of 0.03 is considered (yellow curve).

The obtained graphs show that decreasing the damper mass, together with increasing the excitation
frequency, leads to a noticeable shift of the stable and unstable regions of the system. At the same time,
an increase in the mass of the dynamic vibration damper reduces the resonant frequency of the system
and decreases the vibration amplitudes. As the damper mass grows, the resonance peak becomes lower;
at a certain damper mass the vibration amplitude reaches a minimum, which is taken as the principal
criterion for selecting the optimal damper mass. At this optimal mass, resonance is suppressed most
effectively and the overall vibration level of the system is minimized.

When the installation points of the dynamic vibration dampers are shifted symmetrically along
the length of the rod without changing their masses, the dominant stability region varies depending on
the excitation frequency (Fig. 4). In the first case, the dampers are installed at the points [/3 and 2/3
(red curve); in the second case, at the points [/4 and 3[/4 (blue curve); in the third case, at the points
/5 and 41/5 (yellow curve); and in the fourth case, at the points //6 and 5//6 (black curve).

An analysis of the obtained graphs shows that, as the installation points of the dynamic vibration
dampers are moved symmetrically away from the center of the rod, the stability regions tend to approach
each other.

Fig. 5 presents the amplitude—frequency characteristics of the system for a fixed mass ratio
u = 0.04. The calculations are performed for different installation locations of the dynamic vibration
dampers, which are arranged symmetrically with respect to the center of the rod. The damper positions
correspond to the coordinate pairs /3 and 2{/3 (red curve), [ /4 and 31/4 (blue curve), {/5 and 4{/5
(yellow curve), and [/6 and 51/6 (black curve).

a \
0.04
0.03f
0.02f

0.01F

0 1 1 1 1 1
400 450 500 550 600 ©

Fig. 3. Amplitude—frequency characteristics of a rod with a dynamic vibration damper (DVD) for different values of the
mass ratio p = m/ms = 0.05, 0.04, 0.03, corresponding to the first eigenmode u;(z) = sin (%4%) (i = 1), with
p1 = 470.517 s~* and different installation coordinates of the DVD (color online)
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Fig. 4. Amplitude—frequency characteristics (AFCs) for a mass ratio of @ = 0.04 at different installation locations of the
dynamic vibration dampers: [/3 and 2{/3 (red curve), [/5 and 41/5 (black curve), and [/12 and 111/12 (blue curve) (color

online)
ar ‘\\\ \
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Fig. 5. Amplitude—frequency characteristics of the system for u = 0.04 (color online)

It can be observed that a symmetric displacement of the damper installation points away from the
rod center significantly affects the amplitude—frequency response of the system and leads to noticeable
changes in the location of the stability regions.

A horizontal displacement of the system leads to a significant shift in the resonant frequencies
while preserving the overall vibration pattern. This makes it possible to control the resonance regions
without altering the dynamic stability of the system. Consequently, varying the installation positions
of the dynamic vibration dampers along the beam provides an effective and convenient approach for
optimizing resonant frequencies and controlling vibrations.

Conclusion

The problem of optimizing transverse vibrations of an elastic beam with two parallel-installed
dynamic vibration dampers equipped with elastic elements under harmonic base excita-tion has been
investigated. A systematic approach for determining the optimal installation parameters of dynamic
vibration dampers for an elastic beam has been developed, taking into account the amplitude—frequency
characteristics associated with transverse vibrations.
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Numerical analyses of the system vibrations were carried. Numerical investigations demons-trate

that the dynamic response of the beam can be effectively controlled by adjusting two key parameters:
the mass ratios of the dynamic vibration dampers and their installation positions along the beam. Proper
selection of these parameters leads to a significant reduction in vibration amplitudes and a controlled
shift of resonant frequencies toward a desired operating range, thereby improving the overall dynamic
stability of the system. As a result, the system attains dynamic stability, enhanced protection against
resonance, and improved energy efficiency.
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Annomayus. []ens HACTOAIIETO UCCIETOBAHUS — MIOCTPOUTH AHAIUTHYECKOE PENICHHE 10 ONPENENCHHUIO MONPAaBOK K YaCTOTaM
KoJIeOaHUH LIEITHOTO MasiTHUKA U1l MICXOAHOM MOJIEN C paclpe/ie/ICHHBIMU NapaMeTpaMy U IS CTEPXKHEBOH KOHEUHOMEPHOH
MOJIETH C COCPEIOTOYCHHBIMH ITapaMeTPaMH B 3aBHCUMOCTH OT aMIUIHTYBI KOJIeOaHUI; IPOBEPUTH CXOMUMOCTD PEIICHUS
13 KOHEYHOMEPHOH MOJIENH K PEUICHHIO U3 PacHpeeICeHHON MOJEIH MPH yBEINIEHHH KOJIMYECTBA CETMEHTOB, U3 KOTOPBIX
COCTOUT MoJeNb. Memoow. JIyist onucanus KojaebaTebHOro IBMKEHHUS ETHOT0 MasTHUKA MPH HAJIWYUK CI1a00i HEeMMHEHHOCTH
MIPAMEHSUIICS. aHAJIUTUYECKUI MOAXO0M Ha OCHOBE aCHMITOTHYECKMX METOJNOB, BKIIIOUAIONIMH HCIOJIb30BAaHHE YPAaBHEHUS
rapMoHn4eckoro Oamanca. KoHeqHoMepHast MOZENb MPEACTABISIET COO0I CTEPKHEBYIO CXEMY C IIPOHM3BOJIBHBIM YHCIOM
MHEPLMOHHBIX CTEpP KHEH, [apHUPHO CBA3aHHBIX MEXAY CO00H. B kauecTBe UMCIIEHHBIX SKCIEPUMEHTOB ¢ KOHEUHOMEPHOH
MOJIETBI0 OBLIH NPOBEEHBI CUMYIISIIMK €€ CBOOORHBIX KoJeOaHNIT MeToIaM1 MHOTOTEIEHOM TMHAMHKH, a TAKXKE OCYIIECTBICHO
HMHTETPHPOBAHNE MAaTPUYHOTO YPABHEHUS €€ IBIDKEHUS NPU HATUYUK KOJUTHHEAPHOTO YIIPABIECHMS, TO3BONISIONIETO Pa3rOHITh
cuctemy 1o ¢popmam kojebanuii. Pesyrbmamoi. BeiBeneHbI GOPMYIBI /IS BBIYUCICHUS YaCTOT KOJCOAHU pacrpeeieHHON 1
KOHEYHOMEPHO Moyiernelt IIeIHOT0 MasiTHUKA TIPU y4eTe cIa0oi HeMMHEHHOCTH B 3aBUCHMOCTH OT HOMEpa YacTOTHI, aMILTUTY-
IbI KoJIeOaH!i 1 KONMMYecTBa CTEpKHEH i KoHeuHOMepHO# Mozenu. [Toka3aHa cXOIUMOCTh MOMPABOYHBIX KOIPQUINEHTOB
13 KOHEYHOMEPHOH MOJIENIM LETHOT0 MasTHHKA K 3HAUCHUSIM aHAJOTMYHBIX KOA(QUIMEHTOB U3 pachpereleHHOH MOIeI!
IIPY BO3PACTaHUM KOJIMUECTBa cTepykHeH. [locTpoeHs! rpaduieckne MILIIOCTpAMK pe3ylIbTaTOB PAcyeToB AJISI HAIVISTHOM
OLIEHKH MOJIENIEH U UX COMOCTaBNeHus. 3akaouenue. Ha ocHOBe momyueHHBIX HOPMYI U TPaHKOB ONPEAENIEHO, YTO CTEPIK-
HeBasi KOHEYHOMEpHas CXeMa IIPUro/iHa AJIs ONMCAHUS [IOBEACHUS LIETTHOrO MasTHUKA IIPU HaJIM4uy cl1aboil HeIuHeHHOCTH.
[Tpu KoneOaHUSIX CHCTEMBI B paMKaX 3TOH MOJENH Ha HU3IIEH 9acTOTe JOCTAaTOYHO IOPSAAKA IECSATH CTEPIKHEH Ul KOPPEKTHOTO
OIMCAHUSI ¥ MaTEMAaTHYECKOr0 MOJIEIUPOBAHMS IIEMTHOTO MasiTHUKA. B ciryyae Goree CIOXKHOTO IBIKEHHUS MO BTOPOH MITH
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Abstract. The purpose of this study is to derive an analytical solution for determining corrections to the oscillation
frequencies of a chain pendulum for the initial distributed-parameter model and the rod finite-dimensional model with
concentrated parameters, depending on the oscillation amplitude. Check the convergence of the solution from the finite-
dimensional model to the solution from the distributed model as the number of segments that make up the model increases.
Methods. To describe the oscillatory motion of a chain pendulum in the presence of weak nonlinearity, an analytical approach
based on asymptotic methods was used, including the harmonic balance equation. The finite-dimensional model is a rod system
with an arbitrary number of inertial rods, pivotally connected to each other. As numerical experiments with a finite-dimensional
model, simulations of its free oscillations were carried out using multibody dynamics methods, and the integration of the matrix
equation of its motion was also carried out in the presence of collinear control, which allows the system to be accelerated
according to the oscillation modes. Results. Formulas are derived for calculating the oscillation frequencies of distributed
model and finite-dimensional model of a chain pendulum, accounting for weak nonlinearity, in the dependence of the frequency
number, oscillation amplitude, and the number of rods for the finite-dimensional model. The convergence of correction factors
from the finite-dimensional model of a chain pendulum to the values of similar coefficients from the distributed model is
demonstrated as the number of rods increases. Graphical illustrations of the calculation results are plotted for visual evaluation
and comparison of the models. Conclusion. Based on the obtained formulas and graphs, it was determined that the rod
finite-dimensional model is suitable for describing the behavior of a chain pendulum in the presence of weak nonlinearity.
In the case of system oscillations in this model at the lowest frequency, the order of ten rods is sufficient for the correct
description and mathematical modeling of a chain pendulum. In the case of more complex motion according to the second or
third oscillation mode, at least thirty rods are required to ensure sufficient smoothness of the oscillation modes.

Keywords: chain pendulum, weak nonlinear, oscillation frequencies, distributed model, finite-dimensional model,
multidimensional systems.
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BBenenue

HccnenoBanuto moaenu nenHoro mastauka (L{M), ¢ mOMOIIIBI0O KOTOPOTO MOXXHO OIHCHIBATH
MIOBEJCHUE LIeTIeli, TPOCOB, KAHATOB, TSDKEJIBIX HUTEH, MOCBSIIEHO 3HAYUTENbHOE YHucio pador [1-5].
B wactHOCTH, 0COOBII MHTEpEC MpeACTaBIsIeT fMHaMuYecKkui ananu3 LM mo ompeneieHnio 4actoT
koste6anni, korma LM BXoQuT B BU/IEe KOHCTPYKTUBHOW €AMHUIIBI B CaMble pa3HOOOpa3HbIe MEXaHM3MBbI
u coopyxenusi. Tak, HampuMep, €lle Ha dTale MPOCKTUPOBAHMS aHAIU3 YacTOT KojeOaHHH Tpoca
Meperpy309HOr0 KpaHa MOJKET MUTHTHPOBATh PUCKH HEXKeJaTeNbHBIX KOIeOaHU, BEI3BAHHBIX BETPOBBIM
pe3oHaHCOM [6] WM KadKoM Ha BOJHAX, €CIIM KpaH paclroiaraeTcsi Ha cyfgHe. B Hacrodiee Bpems
MOSABTISIFOTCS PaOOTHI, IENIbI0 KOTOPBIX BBICTYTAET ONPENENIeHNEe ONTUMAIBHBIX METOIOB M aITOPUTMOB
JUISL YUCJICHHON CHUMYJISILIMU AWHAMHUKH LEMHBIX cucteM. Tak, B paboTe [7] NpOBOANTCS MOAEIUPOBAHHUE
Tpoca Meperpy304HOro KpaHa METOAOM MHTErpUpPOBaHUs Bepiie ¢ MepeMEeHHBIM YUCJIOM CETMEHTOB,
HO3BOJIAIOIIUM alalTHBHO MOAOUpAaTh YUCIIO Pa30UeHU Tpoca B 3aBUCHMOCTH OT pexknuMa paboThl KpaHa
C COXpaHEHHEM HeoOxoammou TouHoCcTH. B pabore [8] mzyuaercs nuramuka LM, monBemeHHOro Ha
KO03J10BOM KpaHe. Llenb Monenupyercst Kak HepepbIBHBINA OHOPOAHBIN TpoC 0e3 TPEeHUs C IPUMEHEHHEM
MeToza ammpokcumanuu Purtna. Taroke ynensercss ocoboe BHUMaHHE YNPaBICHHIO U CTaOMIN3aluu
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BepTHKanbHOro LM, mperncrasnsromero coboii mocienoBaTebHOE COSIUHEHNE KECTKUX 3BEHBEB,
COCIMHEHHBIX ceprdeckumMu mapHupamu [9, 10].

OtnenbHBII HHTEpEC MPEACTABIACT H3yUeHNnEe HeNMHEeHHbIX Kosebanuii LM, mockoIbKy B ciydae
packauky 1enel U TPOCOB OT BETpa M CEHCMUKH OIOP aMIUIUTYAbI KOJeOaHU MOTYT ObITh JOCTaTOYHO
BEJIMKH, YTO YK€ HE IMO3BOJIUT MPOU3BOIUTH PACUETHI IIPU MMOMOIIY TEOPUHU ManbIX Konebanuil. Cye-
CTBYIOT pabOTHI IO aHAJIN3y HEIMHEWHBIX KOJIeOaHWH Tpex3BeHHOTo MasTHHKA [11], omHako BMecTe
C T€M aHAIUTHYECKOE MCCIIeIOBAaHNE HEMMHEHHBIX KOlMeOaHUH MHOTO3BEHHBIX MAasTHUKOB M IICTIHBIX
CHCTEM B CiIy4ae, KOTJa YHCIIO WX 3BEHBEB JOCTAaTOYHO BEJIHKO WIIM CTPEMHUTCS K OECKOHEYHOCTH,
a TIOBE/ICHNE CUCTEMBI MOXET ONHUCHIBATHCS MOJENSAMH KaK ¢ COCPEOTOUEHHBIMHU, TaK U C PacHpeesieH-
HBIMH TTapaMeTpaMH, IPEICTaBICHO HEAOCTATOUHO MOIHO. OCHOBHOI IIEJhI0 HACTOAIIETO MCCIEAOBAHMUS
U SIBJISETCSl YCTpPaHEHHE 3TOro mpodena, a UMEHHO, OHO IOCBALICHO ONPEACICHHUIO MONPaBOYHBIX
cJIaraeMbIX B BBIDOKCHMAX IS YacTOT HEJIMHEHHBIX Konebanuit L{M.

J1st mpoBEpKH Pe3ysIbTaToOB aHAIUTHUYECKOTO pacyeTa paciupeneIeHHON MOAEIH Lenecoo0pa3sHo
TaKKe MPOBECTH YaCTOTHBIM aHAM3 ¢ MPUMEHEHHEM KOHEYHOMEPHBIX MOJIENICH, KOTOpbIe cedsl YCIeIHO
3apEKOMEH/IOBAJIM NpU aHalu3e uenei [12, 13]. AHanurrudeckoe pelieHue Jjisi KOHEYHOMEPHBIX MO-
neneit [IM ¢ nprMeHEHHEM CTEPKHEBOM CXEMBbI CTPOUTCS 10 CXOKEMY ACUMIITOTUYECKOMY IOAXOLY,
YTO W IS pacrpenesieHHoN Mozenu. [loMrMO aHATMTHYECKOTO PEIIeHNs, B HACTOSIIEM HCCIIeIOBaHUT
JUISl MOZICTIMPOBAHUS M CUMYJISLINIA cBOOOAHBIX KoneOanuii LIM ¢ yueToM HEeNMHEHHOCTH NPUMEHSETCS
nporpaMMHBIi Komruieke MSC Adams, KOTOPBIA OTIHYHO ceOsl TPOSIBISIET B 3a/1a4ax, CBSI3aHHBIX C
MOJIEIMPOBAaHUEM MHOTOTENIBHBIX CUCTEM. BO3MOXKHOCTB OLICHKH CTaTHKH, KHHEMAaTUKH U JUHAMHUKHI
nemaer MSC Adams 3¢ dpeKTUBHBIM HHCTPYMEHTOM, IIPUMEHSIEMBIM KaK B MH)KEHEPHOM Jieje, Tak U
B Hay4YHOW aesTenbHOCTH. Tak, B padorax [14, 15] maHHOe mporpaMMHOE 00ECIICUCHHE ITO3BOJIHIIO
onHcaTh MOBEJCHUE TPOCAa B CHCTEME LIEMHBIX KaHATHBIX JIOPOT B KBa3WCTAaTHKE M CMOJEIHPOBAThH
CHUCTEMY LIEITHOTO MPHUBO/a KOHTEHHEPA C XOPOILIUM COBIAJEHHEM C IKCIIEPUMEHTAIBHBIMU JaHHBIMU.
Taxoke A1 MPOBEPKU Pe3yabTaTOB aHATUTUYECKOTO pacdera CIeAyeT BOCHOIb30BaThCs €IIe OJHON YHC-
JICHHOH IPOIeypOH, OCYIIECTBUB HHTETPUPOBAHNE MAaTPUYHOTO YPAaBHEHHS IBHKCHHSA CHCTEMBI IIPU
HAJIMYMU KOJUTMHEAPHOTO YIPABICHUS, MO3BOJISIONIETO PAa3rOHATh CUCTEMY 1O (opMaM ee KomeOaHui
B OTACIHHOCTH C TIABHBIM JPEH(POM KakK JacTOTHI, TaK U caMoil (DOpMBI KoJIeOaHUI IO Mepe Tepexona
13 JIMHEWHOH 001acTH B HEJIWHEWHYIO, YTO BOCTPEOOBaHO B pOoOOTOTEXHUKE u Onomexanuke [11, 16].

1. AHaauTHYeCcKOe onpe/ejeHe NONPABOYHBIX KO3(HUHeHTOB

1.1. Pacnpenenennasi mogeib. PaccMoTpuM pactipeneneHayio moaens [IM (puc. 1, a) mimHb
L ¢ maccoit M = pL, rae p — NOTOHHAs MIOTHOCTh. YpaBHEHUS JIBUKEHUS CUCTEMBI UMeroT BUA [17]:

Pu 0 ou v 0 ov
o (1+Z S 1
P o 35[ < +as>]+pg’ P 85( as>’ M
IJie $ — KOOPIMHATA BJIOJb IIEIH, OTCYMTHIBACMAs OT €€ BEPXHETO KOHIA; u(s,t) u v(s,t) — npoeKuun

BEKTOpA MEePEMELICHUS TOUKH LIENH ¢ KOOPAUHATON s B MOMEHT BPEMEHU ¢ Ha OCH T U iy COOTBETCTBEHHO;
g — yCKopeHne cBoOOmHOrO majeHus; 1 — ycunue B nenu. Ilpu 3ToM Takke UMEeT MECTO YCIOBHE

CBsA3U 9 9
ou ov
1+ 24 Y 2
( *as> +<85> ’ @)

KOTOPO€E MOKHO cpasy 3amucarhk B popMe, yIoOHOH I MOCIEAYIOMUX JeHCTBHIA:
ou 1 ou\ 2 ov\ 2
—=—||l= ) + = . 3)
0s 2 0s 0s
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a b
Puc. 1. MOIIeJH/I LCTTHOTO MasiTHUKA: a — pacnpeACICHHAasA MOACIIb,; b — KOHCYHOMEpHast MOJC/Ib

Fig. 1. Chain pendulum models: a — distributed model; b — finite-dimensional model

N3BecTHO, UTO B pamMKax JHHEHHON Momenn ¢hopMbl koiebanuit [IM OyayT [18]:

Vi(s) = Jo <knﬁ) , 4)

IJIe KOPHH A, OIPEAENAIOTCS U3 4acToTHOrO ypasuenus Jo(A) = 0 [17,18].

OrnpenenuM 9acTOThI CIa0OHEIMHEHHBIX KoeOanuii 1M npu ABMKEHUH CHUCTEMBI TTO KaXKIOH
u3 opm xonebanuii V,, B ornensHocTH. [Ipu 3TOM paccMoTpeHHe MOIeH co cllaboi HeMMHEHHOCTHIO
O3HaYaeT ydJeT BIUSHH HamOoJee 3HAYMMBIX HETMHEHHBIX CJIaraeMbIX, HIMEIONMINX TPETHH MOPSIOK
MaJIoCTH. B paMkax mocTaBieHHOM 3a/1a4u MPUOIMKEHHOE PEIICHUE NPEACTaBUM B opme

v(s,t) = AVp(s) cosyp, = kn(A)t + 6, (5)

rne A — BennWuYMHA, KOTOpas XapaKTEpHU3yeT aMILIMTY/bl Koebanui Bcex Touek LM B momnepednom
HalpaBleHUH, ) — nonHas (aza xoneOdanuii, 0 — HayanbHas (aza KoneGaHuid, ky,, — yacToTa KoneOaHUH
B MOJZIETTN CO CJIa00i HEMMHEHHOCTHIO, 3aBUCSIIAs OT aMIUIUTYABL. SICHO, YTO 3/1eCh YK€ HE0OX0IMMO
YUHMTBIBATh U BEPTHKAIBHOE MEPEMELICHHE, KOTOPBIM HEJb3sl PEHEOPEraTh, KaK 3TO [ENAaeTCs B JIH-
HeitHol Mozenu. Jlanee HE0OXOAMMO ONPEACTUTh 3aBUCUMOCTH YacToT kj, OT A, KOTOPbIE OTJIHYAIOTCS
OT 4acTOT MaJIbIX KojJeOaHH k, 3a CUET MONPAaBOYHBIX KO3(D(UIIMEHTOB, BBI3BAHHBIX HEIMHEHHBIMHU
¢paxkropamu. Mckomble MONIPaBKH MOTYT OBITh HailIeHbI U3 YPaBHEHHS rapMOHHYEcKoro 6anmaHca [19]
10 KOHKpeTHO# (opme konebanuii V;,(s), KOTOpOe 3amichBaeTCs B BUIE

21 L
v 8 (.0
/coswdw/Vn(s) [pat;) - <Taz>} ds = 0. (6)
0

0

Jnst ymporeHus JaabHEHIIero HCCIeI0BaHUs BBEAEM B PACCMOTPEHNE CIIeAyIomue Oe3pa3MepHble

BEJIMYNHEL:
s T U v A
tT=kot, z=4/1——, N=— ==, N=-=, a=— 7
0l L y ng ) E L ) I L ) L ) ( )
e kg = /g/L — dacrora konebaHuii MaTeMaTH4eckoro MasTHUKA JUIMHOH L. CTOUT MOSICHUTH

(bU3MYECKUi CMBICT BBEJCHHBIX apaMETPOB: T — Oe3pasMepHoe BpeMs, z — Oe3pa3MepHasi KOOpANHATa,
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N — 0Oe3pa3MmepHoe ycuime, § u 1 — Oe3pa3MepHbIe TONEPEYHOE U BEPTHKAIBHOE MEpEeMEIICHUS
COOTBETCTBEHHO, ¢ — Oe3pasMepHas aMIumTyna kojebanmii. C yuetom (7) ypaBaerus (1) mpumyT Goee

YIOOHBINM BUA:
0%t 10 1 0t 01 1 9 [Ny
81:2_1+2zaz[N<2z8z_1>]’ a_4a<a> ®

B cnyuyae manbix KoneOaHuil BennynHA § nMeeT OoJiee BBICOKHIA MOPSIOK MAJOCTH MO CPABHEHHUIO
C 1, TaK KaK MMOIbEM IICMHU CHJILHO MEHBIIEC B CPABHCHUU C MOMEPEUYHBIM OTKJIOHEHHEM. C IIebI0
MOCTPOCHUS PEIICHHS JIJIsl MOJICIH CO Cab0i HENMHEHHOCThIO OyIeM CUHMTATbh, YTO 1] UMEET MEPBbIi
MOPSIJIOK MAJIOCTH, a &, KaK HETPYIHO IMOHSITh, OyIeT UMETh BTOPOM MOPsIOK Manoctu. M3 ycmoBust
cBs13M (3) HalizeM Torma ¢ TpeOyeMOl TOYHOCTHIO

95 1 (on)°
az—4z<az>~ ©)

Pemenwue (5), ¢ yaerom (7), B 6e3pasMepHOM BHUE TeTeph MPUMET CICTYIOIIHA BU:
n(a, z,p) = aVy,(2) cosp = aJy(hyz) cosy, Y = py(a)t+ 6, (10)

re ObUI0 yuTeHO BhIpakeHue st popm konebanuii [IM cormacho (4), a Takxke BBEIEHBI Oe3pasMepHbIe
9aCcTOThl HEJIWHEUHBIX KoneOauuii p, = k,/ko. N3 (10) Takxke ciemyer, 4TO BEIUYHHA @ PaBHA
Oe3pa3MepHON aMIUTUTyAe KojieOaHuil koHIeBod Touku IIM s = L, to ects z = (. IlogcTtaBum
BhIpaxkeHue s 1 corntacHo (10) B popmyny (9), BeieacTBre Yero Moiryuyum

08 1

5, = EaQ)»?LJlZ(knz) cos? . (11)
[IpounTterpupyem ypasaenue (11), BOCIIONB30BaBIIMCH COOTHOIIEHHEM
JE (M 1
/ Jila) ) -5 [J§ (Mnz) + Jf(hn2)] + C,  C = const, (12)
z

rjae C' — KOHCTaHTa WHTETPUPOBAHHUS, U IPUHUMAs BO BHUMaHUE TpaHn4HOe yciaoBue § = 0 mpu z = 1,
oTBeyarollee 3akperieHHoMy KoHy 1IM s = 0. B pe3synbrare noinyyum

E(a,z,¢) = éa%‘% [J%()\n) - Jg()\nz> - le()‘nz)] cos” . (13)

CpasuuBas (10) u (13), MOKHO YIOCTOBEPHTHCS, YTO & B CAMOM JIC]I€ KUMEET BTOPOM MOPSAIOK MAJIOCTH
0 @, TOTZA KaK 1] UMEEeT MEePBBIi MOPAAOK MaJOCTH.

OOparumcs Tenepb K BBIUUCIEHUIO Oe3pazmepHoro ycunust N. Byaem monaraTs ero paBHbBIM
N = Ny + S, roe Ny — ycunue B TUHEHHOW MOJIENTH, KOTOPOE HE 3aBHCUT OT aMILTUTYAbI KoleOaHui
1IM, S — manas no6aBka, BO3HHUKAIOMIAS TIPH y4eTe HEIMHEHHOCTH N UMEIOIIasl, Kak HeCIOKHO M0Ka3aTh,
BTOPOM MOPSI0K MaJoCTH 10 a. [logcTaBum BeIpaxeHue i /N B epBoe ypaBHeHue (8) U, ommyckas Bce
HeJMHEHHBIE cllaraeMble, MOTyquM

z

rae yareHo, uto Nyg = 0 Ha cBobogHoMm koHIe LIM mpu z = 0. Teneps ymepXuM B IIEpBOM ypaB-
HeHMH (8) ciaraembple BTOPOTO MOPsAKa MAJIOCTH IO ¢ M MOIYYHM JJIsl onpeaescHus S clenyromee
muddepeHnraIbHOe ypaBHEHHE:

s __, 9% 1a<a§)' s

2 - o T 20: \Fos
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s onpenenenus S He0OX0AUMO TIPOMHTETPHPOBATh ypaBHeHHE (15). OTMETHM, YTO BTOpOE cllaraeMoe
B npaBoi 4acTu ypaBHeHHs (15) camo mo cebe sBsieTcs NMPOU3BOAHOW HEKOTOPOH (PyHKIMHU 1O 2,
MO3TOMY OCTaeTCs BHIYUCIUTD HHTETPAN TOJIBKO OT MEPBOTO CIAraeMoro, KOTOPOe, COrIacHO GopmyIie
(13), mpumer BUA

205 L 120 = J20mz) — T2 (02)] cos 2. (16)

Bocmnonb3oBaBniucy TabnuuHbIMUA HHTErpanaMu u3 [20] ¢ yuerom ycnosus S = 0 nipu z = 0, mony4um
nocje psijaa npeodpa3oBaHU CeoyIolIee BIPaXKCHHUE:

S = ia%ﬁ [JE(Mpz) + cos 2y (1 — 202 2%) J¢ (hn2)+
16 (17)

+2202 JF (hn) — 2202508 (Mnz) + 2k 2do(hn2) J1 (Mn2)) ] -

W3 (17) cnemyert, uro BenuunHa S NEHCTBUTENBHO HMEET BTOPOH MOPSIOK MAJOCTH IO d, KaK 3TOTO
U CJIEIOBAJIO OXKHJIATh.

IMepexofist nanee K BEIYUCICHUIO YaCTOT HEMHEHHBIX KoleOaHwil, 3anuiieM ypaBHEeHUE TapMOHH-
yeckoro Oananca (6) B 6e3pazmepHoii Gopme:

21 1
P 10 (Nony _
0 0

OueBUIHO, YTO MONPABKa B BRIPAXKEHUH VIS 4aCTOTHI KojeOaHUH, BBUIY y4yeTa clnaboil HeNMMHEHHOCTH,
JIOJKHA MMETh BTOPOM MOPSAIOK MaJOCTH MO a. B cuimy ckasaHHOTo OyaeM pa3bICKMBaTh YacTOTY
KOJIeO0aHUH B CIIENyIOLIEM BHIE:

Pn(a) = pn(1 + yna®), (19)

TJ€ Yn, — WCKOMBIN TMONPAaBOUHBIM KO3 (UIIMEHT, MOANIeXKAIUNA BRIYUCIEHUIO U3 ypaBHeHHs (18),
a pp, = Ahy/2 — Ge3pa3MepHble 4acTOTHI MpU Maibix KonebGanusix [IM [18]. Haiinem BbIpakeHue
B KBaJIDaTHBIX CKOOKaX B ypaBHEHHH rapMOHHYecKoro Oananca (18) ¢ TOYHOCTBIO 10 BEIMYHUH TPETHETO
HOpsIIKa MaJIOCTH 10 @

1d dav,
— _ 2 2 I V] —
[ } = —azVy(2)p; (1 + 2y,a°) cos 1ds (z P ) acosy — @, (20)
IJe BBEICHO ClIe/ytoniee 0003HaYeHHe Ul BENYMHBI Q)
10 (S0n
-7 (2 21
@ 40z (z 82) ’ @1

MMeEIOIIEeH TPEeTH MOPsIOK MaIOCTH 10 a. [IpuHuMas Bo BHUMaHue, 4to Gopma konebanuii LIM V,, (4)
YIOBJIETBOpAET AU QepeHInaI-HOMY ypaBHEeHHO [21]

1d ( av,
dz

) + 4P}V =0, (22)
MOXXHO YIPOCTHTH BhIpaxkeHue (20) mo Gosee mpocToro BuAa:

[ e } = —22v, Vi (2)a®p? cosyp — Q. (23)
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IToncraBnss BelpakeHue (23) B ypaBHEHHe rapMoHHUYeckoro 6amanca (18), mody4yuM ciemyronryro
(hopMyITy AJISl TOTIPABOYHOTO KOAPQHUIIUEHTA Y, !

1
Yn = J1( e /cosmpdtp/ 2)Qdz. (24)

Jns ynpomieHnst HOBTOPHOTO MHTETpaa, CTOSAMIETO B MPaBoi 4acTH (24), HE0OX0ANMO y4eCTb, YTO BENH-
yuHa (), coracHo (21), SBIseTCs MPOU3BOIHON HEKOTOPOH (YHKUMH MO z, a 3HAYUT, [UIS BHIYUCIICHUS
UHTErpaa Iejaecoo0pa3Ho BOCIOIb30BaThCsl IPAaBUJIOM HHTEIPUPOBAHMUS 10 YACTAM:

le(knz)
2

1
Jl ()\.nZ
— 2
p, dz |, (25)

>J0(knz)‘(1) . xn/s

1
/Vn )Qdz = fkna cosy [ S
0 0

e yuaTeHo, 9to dn/0z = ahyJ1(Ayz) cos . IlepBoe craraeMoe B KBaJPaTHBIX CKOOKaX B BBIPAKCHUH
(25) paBHO Hymo, Tak kKak S = 0 mpu z = 0, a dyakuust Ji(A,2)/z UMeeT KOHEUHBIH Mpenes npu
z — 0, Torna kak npu z = 1 umeem Jy(A,) = 0. CnenoBarensHo, BeipakeHne (24) npuMeT BUL

1 21
S ay [ g71tn2)
v a2J12(kn)n/COS v 1*’/
0

IJIe YYTEHO, 4TO P, = A, /2. HakoHer, octaercs moacTaButh BeipaxkeHue st S cornacHo (17) B popmyity
(26) u BerUMCcINTH HHTErpad no d. Ilocie psna mpeoOpazoBaHUil 3aMUIIEM OKOHUATEIbHOE BhIpayKeHNE
IUIS1 TIONIPAaBOYHOTO KO3 HLIMeHTa Y, B BUAE

Jl (An2) . (26)

1
= 1 [ FO @)
0

rae Gynkuus F'(z) uMeeT cieayrolee npeacTaBIeHue:

F(2) = J?(M2) PW — A2 T (hp2)+
2z (28)

1
M Jo(hn2) 1 (hn2) = A TG (An2) + 5200 T (o)

Hessupas Ha BecbMa IpOMO3AKYIO CTPYKTYpY (hyHKImH (28), onpeneneHHblid uHTerpai B popmyie (27)
MOJKET OBITh JIETKO BBIYHCIIEH C ITOMOIIBI0 YHCIEHHBIX Mpouenyp. B pesynprare HaxoguM 3HaYEHUS
MOIIPaBOYHOTO KO3 PHULIMEHTA IS HEPBBIX TPEX YacTOT KoJIeOaHUH:

| = —0.04999, vy = —3.129, y3=—17.74. (29)

Crout 00paTuTh BHUMaHHUE, YTO BCE MONPAaBOYHbIE KO3()(MULMEHTHI Y,, OTPULATEIbHBI, a 3HAYUT,
COmIacHo BeIpakeHHIO (19) 4acToThI KoslebaHui YObIBAIOT C YBEIHMUSHUEM aMIUIUTY/ KojaeOaHui. bonee
TOT0, BKJI/l TOTIPABOYHBIX CIIAaraeMbIX BO3PACTAET C YBEIUYEHUEM HOMEPA YaCTOTEHI.

1.2. KoneunomepHasi Monesab. IlepeliemM Tenepsb K aHAIM3y KOHEYHOMEPHOU MOJIENIM paccMar-
puBaemoro IIM, koTopast COCTOUT U3 1 CTEPKHEHU, COEAUHEHHBIX LIAPHUPHO, 4 3HAYUT, 5Ta MOJAECIIb
obiagaer n cremeHsIMu cBoOonb! (puc. 1, b). B kadecTBe 0000IICHHBIX KOOPAMHAT OyIeM paccMaTpHBaTh
YIJIbI OTKJIOHEHHS CTepP)KHEH () OT BepTHKanu. Kaxnpli crepskeHs umeer munHy | = L/n, maccy
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m = pL/n n moment unepiuu J = ml?/12 OTHOCHTEILHO CBOETO IEHTpa Macc. Bce cTepikHH coeu-
HEHBI JIPYT C JAPYrOM IIAPHUPHO, YTO 00ecHednBaeT TMOKOCTh, KOTOPasi XapaKTepHa JUlsl KIIacCHYEeCKOM
mozenu [[M.

JUtst COCTaBIICHUsI ypaBHEHHI KHHETUUESCKOM M MOTEHIUATIBHON SHEPIUH 3alHIIeM KOOPIUHATHI
LEHTPOB Macc k-TO CTEPIKHS:

k—1 k-1
l l
Tp = Ecoscpk—i—lZcoscpi, Y = §sincpk+lZsincpi. (30)
=1 =1
[NoTennmansHast SHEPTUS CHIBI TSDKeCTH k-0 cTepxHs, ¢ yaerom (30), Oymer

k-1
1
[y = —mgz, = —mgl | = cos@g + Zcos ®; |- (31)
2 ,
=1
BrIpaskeHue s cyMMapHO# TMOTEHITHAIBHON SHEPTUH, ¢ yaeToM (31), i HeIMHEHHOW MOACITH TOrna
MIPUMET BUJ

II(¢g) = —mgl Z <n -1+ ;) COS ;. (32)
i=1

[Ipu BRIYMCIIEHNN KHHETHYECKOW YHEPTHH MPOMEKYTOYHBIE BHIKJIAIKH OKa3bIBAIOTCS HECKOJIBKO CIIOXKHEE
B CPaBHCHHH C TIOTCHIIMAIHHOM SHEPTHUEH, YTO OTYACTH CBSI3aHO C HEOOXOIUMOCTHIO YUNUTHIBATH KaK
MOCTYIATENbHYI0, TaK U BpallaTelIbHYI0 COCTaBISIONIYIO TIPU JBIDKEHNH Kaxkaoro crepxkHs. Juddepen-
uupys BeipakeHus (30) Mo BpeMeHH, OTYyYUM

k—1 k-1

. I o . .

g = = i Q@ — l;sm Pipi, Gk = 5 COS Qi + lz;cos Pifp;. (33)
1= 1=

Torma BeIpakeHNEe KHHETHYECKON YHEPTUHN JUIA k-TO CTepKHS IPUMET BHI

2
TkzlJc'pi—}—lmv Lml
2 2 212
IJie TePBOE ClIaraeMoe XapakTepu3yeT SHEPTUI0 BPAIICHHS CTEPXKHS BOKPYT €ro MEHTPa Mace, a BTOPoe
claraeMoe — IMOCTYIATeIbHOE IBIKEHUE IIEHTPA MAacC CTEP>KHS CO CKOpocThio vg. C yuetoMm (33)
BeIpakeHue (34) MOXKHO MPHUBECTH K BULY

— + —m(iq + Up), (34)

k—1k-1

1 1. Lo . .
Ty = imﬂ §cpz + ¢k Z cos(p; — Q)i + Z Zcos(cpi — @) Pip; | - (35)
i=1 i=1 j=1

Torna cymMMapHYI0 KHHETHUECKYIO SHEPTHIO [l MHOTOMEPHOM CTepKHEBOM cxeMbl LIM MokHO 3amucarh
B MaTPUYHOM BHUJE:

: ooy, .
T(9,9) = 59" A(@)$, (36)

e A(¢@) — cuMMeTpUYHas Marpula WHEPIHOHHBIX KOA()GHIMEHTOB HEIMHEWHOW MOIeny,
a ee JIEMEHTHI a;; (@) ¢ yuerom (35) 3amuiiem B CIEIYIONIEM BHE:

1
i:ji 'dl-,-:ml2<n—z'+3>,
(37
1
i# G ag=ml (n —r+ 2) cos(@; — @), 7 =max(i,]).
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B cnyuae manpix xoneGaHMN BOMU3M MOJIOKEHUS PaBHOBECHS TPHU (P = (0 MOXKHO IPOBECTH ANINPOKCHU-
Manuio. B ¢popmyrne s noteHmanbHoi sHeprun (32) mONoKHM cos ¢; /& 1 — cp? /2, @ B BBIPQKCHUH JUIS
KMHeTH4ecKoil sueprun (37) 3anumeM cos(¢p; — ;) ~ 1, uto GyaeT rapaHTHPOBATh yIepKaHUE JIHIIb
cllaraeMbIX BTOPOTO TIOPSAIKA MaJOCTH 0 0000IIEHHBIM KOOPIUHATAM H CKOPOCTSIM B BBIPOKEHUSAX JUIS
MOTEHINATBFHON U KUHETHYECKOM SHEPTuil COOTBETCTBEHHO. CJIeJ0BaTENbHO, BEIPAXKEHUS KMHETHYECKON
Y TIOTEHIINAIFHON SHEPTHH CTEP)KHEBOW CHCTEMBI B KBaIPATUYHON armpoOKCUMAaNN OyayT

1 1
T(¢) = §tpTAq>, I(g) = ngCw, (38)
rme A u C — Marpuilbl WHEPIUOHHBIX W KBasHyNpPyrux Kod3()(GHUIMEHTOB COOTBETCTBEHHO,

aQ=[p1,P2,...,¢p,)T — cronber 0606mennHbIX KoopauHaT. C YHETOM BBIIECKA3aHHOTO JTEMEHTHI

Matpuil A 1 C MOXHO MPEACTaBUTh B clieayromieii Gopme:

L 2 o1 1
=3 az=ml n—z—i—g . Ci; = mgl n—z—i—i )

h (39)
i£j: a;=ml’ (n—r+>, r=max(i,j), ¢ =0.

2
Bo3sBpamasce Kk BcclieJoBaHUIO HEMMHEHHBIX KoeOanuii [|M, 3anmmiem ypaBHenue Jlarpamka
BTOpOTO pona [2] 1uis MHOTOMEPHOTO ciiy4yasl B MAaTPUYHOH dopme:
dor or o1
dtog o9 O¢
IToncrapmnss (36) u (32) B (40), mpuBeaeM ypaBHEHHE NBIDKCHUS MHOTOMEPHON CTEPKHEBOW CHCTEMBI
K cienyromei 3anucu [12,22]:

(40)

A(g)§ + B(g,¢) + C(g) =0, (41)

IJie BBE/ICHBI HOBBIC CTOJIOIIBI:
B(g.¢) = H(¢)¢", C(g) = Csing. (42)
B dopmynax (42) mis ynoGCTBa 3aIMCH BBEICHBI CICAYIOLME CTONOLBL ¢F = (02, @2, ..., 93],
sing = [singg,singy,...,sin cpn}T. Ilpu 5TOM SneMeHThl cUMMETpUYHON Marpuibl C nuHEHHOM

Moznenu npuseneHs! B (39), a marpuua H(g) siBasiercst KOCOCUMMETPHYHOM, PHYEM €€ IIEMEHTBI
¢ yuetoM (37) MOXKHO 3amucarh B BHJIE

1
hij = mi? <n —r+ 2) sin(@; — @;), = max(i,j). (43)

Pasznoxxum B psiztel Teiinopa mo ¢p cronberr sin ¢, a Takke marpuisl A (@) u H(g), u ynepxum B 3THX
Pa3IOKEHUSIX JIUIIb TE CllaraeMble, KOTOPbIE TOTPEOYIOTCS ISl TIOCIEAYIOIINX BEIYUCIICHUIA:

. 1 ~ . ~ .
sm(p:(p—6q>3+..., AlQ)=A+A(g)+..., H(g)=H(g) +..., (44)
IJIe CHOBA JUIs YI0OCTBA 3aIlMCH BBEICH CTOJIOCI (p3 = [(pi{’, (p%, .. ,(p%}T. [Ipu 3TOM 37€MEHTHI CUMMET-

pHUHOIT MaTpuIEl A THHEIHOH Mozienu npuBeaeHs! B (39), a IS 3amUCH d1eMeHTOB Matpul A (¢) u
H(¢) obpatumcs x dpopmynam (37) u (43), B pe3ysbrare 4ero moydyum

i=j: (@) =0, hi(e)=0,
L () = — i DY (0 — 02 ¢ — max(i. i
i#£ g ai(e) = —5m n—r+ 5 (@i —@;)°, r=max(i,j), (45)

huw) =i (n= 4 3 ) (0= ).
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U3 (45) crenyert, uto marpuna H(g) uMeer mepBbiii HOPSAIOK ManocTH, a Marpuia A (@) — BTopoii
nopsaok. [ToacraBum Teneps (44) B (41) u mepeHeceM BCe HEIMHEHHBIC TI0 (P CIaracMbie B IIPaBYIO
gacTk. B pe3ynprare nomyuyuM Tak HazbIBaeMOe ypaBHEHHE NepBOro mpubmmkeHus [23]:

Ap+Co=F (9,9, 9), (46)

e B crpykrype GpyHkiud F (@, ¢, ¢p) oTpakeHbl Bce HEOOXOAUMBIC HEJIMHEWHBIE CIaraeMbie, a HMEHHO:

F(9.4.§) = ~A(@)§ ~ H@)F* + ;C¢’. @)
U3 (47) cnenyer, uto crosber F (e, @, ¢p) 0KumaeMo MMEET TPETHIA OPSIOK MAIOCTH, MOITOMY OyieM
TPaKTOBAaTh €T0 KaK CTOJIOEI BRIHYKIAIOIIMX CHJI, KOTOPBIH NEHCTBYET Ha JIHHEHHYI0 cuctemy [19].
PasrpickuBath pemenue ypaBHeHus (47) Oyaem B BUae KoeOaHMiA TI0 OXHOM u3 GopM KonebaHui
P, TMHEHHONW CHCTEMBI:
¢ = P;acosy, Y= %S(G)t + 0, (48)

Ie O yXKe ABJISIETCs] BETMUMHOM, KOTOpasl XapaKTepu3yeT aMIUIMTYLy KojeOaHuil o s-ii gpopme.
YacroTa HENMHEHHBIX KONEeOaHUH ¢ MOPSAAKOBBIM HOMEPOM S MPUHUMAETCS B BUIE

79/5((1) = ks(1+ ﬁsaz)a (49)

TaC, Kak U MPEeXKAC, BHOCUTCA IOIIPaBKa, UMCIoIas BTOpOﬁ MMOPAAOK MAJIOCTHU II0 Q.. HOHpaBOIIHBII;'I
K03 UIMEHT 5 ompenenseTcs U3 ypaBHEHHU rapMoHU4eckoro Oananca [19] mo paccmarpuBaeMoii
bopme P,:

2n

/ @ (A¢ + Cyp — F) cosypdy = 0, (50)

0

KOTOpPOE HY)KHO BBITIOJHUTE ¢ HEOOXOOUMON TOUHOCTBIO. Ompenenum ¢ yuetoM (48) ctondubl 00001eH-
HBIX CKOPOCTEH M YCKOPEHUH C TOYHOCTBIO J0 TPETHETO IOPsIKa MaJIOCTH 1O O

¢ = — @ akssin(1+ psa?), ¢ = —P0k’cos(l + 2ps02). (51)

Beeznem B paccMoTpeHHe Ge3pa3MepHbie YacTOThI KoebaHuil TuHeiHoi Moxenu ps = ks /ko, tae ko =
= +/g/L. C yuerom (48) u (51) BbrumciiuM BeipaxkeHue, purypupyroiiee B (50):

. 1
Agp+ Co = gmgl[nco — png(l + 2[33(12)](1)3(1 cosy, (52)

e yurteHo, uto | = L/n, u BBeleHb Ge3pa3MepHble MaTpUIlbl HHEPIMOHHBIX Ag = A/(ml?) u
kBasuynpyrux Co = C/(mgl) xo3pduiieHToB THHEHHON MOIEIH, SIEMEHTHI KOTOPBIX, ¢ yuetoM (39),
OynyT
=7 CLOii:n—H—}, Coii =N — 1+ 5,
31 2 (53)
i#J aoi :n—r—|—§, r =max(i,j), coij =0.

CTOUT OTMETHUTB, UTO JUISI TIOUCKA COOCTBEHHBIX YACTOT MaJIbIX KOJICOAHUH paccMaTprBaeMON CTEpXK-
HEBOIl CHCTEMBI JOCTATOYHO MOJCTaBUTh MATPHIIBI MHEPIIMOHHBIX U KBAa3HYIPYTuX KO3((UIINEHTOB
B YAaCTOTHOE ypaBHEHME, KOTOPOE B Pa3MEPHOM U Oe3pa3sMEpHOM BapHaHTE COOTBETCTBEHHO OyneT
MMETb BUJL

det(C — k2A) =0, det(nCoy — p?Ag) = 0. (54)
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[pu sToM dopma konebannii P, ynoBIETBOPSET CICAYIOIIEMY ypaBHEHHIO [21]:
(nCo — prAg)®, =0, (55)
[I0ATOMY BBIpaKeHHE (52) MOXKHO YIPOCTUTH JI0 BUIA

. 2
A¢+Co = —ﬁmglﬁspngfl)sotg’ cos ). (56)

Jst onipenenenus croiba F (¢, ¢, ) ¢ TOYHOCTHIO 10 TPETHETO MOPSAKA MATOCTH IO 0. JOCTATOYHO
ITOJICTABUTE B (47) BBIpaKCHHS

@ = ®,acosy, ¢=—Poksinyg, G=—P0ok’cos, (57)

MOCJIE YEero MOTyYHM
1 . .
F = —mgl pgA()(I)s cos® P — ngo(bg cos Y sin? P + %Co‘l)g’ cos® w] o, (58)
n

TIe BBEIEHBI YCIOBHEIE o6o3Hauenus P2 u @3, mompasymesaromme cTONOIBI KBAIPaToB U KyOOB
3JIEMEHTOB (OpM KoyieOaHUII COOTBETCTBEHHO. Takyke B pacCMOTpEeHHE J100aBiieHBI Oe3pa3mMepHbIe

marpuusl Ag = A /(mi?) u Hy = H/(mi?), anemeHTsI KOTOPHIX, C yueToM (45), GymyT

i=j: aoi=0, hoi=0,

o | 1 9 - .
t#£ 7 Qo = 5 <n—T+ 2) (Pis — @js)°, = max(i, j), (59)

. 1
h()ij = (n —7r—+ 5 ((Dis — (I)js),
npuueM 31ech @;s u @j; — COOTBETCTBYIOIME NIEMEHTHI CT0I01a D, [l nanbHeHIIMX AeHCTBUM

HE00XOIUMO BBECTH HOPMHUPOBOUYHEIN KodddumueHt Ny = (I)STAO(I) s, @ TAKXKE UCIOIH30BATh HHTETPa-
JIBL:

21 21 2n 5
/cos2 P sin? Ppdyp = g, /(:os2 Ydy = m, /cos4 Ydp = Zn (60)
0 0 0

[ToncraBum dopmyitsl (56) u (58) B ypaBHeHHE rapMoHHYIecKoro O6ananca (50) 1, yIuThIBast COOTHOIICHUS
(60), mocne psga npeoOpa3oBaHUil OIYYHUM HTOTOBYIO (GOPMYIY IS [Bs:

B 7 (p2H®! - 3p2A0®, — £ Co®?). (61)

1
- 2
8Nsp3
®opmyna (61) MO3BONSAET ONPENSIUTh MOMPABOYHBINA KOA(D(DHUIIMEHT B BBIPAKSHUH JIJIsi KOHKPETHOM
YaCTOTHI TIPH 33IaHHOM KOJTMYECTBE CTCPIKHEH.

s BOBMOXXKHOCTH CpaBHEHHUS pe3Yy/lbTaTOB, MOJNYUYCHHBIX B paMKaX KOHEYHOMEpPHOM U pac-
MIpEACeIICHHON MOJIeTieH, HEOOXOUMO CBSI3aTh BEIUYHHY 0., XapaKTEPU3YIONIYIO YITIOBBIC aMILIUTY/IBI
KOJIcOaHUM CTEP)KHEH B IIEPBOU M3 STHX MOCICH, ¢ Oe3pa3MepHOI aMILIUTYIO0H IONEPEYHBIX KoIeOaHu
KoHI[eBOM Touku [IM a = A/ L Bo Bropoii Mogesnu. st 3TOro 3aluiieM TOPU30HTATbHYIO KOOPIUHATY
HUKHEro koHua [IM B paMkax KOHEYHOMEPHOH CTEP>KHEBOM MOJIEIH:

yL =1 sing;. (62)
=1
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[Tomaras, uto sing; ~ @;, moAcTaBUM B (62) pemenne (48) U MOCIEe BBIYUCICHUS Oe3pa3MepHOMH
aMIUTUTYBI KoNiebaHuil ¢ yaeTom Toro, uto L = nl, momyanm

1 n
=K, Ky = Z;cb : (63)
P

rae BBeJeH ko3¢ GHULMEHT nepecdeTra Ky A/ CBSI3H YIIOBOH U TPAHCISIIMOHHON aMIUTUTYXA KojeOaHWH.
OcraeTcs IUIIb MPOBECTH 00e3pazMeprBaHue GOPMYIIBI U YaCTOTHI HEMMHEWHBIX KoneOanuit LIM (49)
TpaAUIIMOHHBIM 00pa3oM ¢ ydeToM (63):

Pu(a) = po(L 4 a0?), ya = oy, (64)
S

3aBepiias pa3roBOp O MOCTPOSHUH NMPUOIIKEHHOTO aHATUTHYIECKOTO PELIEHNUS, CIEAYyeT OTMETHTb,
YTO Kak JUIsl UCXOJHOW pacIipe/le]IeHHONW MOJENH, TaK M JJIs1 KoHedHoMepHou monemu LM dhopmbt
KOJIeOaHUH C POCTOM aMIUIMTYJA TaKKe HAYMHAIOT MOCTENEHHO OTIMYAThCS OT CBOETr0o JIMHEWHOTO
BapHaHTa, YCIOXHAA TPU dToM cBor xapaktep [11]. MccaenoBanme npetiha Gopm komeOaHUid 10
Mepe YBEIMYEHHUs aMIUIUTY[ IpEeICTaBiIseT OTIACNbHYIO 3a/Jady M BBIXOAMT 3a PaMKH HACTOSLIETO
WICCJIETOBAHMs, OTHAKO OH W HE CKa3bIBAeTCS Ha MOIy4YeHHBIX BeIpakeHHAX (19) um (64) amsa gactoT
KoJieOaHMi B paMKaxX MOJIEIH CO CIa00H HENMHEHHOCTBIO, OTPaXasiCh TOJIBKO MPH HAXOXKICHUH YaCTOT

KOJICOaHMIA B CIICAYIONIEM TPUOIIKEHUH.

2. YncjieHHbIE IKCIIEPUMEHTHI MO ONpeieJeHHI0 YacTOT
HeJINHEHHBIX KOJIe0aHui

2.1. MoaeaupoBaHue CBOOOAHBIX KoJie0aHMil B mporpamMmMHoM komiuiekce MSC Adams.
C 1enpio IpOBEPKH aHATUTUYECKUX PAcueTOB, BHIMMOIHEHHBIX B MPEABIIAYIIEM pasiese, paCCMOTPUM
KOHEYHOMEpHYI0 Mojieiab [IM u mpoBegeM 4HUCIEHHbIE CUMYJISIIMA C TPUMEHEHUEM CIIeI[UaIbHOTO
nporpammHuoro komruiekca MSC Adams s MogenupoBaHuss MHOTOTEIIBHOM THHAMUKH. PaccmarprBa-
eMasg Mojiesib coOCTOUT U3 20 IIAPHUPHO COETUHEHHBIX cTepxHEeU. OTMETHUM, UYTO JJAHHOTO KOJUYECTBA
CTEpIKHEH BITOTHE JIOCTATOYHO JIJIsl aHAM3a HU3IIMX 4acTOT KonebaHuii moaenu [[M c pacnpeneneHHoi
MacCO# C TOYKU 3PEHUS CXOANMOCTU PE3yabTaToB [24].

Jnst opraHu3anyu KolebaHUi CHCTEMBI Ha HY)KHOM YacToTe MpejyiaraeTcs 3afaTh HadalbHOe I10-
JoxeHne KoHeaHoMepHoro LIM B cooTBeTCTBHU ¢ MHTEpecyronei Hac hopmoii konebanuil. HauansHbie
3HAYECHHS YIJIOB (), OEpyTCS B COOTBETCTBUU CO CTONOIOM @4, KOTOPHIN BEIYHCISETCS U3 YPaBHEHUS
(55). Bappupys BeIHUnHY 0., MOXKHO MOJYYHTH JKETTAeMO€ HavaIbHOE OTKJIOHEHHE HIKHETO KOHIIA U B
JTATEHENIIIEM COMTOCTABUTD PE3YIBTAThl C AaHATUTHYECKUMH pacdeTamu, MpuMeHuB (Gopmyisl (63) u (64).
[Tpumepsl OTKIIOHEHHBIX MOJIOKEHHUI KOHEUHOMEPHOH Mozenu ¢ 20 cTepKHIMU Il IEPBBIX TpexX Gopm
KoyieOaHMid TIpUBEJCHBI Ha puc. 2. OTMETHM, 9TO 3aJlaHUe HAYaIhHBIX OTKJIOHCHUH, B COOTBETCTBUHU
¢ popmamMu ManbIx KoJIeOaHUH, TO3BOJSET MOMYYUTh aJICKBAaTHBIC PE3yNbTaThl TOJBKO MPH HE CHIILHO
OOJBIINX aMIUTATYAAaX 10 aHAJIOTHHU C TeM, KaK ATO JIEJAIOCh BBIIIE TIPH TOCTPOCHHUH TPHUOIKSCHHOTO
AHAJIMTUYECKOTO PEIICHMUS, IJIe OHO, coracHo (48), Takke Pa3bICKMUBAJIOCh B BHJE KOJICOAHUIA 110 OIHOM
n3 GopM ITMHEHHON MOIEH.

[Tocne mpoBeneHUs cepuu CUMYISIIUN CBOOOIHBIX KoJieOaHHM KOHEYHOMepHOH moxenu [[M
C BapbHPOBAaHUEM HAYATBHBIX aAMIUIATY/ U KOKION U3 TPEX paccMarpuBaeMbIx (popm koiebaHMit ompe-
JIENSIOTCS TIePHUObI KONeOaHUH KaK yCpeIHEHHOE 3HAaYCHNE BPEMEHN MEXy COCEIHUMH MaKCUMyMaMH,
MHHIMYMaMH ¥ TOYKAMH TPOXOXKJICHUS depe3 HylIb MPU OJWHAKOBOM HAIIPABICHUH JABUKCHUS IS
BBIOOPKH M3 HECKOJIBKUX JIECSTKOB IOIIEPEYHBIX KOIEOaHU HIKHETO KOHIIA LIeTH, a Jaliee TPH KaKIoi
KOHKPETHOHM aMILTUTY/IC 110 HalJICHHOMY 3HAUEHUIO JJIsl IEPHUOJIa BEIUUCIISICTCS U YacTOTa KOJIeOaHUIA.
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Puc. 2. HauanbpHOE NONOXKEHHE BAANATHCTEPIKHEBONH MOJICITH U1l CUMYIISIIUE CBOOOAHBIX Kojiebanuit B MSC Adams mpu
Pa3HBIX aMIUTUTYaX: a — mepBas Gopma kojiebanuil; b — Bropas GpopMma KonebaHuil; ¢ — TpeThbs Gopma KoaeOaHuit

Fig. 2. The initial position of the twenty-rod model for simulating free oscillations in MSC Adams at different amplitudes:
a — the first oscillation mode; b — the second oscillation mode; ¢ — the third oscillation mode

2.2. MonenupoBaHue ynpapJjsieMOro pa3roHa cCHCTeMbl MOJ el CTBHEM KOJUINHEAPHOIOo
ynpasjeHusi. B kadecTBe BTOpoOro nozxxoja K MpOBENCHHUIO YHCIEHHOTO 3KCIIEPUMEHTA JUIS BBIYHCIIE-
HUS yacToT Konebanuit [IM ¢ yueToM HeMHEHHOCTH IpeIaraeTcst IPOBECTH CUMYIISAIMH HE CBOOO/IHBIX,
a ynpaBJIIeMBIX ABIKCHUH IO JCHCTBHEM HaAJIeXaluM 00pa3oM BHIOPAaHHOI'O 3aKOHA yIPaBJICHUS.
Jis onpezieNieHusi OTCUSTHOTO MOJIOKEHUs JBaAlaTHCTepHeBON Moaenu 1M HeoOxoauMo 3aaath Ha-
YaJbHbIE YTIIBI (), Ha OCHOBE cTONONA @, KaK ¥ B MPEABIIYIIEM OIX0/e, OHAKO HadallbHas aMILIHTYA
0. IOJDKHA OBITH TOCTATOYHO MajloH, YTOOBI KoJieOaHusi MOKHO OBLIO CUMTaTh ManbiMu. Jlanee cnemyet
OpPTraHHU30BaTh YNpaBisieMOe ABI)KEHHE C IMMOCTENEHHBIM HapacTaHueM HoiHou »Heprun F = T + 11
B CHUCTEME C MPUMEHEHHEM KOJIMHEapHOro 3akoHa ympasieHusd [11]. Ilpemnaraemoe ynpasmnstoiiee
BO3JIEICTBHE (POPMHUPYETCS MPOTOPIHOHATHHO 0000IMEHHBIM UMITYJIECAM CHCTEMBI U JEUCTBYET 110
BCEM CTeleHs M cBoOoabl. OCHOBHAs LIEHHOCTh AAHHOTO YNPaBJICHUS 3aKII0YaeTCs B BO3MOXXHOCTH
OCYIIECTBIIATH IJIAaBHBIA Pa3roH KojJeOaHWH CHCTEMBI ¢ MAJIBIX U JI0 JOCTATOYHO OONBIIUX aMILTUTY]L,
IIEPEBOsl CUCTEMY B 001acTh HETMHEHHBIX KOJIeOaHUH 1o ucxonHoi (opme KosebaHuil, KoTopasi Ipu
3TOM Takxke OyleT HEKOTOphIM 00pa3oM apeiidosars [16]. B omuyne oT ypaBHEHHs IBHKEHUS CHCTEMBI
(41), xoTopoe omnuchIBaeT CBOOOAHbIE KOJIEOAHUs, U yueTa KOJUIMHEApHOro yNpaBieHHs B IIPaBOit
YaCTU 3TOTO YPAaBHEHHUS JOJIKHO IOSABUTHCS CIIAra€MOE, OTBEYAIOLEE YIIPABISIOMUM BO3JEHCTBUAM:

A((P)(P + ]§((p, (P) + (Nj((p) =R, (65)

rae R — cronben 0600IEeHHBIX YyIIPaBISIONINX CHJI, KOTOPBIM B Clydae KOJJTMHEAPHOTO yIPaBICHUS
NPENICTABIISICTCS B BUJIE

oT ~

R = i uA (@)@, (66)
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IJe |\ — TMOJIOKUTENBHBINA KOAD(QUIIMEHT YCUICHHUS, KOTOPBIN 1eJIecO00pa3HO BHIOUPATh TIOCTATOUHO
MaJIOH BETMYMHON 1T 00eCIIeUeHHs MEIJICHHOTO pa3roHa koHewHoMepHoro 1IM. [l BeIXoJa Ha PekuM,
OTBEYAIONIETO KOHKPETHOM aMIUIUTY/IE KOJICOaHMid, HEOOXOMUMO 3a7aThCs MEJICBBIM 3HAUYCHUEM TIOJTHOMN
SHEPTHH CUCTEMbI F,, TOCTUTas KOTOpOro packauka [{M Oyner mpekpaimarbes, a CUCTeMa MPOJOIKUT
nanmee cBOOOMHBIC KojieOaHUs Ha TpeOyeMoit opme, KOoTophie OymIyT OTBEYATh 3aJaHHOMY YPOBHIO
sHepruu. Takum oOpazoM, K03(pPUIINEHT YCHIIEHUS W CIeqyeT IPUHATH B BUJE

const, F < F,
E) = ’ ! 67
wWE) 0, E>E. (67)

Jly1 uHTErpupOBaHUsI YPaBHEHUS YIIPABISIEeMOT0 ABHXEHUS (65) MOKHO IPUMEHUTh YHHUBEPCAIbHBIN
pemarens ode89 B nmporpammHuoii cpene MATLAB. 3anaBasice nHTEpecyommMy Hac GopMaMu KoJie-
Oanuit @ u nepedupas LeIeBbIe YPOBHHU dHEpruu F,, HE0OXOAMMO OCYLIECTBUTH CEPHIO PacUueToB,
a 3areM MpOoBeCTH 00pabOTKy pe3yabTaToOB C OMpEeNIeHneM Meproa KojaeOaHnii 1 aMILTUTYIbI KoJle-
Oanwmii koHIIeBOM Touku [[M, uToObI mocie 00e3pa3MepuBaHusi MOXKHO OBUIO TIOCTPOUTH TpeOyeMble
3aBHCHMOCTH Dg(a).

3. O0cy:xkaeHMe pe3yIbTAaTOB PACYETOB U UX COMOCTABJIEHHE

Tounble 3HaUEHUS NMEPBLIX TPeX Oe3pa3MEPHBIX YACTOT KOIeOaHUH s MPU MaJbIX KOJIEOaHUIX
UM B pamkax pacrpeneneHHOH Monenu paBHbl [18]:

pP1 = 1.202, D2 = 2760, pP3 = 4.327. (68)

IIpoBeprM cHagasia CXOAUMOCTH YaCTOT MAJIBIX KOJI€OaHMI KOHEYHOMEPHOW CTEPKHEBOW MOJIENH K 4acTo-
TaM MaJIbIX KoneOaHMi pachpeneneHHOH Mopenn (68) ¢ pocToM KOJIMYECTBA CTEPIKHEH.
Jlna BBIYMCIICHHS 4acTOT KojeOaHUil KOHEUHOMEPHOM MOAEIH OOpaTHMCsl KO BTOPOMY HaCTOTHOMY
ypaBHeHHIO (54), Kyna cieayeT IMOJCTaBUTh HEOOXOAUMEIEC MaTPHIIBI, JJIEMEHTHI KOTOPHIX OIpEAeIs-
1oTcst o popmynam (53). 3aBUCUMOCTH MEPBBIX TPEX YaCTOT MAJIBIX KOIeOaHUH CTEP>KHEBOH MOIEIH
IM ot konuuecTBa CTEpKHEU 1 NMPUBEIEHBI Ha pUC. 3, T€ MYHKTUPOM HAaHECEHBI 3HAYEHUS 4acTOT

1.207 — 3.05 —_— 5.8
1.206 3
295}
1205}
& <29
1.204}
285}
1203} 5 sl
1.202 . 2.75
0 10 20 30 40 50
a n b n c n

Puc. 3. Be3pa3MCpHBI€ YaCTOTHI MaJIbIX KOJICOAHMH B 3aBUCHMOCTH OT KOJHYECTBA CTCp)KHCﬁ B MOJCIN: a — NIepBas 4aCcToTa;
b— BTOpasd 4acToTa, ¢ — TPEThA 4acTOTa

Fig. 3. Dimensionless frequencies of small oscillations depending the rods number in the model: a — the first frequency;
b — the second frequency; ¢ — the third frequency
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pacnpeneieHHol monend. BuaHo, yTo crep:kHEBas MOAENb AA€T OLIEHKY CBEpXY JIsl 4acTOT pacipe-
neneHHoit moxenu LIM, mpudeM ¢ pocToM 7 HaOMOAaeTCs MOHOTOHHAS CXOIUMOCTh PEe3yJbTaTOB
KOHEYHOMEPHOW MOJENT K COOTBETCTBYIOIIMM 3HAYEHUSIM M3 pachpenereHHol Moaenu. Bee ckazaHHOe
SABJIISACTCH MEPBBIM YCIICHIHBIM 3TAaIllOM IO CPAaBHCHUIO YaCTOT.

BTOpBIM OTaloOM ABJIACTCA CPABHCHHUE IMONPAaBOYHBIX KOB(I)(bI/II_H/IeHTOB K YacTOTaM HEJIMHEHHBIX
konieOaHui. JIis BBIYMCICHHS TIOMIPABOYHBIX KOO (QHUIIMEHTOB Vs KOHEUHOMEPHON CTEPIKHEBOW CXEMBI
cienyer ooparutbes kK opmynam (61) u (64). Ha puc. 4 npuBeneHs rpag Ky 3HAYCHUN TTOTIPABOYHBIX
KO3(PUIIUEHTOB Ys; B 3aBUCHUMOCTH OT YHCJIa CTEPKHEH 7, U3 KOTOPBIX COCTOMT KOHEYHOMEpHas
monens [IM, a Takke MyHKTHPOM HAHECEHBI 3HAUCHUS Y U3 paclpenelIeHHON MoIenn cortacHo (29).
OTMeTHM, 9TO 3HAYEeHUS MOMPABOYHBIX KOA(PPHUIIMEHTOB MPUBEJCHBI B Y3KOM JTHANa30HE, YTOOBI MOXKHO
OBLIIO HammagHO YBUACTH CXOAUMOCTH K COOTBCTCTBYIOIIUM 3HAUYCHUAM U3 pacnpeaeneHHoﬁ MOJCIN
¢ poctoMm n. Tak, 3Ha4eHU Yo TPUBEICHBI, HAYMHAL C . = 3, a 3HAYCHHS Y3 MPUBEACHBI, HAUNHAS C
n = b, MOCKOJIbKY NMPH MEHBIINX 3HAYCHUSAX 1 aOCOIIOTHBIE 3HAUYEHUS Y2 U OCOOEHHO Y3 CIHMIIKOM
BEJINKH, YTO BECbMa YMEHbIIAeT HH(POPMAIIMOHHYIO HACHIIIIEHHOCTh TpadukoB. CTOUT OTMETUTH, YTO
MIpUBEJCHHbIE HA pUC. 4 3aBUCUMOCTH MOHOTOHHO BO3PacTalOT C POCTOM 7, CTPEMsICh B IIpeaelie K
3Ha"ueHUIM (29) 3 pacmpeneneHHON MOJENH, Kak 3TOTO U CIeA0BaIO 0Xuaarh. [Ipu aToM 3HaueHue v
JlaKe MPH OTHOCUTEIFHO MajlOM KOJIMYECTBE CTEPIKHEH JaeT Xopollee MPUOIMKEHUE K aHATIOTUIHOMY
3HAYCHUIO U3 pacrpenencHHon Mmoaenu LIM, B To BpeMs Kak ISl aleKBaTHOTO MPUOIMKCHIS BETHINH
Y2 H Y3 TOTpedyeTcs ucroiab3oBath Oonee 30 cTep)KHel B KOHEYHOMEPHON MOZIEIH.

CJ'IeI[yeT MMOAYECPKHYTH, YTO, IIOMUMO CTep)I(HeBOﬁ CXEMBbI, UHTEPCC NPCACTABIACT CIIC U I'aH-
TeNbHasl CXeMa, KOTOopas HECKOJIBKO MPOIIe B CPABHEHUH CO CTEPIKHEBOU C TOYKH 3PEHHUS ITOCTPOSHUS
AHAJIMTUICCKOTO PCHICHUA. Ecan JUIA paCCMOTpeHHOfI B HACTOAIIEM HCCJICAOBaHHUU CTCp)KHeBOﬁ CXEMBI
CTPYKTYPHBIM 3BEHOM SIBIISIETCS OTHOPOIHBIA CTEpKeHb, 00IaIatoNuii Maccor 1M U MOMEHTOM HHEPIIUH
J = mi? /12 OTHOCHTENBHO €ro HEHTPa MacC, TO B TAHTEIHHON CXeME TaKUM 3BEHOM SIBIISIETCS] TAHTEIIb,
HPEICTaBIISoNIas cOO0 Oe3bIHEPIIMOHHBIN CTEPIKEHB C IBYMs TOYEHBIMU MaccaMH 1M /2 Ha ero KOHIax,
TaK YTO B JaHHOH CXEM€ B CTPYKType KHHETHYECKOH SHEPTUH OylyT NPHCYTCTBOBATh TOJBKO CllaraeMble,
OTBECYAIOUIUEC 3a MMOCTYNATCIIbHOC NBMXKCHNUE TOYECYHBIX MaccC. HpI/I OTOM NOTCHIUAJIbHAA SHEPIUuA OJIA
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-0.054 45t 1 -30F
&-0.056 | & &.35¢
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-0.062 i 55¢
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Puc. 4. ITonpaBouHble KO3(pGHUIUEHTH B 3aBUCUMOCTH OT KOJIMYECTBA CTEP)KHEH B MOJENH: @ — JUISl EPBOM YacTOTHI;
b — 1yt BTOpOH 4acTOTHI; ¢ — JUIS TPETheH YacTOTHI

Fig. 4. Correction factors depending on the rods number in the model: a — for the first frequency; b — for the second frequency;
¢ — for the third frequency
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TaHTEJIBHOW CXeMBI OMHCHIBaeTCsl ToW ke (Gopmynoit (32), a BeIpakeHHE ISl SJIEMEHTOB MaTPHIIBI
WHEPIMOHHBIX ko3¢ uiuenToB A, cormacHo [21], OymeT

~ 1
aij = mil® <n -7+ 2> cos(g; — @), 7 =max(i,j). (69)

Kak HecmokHO 3aMeTUTSh, dieMeHTHI (37) u (69) oTiIHYaroTCs NI Ha TIaBHOHM AMAaroHaId MaTpPHUITBI A.
Crenyst aHQJIOTUYHOMY TIOAXOJY, MOYKHO BBIYHCIIUTE U MOMPAaBOUYHBIE KOY()(UIMEHTH! B BBIPAKCHHUAX
JUTSL 9aCTOT HEIMHEHHBIX KOJIeOaHWH M U TaHTeIbHON cxeMbl. [locTpoum rpaduku OTHOCHTENHHON
MOTPEIIHOCTH ISl 3HAUEHUH Ys B CPAaBHEHUHU CO 3HAYEHUSAMHM U3 paclpeneneHHoH monenu (29) npu
PacCMOTPEHUU TaHTEIbHON U CTEPKHEBOM CXeM. Pe3ynbTaThl pacdeToB MOrpelIHOCTEN Il BEJIMYMH Y1,
Y2 H Y3 TIPUBENEHBI HAa PUC. 5—7 COOTBETCTBEHHO.

W3 puc. 5 u 6 crnexyet, 9To ¢ pOCTOM 1 3HAUEHUS Y1 U Y2 TAaHTEIBHOM CXeMBbl OBICTpee MpUOIH-
MKAIOTCS K COOTBETCTBYIOIIEMY 3HAYEHHIO U3 PACIpPEACIEHHON MOJENIN B CPAaBHEHUH CO CTEPKHEBOM
CXEMOM, OIHAKO OHM JAEJAI0T 3TO HEMOHOTOHHO, NlepeceKast 3HaYeHNE U3 PACIIpeIeIEHHON MOJIENH, MTOCTe
Yero OTAAJIAIOTCS OT HETO, HO 3aTeéM CHOBAa HaYMHAIOT MPUONIIKaThes K HeMy. B ciryuyae TpeTheil 4acToTh
konebanuit (puc. 7) 3Hau€HHE Y3 U3 CTEP’KHEBOM cxeMbl MPUONMKaeTCs K 3HAYEHUIO U3 pacIipeaeieHHOI
MOJIEJIU C POCTOM 711 OBICTpEe, YeM Ul FaHTEIbHOM CXeMBI, 10 MOMEHTa n = 17, a jajee 3Hau4eHUs

Dumbbell model
Rod model

0 5 10 15 20 25 30 35 40 45 50

Puc. 5. ITorpemHOCTh MOMPaBOMHOTO KO3 (HUIHEHTa B BRIPAKEHHH YIS TIEPBOM 4aCTOTHI KOJIeOAHUH KOHEYHOMEPHBIX MOJeeit
B 3aBUCHMMOCTH OT YHUCJIA 3BEHbEB (LIBET OHJIAIH)

Fig. 5. The error of the correction factor in the expression for the first oscillation frequency of finite-dimensional models
depending on the links number (color online)

20 T T T T T T T T
15 —
o 10+ —=— Dumbbell model i

= Rod model
8

o 5k -
0 _________________________________________________________________________ —

5 1 1 1 1 1 1

0 5 10 15 20 25 30 35 40 45 50

Puc. 6. IlorpentHocTs MOMPaBOYHOTO K03 PUIHMEHTA B BRIPAXKEHUH TSI BTOPOU YacTOTHI KOJIEOaHUH KOHEYHOMEPHBIX MOJeeit
B 3aBUCHUMOCTH OT YHUCJIA 3BEHbEB (LIBET OHJIAIH)

Fig. 6. The error of the correction factor in the expression for the second oscillation frequency of finite-dimensional models
depending on the links number (color online)
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Puc. 7. IlorpentHocTts MompaBoyHOro K03 HUITHEHTa B BEIPaXKEHUH JUTS TPETheH 4aCTOTHI KOIeOaHW KOHEYHOMEPHBIX MOJIENIeH
B 3aBUCHMOCTHU OT YMCJIa 3BEHbEB (LIBET OHJIAMH)

Fig. 7. The error of the correction factor in the expression for the third oscillation frequency of finite-dimensional models
depending on the links number (color online)

TaHTeJIbHOM CXeMBbl HAYMHAIOT MPHOIMKATHCS K 3HAUEHHUIO U3 paclpeieleHHON Mojenn ObIcTpee, HO
AHAJIOTMYHO MEPBBIM BYM IONPABOYHBIM KO3()(UIMEHTaM BHOBb IIEpECEKaroT 3T0 3HaueHue. Mcxons
13 IaHHOTO aHaJHN3a, MOXHO 3aKJIIOYUTh, YTO KOJUYECTBEHHO TaHTENbHAA U CTEP)KHEBAsi CXEMBI JIAIOT
CXOXH€ TIOMPaBOYHbIE KOA(P(GUITUEHTHI TPH OTHOCHTEIHHO MaJIOM KOJMYECTBE 3B€HHEB, OAHAKO C TOY-
KM 3pEHUS KauecTBa CTEPKHEBask MOZAEIb SBIIETCsl Oojee MPeaoYTUTENEHON, TOCKOJIBKY COXPaHseT
MOHOTOHHOCTb TIPH CXOAWMOCTH PEIICHHUS U UMEET MEHBIIYIO IMOTPEIIHOCTh PH OOJBININX 3HAYCHUAX 1.

BosBpamasce k aHATUTHYECKOMY pemeHuto (64), HOCTPOCHHOMY Ha OCHOBE aCUMIITOTHYECKOTO
METOJIa JIJISl CTeP>KHEBOM KOHEUHOMEpHOU Mozenu LM ¢ yaeTom cnaboli HEMMHEHHOCTH, COTIOCTaBUM
ero ¢ pe3y/bTaTaMy YHCICHHBIX 3KCIEPUMEHTOB, ONMCAHHBIX paHee. C 3TOH LeNbIo OCTPOUM Ipaduku
3aBHCHMOCTH MEPBBIX TpeX Oe3pa3MepHBIX YaCTOT HEIMHEHHBIX KOIEOaHU Py B 3aBUCHMOCTH OT Oe3pas3-
MEPHOH aMIUIUTYABI ¢ 110 0003HauUeHHBIM (hopMynaM uis ciaydast n = 20, KOTOpble IPUBEICHBI Ha pHC. 8
CIUIOIIHBIMH JINHUAMH. Taxoke Ha puc. 8 HaHECEHBI Pe3ybTaThl YHCIEHHBIX IKCIIEPUMEHTOB: BO-TIEPBHIX,
CUMYJISIIUM CBOOOIHBIX KoJIeOaHMH ABaLaTUCTEp)kHEBOM Monenu I1IM B mporpaMMHOM KOMILIEKCE
MSC Adams u, BO-BTOPBIX, YUCICHHOTO HHTETPUPOBAHMS YPABHCHHUS YIIPABISIEMOTO IBIKCHUS (65)
TOJT IEHCTBHUEM KOJUTMHEAPHOTO YIPaBIeHH I BBIBO/IA JIBAIIATHCTEP)KHEBOW CXEeMBI Ha 3aJaHHBII
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Puc. 8. 3aBHCHMOCTD YacTOTHI HETMHEHHBIX KoJeOaHUi OT aMIUIUTYABL: @ — HepBas 4acToTa KojaeOaHuit; b — BTOopas 4acToTa
KonebaHuit; ¢ — TpeThs YacToTa KojeOaHui (IBET OHJIAIH)

Fig. 8. Dependence of the frequency of nonlinear oscillations on the amplitude: a — the first oscillation frequency; b — the
second oscillation frequency; ¢ — the third oscillation frequency (color online)
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YPOBEHb 3HEPTUH MyTEM pa3roHa CHCTEMBI 110 HYKHOH (opmMe KojeOdaHul ¢ NpUMEHEHHEM ITPOrpaMMHOM
cpenst MATLAB.

BuaHo, uto st mepBoit 4acToThl KonebaHui (puc. 8, a) pe3yabTaThl YUCICHHBIX SKCIIEPUMEHTOB
OKa3bIBAIOTCS ONM3KM K aHAJUTHYECKH HalIeHHOHN 3aBHCHMOCTH JaKe MPH BEChMa CYIIECTBEHHBIX
aMIuIITyax koneoanuid. st Bropoii (puc. 8, b) u TpeTbeit (puc. 8, ¢) 4acToT KoneOaHUi MaKCUMaJbHBIE
3HAYCHHS] PACCMATPUBAEMBIX aMIUIATYJ @ NMPUHUMAIOTCSI MEHBIIUMHU B CPaBHEHHH C TEM, YTO OBLIO
JUIS TIEPBOW YaCTOTHI KOJEOAHUM, YTO CBA3aHO CO CHEIM(HUKON OTBedaromux UM (opm koieOaHui
(cM. puc. 2). 3aech Takxke HAOIIOMACTCS TOCTATOYHO XOPOIee COOTBETCTBUE aHATUTUICCKHUX 3aBUCH-
MOCTEH M pe3ylbTaToB, MOMYYEHHBIX MPU OMOIIH YHCIEHHBIX dKCIIEpUMEHTOB. ClenyeT OTMETHTb,
YTO PacXOXK/IEHHE aHATUTHYECKHU MOIy9€HHOTO PEIIeHHS C PEe3yJIbTaTaMHi CUMYJISIINN CBOOOIHBIX KO-
nebanuii B mporpamMmmioM komruiekce MSC Adams oka3bIBaeTCs OIYTHUMO MEHBIINM MO CPABHEHHUIO
C pe3yJbTaTaMy YHCIEHHOTO MOJEIHPOBAHUS YIIPABIIEMOI0 pa3roHa CUCTEMBI MOJ] IeHCTBHUEM KO-
JIMHEAPHOTO YIIPaBJICHUA. DTO MOXXHO OOBSICHUTH T€M, YTO NIPH CUMYJISIIUN CBOOOTHBIX KojeOaHWi
IBWOKEHHUE 3afaeTca 1o popMaM MaJbIX KojeOaHHi, 4To, KaK OBbLJIO CKa3aHO BBIIIE, JOCTATOYHO JIS
TOTO, YTOOBI YIIOBUTH H3MEHEHHE YaCTOTHI KOeOaHWi B paMKaX MOJEIH CO ClIa0ol HETWHEHHOCTHIO,
KOTOpast M UCCIIEeyeTCs] aHAIMTHUECKUM ITyTeM, TOI/a KakK AKCIIEPUMEHT 10 MOJIEIMPOBAaHUIO YIIPABIIs-
€MBIX JIBIDKEHHI OCYIIECTBISIETCS C MCIIONh30BAHUEM TOYHON HETMHEHHON Moaenn 0e3 KaKux-Iu0o
anmnpoKcUManu.

3akaoueHue

B mactosmieit pabore Ha 0a3e aCHMITOTHYECKHX METOAOB OBLJIO MOCTPOEHO aHAIUTHYECKOE
pelleHre MO0 BBIYMCICHUIO MOMPABOYHBIX KOA(PQPHUIMEHTOB B BBIPAKECHUSIX I 4aCTOT KoseOaHWi
IIM kak B paMKax pacnpene]eHHON MOJAENH, TaK U B paMKaX MHOTOMEPHON CTEP>KHEBOW CXEMBI IIpU
ydere ciaboi HesnmHeHocTH. [lomyueHHble 3HaueHUST KO3 QHUIUEHTOB 0Ka3alIuCh OTPULATEIIEHBIMH,
YTO TOBOPHUT O TOM, YTO YaCTOTHI KOJIeOaHHUI yOBIBAIOT C POCTOM aMIIIUTY/IbI KOJIEOAHMMA, IPUUYEM C
YBEIHYEHHEM HOMEPA YaCTOThI NONPAaBOYHbIE KO3((HUIIMEHTHI IO MOAYINIO Bo3pacTatoT. belia mpoBepeHa
CXOIUMOCTD IOIMPABOYHBIX KOY(PGHUIUCHTOB PU YBEINUYECHHN KOJIMUECTBA CTEP)KHEH B KOHEYHOMEPHOM
MOJZIEJH K pe3yiabTaTaM M3 pachpeneneHHol Mogenu. [Ipu oTHOCUTENbHOM MaloM KOIMHYECTBE CETMEHTOB
CTEepIKHEBasl CXeMa OTIMYHO COOTHOCHUTCS C paclpeelIeHHON MOJIENbIO IPU HEJIMHEHHBIX KoJeOaHUAX Ha
nepBoii gactote. B cirydae xonebaHuii Ha BTOPOH M TPEThEH 4acTOTax MOTpeOyeTcsi HECKOIBKO JIECATKOB
CErMEHTOB ISl KOPPEKTHOTO ONMMCAaHUS HEJMHENHOro ABMKeHus. [Ipu 5ToM npoBeeHHbIE YUCICHHbIE
9KCTIEPUMEHTHI TI03BOJIMIIN TPOBEPUTH KOPPEKTHOCTH BBIBEACHHBIX aHAINTHYECKHAX (hOPMYIL.

Taxoke B paMKax HcclIeIoBaHHs ObIJIO MPOBEACHO CPAaBHEHHE MONPABOYHBIX KO3()(UIIMEHTOB B
CTEpKHEBOM U TaHTeNbHOU cxeMax. HecMOTpsl Ha KOJMYECTBEHHYIO CXOXKECTh 3HAUYEHUM, CTEPIKHEBYIO
MOJEJIb MOJKHO CUUTaTh OoJiee MPEANOYTHTEIbHON i MoxenupoBaHus LM, mockonbKy rpaduxu
CXOIMMOCTH TIPEACTABISAIOT cO00H MOHOTOHHBIE KPHBEIE, B TO BPEeMS Kak JUIs TAaHTENFHOM cXeMbl HaOIio-
JTAI0TCsl HEMOHOTOHHBIE 3aBHCUMOCTH € NEPECEUYEHHEM TOYHOTO 3HaueHHA. CTpeMIIeHHE MOIPaBOYHBIX
K09((UIMEHTOB B BBIPAKCHUSIX JJISl YACTOT KOJICOAaHUH B paMKax KOHEYHOMEPHBIX MOJEIel K aHajo-
TMYHBIM 3HAUCHHUAM M3 PacCIpeNeNeHHON MOJENIN MOATBEPKAAET BO3MOKHOCTh IPUMEHEHUS MOJENEH C
COCPEOTOYCHHBIMH TIapaMeTpaMHt Ul OMHMCAHUS CUCTEM C PacIpe/leIeHHBIMU apaMeTpaMH, YTO 4acTo
TpeOyeTcsl B MH)KEHEPHBIX M3BICKAHUAX C IPUMEHEHNEM BBIYMCIUTEIHHBIX MPOTPaMM ISl TOCTPOCHUS
MaTeMaTH4eCcKUX Mojenel u nmpoBeneHust cuMyisinuii. C qpyroil CTOPOHBI, 3TO TaKKEe TOBOPUT U O TOM,
YTO W pacrupepeseHHbIe MO TPUMEHUMBI U aHATUTHYECKOTO OMUCAHMs MHOTO3BEHHBIX IIETTHBIX
CHCTEM, KOTOpbIE, HECMOTPS Ha CBOIO AUCKPETHOCTH, MOTYT OITUCHIBATHCS KaK HEMPEPbIBHBIE OOBEKTHI.
Bo3MoXHOCTh TIpMEHEeHHsI KOHEYHOMEPHBIX MOJIEJIEH OTKpPBIBAET JJIS MCCIIE0BaTeNIel 1 HHKEHEPOB
MEPCIEKTHBY NPOBEICHHUsI KOMIBIOTEPHBIX CUMYIISILUI ¢ Oojiee CIIOKHBIMH MeXaHu3MaMmu, rae [IM
MOXET BBICTYIATh B Ka4€CTBE KOHCTPYKTHBHOTO 3BEHA.
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Annomauvusa. Ilenvio paboTH sIBIsIeTCS 0OHApY)KEHUE M N3ydeHHe 0COOCHHOCTEH AMHAMUKH THIPOMEXaHNIECKOH CHCTEMBI,
peaH3yIONNXCs B MPUCYTCTBUN NEPHOJMYECKUX BO3ACHCTBHIH, HE HMEIONINX BBIICICHHOTO HAMPABICHUS B MPOCTPAHCTBE,
IIPH COBEPIICHHUU JKUAKOM YacThIO CHCTEMBI MPOCTEHINETo, MPSMONUHEHHOTO ABIKCHHUS. Memoosi. Vcnonap30BaHbl aHa-
JIMTUYCCKUEC MCTOAbI UCCICAOBAHHA ypaBHeHI/lﬁ JABWIKCHUS TBEPABIX TCJI M KPACBbIX 3a4a4 AJIs1 YPaBHCHUSL Hasre—-CtoKca.
Pesynomamur. IlocTaBneHa u pelleHa HOBas 3ajadya O JBUXKEHUU I'MJPOMEXaHUYECKOM CHUCTEMbI IPH BHELIHUX HECTAllMOHAp-
HBIX BO3JeHcTBHAX. CHCTEMa COCTOMT U3 BSI3KOM KHUIKOCTH M TPEX TBEPABIX TEJ — CTEHKH, INIACTHHBI U MPOHUIIAEMON ISt
KHUAKOCTH MeMOpaHbl. CTEHKa COBEpIIaeT 3aJaHHOe ABMKeHHe. [ImacTuHa 1 MeMOpaHa MOABEPTralOTCSA BHEITHUM CHIOBBIM
BOSﬂeﬁCTBHHM; ABWKCHHUE JAaHHBIX TEJI NOMJICKUT ONPECACIICHUIO. K MPUCYTCTBYIOIIHUM B IIOCTAHOBKE 3a1a41 CYLIECTBEHHBIM
HOBBIM MOMEHTaM OTHOCSTCS, B YaCTHOCTHU, BO3MOXHOCTb COBEPIICHUS JKUIKOCTHIO TOJIBKO MPSAMOIMHENHHOIO JIBUXKEHUS,
a TaKXke TO, YTO JBIDKEHHE MEMOpPAHbI He SBISCTCS 3aTaHHBIM. 3akmioyenue. I1oTydeHHbIC pe3ylIbTaThl MOTYT HCIIONB30BAThCS
B HayYHOM ITOMCKE MOAXOAOB K YNPABIECHUIO THAPOMEXAaHHIECKUMHU CHCTEMAMH.

Kniouesote cnoea: Bs3Kast )KUIKOCTh, TBEPIbIE TeJa, HEPHOJUUCCKIE IO BPEMEHH BO3CUCTBHUS, BBIICIICHHOE HAIPABICHHE
B IPOCTPAHCTBE, YPPEKTHI CPSITHETO JIBHIKCHHUS.
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Abstract. The purpose of the work is the discovery and the study of peculiarities of the dynamics of a hydro-mechanical system
under the presence of periodic influences possessing no predominant direction in space under the performance a straightforward
motion by the liquid part of the system. Methods. The analytical investigational methods for the equations of solid bodies
motion and boundary problems for Navier-Stokes equation are used. Results. A new problem on the hydro-mechanical system
motion under external non-stationary influences is formulated and solved. The system consists of a viscous liquid and three
solid bodies that are a wall, a plate and a membrane which is permeable for the liquid. The wall fulfils a prescribed motion.
The plate and the membrane are free. Important new circumstances in the formulation of the problem in particular are the
possibility for the liquid to realize only a straightforward motion and that the motion of the membrane is not prescribed.
Conclusion. The obtained results can be used in a scientific search of ways to control hydro-mechanical systems.

Keywords: viscous liquid, solid bodies, periodic in time influences, predominant direction in space, effects of average motion.
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BBenenune

B HacTosmieit paboTe MpoAomKeHo N3ydYeHNe TUHAMUKH THIPOMEXaHHUYECKUX CHCTEM TIpH Tie-
PUOAMYECKUX IO BPEMEHU BO3ACUCTBUAX, HauaTtoe B paborax [1-5] (cMm. Takxke [6, 7]). PesynbraTs
HCCIICIOBAHMH B JAHHOM HAIpaBIICHUH 00NanaroT (yHIaMEHTAIHHBIM U MPUKIATHEIM CONCPKAHUEM.
CoBpeMEHHOE COCTOSIHHE MCCIICAOBAaHNN a/IeKBaTHO XapaKTEPHU3YyeTCs, B YaCTHOCTH, paboramu [8—11].

JnHaMuka ruApOMEXaHHYEeCKOM CUCTEMBI B OOLIEM cllydae SIBIIeTCS HEIUHEHHOH. 3agauu ¢
BSI3KOHM JKHUAKOCTBIO TMPEACTABISIOT cO00# 3a/auu MOBBIMICHHON CIIOKHOCTH, KOTOpasi pe3K0 BO3pacTaeT
MIpY YBEITMYEHUN YHCIIa CBOOOIHBIX YacTel THIPOMEXaHHYECKOW CHCTEMBI (acTeil CHCTEMBI, BIDKEHUE
KOTOPBIX HE 33JJaHO, HOMJICKHUT ONPEACICHUIO).

B nannoli pabote paccMoTpeHa 3a/1a4a O ABMKCHUN CHCTEMEBI, COCTOSIICH U3 BSI3KOH KUIKOCTH
U TpeX TBEPIBIX TeN, JBAa M3 KOTOPBIX SBISAIOTCSA cBOOOAHBIMU. OOHaApy>KeHbI HOBBIE OCOOCHHOCTH
JUHAMUKHA CBOOOIIHBIX YaCTEH THPOMEXaHUYECKOW CHCTEMbI — KHUJIKOCTH U CBOOOIHBIX TBEPABIX TEJ.

1. ITocTaHoBKa 3aga4u

Nwmeetcs runpoMexaHndeckasi CUCTEMA, ABIYKCHHE KOTOPOH TOUICKHUT onpeneneanio. Cucrema
COCTOUT M3 BSI3KOH HECI)KUMAEMOH KHUIKOCTH M TPeX aOCONFOTHO TBEPABIX TEJ — CTEHKH 1], OJHOPOIHOM
IUTACTHHBI § M IPOHUIIAEMOH IS )KUAKOCTH OTHOPOIHOM MeMOpaHsI Y (puc. 1). [IBrkeHue rujpoMexaHu-
YECKOW CHCTEMBI PACCMATPHUBAETCS OTHOCHUTEIHPHO WHEPIUATHHON MPSMOYTOIBHON CHCTEMBI KOOPIUHAT
X, Y, Z. Crenka v orpanuuena miockocteio Y = 0. [Inactuna § orpanndena miockoctsimu Y = L u
Y=L (L>0, L'’ > L — nocrosiuubie). MemOpana y, orpanudena miockoctsmu Y = Hu'Y = H'.
CreHka 1) coBepIIaeT 3aJaHHOE MOCTYIIaTeIbHOE JABIKEHNE BAONb ocu X . MemOpaHa 7 coBepiiaeT
3aJJaHHOE TOCTYNAaTebHOe JBIKEeHNE BIONb ocn Y. Koopnunarer H, H' n ckopocts Uye; CTEeHKH 1)
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MEPHOANYECKH ¢ TnepuofoM 1’ U3MEHSITCA co v

BpemeneM ¢ (0 < H < H < L, H — H = Y=L
— AH — noctosmmas; H = H + H sin(2nt/T); 3

o S L) Y=L
e1 = {1,0,0}; Uy = Uysin(2nt/T + ¢); H>0, * )
H > H,U, > 0,0 < ¢ < 21 — napamerps). A """’""Y‘H

Tommuuaa AH mMeMOpaHBI ¥ MpeHeOpeKUMO Ma-

Ja 1o cpaBHeHuto ¢ paccrosausimu H u L — H'. a

BBuay sroro memOpana y paccMaTpuBaeTcs Kak

MarepuanbHas TIOCKoCTh Y : X = H. JIBmkenue S s hhhrrrraaaalx
CTEHKH 1] BAOJIb ocH X M JABHKEHHE MEMOpaHHI ) -—_

BIOJIb OCH Y XapaKTepHU3yIOTCS OTCYTCTBHUEM BBI-

JIEJIEHHOTO HAIPaBIICHUS B IIPOCTPaHCTBE. JKuj- Puc. 1. Tunpomexannyeckas cucrema
KOCTh 3aIoJHsAET 00IacTu QT] :0<Y < H, QE : Fig. 1. The hydro-mechanical system

H<Y <L (o< X <00, —0<Z < ).

[Tnactuna § 1 MeMOpaHa ¥ MOABEPraloTCs (WM He TIOABEPraloTCs) 3aJaHHBIM BHELIHUM NEPUOANYECKAM
BO3/ICHCTBHUSIM, HE MMCIOILIMM BBIICICHHOIO HAIPaBJICHUs B IpocTpaHcTBe. IlacTuHa, )UAKOCTh U
MeMOpaHa COBEpIIAIOT JABIKEHHE B1osb ocu X . [ImactrHa € 1 )KHAKOCTH JBHKYTCS CO CKOPOCTSMH COOT-
BeTCTBeHHO Uze u Ve;; MomHas ckopocTh MeMOpaHsl  coctapisier We+(dH /dt)ey (ex = {0,1,0}).
Cxopoctu Ug, V, W moanexar onpeneneHuio. B oTcyTcTBHE IBMKEHUS CTEHKH 1), ILIACTUHBI & U JIBU-
KEHHMsI MEMOPaHBI Y, BIOJIb OCH X JKHMAKOCTb B 00MacTsax €2y, {2z MOKOUTCH.

TpeOyercs onpenenuTs NepUOIHIECKOE 0 BPEMEHH JBIKCHUE I'HAPOMEXaHUYCCKOI CHCTEMBI
(cBOOOHBIX YacTeil CHCTEMBI — JKHIKOCTH, ITACTHHBI & U MEMOpPAHBI ).

Mycte t=t/T; y=Y/L; h=H/L; h=H/L; e = H/L; uy = TU, /L = G, sin(2nt + @);
ug =TUg/L; v=TV/L =v(t,y); w=TW/L; p 1 v — COOTBETCTBEHHO IIOTHOCTh ¥ KHHEMa-
THYECKHH KOd(DDHUIHEHT BA3KOCTH KUAKOCTH; P — jnaBinenue B sxunkocty; p = T2P/(pL?) = p(t, y);
Re = L?/(VT') — uucno Peitnonbiica; £ — TBepoe TeNo, 4acTh MUIACTHHBI &, KOTOpas ONpeienseTcs
cootHomenusmu: X* < X < X*+ Dy, L<Y < L', Z* < Z < Z*+ Dy (X*, Z*, Dx > 0,
Dz > 0 — mocrosiHHEIE); T — Macca Tena £¥; x* — TBepaoe TeNo, 4acTh MEMOPaHBI Y, KOTopas onpese-
nsteres cootHomennsavn: X* < X < X*+ Dx, Y =H, Z* < Z < Z* + Dz; my — macca tena x*;
F:e; — BHewHss cua, AeiicTByromas Ha teno £ fe = T2F:/(mgL) = (fe/Re) sin(2nt +yg) (fe >
2 0,0 < Y < 2 — napamerTpel); Fye; — BHCIIHSS CHJA, JACHCTBYIOWIAs Ha TEJO x*;
Iy = T?FE,/(myL) = (fy/Re)sin(2at +¢,) (fy, = 0, 0 < ¢, < 2T — napameTpsl); xe =
= pDxDzL/mg; Gzey — cuna, AeiicTBytomas Ha Teno £* co cToponsl skuakocty; ge=12Ge/(meL) =
= —(ng/Re)(0v/0y)|y=1; #y = pDxDzL/my; Gye1 — cuna, nelcTByIomas Ha Telo Y cO CTOPOHBI
KUAKOCTI g, = T2Gy (L) = (1) Re) [(00/0) —n0 — (90/0) =n—o).

3azady O ABYDKEHUH T'MIPOMEXaHHYCCKOH CHCTEMBI COCTABILIIOT YPABHEHUS IBYKECHUS TEH &, X
(ten E*, x*), ypaBHenne HaBre—CToOKCa M yClIOBHS Ha IpaHMIax obmacted Q;, Q:

dug

= 1
T fe + ge (1)
dw
E = fx + 9y, (2)
ov 1
2 Vp+ A Qy, O,
e Vp + Toe v B 1 Qe 3)
v = uy mpu  y =0, 4)
v =w mpu y=h—-0, y=h+0, %)
v = ug mpu  y = 1. (6)
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2. Pemienne 3agauu

U3 (1)-(6) cnemyet

P = B Q,, p=c B Q¢ (7
(cy, cz — dynKImH T);

ov 1 0%
—_— = — Q 8
ot Re 0y? B S ®)
v = uy mpu y=0, v=w mpu  y =h—0, 9
ov 1 0%
—_— = — Q 10
ot Re 0y? 8 s (10)
V=W npu y=h+0, v=u npu y =1, (11)
du;; %E 81)
7P _ g T8 12
dt ik Re dy ly=1, (12)
dw Ay ov
bl (22 — s a). 13
dt fX + Re (ay |y—h+0 ay |y*h 0) ( )

Bynem paccmarpuBatrh 3amaqy (8)—(13) mpu MallbIX 10 CpaBHEHHIO C €AMHHICH 3HAYCHHSX €.
[IpumeHuM MeTON pa3inokeHHs Mo cTeneHsM Majoro napametpa [12, 13]. [Ipenmnonoxum, 4yto

v~ Y+ eV, Us ~ Ut EUL, W~ Wy T+ Ew npu € — 0. (14)
Cormacno (8)—(14) B ¢V -npubmmxennn (N = 0, 1) umeem

81)]\7 1 aQUN

gv  Re gz B W (15)
oy = (1 = N)uy, mpu  y =0, (16)
oy = (1 —N)wg—l—N[wl (sm2nr)?;;0} nmpu  y =h —0, 17)
aUN o 1 (921}]\[ =

v~ Re dyp P (18)
oy = (1 — N)wg + N[wl - (sin23'c'c)8al;0} mpu  y=h-+0, (19)
UN = UN mpu  y =1, (20)
duN %g 8’1)0 e 61}1
AN _1-N - NZETI 21

aw )[f Re ay "= 1} Re dy "= 1)
dwN 81}0 8’00 ~

d'E ( )|:fX Re ( ay ’y h+0 — ay |y:h—0):| +

%, [0V vy . 8200 d? Vo
+ NR%; {aiy’y:?z+0 - aiy’y:?zfo + (sin 2mt) (Tyz‘yzﬁ+0 il |y= ﬂ (22)

3nech an Qg — obnactu cootseTcTBeHHO 0 <y < h, h <y <1 (—o0 < X < 00, —00 < Z < 00).

I[Mycte N = 0. Cnenaem B (15)—(22) moxcraHoBKY
2mit 2mit 2mit
) ), wo= Real(wo e ) (23)

vg = Real (170 e , ug = Real (ﬂo e
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rae U9 — QyHKIuUs y; U, Wo — MOCTOSIHHBIE. VICTIONB3Ys MONyYeHHBIE B PE3y/IbTaTe TOr0 COOTHOIICHHS,

OTIpEICIIUM 3aady

d*o _
—20 = ¢*v w0 <y <h,
dy

d*o .
@;:q%o i h<y<l,
U = Wy mpu  y = h+0,
V9 = Ug mpu  y =1,

dvg

2~ L e
q*tig = —i fee'* __%E;ﬁ;wy:17

~ dv dv
2 ~ _ . 0 _ 0 —
q wy = —foezwx + M(@b:mo - diy‘y=h70>’

3nec ¢ = (14 i)VmRe.

Pemenue ypaBHeHus (24), yoosieTBopstolee yCiaoBusM (25), (26), umeeT BULI

W sh qy — tiye'? shq(h — y)
shqh

Pemenue ypaBHenus (27), yaoBieTBopstomee yeioBusM (28), (29), nmeeT BUL

_ dioshq(y — h) + woshq(l —y)
shq(l —h) '

Hcmoneays (30)—(33), momydanm

g = Ay (Buu?o + D(]?E/Re)eiw%), Wo = Ay (Bwﬂo + Cﬂnei(p + D(]?X/Re)eiwx),

e
A, = shg(l—ﬁ) B, - ne 7
#gchq(l —h)+gshq(l —h) shq(1l—h)
shqhshq(l — h) B Ry o %y

Aw: A 7\’ w:7_7 - 7
%y shq + gshghshq(l — h) shq(1—h) sh gh

U3 (34) cenyer

g = oy (fe/Re)e™s + Bu(fy/ Re)e™t + vy e,
Wo = (e Re)EME + Bu () Re)e™: + vy line™.

3necn
oy = Ay DQ; Py = AuBuAwDQ; vy, = Ay By ALCQ;
Oy = AquBwDQ; Bw = AwDQ; Yw = AwCQ

(Q=1/(1—- AyB,AyBy)).

Cennuyxuii B. JI.
W3Bectus By3os. [TH/I, 2026, 1. 34, Ne 3

q

~5n

24)

(25)
(26)

27

(28)
(29)

(30)

€2))

(32)

(33)

(34

(35)

457



ITyctes N = 1. Cornacho (22), (32), (33) umeem

%_ﬂ@q,_@q,)
dt  Re oy y=h+0 dy y=h—0J"

[Ipencrasum ycnosus (17), (19) B Buge

1 dv A _
v = wy + glmag[% (1 — 64””)] npu y=h—0, y=h+0.
Y

(36)

(37

IIpomseenem ycpemuenue (15), (16), (18), (20), (21), (36), (37) o 6e3pazMepHOMY BPEMEHH T.

HpeﬂCTaBI/IM IMNOJIYUYCHHBIC B PE3YJIbTATC 3TOI'0 YPAaBHCHUSA U YCJIOBUA B BUJAC

L

di _
ﬂzw—i-flmag(ﬂ) npu  y =h—0,
2 dy
d*v -
dT/? =0 B QE,
v=1u mpu  y =1,
1 dv -
27:1D+71mag(ﬂ> mpu  y =h+0,
2 dy
dv
—|y=1=0
dy‘yil ?
do, dv,
@‘y:hfo - 6iiyyythrO'
Brecs 0 = (v1); u = (u1); w=(w1) ({..)= f:H ... dT — omeparop ycpenHeHus 110 T).

3amaga (15)—(22) umeer penicHue

v=v+0=70+ Real(f;le‘l““),

U =u+u=1u+ Real(ﬂle‘l““), wy =w+w=w+ Real(ﬁ)le‘l““),

e v1 — QYHKIHUS ¥; %1, W1 — HOCTOSHHBIE; ¥, U, W — PEIICHUE 3aTa9H

oo 1 0%

— = Q,, Q

ot Redy? Bt 2

U= mpu y =0,

5 — ] 1 dv[) 4mit 7 7

v—w—flmag(—e ) mpu y=h—0, y=h+0,
2 dy

V=1 mpu y =1,

du ne O

ey}

dt Re 0y

dio (8@’ ) 817| . )

dt ~ Re\dyV="+0  gyly=h=0)

€19
(39)

(40)

(41)
(42)

(43)

(44)

(45)

(46)

(47)
(4%)
(49)
(50)

C2))

(52)

OTMeTHM, 4TO pelieHue v, 4, w 3anaun (47)—(52) B OTHOUICHUH JATbHEHIIIEro pacCMOTPEHUS

HUKaKOW CKOJNb-HUOYAb CyIIECTBEHHOW 3HAYMMOCTBIO HE 00namaeT.
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U3 (38)—(40) cnenyet

v=Ayw s 0<y<h-0, (53)
e -
b (oo (1)
U3 (41)—(43) cnenyer
v=Ay+ B s h+0<y <1, (54)
rae
A=< i ~(a-®-Dy), B= ﬁ(—fm + @+ Dy) (D+ - ;Imag(cig)|y:ﬁ+o>).
Ucnone3ys (44), (45), (53), (54), nomyanm
7=0 gm 0<y<h-0, (55)
U=1u ms h+0<y <1, (56)
u=Dy—D_, (57)
w=—D_. (58)
dopmynamu
v =1+ eV, uUg=1uy+euy, w=wy+ew (59)

u (7), (23), (32), (33), (35), (46), (55)—(58) onpenensercs npudmmkeHHoe pererue 3amaan (1)—(6).
JlarHOE perieHne, B YaCTHOCTH, CBUICTENLCTBYET 0 HaH4Inu 3¢ dekTa, cocrosmero B ToM, 4to (Ha hoHe
KoJieOaHMiT) CBOOOTHBIE YAaCTH IMAPOMEXaHWYECKON CHCTEMBI — XKHAKOCTB, INIACTHHA & M MeMOpaHa |, —
COBEpLIAIOT CTALMOHAPHOE IBHKCHUE.

3. CpenHee IBHKEHHE CUCTEMbI

PaCCMOTpI/IM BONPOC O CPCAHEM IO BPEMCHU NABUKCHUU KUIKOCTH, IIIACTUHBI E )51 M€M6paHbI X-
Vcnomssys (23), (32), (33), (35), (46), (55)~(59), Haiinem

(v) =0 B Q, (60)
(v) =e(Dy —D_)eq B Qg (61)
(ug) = (D —D_), {w)=—=D._. (©)

Cootromrenus (60)—(62) BRITIOTHSAIOTCS IS TIOOBIX 3HadeHH uncna Pefinonsaca Re > 0.

OTMeTHM, 4TO B CPEHEM 110 BPEMEHH JKHAKOCTb B 001aCTH Q) OKOMTCS, CKOPOCTh KHAKOCTH B
obnmactn Qg COBIAjAET CO CKOPOCTHIO IUIACTUHBI — BHE 3aBUCHMOCTH OT CKOPOCTH CTEHKU M BHELIHHX
BO3JICHCTBUI Ha CBOOOAHBIC TBEPABIC YACTH THAPOMEXaHUUECKOM CHCTEMBI.

[Tycts 3HaueHust Re mainel o cpaBHeHMIo ¢ equHuieid. Memons3ys (61), (62), moxydanm

(v) ~ (557X cosy,)e; B Q: mpu Re— 0, (63)
%
(ug) ~ 52{2; cosy, (w) ~ ;(Z:z cos e + ﬁ( cos wx) npu Re — 0. (64)
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®opmynsl (63), (64) CBUAETENBCTBYIOT O TOM, YTO MpPH MaJIbIX 3Ha4deHHs X Re cpemHee 1o
BpPEMEHH JIBIDKEHHE PacCMaTpUBAEMBIX CBOOOJHBIX YacTel THIPOMEXaHNIECKON CHCTEMBI ((KUIAKOCTH
B o0mnacTi Qg, miacThHbl &, MEMODAHBI %) He 3aBHCHT OT 3a/IaHHOTO JIBMKEHHS CTEHKH 1); HAJIMYHE
WM OTCYTCTBHE CPEJIHEro JIBIDKEHHUS JAHHBIX CBOOOIHBIX YACTEH CHCTEMBI OIpeesieTcs] TOJIBKO
BHELIHAMHU BO3JCHCTBUSMY Ha CBOOOJHBIC TBEP/BIC YACTU CHCTEMBI («YIPABISIOLMME T1apaMeTPaMm»

fE7 TPE, fX7 TPX)

CornacHo (63), (64) Ha ¢oHe KoNebdaHuil UMEET MECTO, B YaCTHOCTH, CIIEAYIOIIee.

1. Ecmu fecosyz = 0, fycosy, = 0, ToO THIAPOMEXaHUYECKAs CUCTEMA HAXOAUTCH B COCTOSHUH
TTOKOSL.

2. Ecmu fecosye = 0, fycosyp, # 0, To kuaAKOCTh B obnactu Qg, miacTuHa § U MeMOpaHa |
COBEPLIAIOT JIBHKEHHUE C OIHOM M TOH € CKOPOCTBIO — «KaK OJHO ILIeJIoe»; Mpu cost, > 0
JTaHHOE JIBIDKEHHE MPOVICXOANT B HAIPaBJIEHWH, COBIIAJAIONIEM C HallpaBlieHHEeM ocH X ; IIpH
cos P, < 0 — B HaNpaBJIEHUHU, NPOTUBOIOIOKHOM HaIPaBIECHUIO och X .

3. Ecmu frcosye # 0, f,cosy, = 0, To KuAkocTh B 0ob6nacTu Q: M NIACTHHA & MOKOATCH,
MeMOpaHa ) JBHKETCS: NpH cos Pz > 0 B HalPaBIECHUH, COBIAJAIOIIEM C HAllpaBIeHUEM ocu X,
npu cos g < 0 B HAPABJICHNH, TIPOTHBOIOIOKHOM HANIPABJICHUIO OCH X .

4. EBcmu fecosye # 0, f, cosyp, # 0, To:

a) npu cosPg > 0, cos, > 0 KuUIKOCTH B 001aCTH QE, iacTuHa § u MeMOpaHa y coBepiiia-
IOT JIBUKEHHE B HATIPABIECHHUH, COBIIA/IAIOIIEM C HAMPAaBJIeHHEM 0cH X ; MeMOpaHa 06ToHseT
JKHUIIKOCTD ¥ [UIACTUHY;

b) mpu cosy: < 0, cosy, < 0 KUIAKOCTH B 0OIACTH Qg, iacTuHa § U MeMOpaHa y CoBep-
IIAOT JIBHKEHHE B HAMPABJICHUHU, IIPOTHBOIIOJI0KHOM HAINPABICHHIO ock X ; MeMOpaHa
OOTOHSET KUIKOCTh M INIACTHHY;

¢) mpucosyg > 0, (fe/ne) cose+(fy/%y) cos P, = 0 kuaxocts B 06mactu Qg 1 iactuna &
COBEPIIAOT [BHKEHUE B HAMPABJICHUH, TIPOTHBOIOJIOKHOM HANPABJIEHUIO ocH X , MeMOpaHa
¥, TIOKOUTCS; R R

d) mnpu cosys < 0, (fe/%e)cosPe + (fy/%y) cosp, = 0 knarkocTs B 06nacT Qg M IUIaCTHHA
€ COBEpIIAIOT JBUKEHUE B HAIIPABIICHUH, COBIIA/AIOIIEM C HANIpaBlIeHneM ocu X, MeMOpaHa
¥, TIOKOUTCS; R

e) npu cosPg > (ne/%y)(fy/ fe), cosyy, < 0 xkumocTh B 06macTh Qg n miactuHa & cosep-
IIAIOT JIBMYKCHHUE B HAIPABIECHUH, IPOTUBOIIOIOKHOM HAIPaBJIEHHIO ocu X, MeMOpaHa
JIBMKETCS B HANPABJICHHH, COBIIAJAIONIEM C HalPaBICHHE OCH X ;

f) nmpu cosye < 0, cosy, > (uy,/xz)(fe/ fy) HumKkocTs B obnactu Qg, miactuna & 1 Mem-
OpaHa y COBEpIIAIOT JABMKEHHUE B HAIPABICHUH, COBIA/IAOIIEM C HAIPaBIeHHEM ocH X,
MeMOpaHa OTCTAET OT KUIKOCTH U TUIACTHHBL.

Haitnennsim pemernem 3anadu (1)—-(6) u dopmymamu (60)—(64) onpenemnsercsi MHOTOOOpa3ue
0COOCHHOCTEH JHHAMUKH MPEICTABICHHON THAPOMEXaHIICCKONH CHCTEMBI C BSI3KOW JKUAKOCTHIO, COBEP-
LIAKOLIEH TPAMOIIMHENHOE JBUKEHUE.

B uncne HeTpuBHATHHBIX MOMEHTOB, KaCaIOIIUXCS PACCMOTPEHHOTO JIBIDKEHUSI CHCTEMBI, 3aCiIy-
JKUBAET OBITH BBIACICHHBIM 3P QEKT, CIIOCOOHBIA Ka3aThCsl «abCOMIOTHO aJOTHYHBIMY, COCTOSIINNA B TOM,
4yTo (comtacHo (64)) ABMIKEHHE TUIACTUHBI HE 3aBUCUT OT OKa3bIBAEMOTO Ha Hee BHEIIHETO CHJIOBOTO
BO3JICHCTBUA.

3akjoueHue

B mannO# paboTe mocTaBieHa U penieHa HOBas 3a/1a4a O JBIDKEHUH THAPOMEXaHHMIECKON CHCTEMBI
C BSI3KOW JKUJKOCTBIO MPHU NEPUOIUYECKUX 10 BPEMEHH BO3AeHcTBUsIX. B paccMoTpeHHOH 3a1aue Ku-
KOCTh CIIOCOOHA COBEpIIATh TOJNILKO MPOCTeiIee, NpIMOIMHEHHOE ABMKEeHUE. TeM He MeHee TMHAMUKA
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CHUCTEMBI XapaKTepU3yeTcs HAIMIUEM psa CYIIECTBEHHBIX OCOOCHHOCTEH, TAKMX KaK UMEIOIIHE MECTO
Ha (poHe KoIeOaHUH HETOABMKHOCTE KHJIKOCTH B 00JIaCTH Qn, JIBIDKEHUE KUOKOCTH B 00JIacTH QE
1 (CBOOOMHOM) TTACTHUHBI & ¢ OJHOIN M TO K€ CKOPOCTHIO, a Takke APYrux (0OHAPYKEHHBIX B pa-
6ote) 3 pexToB, MPEACTABIAIONIMX CAMOCTOSATEIIBHBIN HHTEPEC U IEMOHCTPUPYIONIUX YITPABIISAIOLIUC
BO3MOXHOCTH TIEPUOJMYECKHUX BO3ICHCTBUH, HE MMEIONNX BBIICICHHOTO HAMPABICHHUS B MMPOCTPAHCTBE.

HOJ’Iy‘ICHHBIC PE3YIbTATbl MOT'YT HUCIIOJIB30BATHCS, B YaCTHOCTH, B HAYYHOM IIOHMCKEC MCTOI0B

Oopranuvsanuun 33H3HHOI>1 JAAHAMUKU THAPOMEXAHUYCCKUX CUCTCM.
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Annomauyusn. Ienvp HacTosmEeH pabOTEI — BBISBICHHE CBSI3€H TPEX B3aMMOJCHCTBYIONINX OHOJIOTHYECKHX OCIHIUIATOPOB C
IIOMOUIBIO METOAA MOACIIUPOBAHUA (basoaoﬁ JAUHAMUKH U ONPEACIICHUE 3aBUCUMOCTHU BIIMAHUSA MATOJIOTHYCCKOI0 COCTOAHUSA Ha
KOH(UTIypanuy OXHOHAIPABICHHBIX TPOUHEIX CBsI3€H STHX CHCTeM. Memoodul. s peleHns 3aia4i BEISIBICHUS B3aUMOCBsI3eit
MIPUMEHEH METOJl MOAENNPOBaHUS (a30BOil TMHAMHUKH CIa0O0CBSI3aHHBIX CUCTEM. B kadecTBe XapaKTepUCTHUK B3aUMOCBSI3H
MeXy CHCTEMaMH HMCIIOIb30BaHbI OLIEHKH MATPHIIBI CBSI3HOCTH TPEXOCUMILIATOPHON ceTh. Pesynemamur. IIpoBeneHa nposepka
MIPAaBHJIBHOCTH BBISBICHHS CBSI3eH JJISI MOIEIH TPEX XaOTHIECKUX OCHIILIATOPOB Pecciepa ¢ M3BECTHBIMU HAIPaBIEHHBEIMHI
CBSI3MH U BBIABICHA BO3MOKHOCTB TOSIBICHHS JIOTOTHUTEIEHOTO BIMSHUS OJHOTO OCHIIUIATOPA HA APYTOH MM COBMECTHOTO
BJIMAHHSA NBYX OCLHUJIIATOPOB Ha TpeTl/Iﬁ IpH YBEJIMYCHUUN CUJIbI CBA3U. I[J'[H OKCIIECPUMECHTAJIbHBIX BPEMEHHBIX pSA0B, COOT-
BETCTBYIOIINX (IyKTyaIlsIM AbIXaTeIbHOTO PUTMa, KPUBEIM BapHaOeIbHOCTH apTepHATBHOTO JIAaBICHUS U BapHabeIbHOCTH
HMHTEPBAIOB HEHPOHAIBHONW aKTUBHOCTH IPOJOJITOBATOTO MO3Ta, BEISABICHO BIMSHHE IATOJIOTHIECKOTO COCTOSHUS Ha MOSIBIIC-
HUE JIOTIOJHUTEBHBIX CBSA3eH B TPOMHBIX B3aUMOJCHCTBUAX OCLMIUIATOPOB HEPBHOM, IbIXaTENbHON U CEPAEYHO-COCYIUCTON
cucreM. 3axnioyenue. IlpumeHeHre MeTona MoenupoBaHus (pa30Boi TUHAMHKH IS OLEHKU XapaKTePUCTHK B3aHMOCBSI3H
MEXIY TPEMs B3aUMOJCHCTBYIONIMMHU OMOTOTHYECKIMHU OCHMLIATOPAMH TTOKA3aI0 BaKHOCTD BIMSHHSA (PU3HOIOTHIECKOTO
COCTOSIHMS Ha OLIEHKY IIPEUMYILECTBEHHOIO BIMSHUS OJHOTO OCLWIIATOpA Ha JPYTroi.

Knroueewie cnosa: q)aBOBa}I JUHAMHKa, TPU CBA3aHHBIC CUCTEMBI, CBA3HOCTb, OHOJIOTUYECKHE OCHUJIIIATOPBI.
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Abstract. The purpose of this work was to identify couplings between three interacting biological oscillators using phase
dynamics modeling and to determine the influence of a pathological condition on the configuration of unidirectional triplewise
couplings in these systems. Methods. To identify these couplings, we used phase dynamics modeling for weakly coupled
systems. Estimates of the connectivity matrix of the three-oscillator network were used to characterize the interconnections
between the systems. Results. We verified the accuracy of identifying couplings for a model of three chaotic Rdssler oscillators
with known directional couplings. We also identified the possibility of additional influence of one oscillator on another,
or the combined influence of two oscillators on a third, with increasing coupling strength. For experimental time series
corresponding to respiratory rate fluctuations, blood pressure variability curves, and variability of neuronal activity intervals in
the medulla oblongata, we identified the influence of a pathological condition on the emergence of additional couplings in
triple interactions between oscillators in the nervous, respiratory, and cardiovascular systems. Conclusion. The application
of phase dynamics modeling to assess the characteristics of the coupling between three interacting biological oscillators
demonstrated the importance of physiological state in assessing the predominant influence of one oscillator over another.

Keywords: phase dynamics, three coupled systems, couplings, biological oscillators.
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BBenenue

BrisBrenue ynpapisiomuyx (GyHKIIMOHATBHBIX B3aUMOJEHCTBUI MEXy CHCTEMaMH, MMEIOIUMH
CJIOXHYIO TOIOJIOTHIO CBSI3HOCTH, NPEACTABISET CO00H akTyaJbHYIO 33/1ady, pelIeHne KOTOPOH BaXKHO
JUTSL OTIpEAENICHUS] MEXaHU3MOB (YHKIIMOHHPOBAHUS aHAJIN3UPYEMbBIX CHUCTEM. OJTH 3a/ladqd IIHPOKO
MIPUMEHSIFOTCS [T BBISABJICHUS KIIMMATOJIOTHYECKUX B3aMMOCBs3ei [1,2], s ucciemoBanus mpoliec-
COB mepenaun MHOOpPMALMU B HEHPOHHBIX CETAX Pa3IMYHBIX oOjacTeil mosra [3-5], mns aHain3a
B3aMMOCBSI3€ CUTHAJIOB CEpAEYHO-COCYAUCTON U AbIXaTeJIbHOM cucTeM [0, 7], a Takxke s aHanu3a
B3aMMOJIEIICTBHS CEpIeUHO-COCYIUCTOM, BIXaTeIbHOW U HEpBHOMU cucteM [8,9].

Nsy4aemple mapHbIe B3aNMOJIEHCTBUS MEXIY ABYMSI CHCTEMaMHU MOTYT OBITH (DYHKIIOHAJIHHO
HEHanpaBJIeHHBIMI U CHHXPOHHBIMH, @ MOTYT OBITh HAIllpaBJICHHBIMH, HAlPUMEp, JBYHalpaBICHHbI-
MH (Korga 00e CHCTeMBl BIMSAIOT ApYT Ha Ipyra) WM OJHOHANPABICHHBIMH (KOTIa OJHa CHCTeMa
BIIMSIET Ha APYryl0). B 3TOM cilyuae MpUMEHSIOTCSI METObI aHAJIN3a IByMEPHBIX BPEMEHHBIX PSAIOB,
TreHepHpyeMbIe aHAJIM3UPYEMbIMH CHCTEMaMH, B YaCTHOCTH, METO/IbI, OCHOBAHHbIE Ha PEKOHCTPYKIIUU
(a3zoBoii tuHaMuKu. OJHAKO B PEaIbHBIX MPHIOKEHHIX HEOOXOAUMO NMPUMEHSTH METOIbI, PACCUUTAH-
HbI€ Ha MHOTOMEPHBIN aHAJIN3 BPEMEHHBIX PAJOB, IS ONPEAETCHHS CBSI3HOCTH OONBIIETO KOJTUYECTBA
AHAJM3UPYEMBIX CHCTEM.

Kax mpaBuio, cTpykTypa CBSI3M MHOTOMEPHBIX CHCTEM ONPEAENAeTCs C MOMOIIBI0 MOMapHOTO
a”anu3a. [y aTol nenu 6bUI0 pa3paboTaHO MHOXKECTBO METOJOB, TAKUX KaK BBIYHCIICHUE HENMHEHHBIX
HMHJEKCOB IpuuuHHOCTH ['peitnmxkepa [10], mokazareneit Ha OCHOBE MPOCTpaHCTBA cocTosHUi [11],
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yCIIOBHO# B3auMHOM mHpopManuu [12], suTponuu neperoca [13], Mep, OCHOBaHHBIX Ha (ha30BOM
nuHaMuke [14] 1 yCIOBHBIX BEPOATHOCTAX peKyppeHTHOCTH [15].

OpHako MapHBIN aHAJTU3 YaCTO HEITOCTATOUCH IS BBIIBICHUS OOJI€e CIOKHBIX B3aUMOJIEHCTBUM
MEXIy BpeMeHHBIMH pagamu [16,17]. B paborax [18,19] npeanokeHs! METOIBI TPOWHOTO aHAJIM3a IS
OTIpe/IeNIeHUs] HAIPaBICHHON CBSI3HOCTH MaJIOH CETH CHCTEM IOCPEACTBOM PEKOHCTPYKIHH (ha30BOit
JIMHAMHUKHA U3 MHOTOMEPHBIX BPEMEHHBIX psijioB. CpaBHUBAsL (PYHKIIMU CBSA3U BCEX BOBMOXKHBIX TPUILICTOB
OCHWJIISITOPOB, aBTOPHI MPOAEMOHCTPHPOBAIN BO3MOKHOCTH HAJIE)KHOTO OTIPEETICHNS HalpPaBIeHHOCTH
CYIIECTBYIOIINX CBS3EH, JOKa3aB 3TO Ha HEOONBIINX CETSIX OCIMILIATOPOB BaH Aep [lons ¢ m3BecTHOI
HaIpaBJICHHOCTBIO CBSI3eH U MEPUOIUUYECKUMH HE3alIyMICHHBIMU CUTHAJaMU U IPOAEMOHCTPUPOBAB
BO3MOXHOCTH UJCHTH(DHUKAIINN TOTIOTHUTEIHHBIX CBSI3EH, OTCYTCTBYIOIINX B UCXOMHON CHCTEME, UTO
CBSI3aHO C YBEJIMYEHHEM CHUJIbI CBs3M [18, 19].

W3BecTHO, 4TO HANMPABICHHOCTh MAPHBIX CBA3EH ABYX 3KCHEPUMEHTAIBHO 3apPETUCTPUPOBAHHBIX
CHUTHAJIOB, TCHEPUPYEMBIX OMOIOTUYSCKUMH OCHIIIISTOPAMHU, MOXKET 3aBUCETh OT (PYHKIIMOHAIEHOTO
COCTOSIHHSI B HOpPME WJTH TIPH ero HapymieHud [8,9]. B padore [5] Ha ocHOBE MeTOma MOACITUPOBAHUS
(ha30BOM JMHAMUKH BBISBICHO M3MEHEHHE HANPABICHHOCTH MAPHBIX CBS3EH MEXy HU3KOYACTOTHBIMH
anekrpo3nnedanorpapudeckumu (O3I') curHamaMu pasIUUHBIX 00JacTeld MO3ra MPH MOBBIIICHUH
YPOBHS CTpecca y 3MOPOBBIX HUCHBITYEMBIX 32 CUET PEIICHHs] CTPECCOTEHHBIX KOTHHTHBHBIX 3a]1ad.
B pabore [4] Takke BBIABIECHO N3MEHEHHE HAIPABICHHOCTH MapHBIX CBsi3el Mexay DI -curnanamu
pa3IUYHBIX 00JIacTeld MO3ra BO BpeMsl IMPHUCTYIIA SIUJICIICUN Y MAIIMEHTOB CO CHUKEHHBIM YPOBHEM
CO3HAHUS.

AXTyanbHOI 3a/1a4eil SBISIETCS BBISBICHHUE BIHMSHUS HAapyIIeHUs ()YHKIIMOHAIBHBIX COCTOSHHUN Ha
HaPaBJICHHOCTh CBSA3EH MEXY OMHOBPEMEHHO DKCIICPUMEHTAIBLHO 3apPETUCTPUPOBAHHBIMU CUTHAIAMU
Tpex OMOJIOTHYECKUX OCHHUIUIITOPOB, TO €CTh HaXOXKIeHUE KOH(UTYpaIruil TPOHHBIX CBA3EH MEXIY
JIbIXaTEeNbHOM, CepAeUYHO-COCYIUCTON U HEPBHOW CHCTEMaMHU.

Lenpro nanHo# pa®OTHI SABISAETCS BBISIBICHUE CBSA3EH TPEX B3aUMOACHCTBYIOIMIUX OMOIOTHYECKUX
OCIMJUTATOPOB C TIOMOIIBIO METO/Ia MOJETUPOBAHUS (Pa30BOM AMHAMUKH U OTIpe/ieIeHHe 3aBUCUMOCTH
BIIUSTHUS ITaTOJIOTHYECKOTO COCTOSHUSI Ha KOH(UTYpaIlMi OTHOHAIIPABICHHBIX TPOIHBIX CBS3EH ITHX
OCIIWJUIATOPOB.

B mepBoit yacTu paboTHI IS IPOBEPKH MPABIIIBHOCTH OTIPEACIICHUS] CTPYKTYPHI CBSI3U TPEXOC-
LWJUISITOPHOM CEeTH NMpPUMEHEHa MOJIENb TPEX XaOTHUYECKUX OCHMILIIATOpOB Pecciepa ¢ M3BeCTHhIMU
OTHOHAIPABIECHHBIMU CBSI3IMHU. BO BTOpOif wacTu paboTHI sl aHATU3UPYEMBIX TaHHBIX WCIOIB30BAHbI
¢ykryanum asixarensHoro putMa (RES), kpuBbeie BaprabensHOCTH apTepraibHOro nasienus (BPV)
Y BapHaOeIbHOCTH HEeWpOHaNbHOW akTUBHOCTH (NAV) MpOoA0iroBaroro Mo3ra Kpbic, OJTy4YeHHbIE U
noapoOHO omnucaHHble B paborax [8,20] mist ABYX rpynn Kpbic (KOHTPOJIBHOW TPYIIIBI U TPYIIIBL C
MATOJIOTHYECKUM COCTOSTHHEM B (hOpME IKCIIEPUMEHTAIHFHO BBI3BAHHOTO KOJINTA).

Jlnst kaxaoi rpynmsl mpoaHanu3upoBaHbl 15 BpeMeHHBIX psagoB BPV, NAV, RES nnutenbsHOCTBIO
55 cexyHn u coxepxkammx 55000 3HaueHHH. DTH BpeMEHHBIE PABI U3BJICUEHBI U3 OJHOBPEMEHHO
3apEeTUCTPUPOBAHHBIX KOJICOAHMI apTepUabHOTO NaBIICHUS, NBIXaHUS U HEHPOHAIIBHONW aKTUBHOCTH,
3aperuCTPUPOBAHHON C IMOMOMIBIO 3JEKTPO/AA, IMOTPYKEHHOTO B 00JaCTh PETHUKYISIPHOU (opMaIiuu
MPO0JIrOBaTOTO MO3Ta, 00YCIIOBICHHOM TEM, YTO UMEHHO B 3TOH 00JIaCTH HAXOASTCS HEHPOHBI, CBSI-
3aHHBIC C TAaTOJIOTHEH KulieuHnka. Bpemennsie psiapl BPV u NAV sSBISIOTCS MOCIEN0BATEIEHOCTIMHU
BPEMEHHBIX MHTEPBAJIOB MEXIY JIOKAJbHBIMA MaKCUMYMaMH UCXOJIHBIX JaHHBIX HEHPOHAJIBHOU aK-
TUBHOCTH M apTepPUAIBHOTO JIaBJICHUS; alllPOKCHMHUPOBAHBI KyOUYECKUMU CILIaHHAMU C yAaJICHUEM
HETTMHEWHBIX TPEHAOB U MOJOCOBOM (hHUIBTpAIeil ¢ OCHOBHBIMH YaCTOTAMH, OJNM3KHMH K HYacTOTE
JIBIXaTEeJIbHOTO PUTMA.

B mpenpinymux padorax [8,20] 3Tu gaHHBIE OBLTH HCIIONB30BaHbI IS BBISIBICHUS (ha30BOM
CHHXPOHHM3AIUN MEXKIy TOTIApHBEIMU BPEMEHHBIMH psiiaMHu, a B padotax [9,21] amsa onpeneneHus Ha-
MPABJICHHOCTH BIMSHUS CUTHAJIOB OJHOM CUCTEMbI Ha APYTYIO U BBISICHEHUS! U3MEHEHUSI XapaKTEPUCTUK
B3aMMOCBSI3U BO BpeMsi OOJIEBOTO BO3ICHCTBUSI.
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1. MeToauka

Omnpenenenne cBI3HOCTH OCHOBAHO Ha MPUMEHEHUH MojieNn (pa30BOM TMHAMUKH B3aUMOJAEHCTBY-
FOIIUX CUCTEM. J[JIs CHTHAIIOB, TEHEPUPYEMBIX ITUMH CHCTEMaMH, CHAYasla BEIYMCIISIOTCS MTHOBCHHBIC
dassr ¢y (t), a 3aTem cozmaercs Mozaenb (a3oBoil AUHAMUKH, ONPEACISIONIAsi IPUPAIICHHUS MTHOBEHHBIX
(a3 Ha BpemeHHOM HHTEpBaje T [14]:

APr(t) = dr(t +1) — Pr(t) = Fr(dx (1), by (), ¢2(t)), k=XY,Z (1)

B Hacrosieii paboTe cHavana Ui KaKI0To CHrHaia (HampuMep, CHuraana x(t)) OleHHBaINCh
MrHOBEHHBIE POTO(a3bl O x (t) ¢ MOMOIIBIO CHHXPOCKATOTO BEUBICTHOTO MPeoOpa30OBaHus ¢ KOMILIEKC-
HO¥ BeliBneTHOU (yHKIIer Mopie [22]:

SWT(f,t) = :JCZW(fk,t)f?’/QAfk, 2)
Jr

e Afy = fx — fv—1, fx = (k/n)Fs,k = 1,....,n, Fs — 4acrora auckperusauuu currana x(t),
1 — KOJIMYECTBO YacTOT f, UCIOJIb3yeMbIX B BeruuciaeHuu W (f,t):

+o00
W(f,t)=f / z(t) exp(—0.5(t" — t)2f?) exp(—2mi(t' — t)f)dt'. (3)

IpuMeHeHre BelBIeT-IPe0oOpa3oBaHus MPUBOIHUT K MOIOCOBON (GuibTpanun x(t) U CO3IaHHUIO
aHanuTHaeckoro curHana s(t) = A(t) exp(i©(t)) Bokpyr 4acrorsl f. Hampumep, ompenesneHue MrHo-
BEHHBIX (ha3 Ha OCHOBE BEMBJIIETHOIO NpeoOpa3oBaHus Al (PUKCHPOBAHHOIO BPEMEHHOTO MaciuTada
MIpUMEHEHO B paboTax [23,24]: ans BBIABICHUS KIMMAaTOIOTHYECKUX B3aHMMOCBA3EH.

Brruncnenue npotoda3 0CHOBaHO Ha HAXOXIEHUU YaCTOTHBIX KOMIIOHEHT CUTHAJIA PEHICHHEM
3a/1a4d YCIOBHOM ONTHMH3AIMH MTOMCKA CPEIH BCEX KPHUBBIX TpebHel Tex f. (1), Mt KOTOphIX K0d(du-
[UEHTHI CHHXPOCKATOrO BeiiBiaeTHoro npeodpasosanus SWT'(f,t) MakcHMaIbHBI, YTO COOTBETCTBYET
MUHUMYMY QyHKIUH [25]:

P(f) = — / SWT(f(t),))2dt + 0.01 / [(df (£)/db)2 + (dF2(t) ) d2t)]dt. @)

Ha ocnoBe onpenenenHoro rpe6us f,(t) MraoBenHas yacrora f(t) 1 MrHOBEHHas mpotodasa
O(t) aHATU3UPYEMOTO CHUTHAJA OMPEACIISOTCS:

f(t) = [ (1),0(t) = arg | SWT(f,(t),1) |- )

ITpeobpa3zoBanue mony4eHHOM npotodassl O(t) B HCTHHHYIO pa3BepHyTYyIO dasy ¢(t), yBennuu-
BAFOIIYIOCS HA 27T 32 Ka)IBI MOIHBIA 000pOT pagnyca-BeKTopa, OCYIIECTBISETCS IO METOIy [26]:

¢=0+2 Z Im [Sy, (exp(in® — 1) /n], (6)

e N
Ssy, = 1/NZexp(in®j). (7)

j=1

['moGanbHBIN BEHBIETHBIN CHEKTP, 3aAI0IINI YCPEAHEHHOE pacIpeieieHie SHEPT Ui CHHXPOCIKa-
TOTO BEHBIIETHOTO CIIEKTPa MO YaCTOTaM Ha BPEMEHHOM HMHTepBaie {1, ta], ompenemnsercs

t2
B(f)=f / | SWT(f,t) | dt. ®)
t1
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Hanee B Buzne psaaa Oypwe 3a1at0Tcs QYHKIUHN CBI3HOCTH NI BCEX TPEX ompeAeieHHbIX ¢az [27]:

Fi(ox (1), oy (1), 92(t) = DAY | exp(illxox () + lydy +lz62)). 9)

Ix,ly,lz

OTH QyHKIMHN ONMHMCHIBAIOT pa3IWYHbIC BapUaHTHI B3auMoaeicTBuil [18]. [ HaxokaeHus Ko3g-

)

(UIIEeHTOB A( vl HAXOJATCS MUHUMYMBI ¢byHKIMi:
N—1
S7 = D) (dr(ti + 1) — Gr(ts) — Fuldx (1), v (1), d2(1))>, k=X,Y,Z.  (10)
i=1

B cootBercTBHM ¢ paboTtamu [14,27], B Ka4eCTBE T MBI UCIIOIB30BAIM 3HAYCHUS, pABHBIC MEHBIIIC-
MY U3 XapaKTEePHBIX MEPUOAOB KojeOaHH aHAIN3UPYEMbIX CUTHANIOB, W 3HaueHus [, = 3,k = X, Y, Z,
TaK Kak ycioKHeHUe ()a30BOM MOJENH ITOBBIIIAET BO3MOXHOCTE OIPEICIICHUS JIOKHBIX CBsA3eH [28].
To ecTh Ay SKCIIEPUMEHTAIBHBIX JaHHBIX MCIIOIB30BAINCH 3HAUYEHUS T, paBHBIE MEHBIIEMY W3 Xa-
pakrepHbIX nepuonoB konedanuit RES, BPV, NAV B y3kononocHoM nuanaszone wyactot [1.2, 2.4] I'n,
u nopsinok pasnoxenus [, = 3, k =RES, BPV, NAV.

B paborax [18, 19] mpemnokeHO BBIYUCISATh YaCTUYHBIC HOPMBI (DYHKIIUH CBSI3H, KOJHMYECTBEHHO
OTIpeIeIISIOIINE HAIPaBICHHOCTH cBA3H. [lapHoe neiicTBrue ocummiaTopa j Ha OCHIIUIATOP k OTpenens-
eTcs KoMnoHenTamu GyHkimi Fi, (¢ x (), ¢y (t), ¢z(t)), kotopsie 3aBuCAT TonbKO OT ha3 ¢y (t) u §;(t).
Yactuunas nopma NN, Ul IApHOH CBA3U BhIMUCHAETCA 10 (Gopmyie [18]:

NP, = Z | Ao, 0.,0...0000.. > (11)

Ui 1;=0

COBMECTHOE JIEHCTBUE OCHMILIATOPOB j U M HA OCHMJUIATOP k ONpPENeNseTcs dieHaMHu nepe-
KPECTHO# CBsI3H, cofepkamumMu Tpu hassl ¢ (1), ;(t), dm(t)) [18]:

2 2
Ny, = Z | A0,...0.0,0,0-0.05,0, 0 kom0, |- (12)

Ul =0,1, =0

BbIYKCiIeHHBIC YaCTUYHBIC HOPMbI 3aITUCHIBAIOTCS KaK 3JeMeHThI MaTpulibl C, ONpeesiFoIIeH
CTPYKTYPY CBSI3HOCTHU TPEXOCLWIIATOPHON CETH:

C(X,X) C(X,Y) C(X,2)
C(Y,X) C,Y) C(Y,Z) (13)
C(Z,X) C(ZY) C(Z2).

Henmaronanbaele aneMenTsl C(k, j) 3TOM MaTpHUIBI MPEICTABIAIOT YaCTUYHbIE HOPMBI N,
nonyderHbie o Gopmyne (11). dnaronansusie amementsl C'(k, k) ONpenesifOT 4aCTHYHBIE HOPMBI
Nj 1m—s, BBIYECIEHHBIE IO (popmyie (12). Hanpumep, MakcumanpHoe 3Hauenue snementa C(X,Y) =
= Ny _,x MaTpHIIbl ONpeNeisieT OHOHAIIPaBIECHHYIO CBiI3b ¥ — X . MakcuManbHOe 3HaYCHHE YJICHA
HepeKpecTHOH cBs3y, onpenensemoro snemMenToM C(X, X) = Ny z_, x, 3a[jaeT COBMECTHOE BIUSHUE
ocruuIATOpoB Y u Z Ha ocumwuisitop X [18].

OreHKa HaIpaBJIEHHOCTH CBS3HM MEX]y B3aMMOAECHCTBYIOIIMMH OCHMIUISITOPAMH MPOBOIIIACH
JUTS. TaHHBIX B HECHHXPOHHOM pPEXHME, Il KOTOPBIX TI0KA3aTellb CHHXPOHHU3AINN MEX]y aHaIH3upye-
MbIMH Z(t) ¥ y(1), BBIYUCIISAEMBIH B CKOJIB3SIIEM OKHE MIMPUHOM /At U CIABUTOM, PABHBIM MHTEPBAILY
IUCKpeTu3auu, mo hopmyne [29]:

k
p=|1/N exp(2mi(¢x (t+ jAL/N) — by (t + jAL/N)) |, (14)
7j=1

mensre 0.6.
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JIyist OIIEHKH CTATHCTHYECKOM 3HAYMMOCTH BBIYUCICHHBIX MAaKCHUMalbHbIX d1eMeHToB C(7, j) Mar-
putibl cBsizu C' MBI IPUMEHUITN CTaTHCTHYECKHHA TeCT ¢ co3nanueM 100 cypporaTHbIX BPEMEHHBIX PSIOB.
CypporarHsie TaHHbIE TEHEPUPOBAIUCH IS KAXKIOTO aHAJTU3UPYEMOT0 CUTHAa METOIOM, OCHOBAHHBIM
Ha pexkyppentHocTy [30]. HyneBasg rumotesa 3akiodanach B TOM, YTO aHAJIM3UPYEMbIE€ CUTHAIBI UMEIOT
HE3aBHCUMBIE PEKyPPEHTHBIE CTPYKTYPBI, TPUBOISIINE K OTCYTCTBHIO BOBMOXHBIX BAPHAHTOB CBSI3HOCTH.
O6o3naunm M = C'(i,7) Anst KCXomHOTo curHana. Bennunua Msury BBIYUCISIACH AJISL CyppOraToB
Xsurg, Ysurg U Zsurg. 3aTeM NpOBEPsIIOCh COOTBETCTBHE HOPMAIbHOMY PAaCHpEEICHUI0 COOTBET-
cTByromux 3HadeHuit Msur n 95%-it kBaHTHIIB 3TOTO pacnpexaeienus Z =| M — Msur/0g,, |> 1.96,
[PH BBIMIOTHEHUH KOTOporo 3HadeHue C'(7, j) CUMTANOCh CTATHCTHYECKH 3HauuMbIM (M sur — cpefHee u
Osur — CTaHAapTHOE OTKJIOHEHHUE). To ecTh HyneBas THIOTe3a 00 OTCYTCTBHH CBSI3U MEXKIY HCXOJHBIMU
BPEMEHHBIMU PsIaMU OTBEPrajiach MpU 3HAYCHUU TECTOBOM CTATUCTUKHU Z > 1.96, U BBIUKCIECHHOE
3HadeHne snementa C'(7, j) MaTpHUIBI CBSA3H CYATAIOCH CTATUCTUYCCKH 3HAYHMBIM.

2. Pe3yabTaThbl

2.1. Onpenenenne KoHGUIypalluu CBsI3el AJsl TpeX XaOoTHYECKMX OCHMILIATOPoB. I[lpo-
aHaJIN3UpyeM KOMIIOHEHTHI T2, Y2, 22 TPEX OJHOHANPAaBICHHO CBA3aHHBIX OcLWLIATOPOB Peccnepa
(X,Y uZ2):

d.ilfl
— =—I2—Z

dt 2 3
dxo
o = +azxg + Wy x (Y2 — x2) + wzx (22 — x2) + Ux x Y222,
d
; =b+x3(z1 — 0),

Y1
L1 —
ddt (1 +v)y2 — ys3,
% = (1+v)y1 +ay2 + uxy (22 — y2) + uzy (22 — ¥2) + uyyza2e, (15)
dys
295 _
C;tl =—(1—wv)zg — 23,

Z
d—tz =(1—v)z1 +az + uxz(z2 — 22) + Wy z(y2 — 22) + UzzT2Y2,
d
% =b+ 2z3(z1 — ¢)

¢ mapamerpamu a = 0.16, b = 0.1, ¢ = 8.5, 3a1a10IIUMH XaOTHUYECKHIA pexuM, ¢ mapamerpom v = (.08
paccornacoBaHKs YacTOT U NapaMeTpaMy JMHENHBIX |Ljj; ¥ HEJIMHEHHBIX CBA3EH [y. YpaBHeHus (15)
MIPOMHTETPUPOBAHBI C UCTIONB30BaHHEM MeTona PyHre—KyTtel ¢ marom 0.003 ¢ u BpeMeHeM HUHTErpHupo-
BaHusa 6000 ¢ u ynanenuem nepsbix 50000 Touek Kak BO3MOXKHOI'O NEPEXOAHOIO MpoLEecca.

BapuaHT oHOHANpaBIeHHBIX CBSI3€H, I KOTOPHIX OCHMIUIATOP X SBISIETCS OOIIMM YIpPaBIIsIO-
muM Ui Y 1 Z, a ociuIATop Y ABNISETCS HOCPETHUKOM MOTYyYeHUs] HHPOPMALMK OT OCHUIIIATOpa X
u nepenadn uHbopMaruu ocrwuiatopy Z (X — Y, Y — Z, X — Z), napaMmeTpsl JIMHEHHBIX CBsI3e
Uxy = Uyz = Wxz = 0.07 n mapamerp HenunelHOH cBi3u X, Y — Z) uzz = 0.03, mpencrasieH Ha
puc. 1. OcTtanpHbIe 3HaYEHUS ApaMETPOB CBA3M JUIS 3TOTO BapHAHTA PABHBI HYIIO.

Ha puc. 1 u300paskeHbl KOPOTKHE (parMeHThl aHATM3UPYEMBIX BPEMEHHBIX psnoB z(t), y(t), z(t)
(cuHme KpuBbIe) U (parMeHTHI IeHCTBUTEIBHON YaCTH BOCCTAHOBJICHHBIX KOMIUIEKCHBIX aHAJMTUYECKUX
BPEMEHHBIX PSAOB, MOJYYCHHBIX C TTOMOIIBIO CHHXPOC)KATOTO BEHBIET-TIPe0Opa3OBaHUs MCXOIHBIX
BPEMEHHBIX Psi10B B nosoce gactot [0.12,0.2] T’y (ueprbie kpuBbie) (puc. 1, a—c), a Takxke CIeKTpPbI
®dypbe Ui UCXOAHBIX BpPEMEHHBIX psifoB (puc. 1, d—f) u miobanpHBIC BEHBIETHBIE CIIEKTPHI IS
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Puc. 1. ®parmenTs BpeMeHHBIX psitoB z(t), y(t), z(t). a—c — cxonuble BpeMeHHBIE Psijibl (CHHHE KPHBBIE), BOCCTAHOBJICHHBIE
QHAJINTHYECKHE BPEMEHHBIC Psi/ibl (YepHBIe KpUBBIE), d—f — crekTpbl Pypbe JUIsl UCXOIHBIX BPEMEHHBIX PSIOB, g—i —
BEHMBIIETHBIC CIIEKTPBI IS BOCCTAHOBIEHHBIX BPEMEHHBIX PSJIOB, j—/ — TPACKTOPUH BOCCTAHOBJIEHHBIX BPEMEHHBIX PSIOB HA
KOMILITEKCHOM IIIOCKOCTH, m—0 — ToKa3aren $a30Boil CHHXpoHU3amH px —y (1), px—z(t), py —z(t) (uBer onmaiin)

Fig. 1. Fragments of time series x(¢),y(t), z(t). a—c — Original time series (blue curves), reconstructed analytical time
series (black curves), d—f — Fourier spectra for the original time series, g—i — wavelet spectra for the reconstructed time
series, j—I — trajectories of the reconstructed time series on the complex plane, m—o — phase synchronization indices
px—v(t),px—z(t), py—z(t) (color online)

BOCCTAHOBJICHHBIX BPEMEHHBIX psoB (puc. 1, g—i). TpaekToprH BOCCTAHOBICHHBIX BPEMCHHBIX PSIOB Ha
KOMIUTIEKCHOM TTOCKOCTH (puc. 1, j—/) TIOKa3bIBAIOT, UTO JJIS STHX BOCCTAHOBJICHHBIX PSIOB MPOUCXOIUT
BpallleHUE PaJinyC-BeKTOpa BOKPYT Hauaia KOOPJAMHAT, TAK YTO MTHOBEHHBIC ()a3bl ITHX PSJIOB MOTYT
ObITh XOpotIo onpeneneHsl [29]. TTokasarenu ($Ha30Boil CHHXPOHH3AIMH MEKIY aHATU3UPYEMbIMH (1)
uy(t), z(t) u z(t), u 2(t) u y(t) menpie 0.5, OATOMY 3TH PsIIBI COOTBETCTBYIOT HECHHXPOHHBIM
peXKIMaM.

3HaYeHUsI AIEMEHTOB MaTpHIIbI CBsi3u C, ONPECIISIONIEH CTPYKTYPY CBSI3HOCTH TPEX OCIIMILIS-
TopoB Peccnepa, To ecTh YaCTUYHBIX HOPM PEKOHCTPYUPOBAHHBIX (DYHKIUI CBSI3H, IS Pa3TUYHBIX
KOH(HUTYpaluii MOIEIH MPENCTABICHBI Ha pUC. 2. MaKCUMaJIbHbIC 3HAYCHHS 3JICMEHTOB MATPHIIBI CBA3U
MOKa3aHbl B MPSMOYTOIHHHUKAX KUPHBIM IIBETOM M COOTBETCTBYIOT HAIPABICHHBIM CBS3SIM, YKa3aHHBIM
CTpEIIKAMH.

B nepBoMm BapuaHTe KOHQHUTYpaLHMH, B KOTOPOM OCHMIUIATOP Z ynpasisercs X U Y, a oCUMIUIATOP
Y ympasnsiercst X, monyuensl MmakcuManbHbie anementsl C(Z, X) = Nx_,z = 0.027, C(Z,Y) =
= Ny_z = 0.026, C(Y,X) = Nx_y = 0.011, onpenensirorue cBszu X — Z, X - Y uY — Z
(puc. 2, a) nng mapamMeTpoB JTMHEUHBIX CBI3eH UWxy = Wyz = Wxz = 0.05 u HyneBBIX mapaMeTpoB
HEJIMHENHBIX cBs3el. Bce ocTanbHble 2IeMEHTHl MaTPULIbl CBSA3M Ha [Ba MOPSAKA MEHbILIE. YBEIUUCHUE
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CHJIBI CBSI3H (ULxy = Wy z = Wxz = 0.07) mpuBesno K MOBBIMIEHUIO 3HAYEHUH MaKCHMaIbHbBIX 3JIEMEHTOB
C(Z,X)= Nx_z=0.046, C(Z,Y) = Ny_,z = 0.050, C(Y, X) = Nx_,yv = 0.019 u nosiBneHuto
4iIeHa JoNonHuTenbHol cBsa3u C(Z, Z) = Nx y—,z = 0.018 (puc. 2, b). Dta J0oNONHUTENIbHAS CBA3b
COBMECTHOTO BIUSHHSA OCHWIIIATOPOB X W Y Ha OCHMIUIATOP Z OTMEUeHA IITPUXITYHKTUPHOU CTPEITKOH.
Hannune nenmnueitnoit cs3u ocumwmiatopoB X u Y ¢ mapamerpoM [z 7z = 0.03 mpu Tex ke 3HaAYeHUsIX
napameTpoB Uxy = Uyz = Wxz = 0.07 mpuBeno Takke K BOSHUKHOBEHUIO JOIMOJHUTEIBHON CBA3U
(X,Y — Z) 3a cuer snemenra C(Z,Z) = Nx y—,z = 0.014 (puc. 2, ¢).

s BTOpOTO BapHaHTa KOH(DUTYpAIMK OCIMILIATOP Y SIBISIETCS TIOCPEAHUKOM MOTY9IeHHsI HHPOP-
Manuu oT ocuwiuiaTopa X u nepenadn uapopmanun ocrmuaropy Z, (X — Y, Y — Z) npu Hanuunu
IapaMeTpoB JIMHEWHBIX CBA3ed xy = Wyz = 0.05 u mapamerpa HenuHedHOU cBaA3u Uzz = 0.03
ocimunisiTopoB X u Y (puc. 2, d), 94T0 COOTBETCTBYET MaKCUMAIBHBIM 3JIEMEHTAM MaTpPHIIBI CBS3H
C(Y,X) = NX—>Y = 0.018, C(Z,Y) = Ny_>Z = 0.034, C(Z, Z) = NX,Y—>Z = 0.011. YBenuueHnue
cuitel cBsi3M (Wxy = Wy z = 0.07) u coxpanenue HenuHeHHOU cBsi3u Wz z = 0.03 ocmmmisitopoB X u Y
MTO3BOJIWJIO BBIABUTH JOMONHUTEIbHYIO KOCBEHHYIO CBS3b MEXIY ocLMuIATOpaMu X U Z (OTMEUEHHYIO
IITPUXITYHKTUPHOI CTPENKoii) 3a cyeT nmosiBnenus snementa marpuusl C(Z, X) = Nx z_,7 = 0.014
(puc. 2, e).

s TpeTsero BapraHTa KOHQHUTYPALUH OCHMILIATOP Y OXHOBPEMEHHO YNPABISET OCHHIUIATOPAMH
X n Z, a ocustop Z ymnpasnser X (Y — X, Y — Z, Z — X) c OonpUIMMH 3Ha4YCHUSIMHU
napamMeTpoB JIMHEHHBIX CBsI3eH Uy x = Wy z = Uzx = 0.08 (puc. 2, f). Taxke, KpoMe OpsAMBIX CBs3EH
¢ MakCHMallbHbIMH 371eMeHTaMu Matpuiisl csizu C'(X,Y) = Ny, x = 0.025, C(X,Z) = Nz x =
= 0.037, C(Z,Y) = Ny_z = 0.028, nabmonaercst Hanmmuue cBs3u (Y, Z — X) 3a cuer anemeHTa
C(X,X) = Ny_z_x = 0.017 (puc. 2, /). To ecTb 3HaUHTeIbHAs CHUIIA IUHEIHBIX CBSA3CH CHOBA IIpHBENa
K TIOSIBJICHUIO JIOTIOJTHUTEIBHOTO BIMSHUS OCHHIUIATOPOB Y | Z Ha ocrmuiatop X .

Q [l @ Elels

\ X | 0.0001 | 0.0005 | 0.0006 X | 0.0004 | 0.0006 | 0.0005
’ Y | 0.011 | 0.0002 | 0.0003 f \ Y | 0.018 | 0.0001 | 0.0001
Z| 0.027 | 0.026 |0.0001 @ ‘@ Z|0.0001 | 0.034 | 0.011
a d
@ X Y Z @ X Y z
X | 0.0004 | 0.0005 | 0.0005 ’ X | 0.0003 | 0.0007 | 0.0006
f' Y| 0.019 | 0.0001 | 0.0001 % Y | 0.024 | 0.0001 | 0.0001
Z| 0.046 | 0.050 | 0.018 @'" Z| 0.014 | 0.016 | 0.012
b e
@ X Y z X Y z
X | 0.0002 | 0.0006 | 0.0005 X | 0.017 | 0.025 | 0.037
f Y | 0.019 | 0.0001 |0.0001 * Y | 0.0007 | 0.0001 | 0.0001
Z| 0.027 | 0.028 | 0.014 Z | 0.0005 | 0.028 |0.0001
c v

Puc. 2. BapuaHTsl KOHUTYpaLU TPEX CBA3AHHBIX OCLMILIATOPOB Peccnepa (a—f) 1 31eMeHTB! MaTpHUIBI CBSI3H, 0003HAYEHHbIS
KHUPHBIM [IBETOM, COOTBETCTBYIOT I[BETY CTPENKH, YKa3bIBAIONIEH HampasieHne cBsi3i. KoCBEeHHbIE CBSI3M U TOTONTHUTEIBHBIE
CBSI3M BIIMSIHUS JIBYX OCIMJUISITOPOB HA TPETUH OTMEUEHBI IITPUXITYHKTUPHBIMA CTPEIKaMHy (IIBET OHJIAIH)

Fig. 2. Configurations of three coupled Rdssler oscillators (a—f) and the coupling matrix elements, shown in bold, correspond
to the color of the arrow indicating the coupling direction. Indirect connections and additional connections of the influence of
two oscillators on the third are indicated by dashed-dotted arrows (color online)
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JlononHuTENbHOE BAMSHHUE IBYX OCHMUIUIATOPOB HA TPETHH CYMTAETCS BO3MOXHBIM, €CIIH JTHAro-
HaJIbHBIC DJIEMEHTHI MaTPHUIIBI CBA3H Ooublie, yeM 3axanuoe (10%) 3HaueHne oT MaKCHMAIIbHBIX 3HAYe-
HUIl HeMaroHalIbHBIX JIEMEHTOB MaTPHILIbI, ONPEAEIAIOMNX HAIPAaBIeHHOCTh NPAMBIX cBs3eil [18,19].
Takoro Tuma mpuMepsl BBISBIEHB U1 TPEX HE3AUIYMJICHHBIX NEPUOANYECKUX OCLIIIIITOPOB BaH JEp
[Tonst. ABTOpHI MOKA3alH, YTO HE OYEHb ciabas monapHasl CBA3b MOXET MPUBECTH K JOTOJHUTEIEHBIM
CBSI35IM B ceTH (ha30BBIX oCHILIATOPOB [18,19].

2.2. OnpeaesieHue KOH(pUrypauuu cesizeil Tpex B3auMoOAeHCTBYOIIUX OMOJIOTHYEeCKHX OC-
nIAToOpoB. B kauectBe XY, Z 1uIs 3M€MEHTOB MaTpHIIbl CBSA3M B JaHHOW CEKIMU MBI Oynem
paccMarpuBarb BpeMeHHbIe paasl RES, BPV u NAV, To ecTh MpUMeHSATh MaTpHIly B BHJIE

C(RES,RES) C(RES,BPV) C(RES,NAV)
C(BPV,RES) C(BPV,BPV) C(BPV,NAV) (16)
C(NAV,RES) C(NAV,BPV) C(NAV,NAV).

Ha puc. 3 npexacraBieHbl KOpoTKue (parMeHThl KojebGaHuilt apixarenbHoM cuctembl (RES)
(puc. 3, a), BapuabenbHOCTH apTepuanbHoro aasieHus (BPV) (puc. 3, b) u BapnabGenbHOCTH HEH-
poHanpHO# akTuBHOCTH (NAV) mpozmonroBaToro mMosra Kpsic (puc. 3, ¢). llITpuxmyHKTHpHBIE KpH-
Bble 0003HAYAIOT HNCXOOHBIC BPEMEHHBIC PAABI, CIVIONIHBIC KPUBLIC IMMPEACTABIIAIOT HeﬁCTBHTCHBHyIO

2 , ‘ —
:‘ "ll"‘ll Wb ""“' 4 |"I'I nt ,|'Il'|' Moba I.I’
<
CL’.TIJEO
~ PR R i -"‘,"l'l" "l‘.lu,l"‘,l'-.lt.l vl
-2 . - .
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Puc. 3. ®parmentsl BpemeHHbIX pagoB RES, BPV, NAV. a—c — HcxonHble BpeMeHHbIE psilibl (IITPUXILYHKTUPHBIC KPUBBIE),
BOCCTAHOBJICHHBIC aHAJIMTHIECKHE BPEMEHHBIE PSIbI (CIUIONIHBIC KPUBBIE), d—f — TPaeKTOPHU BOCCTAHOBICHHBIX BPEMEHHBIX
psanos RES, BPV u NAV Ha KOMIUIEKCHOH IIIOCKOCTH (LBET OHJIAIH)

Fig. 3. Fragments of time series RES, BPV, NAV. a—¢ — Original time series (dash-dotted curves), reconstructed analytical
time series (solid curves), d—-f* — trajectories of the reconstructed time series RES, BPV and NAV on the complex plane (color
online)
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4acTh BOCCTAHOBJICHHBIX KOMIUIEKCHBIX aHATUTHUECKUX BPEMEHHBIX PSIOB, MOTYYEHHBIX C IIOMOIIBIO
CHHXPOC)KAaTOr0 BEHBIET-IIPe0Opa30BaHUsI NCXOIHBIX BPEMEHHBIX PSAIOB B Y3KOIOJIOCHOM AHAIa30He
[1.2,2.4] Tu ¢ ocHoBHbIME 4acToTamu BPV u NAV, GIM3KMMH K 4acTOTE ABIXaTeIbHOIO PUTMA.
OTH BpEeMEHHBIE Psiibl HOPMAJIU30BaHbl, YTOOBI HUMETh HYJIEBOE CPEHEE 3HAYCHUE M €IUHUIHOE CTaH-
JapTHOE OTKJIOHeHue. TpaekTopuu BoccTaHOBIEHHBIX psnoB RES, BPV u NAV Ha komIuiekcHoO
miockoctu (puc. 3, d—f) ¢ BpalleHHEeM paJnyc-BEeKTOpa BOKPYT Hadalla KOOpAMHAT YKa3bIBaIOT Ha
BO3MOXXKHOCTh MPaBUJIBHOTO OIpE/eNIeH!s] MTHOBEHHBIX (a3 [31].

Puc. 4 nnmocTtpupyet xapaktepucTiky BpeMeHHbBIX psanoB RES, BPV u NAV mns kpeicel A u3
KOHTPOJIBHOM TpyIbl. [1o6GanbHble BeiiBIeTHBIC ClIeKTPbl £( f) A7 BOCCTaHOBICHHBIX BPEMEHHBIX
psnoB RES, BPV, NAV (puc. 4, a—c) IMEIOT MAKCUMYMBI ¢ OCHOBHBIMH yactotamMu f = 1.32 'l st
RES, f =1.94 T'u mis BPV u f = 2.31 I'n mist NAV (puc. 4, a—c).

IMokasarenu dasoBoit curxponmsanuu pres—ppy (t) < 0.6, pppv_nav(t) < 0.6, pres—Nav (t) <
< 0.6, 94TO CBHIETEIBCTBYET 00 OTCYTCTBUH (Pa30BOM CHHXPOHU3ALMH MEXIY IbIXaTeIbHBIMU Koneba-
nusimu (RES) u BapuabenbHOCTBIO apTepuanbHoro nasienus (BPV), mexny BPV u BapuabenbHOCThIO
HelipoHHO# akTuBHOCTH (NAV) n Mexny BpeMeHHBIME psimamMu NAV u RES (puc. 4, d—f).

Ha puc. 4 npencraBneHbl Takke 3HAYEHHs DJIEMEHTOB MaTpUIbl CBA3M, AN KOTOPOH MaKCH-
maspHble anementsl C(BPV, RES) = Nrps,ppv = 0.543 u C(NAV, RES) = Nrgs—nav = 0.628
OIpeAeISIOT Hamuuue IByX npsMeix cesazeil RES — BPV u RES — NAV. 3nadeHus ocrajipHbIX
3JIEMEHTOB MaTpPHIIBI CBs3€H Ha MOPAJOK MEHbBIIE, TO €CTh MONyYeHHBIE Pe3ylbTaThl COOTBETCTBY-
10T BapHaHTy KOH(QUIypaluy, B KOTOPOM KOJICOaHHUS IbIXaTeIbHOW CHCTEMBI OKa3bIBAIOT BIMSHUE Ha
BapHabeTbHOCTh CEePJIEUHO-COCYANCTON U HEPBHOM CHCTEM.
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Puc. 4. Xapakrepuctuku RES, BPV u NAV s kpbIcl A U3 KOHTPOJIBHOM TPYIIBI M 3JIEMEHTHl MATPULBI CBSI3U VIS
Bapuanta Koupuryparuun RES — BPV, RES — NAV. a—c — [mobanbHbie BeiiBieTHbIe criekTpsl E(f) mmst Boccra-
HOBIICHHBIX BpeMeHHbIX psinoB RES, BPV, NAV, d—f — 3aBHCHMOCTH OT BpeMEHH IOKa3areneld (pa3oBoil CHHXpOHU3AIMH

prEs—BPV (1), pBPV-_NAV (1), PRES—NAV (t) (UBET OHNIaiiH)
Fig. 4. RES, BPV and NAV characteristics for rat A from the control group and the elements of the coupling matrix for the

configuration RES — BPV, RES — NAV. a—c — Global wavelet spectra E(f) for reconstructed time series RES, BPV,
NAV, d—f — time dependence of phase synchronization indicators pres—spv (t), pepv—nav (t), prES—nav (t) (color online)
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Puc. 5. Xapaxrepuctuku RES, BPV u NAV nis kpsicsl B u3 rpynms! ¢ kKoiuToM (I[BET OHJIaNH)

Fig. 5. RES, BPV, and NAV characteristics for rat B from the colitis group (color online)

Puc. 5 nemoncTpupyet xapakrepuctuk BpeMeHHbIX pasioB RES, BPV u NAV nns kpeicel B u3
TPYIIIBI ¢ KOTUTOM. MakcuMyMbl TI00ATbHBIX BEUBICTHBIX CIIEKTPOB F(f) COOTBETCTBYIOT OCHOBHBIM
gactoram f = 1.76 ' s RES, f = 2.26 I'u gnst BPV u f = 1.28 'y it NAV (puc. 5, a—c). ®aszosas
CHHXPOHU3AIMS MEXKy BPEMEHHBIMHU psiiaMu OTCYTCTBYET PrEs—Bpv () < 0.6, pppv_nav(t) < 0.6,
prES—NAV(t) < 0.6 (puc. 5, d-f).

3Ha4yeHHs MaKCUMaJbHBIX dJieMeHTOB Marpullbl cBsi3u paBHbl C'(BPV,RES) = Nrps_,ppv =
=0.631 u C(NAV,BPV) = Ngpy_nay = 0.567, 94TO COOTBETCTBYET HAIMYHIO BYX MPSIMBIX CBA3CH
RES — BPV u BPV — NAV, 1o ecTh BapHaHTy KOHGUTYpAIHK, B KOTOPOM BapHaOEeIbHOCTh apTe-
PHATBHOTO NIABJICHUS SBISIETCS MMOCPESIHUKOM TOTYIeHUS HHGOOPMAIIUK OT OCITHIIISTOPA JbIXaTeIbHON
CHCTEMBI U Tiepeiadun nH(GOopManuy HeHpOoHaM MPOAOITOBaTOr0 MO3Ta.

Ognnaxo snement Marpuus! cesi3u C(NAV, RES) = Nigs_,nav = 0.086 > 0.1C(NAV,BPV)
yKa3bIBaeT Ha HAJUYHE JOMOIHATSIHFHON KOCBEeHHOM CBs3M Mexay NAV u RES (orMedeHHOM mITpUX-
ITyHKTHUPHOI CTPEINKOil), MOCKOJIBKY 3Ta CBSI3b CUUTAETCS] BOBMOXKHOM, €CIIM ONpPEeAeIEHHBIN 3JIEMEHT
MaTpuIlbl CBsA3W Oouibine, yeM 3ananHoe (10%) 3HayeHHe OT MaKCHMAalbHBIX 3HAYECHHUH 3JIEMEHTOB
MaTpHIIbl, OTIPENEIIAIONINX HAPaBIEHHOCTh NMPAMBIX cBsi3ell [18].

Ha puc. 6 nokazans! xapaktepructuku BpeMeHHbIX psioB RES, BPV u NAV mns kpeicer C u3
IPyIIbI ¢ KOIUTOM. BeliBnernsie criektpsl E( f) 1ist BoccTaHOBICHHBIX BpeMeHHBIX psiioB RES, BPV,
NAV (puc. 6, a—c) XapakTepu3ylTCs MaKCUMyMaMHu ¢ OCHOBHBIMU yactoTamu f = 1.83 I'ip ayis RES,
f=1.52Tn gna BPV u f = 2.06 ' 1t NAV (puc. 6, a—c). ©a3oBoli CHHXPOHH3ALUN MEXKITY aHaIH-
3UPYEMBIMU BPEeMEHHBIMH psiiaMu HeT Prus—ppv (t) < 0.6, pppv_nav(t) < 0.6, pres—Nav (t) < 0.6
(puc. 6, d-f).

MakcumanbHbIME 31eMeHTaMi MaTpuiisl cBsisu siBisirotest C(NAV, RES) = Nggs_nav = 0.738,
C(BPV,RES) = Ngrgs—ppv = 0.413, C(NAV,BPV) = Nppy_nav = 0.617, onpenensomne
Hanmuuue Tpex npsameix cesazeid RES — NAV, RES — BPV u BPV — NAV. Ho BbIsiBICHO Takxke
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Puc. 6. Xapakrepuctuku RES, BPV u NAV s kpbicel C U3 Ipymirsl ¢ KOIHTOM (IIBET OHJIAIH)

Fig. 6. RES, BPV, and NAV characteristics for rat B from the colitis group (color online)

nononautensHoe Bausaue BPV n RES Ha NAV 3a cuer winena C(NAV,NAV) = Nppy RESNAV =
= 0.115 > 0.1C(RES,BPV), npessimatomiero 10% 3HaYeHHE Cpeny HEIUATOHAIBHBIX 3JIEMEHTOB
MAaTPHIIBI, ONIPEICIIIONIIX HAPABICHHOCTh MPSIMBIX CBs3el. B CBS3M ¢ ATHM IaHHBIM, TPEICTABICHHBIM
Ha pHC. 6, COOTBETCTBYET BAPUAHT KOH(UTYpAIIUH, B KOTOPOM HaOIOIAEeTCsl OMHOBPEMEHHOE COBMECTHOE
JeficTBHE TbIXaTeIbHBIX KONICOaHMd 1 BapnabeIbHOCTH apTePHAIFHOTO JABICHUS Ha BaprHaOeIbHOCTh
HEHPOHHOI aKTUBHOCTH HEWPOHOB MPOIOITOBATOr0 MO3ra. Ha puc. 6 Ha 3TO yKa3bIBaeT JOMOIHUTEIbHASL
cTpenka ot nenTpa mexay RES m BPV k NAV, o603Hauaronias Haaudue JOMOTHUTEIEHOW CBSI3H MEXKIY
AHAIIM3UPYEMBIMH BPEMEHHBIMH PSIaMH.

B TaOnuie npencTaBiaeHbl YCPEAHSHHBIC MAKCHMAIbHBIC 3HAUCHHS SJIEMEHTOB MaTpUIlbl CBsizu C
JUTS TIONTYYCHHBIX BapHAHTOB KOH(UTYpamuid cBsI3u BpeMeHHBIX psaaoB RES, BPV u NAV u konmmdecTBo
CTaTUCTUYECKHU 3HAYMMBIX JAHHBIX I KOHTPOJIBHOW TPYMIBI U TPYIIEI C KOIUTOM. YCpPETHEHHE
MIPOBE/ICHO TI0 YHCITy CTaTHCTUYECKH 3HAYUMBIX BapHAHTOB KOH(HUTYpaIluy, yka3aHHBIX B TaOmnwie.

Hcnonp3oBanue cypporaroB BpeMeHHbIX psioB RES, BPV u NAV noarsepauno crarucrude-
CKYI0 3HAYMMOCTh BEIYHICIICHHBIX MaKCHUMAJIbHBIX 3HAYCHUH DIIEMEHTOB MATPHUIIBI CBS3H, TOCKOJIBKY
BBIUKCJICHHBIC 3HAYCHUS CTAaTUCTUKHU Zc(m), 1,7 =RES, BPV, NAV 6onbuie, uem 1.96 mis ykazaH-
HBIX B TaOmwIie KoaudecTBe aHATH3UPYEMBIX BPEMEHHBIX PSIIOB, YTO ITOATBEPKAACT, UTO TOIYUCHHBIC
3HAYEHHs CTATHCTHYECKH 3HAYUMBI ¢ 95%-M YPOBHEM 3HAYMMOCTH.

[l KOHTPOJIBHOM TPYNIIbI BBISBIEHBI C MOATBEPKIACHHON CTATUCTUYECKON 3HAYMMOCTBIO pas3-
JIUYHBIE BapUaHTHl KOHQUTYpAIMK CBA3eil mist 6 u 7 maHHBIX W3 15 coorBercTBeHHO. CpenHue 3Ha-
YEHHUS MAKCUMAaJIbHBIX 3JIEMEHTOB MAaTPHUIIbI CBS3M JUUIS TIEPBOro Bapuanta koHburypamuu (RES —
BPV u RES — NAV), B KOTOpOM JbIXaTeNbHAs CUCTEMa OKa3bIBAeT BIHUSHHE HA BapUaOEIbHOCTh
CepaeYHO-coCyaucTol u HepBHO#M cuctem, paBusl C(BPV,RES) = Ngrgs_ppy = 0.58 + 0.07 u
C(NAV,RES) = Nrgs—nav = 0.69 £ 0.09, a s Broporo Bapuanra kouurypanun (RES — NAV,
RES — BPV u BPV — NAV), B koTOpOM, KpOME 3TUX CBsI3€ii, BAPHAOCIBHOCTD CEPACYHO-COCYIUCTOM
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Tabnura. YcpenHeHHbIe MaKCUMAaIbHBIC 3HAUCHHS 3JIEMEHTOB MaTpHLb! CBsI3H C Ui BapHaHTOB
koH(puryparuit BpeMeHHbIX psioB RES, BPV u NAV 1 KOTHYECTBO CTATHCTHYCCKU 3HAYUMBIX JTaHHBIX IS
KOHTPOJILHOM TPYIIIIBI ¥ IPYMIBI ¢ KOJIUTOM

Table. Average maximum values of the elements of the connection matrix C for the variants of the RES, BPV
and NAV time series configurations and the number of statistically significant data for the control group and

the group with colitis

KoHTponbHas rpynna
BapuanTt
KomnuectBo
JaHHBIX
CBS3H C(NAV,BPV)=0.56+0.07
I'pymnma ¢ KOJIMTOM
Bapuant
KomnaectBo 2 w3 15 6ms 15
JaHHBIX
Snementer | C(BPV, RES)=0.7140.09 | C(BPV, RES)=0.66+-0.08 C(Biv , RES)=0.4520.07
varpmst | C(NAV, RES)=0.53+0.07 | C(NAV, BPV)=0.53+0.06 C(NAV RES)=0.76:-0.09
- C(BPV, BPV)=0.13+0.02 | C(NAV, RES)=0.11+0.03 | C(NAV, BPV) 0.55:0.08
C(NAV, NAV)=0.14£0.03

OKa3bIBaeT ellle BIWSHUE Ha BapHa0eIbHOCTh AKTUBHOCTU HEPBHOW CHCTEMBI, CpEJIHUE 3HauCHUS
MakcuMalbHbIX AneMeHToB paBHbl C'(NAV, RES) = Nggsnav = 0.47 £ 0.06, C(NAV,BPV) =
= NBPV—>NAV =0.56+0.07u C(BPV, RES) = NRES—>BPV = 0.64 £0.07.

JUi1st TpYIIIbI ¢ SKCTIEPUMEHTANBHBIM KOJIUTOM OOHApY>KEHBI BUIOW3MEHEHHbBIE BAPUAHTHI: IIEPBbIH
(RES — NAV, RES — BPV u RES,NAV — BPYV) u Bropoii (RES — NAV, RES — BPYV,
BPV — NAV u RES, BPV — NAV) ¢ nontBep»/IeHHON CTaTHCTUYECKOW 3HAYUMOCTBIO JUIsl 2 U 6
JIAHHBIX U3 15 COOTBETCTBEHHO, ¥ AONOJIHUTENBHBIN TpeTHid BapuanT koHurypauuu (RES — BPV,
BPV — NAV u RES — NAV) ¢ noarBepxJIeHHON CTaTUCTHYECKON 3HAaYMMOCTBIO BBISBIICH JIJISI
5 nannbIX u3 15 (Tabmuna).

Cpennue 3HauCHHS MaKCHMaJIbHBIX 3JIEMEHTOB MaTPHIIBI CBSI3H JUISL TIEPBOTO BHUIOM3MEHEHHOTO
Bapuanra pasHbl C'(BPV,RES) = Nrgs—ppyv = 0.71£0.09, C(NAV,RES) = Nrps—nay = 0.53+
+ 0.07 u C(BPV,BPV) = Nyav res—Bpv = 0.13 + 0.02. Hannuue wiena cessu C(BPV,BPV),
Goubero, ueM 10% OT MakCHMaJbHBIX 3HAYCHUN HEIUArOHAIBHBIX SJIEMEHTOB MATPHIIBI CBSI3H, CBUJIC-
TEJNBCTBYET O TOM, YTO B JJAHHOM CJIy4ae CyLICCTBYET COBMECTHOE BIIMSIHHE JBIXaTEIbHBIX KoJeOaHUH
1 BapuaOelnbHOCTH HEHPOHAJIbHOM aKTHBHOCTU HEHPOHOB IPOJOJITOBAaTOI0 MO3ra Ha BapHaOeIbHOCTh
apTepHaIbHOTO AAaBJICHUS.
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1 BTOpOTO BHIOM3MEHEHHOTO BapHaHTa KOH(QUTYpALUHU IS TPYIIIBI ¢ KOTUTOM CTaTUCTHUYECKU
3HAYMMBbIC CPEIHHE 3HAYCHMS MAaKCHMAalbHBIX dJIeMEHTOB Matpuibl cBsi3u pasHbel C'(BPV,RES) =
= Ngrgs—ppv = 0.45 £+ 0.07, C(NAV,RES) = Ngrgssnav = 0.76 + 0.09, C(NAV,BPV) =
= Nppv_nay = 0.55+0.08 u C(NAV,NAV) = Nppy res—Nav = 0.14 £ 0.03. B cBsi3u ¢ o1uM B
9TOM Bapuante KoHpurypaiuu umeercs wieH ez C'(NAV, NAV), Benuunnaa KOTOPOro OOIbIie, 4eM
10% oT MakcHMaJIbHBIX 3HAYEHHI HEAUATOHAIBHBIX 3JIEMEHTOB MATPHUIIBI CBSA3U. DTO MOATBEPKIAET
HAJIMYMe COBMECTHOTO BIIUSTHUS KOJICOAHUH JbIXaTeIbHONH CUCTEMBI M BapuaOebHOCTH apTepHaIbHOTO
JIaBJICHHS Ha BapHaOeIbHOCTh HEMPOHAIBHON aKTUBHOCTH HEUPOHOB MPOJOITOBATOTO MO3Ta.

Cpenaue 3HaYCHUS MAKCUMATBHBIX DJIEMEHTOB MATPHIIBI CBSI3H JUIS TPETHETO BapuaHTa KOH(MHUTYpa-
tuu paBael C'(BPV, RES) = Nrgs_,ppy = 0.66+0.08, C(NAV,BPV) = Nppy_nav = 0.5310.06,
C(NAV,RES) = Nrgs—nav = 0.11 £0.03 > 0.1C(NAV, BPV), ykassiBatoniue Ha HaJIu4uKe JOMOJ-
HUTENIbHON KOCBeHHOU cBs3u Mexay NAV u RES [18].

Takum 00pa3oM, B OTIMYHE OT TAHHBIX, U3BJICUCHHBIX U3 OMOJOTHYCCKUX OCITUIUISTOPOB KOH-
TPOJILHOM TPYIIIBI 37I0POBBIX KPBIC, JAJISl TPYIIIBI KPBIC C TATOJIOTMYECKUM COCTOSTHUEM B (hOpME IKCIIe-
PUMEHTAaJIbHO BBI3BAHHOTO KOJHMTA ONPEAEIICHBI JOMOMHUTEIbHEIE CBI3U MEXIy BPEMEHHBIMU PsIiaMH,
MTOJTy4YeHHBIMHA Ha OCHOBaHWHU OJJHOBPEMEHHO 3apeTHCTPHPOBAHHBIX KOJIEOaHHIA CepAeIHO-COCYIUCTOM,
HEPBHOHN W NBIXaTEIHHON CHCTEM. DTO MOXKET OBITH CBS3aHO C OOJNBINEH MAapHOH CBS3BIO MO CPABHEHUIO
C BPEMCHHBIMU PSAAMU, MOTYYCHHBIMH JIJIs1 KOHTPOJILHOW TPYIIIBI, YTO, KAK U3BECTHO, MOXKET IPUBECTH
K JIOTIOJTHUTENIEHBIM CBSI35IM B CE€TH (Da30BBIX OCHMILIATOPOB [18].

3akjIoueHue

Iens mccmenoBanus COCTOSIA B IPUMEHEHHH METOAA MOJEIUPOBAHUS (Pa30BON AMHAMUKA IS
BBISIBJICHHSI HAIPABJICHHOCTH CBSI3¢i BPEMEHHBIX PSIOB, H3BJICYCHHBIX U3 (PH3UOJIOTHYECKUX PUTMOB
TpeX B3aUMOJIEHCTBYIONINX OMOJOTMYECKIX CUCTEM, M 3aBUCHMOCTH BIIMSHUS MATOJIOTHYECKOTO COCTOS-
HUS B (hopMe IKCIIEPUMEHTATHHO BHI3BAHHOTO KOJIWTA Ha KOH(UTYpAIK OJHOHAIPABICHHBIX TPOWHBIX
CBsI3€l 3TUX CUCTEM.

OTOT METOA, MPENBAPUTEIHHO MIPUMEHEHHBIN K MOACTH TPEX OCUMIIIATOPOB Peccnepa ¢ mapamer-
paMu JIMHEHHBIX U HEJIMHEUHBIX CBSI3€U, TO3BOIMII OATBEPAUTH MPABUIBHOCTD BBISIBJICHUS MPSIMBIX
CBsI3e I MoieTH TPEX cab0oXa0THUECKUX OCIMIUIATOPOB M BBISIBUTH BO3MOXXHOCTD ITOSIBIICHUS JTOTION-
HUTEJIBHOTO BIMSIHUS OJHOTO OCLMJUIATOPA HA APYTrOW WM COBMECTHOTO BIUSHUS ABYX OCLUJUIATOPOB Ha
TPEeTUi MPH YBETHMUEHUH CHJIBI CBSI3M TaK K€, KaK paHee 3T0 ObUIO MOATBEPKICHO Ui HEe3aIlyMJICHHBIX
PUTMHYECKUX OCHIIIIATOpoB BaH aep [loms [18, 19].

Hcnone3ys 3TOT METO U OLIEHKY CTaTUCTUYECKON 3HAUMMOCTU NOJYYEHHBIX JAHHBIX ISl Bpe-
MEHHBIX PSJIOB, COOTBETCTBYIOMHUX (UIYKTYaIlUsIM IBIXaTeIBPHOTO PUTMA, KPUBBIM BapuaOeTHLHOCTH
apTepHabHOTO JABICHUS U BapuaOeIbHOCTH MHTEPBAJIOB HEHPOHAIBHON aKTUBHOCTH MPOIOJITOBATOTO
MO3ra KPBIC, MBI BBISIBUIIM BO3MOKHOCTD ONPEACISITh HATMYUE CTATUCTUYECKU 3HAYUMBIX BapUAHTOB
CBSI3EH B TPEXOCHWIISTOPHON CETH HEPBHOM, JAbIXaTeIbHOU U CEPACUHO-COCYAUCTON CUCTEM.

J71s MEeHbIIEero KOJIM4YeCcTBa JaHHBIX C 3KCIIEPUMEHTAJIbHBIM KOJIUTOM YCTAHOBJIEHO TAaKXKE€ Ha-
TUYUE YiIeHA TMEePEKPECTHOUW CBSI3U, MOATBEPIKAAIOIICH COBMECTHOE ICHCTBHE KOJMCOAHWUU IBIXaHUS
Y Bapua0elbHOCTH HEHPOHAILHOW aKTUBHOCTH Ha BapHaOelIbHOCTh apTePHALHOTO JaBIICHMSI.

BrlIsiBNIeHO BIUSTHUE MATOJIIOTHYECKOTO COCTOSHUS B JOPME IKCIIEPUMEHTAILHO BHI3BAHHOTO KO-
JIUTA Ha TOSIBJICHUE JIOTIOJIHUTEIbHBIX CBA3EH B TPOMHBIX B3aUMOJEUCTBUIX ITUX BPEMEHHBIX PSIOB.
IIpumMepHO B MOJIOBMHE aHHBIX JJISI ATOJIOTHYECKOTO COCTOSIHUSI, CBA3aHHOTO C KOJIMTOM, BBISIBIIE-
HO HaJIMYHUe COBMECTHOTO BJIMSHUS (DIYKTyaluii JbIXaHUs U BapraOelbHOCTH apTepUaIbHOTO JIaBiie-
HUS Ha BapraOelnbHOCTh WHTEPBAJIOB HEHPOHAIBHON aKTUBHOCTH HEMPOHOB IMPOIOJITOBATOTO MO3Ta.
151 MEHbIIIET0 KOJMYECTBA JTAHHBIX C IKCIIEPUMEHTAJILHBIM KOJIUTOM YCTAHOBJIEHO TaK)K€ COBMECTHOE
JeficTBUe KoJIeOaHWH NbIXaHUS W BapuaOeTbHOCTH HEHpOHANbHONH aKTHUBHOCTH Ha BapuabeIbHOCTH
apTEpUAJIBHOIO JIABIICHMUS.
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Ha6JIIOI[aCMOG YBCIIMYCHUEC CBABHOCTU CUCTEM B COCTOAHUU KOJIMTA MOXKET OBITh O6yC.J'IOB.HCHO

TEM, YTO YCHJICHHE B3aUMOACHCTBHS MEXIY PUTMaMU OMOIOTHYECKUX CHCTEM BO BpeMsl BOSHUKHOBEHHS
MaTOJIOTUYECKOTO COCTOSHHSI pacCMaTpPUBAETCS KaK 3allUTHBIN M aJallTUBHBIA MEXaHU3M, HallPaBICHHBIN
Ha ycTpaHeHne (YHKIHOHAIBFHON HETOCTaTOYHOCTH.
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Annomayusn. env. B HacTosiel paboTe HCCIEAYIOTCS KOJUIEKTUBHBIE AHHAMHYECKHE Y(QdEKTh B HEMHTETPUPYEMOil MOJIeH
(p4 C TpeMs WACHTHYHBIMH TOYSYHBIMH MPUTATHBAIOIINMYU puMecsMu. Vzyuyaercs mpouece Bo30yKASHHU U HOCIeayoIas
SBOJIIONMS JTOJITOKUBYIIHMX JIOKAJIH30BAHHBIX KoJeOaHUH (IIPUMECHBIX MOJ), HHUIUMPOBAHHBIX IIPOXOXKIACHHEM KHHKA Yepe3
cucTeMy npumeceil. Memoowt. ViccnenoBanue IPOBOIUTCS C UCIIONB30BAHHEM KOMOHHHPOBAHHOTO MOAXO0AA, COYETAIOIIETO
aQHAJUTHYECKUE METOIbI U MPSIMOE YUCICHHOE MOJACINpOBaHue. B paMkax aHAIUTHYECKOTO PACCMOTPEHHsI, OCHOBAaHHOIO Ha
METO/Ie KOJUIEKTHBHBIX IIEPEMEHHBIX IS MaJIbIX aMIUINTYZ KoJieOaHHM, BhIBEIeHa CHCTEMa CBSI3aHHBIX JIMHEHHBIX Tudde-
PEHIHAIBHBIX YPAaBHEHHIA, OMMCHIBAIOIIAs IUHAMHUKY TPEX OCLHJIIATOPOB. Pe3yrvmamsl. PelieHNe 3TOI CHCTEMBI O3BOJIUIIO
OIIPE/ICNIUTh CTIEKTP KOJJIEKTHBHBIX BO30OYXKICHUH, COCTOSAIIMNA U3 TPEX PAa3IMYHBIX YaCTOT HOPMaJIbHBIX MoA. IIpoananusuposa-
Ha 3aBHCHMOCTB 3THX YacTOT OT PACCTOSHUS MEX/y IPUMECSIMH, OKa3aHO UX PACIICIUICHHE IIPH MaJbIX PACCTOSHHUAX MEXIY
HNPUMECSMHU M aCHMIITOTHYECKOE CIIUSHUE B YACTOTY OJMHOYHOW IPUMECH IPH YBEIHYCHUH PACCTOSHHS MEXIY MPHMECIMU.
YucnenHoe PEUICHHUE UCXOAHOTO HEJIMHEHHOTO YpPaBHEHUA B HaCTHBIX NPOU3BOAHBIX MOATBEPANIIO CYHIECTBOBAHUE TPEX MO U
MO3BOJIMJIO AETAIBHO M3YyYHTh UX JUHAMHKY. YCTAHOBJIEHO, YTO B 3aBHCHMOCTH OT HAauaJbHON CKOPOCTH KMHKA U PAcCTOSHUS
MEXIy IPUMECSIMU MOTYT OBITh BO30YXXIECHBI Pa3IMYHbIC THUIIBI KoJieOaHMii: mepBas Mona (cuH(pa3HbIe KoJeOaHus), BTOpast
Mozia (konebaHusi KpaifHUX BOJH B MPOTHBO(dAa3e NMPH HEMOABIKHOI LIEHTPAJIbHOM) U TPEThs MOJA, XapaKTepU3YIOIIascs
npoTHBO(hA3HBIM JBIKEHUEM IIEHTPAIBEHOM MPUMECH OTHOCHUTENBHO KpaitHnxX. OGHapYXeHO, 4TO BTOpasi U TPeThs 00agaioT
[IOPOTOBBIM XapaKTEPOM JIOKAIU3ALHN: OHU BHOCST BKJIAJl B IUHAMUKY JIULIb [IPU TOCTHKCHUM KPUTHYECKOTO PACCTOSHUS,
KOTrJga UX 4acToTa OIyCKaCTCsA HUKE BEJIMINHBI \/§ CpaBHeHne AHAJIMTUYCCKUX U YUCJICHHBIX PE3YJIbTATOB I10Ka3aj0o XOpOoLIee
KOJIMYECTBEHHOE COBIIAJICHHE IUISi OOJIBININX PACCTOSHUM M CHCTEMAaTHYECKOE PACXOXICHHE IJIS MajbIX, 00yCIIOBIEHHOE
HEJIMHEHHOCTBIO TIOTeHIMANA. 3akaioyeHue. Pe3ynbTarsl paboThl IEMOHCTPUPYIOT, YTO BBEACHHE TPEThEH MPUMECH MPHBOIHUT
K KaQY€CTBEHHOMY YCJIO)KHCHUIO JUHAMUKU CUCTEMBI, YTO OTKPBIBACT BOSMOXKHOCTH I YIIPABJICHUA HEJIMHEWHBIMU BOJIHAMU
B Cpelax C HeCKOJIbKAMH MPUMECSIMHU.

Kniouessie cnosa: xunk, Gpusep, ypasHeHue (¢, IPUMECHbIE MOJIBI, YHCIEHHOE MOIETMPOBAHHE.
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Localized solutions of the ¢* equation
in a model with three identical point impurities
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Abstract. Purpose. In this paper, we investigate collective dynamic effects in a non-integrable ¢* model with three identical
point-like attractive impurities. We study the excitation process and subsequent evolution of long-lived localized oscillations
(impurity modes) initiated by the passage of a kink through the impurity system. Methods. The study is conducted using a
combined approach that integrates analytical methods with direct numerical simulation. Within the analytical framework, based
on the method of collective variables for small oscillation amplitudes, a system of coupled linear differential equations is
derived to describe the dynamics of three oscillators. Results. The solution of this system allowed for the determination of the
collective excitation spectrum, consisting of three distinct normal mode frequencies. The dependence of these frequencies on
the distance between the impurities is analyzed, demonstrating their splitting at small distances and asymptotic convergence
to the single-impurity frequency as the distance increases. Numerical solution of the original nonlinear partial differential
equation confirmed the existence of three modes and allowed for a detailed study of their dynamics. It has been established
that, depending on the initial kink velocity and the distance between the impurities, various types of oscillations can be excited:
the first mode (in-phase oscillations), the second mode (oscillations of the outer waves in anti-phase with a stationary central
one), and the third mode, characterized by the anti-phase motion of the central impurity relative to the outer ones. It was found
that the second and third modes exhibit a threshold-like localization: they contribute to the dynamics only upon reaching
a critical distance, when their frequency drops below v/2. A comparison of analytical and numerical results showed good
quantitative agreement for large distances and a systematic discrepancy for small ones, attributed to the nonlinearity of the
potential. Conclusion. The results of the work demonstrate that the introduction of a third impurity leads to a qualitative
increase in the complexity of the system dynamics, which opens up possibilities for controlling nonlinear waves in media with
multiple impurities.

Keywords: kink, breather, ¢* equation, impurity modes, numerical simulation.
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BBenenue

Henuneiitnoe nuddepennuanbaoe ypapHeHne ¢, kak MMerolee aHaTHTHIECKHE COMUTOHHBIE
peleHus, HHTepecHO ¢ GyHIaMeHTaIbHOW Toukn 3peHus [1]. Takke 0HO UMeeT MHOTO TPHIIOKCHUH
B KOCMOJIOTHH, KBAHTOBOW TEOPHUH I0JIsA, Onodu3nke, GU3NKe KOHISHCUPOBAHHOTO COCTOsIHMS [ 1-6].
Jlns ypaBHeHHs ¢ ecTh TOUHOE pelleHHe B BHJE KMHKA, HO, B OTIHMYNE OT ypaBHeHHs cuHyc-Iopnona
(YCI') [1,7], HeT nOKaIM30BaHHBIX B MPOCTPAHCTBE PELICHUNM B BUIE YEAUHEHHBIX COJUTOHOB U
6pmsepoB. Kunk ypasrenus ¢! ormmuaercs or kunka YCI' HanuameM BHYTpeHHei Mojbl koneGanuit [1].
Brut0 00HapyYXEeHO JONTOXKUBYIIEE HEIMHEHHOE METacCTAOMIIFHOE CBSI3aHHOE COCTOSTHUE TPEX KWHKOB,
Ha3BaHHOE «TPHUTOH» [8]. DTO cocTosIHUE SBISETCS MPOAYKTOM CHMMETPHUYIHOTO CTOJIKHOBEHUS JIBYyX
KUHKOB Y aHTHUKUHKA.

JIns mpakTUYeCKHX MpUIOKeHHH dacTo, kak u YCI, ypaBHenue ¢ Momuduimpyor, cuntas
k03hpuIMeHTH GYHKIUSIMHU OT KOOpIWHAT B BpeMenw [1,7,9-11]. IIpocTpaHCTBEHHYIO MOIYJISIIHIO
MOTEHIMANa YacTO Ha3bIBAIOT MpuMeckio. K HacTosmemMy BpeMeHH NonpoOHO McCiIeoBaH Cly4ail ypas-
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HEHUS cp4 ¢ onHO# mpumecsio [1, 12]. Bpuio moka3aHo, YTO OAMHOYHEIE TOYEUHBIE IPUMECH CIIOCOOHBI
paccemBaTh WM 3aXBaThIBaTh KWHKH, a TaK)Ke T€HEPHUPOBATh JIOKAJTHM30BAHHYIO BOJIHY (WJIHM IPUMEC-
Hyto mony) [1]. B [13] paccMoTpeHa TruHaMHKA KUHKOB JIJISI MOAEIH C OMMHOYHBIMH ITPOTSHKEHHBIMU
MPUMeECSMH, IMEIOIIAMH ITpOCTpaHcTBeHHBIE podmn ["aycca wim Jlopenma. [loka3zano kauecTBeHHOE
coryiacue MONlyYeHHBIX Pe3yIbTaToOB CO CIIy4aeM TOYEYHBIX NIPUMECEH U CYIIECTBEHHOE KOJUUECTBEHHOE
BIUSHHE TPOGUIIS TIpUMeEcH Ha (HOpPMY JTOKATM30BAaHHON MPUMECHON MOIBI M paccessHie KHHKOB Ha
npuMecsix. B [14] uccnenoBaHbl KWHK-aHTUKUHKOBBIE CTOJIKHOBEHUSI B MIPUCYTCTBUHU MPOTSXKEHHOMN
TIPHMECH TayCCOBCKOTO BHa. B [15] paccMOTpeHBI pelenus ypaBHeHHs () B MOIeNIn ¢ OIMHOYHO#M
MPUMECHIO, ONKChIBaeMOor (DyHKIMEH runepOomudyeckoro Buaa, B [16, 17], onuceiBaemoii (hyHKIMEH
IIPAMOYTONBEHOTO BHA. J{MHAMMKA KHHKA JUIS CITydasi MaJbIX BO3MYILISHHH Moxenn ¢! ¢ moMomipio
ne(opMHPOBAHHOTO MOTEHIIMAIA paccMOTpeHa B [18].

s YCI' B Mozenu ¢ AByMSI M TPEMS IIPUMECSIMH MTOJYyYECHO MHOTO MHTEPECHBIX PE3yIbTaToOB
[19-22]. Ilns ypaBHeHus ¢! quHAMMKA TOKATM30BAHHEIX BOJH ObLIA JETANLHO M3yUeHa JUIS CITydast
onHo# [12], a TakKe ABYyX mpuUMeceH, Kak MPOTSHKEHHBIX [23], Tak U TouedHbIX [24]. B aTux pabdotax
OBLJIO YCTAaHOBIJIEHO, YTO B3aMMOJAEWCTBHE MEXIY NPUMECSIMH MPHUBOAWT K PACIHICTICHHUIO YaCTOTHI
OJIMHOYHOM MPUMECHOI MOJIbl Ha JIBE, COOTBETCTBYOIIME CUH(A3HBIM U aHTH()A3HBIM KOJUICKTHUBHBIM
KoJIeOaHMUsIM.

Hacrosimias paboTa menaer cueayronui JTOTHIeCKUi ar U MOCBSIICHA UCCICOBAHHIO JIOKAIHN30-
BaHHBIX BOJH B CHUCTEME C TPeMsI TOUYCHHBIMU MIPUMECSIMU. DTOT MEPEXO HE SBIACTCS TPUBUATHLHBIM
000011eHEeM, TTOCKOJIBKY BBEIECHHE TPETheH, IEHTPaJIbHOW, IPUMECH KaueCTBEHHO M3MEHSET CHM-
METPHUIO CHCTEMBI U TTOPOXKIACT HOBEIE TMHAMHYECKHAE PEKUMBI, HEBO3MOXKHBIC B KOH(PHUTYpaIuu u3
JIByX mpuMeceil. B yacTHOCTH, Kak OyJeT moka3aHo, Hapsly ¢ MOJaMH, aHAJIOTHYHBIME CHH(pa3HBIM
1 aHTU(DA3HBIM KOJICOaHHSIM Tapbl, BO3HUKACT TPeThs Moaa. OHa 00JiafiaeT YHUKAIBLHOW CTPYKTYPOH:
B Hell KpaiiHre puMecH KoneOIroTes B (ase ApyT ¢ ApyroM, HO B MpoTuBo(ase K HeHTpalbHoi. DyHna-
MEHTAJILHOU 0COOCHHOCTBIO 3TOM MOJBI SABIISIETCS MMOPOTOBEIN XapakTep e€ Bo30yxkaenus. MccnenoBanue
YCIIOBHI BO30YXIEHUSI 3THX MOJ U WX POJb B TWHAMHKE CHCTEMBI SBIISIETCSI OCHOBHOW LENTBIO JAHHOM
paboTsI.

1. OcHoBHBIE YPaBHEHHS M JIMHEHHbIH aHAIN3
PaccmoTtpuM MomudunmpoBaHHOE ypaBHEHHE cp4:
2
Ut — Ugy + K (z)(u” — 1)u =0, (1)

I7Ie POCTPAHCTBEHHAS! HEOAHOPOXHOCTh K () B3siTa B BUJIE TPEX OJMHAKOBBIX TOUCYHBIX HEOTHOPOII-
HOCTeli B Buae nenbra-dyHkuuii Jupaka d(x), € — KOHCTaHTa, d — PACCTOSHUE MEKIY MPHUMECIMH:

Kx)=1—¢d(x)—ed(z—d)—ed(z—2d). (2)

JlarpanxuaH, COOTBETCTBYIOIINI ypaBHeHHMIO (1), IMeeT BUI

© 11 /0u\? 1 [/0u\® 1 2 2

st pemenns ypaBHerus (1) ¢ HEOMTHOPOTHOCTHIO (2) MOKHO HCIIONB30BATh KaK HAadaIbHOE MPHOIIHKE-
HHE M3BECTHOE TOYHOE pEelleHHe B BHJIe KUHKA U1 ypaBHenus ¢* mpu K (z) = 1 (4):

T — vot

V20— )

u(z,0) = tanh 4)
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IIpu 3TOM KMHK BO30YX/IaeT JOKAJIM30BaHHBIE Ha MPHUMECSIX TOJTOXKUBYIIHE KOJIEOaHMS, TaK-
K€ W3BECTHBIC KaK NMpUMecHble Mofbl. Halinem pemienue ypaBHeHus (1), KOTOpoe OIUCHIBACT TaKue
kosneOaHus. J{J1s 3TOro HCmoab3yeM MEeTO/ KOJJIEKTHBHBIX MepeMEeHHBIX U aH3al B Buze [1,12]:

u= %1+ a;(t) exp(—e¢|z|) + az(t) exp(—¢ |z — d|) + a3z(t) exp(—¢ |z — 2d|). (5)

[MoncraBuB anzarn (5) B BelpakeHue i JlarpamxuaHa (3) ¥ BBIIIOJIHUB UHTETPUPOBAHHUE TIO
MIPOCTPAHCTBEHHOMN TIEpEeMEHHOM, TOTyunM 3P PeKTUBHBIN JlarpaHyKuaH A7 KOJUIEKTUBHBIX NEPEeMEHHBIX
ay(t), az(t), as(t). danee, ucnons3ys ypaBHeHus Jlarpamxa—Jiinepa, MOIy4lM CHCTEMY YpaBHEHHI
(6) mst ay(t), az(t), as(t) (3amerrm, 4TO B HEM OCTABJICHBI TOJBKO JMHEHHBIC WICHBI MO a;(t)).
OTa cucTemMa ypaBHEHUN 3KBUBAJIEHTHA CUCTEME, MTOJIyUYeHHOU B [22] juisi ypaBHeHUs1 cuHyc-l opioHa
B MOJEIH C TPeMs TOYEUHBIMU IPUMECSIMH, OTHAKO C HHBIMHU KOd(duIreHTamu:

a1+ a103 + agkis + agkis = 0,
i + azw3 + (a1 + as)kay =0, (6)

as + CL3(D% + a1kig + askia = 0,

e
02— 24 e2dee2( e84 _ 2de(1 + de) + 2e2% (1 + de(3 + de)) — €2 (1 + 4de(1 + de(3 + de))))
L= (—1 + e2de — 2de)(—1 + e2de — 2de(1 + dg)) ’
0l = e 295 (—4de3 — e (=2 4 £2) + 2% (=2 + e(e + 2d(—2 + 32 + de(—2 + €2)))))
2 —1+ e2dc — 2de(1 + de) ’
2¢~ 4
k1o =
12 _i . 2d2 )
g2 —1+ €24 —2de
oy = 2e2dec?(—1 + e (—1 + de) — 3de(1 + de) + €2%(2 4 de(2 — de)))
(—1 4 e2de — 2de)(—1 + €24 — 2de(1 + de)) ’
b _26—3d6(_1 4 62d€)82(€2d5 - dE)
2 —1+ e2de — 2de(1 + de)
(7)
Cucrema (6) mmeet pemieHus B Buze [22]:
a1 (t) = ag1 cos(Q1t + 01) + Ni2a02 cos(Qat + 02) — aps cos(Qst + 03),
as (t) = N21001 COS(Qlt + 61) + ap2 COS(QQt + 62), (8)

as(t) = ag1 cos(Q1t + 01) + Ni2a02 cos(Qat + 02) + aps cos(Qst + 03),

TIe ag1, a2, g3 — KOHCTAHTHI, ONpEACIIeMbIe 3 HAYaIbHBIX YCIOBHIA, a OCTaJIbHEIC ITApaMeTPhl HMEIOT

BHJL
Q2. — of + ®3 + ki3 F /(07 — 03 + ki3)? + 8kioka
1,2 — )
’ 2
_ w3 — 0f — ki3 — /(0F — 03 + k13)? + 8ki2ka
MN21 k1 , ©)
_ 0f — 0f + ki3 + /(0] — 0F + ki13)? + 8kiokay
Ni2 oot ,
92 = (D% — k?13.
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YacToTsl IpUMECHBIX MoA 21, 2o, 23 BBIpa)kaloTCs 4Yepe3 mapaMeTpsl IpuMece €, d cleayomum
obpazom:

“2eg(—1 4 €% (1 + 2de) — 2de(2 + 3de))
1+ e2de — 2de)(—1 + e2de — 2de(1 + de))

O =(2-¢%) +

e
(-
\/ e—Adegh (] 4 8ebde — 3edde (5 1 8de) + 2e205(3 + 4de(3 + 2de)))

10
(C1+ 2% — 2de(1 4 d))? » 10)
e 2ee2(—1 + €242 (1 + 2de) — 2de(2 + 3d
932(2_82)+ 2(—1 4 €2 (1 + 2de) £(2 + 3de))
(—1+ e2de — 2de)(—1 + 24 — 2de(1 + de))
N e—4degd(1 4 Bebde — 3etde (5 + 8de) + 2e242(3 + 4de(3 + 2de))) (an
(=1 + e2de — 2de(1 + de))? ’
26—2d€(_1 4 €2d5)€2
Q3 = (2—¢? : 12
3= =) T s (12)

AHanu3 CTPYKTYpHI perieHuit (8) mo3BossieT HalTH TPU TUTA BO3MOXKHOU 3aBICHUMOCTH aMILTHTYT
ai(t),az(t),as(t) or BpeMeHu mpu BO30YkKICHHU TOJIBKO OJHOTO FAPMOHHYECKOTO KOJIeOaHusI, KOT/1a BCE
TPH JIOKaJIM30BaHHBIE BOJHBI (MJIM IPUMECHBIE MOABI) KOJIEOMIOTCS ¢ OMMHAKOBOM 4acToTOM. [lepBhIit
THUII KOJIEOaHM SABIsIeTCS CHH(a3HBIM: BCE JOKAIN30BaHHBIE BOJHBI KOJIEOIIOTCS B OAMHAKOBOU (paze
(puc. 1, a). XapakTepHo, 4yTO YacToTa {21 3TOTO THIA KOoJeOaHWIl NMPH yMEHBIICHWH HapaMerpa d
yMmeHbLIaercs (cM. puc. 2). Bropoii Tun xonebanuii — aHTH(]a3HBII: HepBasi U TPEThsl MIPUMECHBIE
MOJIBI KOJIEOMIOTCS aHTHU(a3HO, a BTOpasi MeXAy HUMH MOKouTcs (cM. puc. 1, b). Ero wacrora 23 npu
YMEHBIIICHUN pacCTOsSHUSA d yBeanuuBaeTcs (cM. puc. 2). Tperuii Tam xonebanuii cuHpa3zHO-aHTH(AZHBIN:
nepBasi U TPEThs IPUMECHBIC MOIBI KOeOmoTes B (ase, a BTopas MeKAy HUMH — B IIPOTHUBOIIOIOKHOM
uMm (cm. puc. 1, ¢). Ero yacrora €25 npu ymeHbineHuu d yBenuuusaercs (cM. puc. 2). B npenene d — oo
YaCcTOThI IIPUMECHBIX MOJI CTPEMSTCS K Y4aCTOTE OJAMHOYHOMN mpumecu /2 — 2 (mokaszaHa Ha puc. 2
MyHKTAPHOH JTHHUEH):

lim Q; = hm Q; = hm Q3 = —e2, (13)

d—00

CDYHZ[aMeHTaJ'ILHOG YCIOXKXKHCHUE CHUCTEMbI U3 TPEX HpHMeCCﬁ IO CpPaBHCHHUIO C CHCTEeMOH
u3 JIBYyX HpHMCCCﬁ MNpOABIISICTCA B TOM, YTO YCJIOBHUA BO36y)K,E[CHI/I$I JIOKAJTU30BaHHOM BOJIHEI
JUIA HCHTpaJ'ILHOfI IIPUMECH OTIIMYAKOTCA OT YCHOBI/IfI BO36y>K,Z[eHI/I$[ JIOKAJIM30BAHHBIX BOJIH Ha KpalePIX

t A
. 0067 ) . 0.041%
= 0.041 ol = -.
@F 0.02. @F 0.02 A lll
= o NN
I
~0.02 1 S 00
©~0.04 =
S _0.061 S —0.04
; p 05 o 15 20 0 5 10 15 20

Puc. 1. a — TlepBas monma (cuHdasnas); b — Bropas moxa (antudasHas); ¢ — Tperbsi Mona (cuHdazHo-aHTU(A3HAS)
(uBet oHuaiin)

Fig. 1. a — First mode (in-phase); b — second mode (anti-phase); ¢ — third mode (in-phase—anti-phase) (color online)
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d

Puc. 2. 3aBucuMocThb yacToT Q1, Q2, Q3 OT paccTosHUs Mexay mpumecamu d, € = 0.5, vo = 0.6. JIMHUU — aHATUTHYCCKUIA
pacdet, MapKkepbl — YUCIICHHBIEe NaHHbIe. [IITpUXITyHKTUPHAS JIMHHASA (0 = V2 (LBET OHJIANH)

Fig. 2. Dependence of frequencies €21, Q2,3 on the distance between impurities d, € = 0.5, vo = 0.6. Lines — analytical
calculation, markers — numerical data. Dash-dotted line w = v/2 (color online)

IpUMECAX. HpI/I 9TOM BCJICACTBUEC CUMMECTPHUYHOCTH 3aJa4U aMIUTATYAbI KOJIeOaHHI JIOKaJIN30BaHHBIX
BOJIH Ha HCpBOﬁ n TpeTBCf/i OpHUMECAX BO BCEX ClIydasaX OJWHAKOBBI.

2. YnciieHHOE HCCJIeI0BAHHE

JUtst aucienHoro penterns (1) GymeM MCIOIp30BaTh METOJ MPSMbIX Ha wHTepBane « € [—L, L],
L = 60, mar no xoopauHate Az = (.01, a mar mo BpeMeHH OyIeT aJalTUBHBIM U ONpeneseTcs
pemrarerem cuctembl OJY, BO3HUKAOIIEH B X0/ METO/@ MPSMBIX. [ paHHYHbIC yCIOBHUS Uy (2 = —L) =
= ux(z = L) = 0. B kauecTBe HauaabHBIX YCIOBHI HCIOIb3yeM TOYHOE PEIICHHE B BHJC KUHKA (4):

2 T—x0
- v sech <2(1—v3))
V2(1=23) ) V2(l=od)

rae ro = —10 — HauanbHas KoopAuHaTa kuHka, 0 < vy < 1 — HayasbHas CKOpOCTh KMHKA. Ha rpanunax
pacdeTHON 00IacTH MCIOIB30BANICA METON Morormatomiero cios (Sponge Layer) [27]. B ypasaenue (1)
ObLIT BBEICH IOMOJHHUTEIBHBINA AUCCUIIATUBHBIA WieH BUaa O(x)uy, rae GyHKUUs BI3KOCTH O(z) =
=a [eﬁ(x*L) + e*B(“L)] 9KCIIOHEHIIHAIBHO BO3pacTaeT NpH NPUONMKEHUH K TpaHuiaM. [lapameTpsl
o = 1.5, p = 0.8 Ob1M mogoOpaHbl TAKUM 00Pa30M, YTOOBI HCKIIIOUUTE BIUSHUE BOJIH, OTPAXKECHHBIX OT
IpaHUIl, Ha UCCICAYEMYIO TUHAMUKY, COXPaHSS MPH 3TOM MPEHEOPEKUMO MaJIoe 3HAUYCHHE BSI3KOCTH
B OCHOBHOH 00JaCTH MOJICIIUPOBAHUSL.
Henbra-QyHKIUS anmpoKCUMHUPOBAIach clienyouel GyHKIuen:

u(z,0) = tanh ut(x,0) = — (14)

d(x) =~ % exp (fy2x2) , (15)

rne y = 80.
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PaccMoTpuM JOKaiIM30BaHHBIE HAa TOYEU-
HBIX npuMecsx konebanus: u(r=0,1t), u(rz=d, 1),
u(x = 2d,t). Bynem paccMarpuBaTh TOJIBKO CIIy-
Yail IOJHOTO MPOXOKICHHUS KMHKOM BCEX Tpex
IIpUMECEH, KOTOPBIA 3aBUCHT OT HAYaJIbHOU CKO-
POCTH KUHKA U PACCTOSIHHS MEXIY TPUMECIMH,
CM. TOYCUHYIO WarpaMmy Ha puc. 3.

YacToTrsl KoJieOaHuil HaiineM ¢ noMompro  0.41
JTUCKpeTHOro npeobpasosanusi Pypwe mpu ¢ >
500. 3aBucumocTs gacToT 7, Qo u (23 OT pac- 0.2
CTOSHUA MEXIy npuMecsiMu d npu vy = 0.6 moka-
3aHa Ha PUC. 2 B BUJIE KPY)KOUKOB, TPEYTOJILHUKOB . . : ; : ; .
U KBaJIpaTHKOB. BaxHOII 0COOEHHOCTBIO, BBISB- d

JICHHOH TIPH "HCIICHHOM SKCTICPUMEHTE, ABIACTCA b 3 Omacts nomsoro HPOXOXKACHUS IPUMECEH KUHKOM
TOPOTOBBIi XapakTep BO30YXKICHMS 4acToT (3 B 3aBHCHMOCTH OT PAcCTOSTHUS MEXIy IMPUMECIMH d U Hadab-
u QQ. Onu B036y)K,[[aIOTC$I JUIIb OPU OJOCTHUXKE- HOH CKOPOCTH KUHKA Vo (TTOKa3aHa TOUKaMHU)

HUH KPHTHYECKOTO PACCTOAHHS d, KOTAa BEIHIHHA Fig. 3. Region of full kink transmission through impurities
3TUX YaCTOT CTAHOBUTCS MEHBIIIE YEM \/5 — 4Ya- depending on the distance between impurities d and the initial
CTOTBI, COOTBETCTBYIOIEN MPOCTHIM BaKyyMHbIM ~ Kink velocity vo (shown by dots)

xonebanusam ypasaenus ¢t [1].

JlaHHBII BBIBO/ MOJTHOCTHIO MOATBEPIKIACTCS pe3ylIbTaTaMu CIIeKTpaiIbHOTO aHanmu3a. Ha puc. 4, b
npu d = 2.0 B cnekTpe HaOIOMAIOTCS TONBKO ABa muka (€21 u Q3). 3amernm, uto 23 B JaHHOM CiIydae
menbmre v/2. Ipu d = 3.0 (puc. 4, ), koraa yactoTa Qs OMyCKACTCS HUKE TTOPOrOBOIO 3HAYCHHS,
B criekTpe Dypbe HAYMHACT TPOSABIATHCA TPETHH MUK. 3aMETHM, UTO BOIM3H 3HAYCHHUS \/2 aMILTHTYIA
9TOW MOAwI octaeTrcss Majoi. OHa BHOCHUT 3aMETHBIM BKJAJ B AUHAMUKY BOJHBI JIOKATU30BAHHOMN
Ha [EHTPATBHON MPUMECH JIUIIb TPH JaIbHEHIIIeM yBeTUIeHUH d.

IIpu manbix paccrosHusx (d S 0.9) Bo3OyxmaeTcst OHa JIOKAIH30BaHHAS BOJIHA OPH3EPHOTO
THTIa Ha BCeX Tpex mpumecsx (cM. puc. 5). OHa coBepiraeT KoneGaHus ¢ gactoroi 27. OTMeTHM,
YTO B ATOHM 00JIacTH HAOIIOIAeTCsl HAUOOIIbIIEE PACXOKICHUE MEKITY aHATUTHYSCKUME M YACICHHBIMU
pesynbTaraMu (0oJbIIe, YeM IS ciiydas IByX mpumeceit [24]), 9To 00ycIOBICHO CHIILHBIM HETMHCHHBIM
B3aHMOJICHCTBHEM MPUMeECEH, KOTOPOe He B MOJIHOM Mepe YUUTHIBAETCS JIMHEHHBIM MPUOIIKEHUEM.

1.0 1.0
0.8 0.8
06 06
) )
< <
0.4 0.4
0.2/ i 02 i
0 i ILJ\ 0 J.LJ - . .
1.0 12 14 16 18 2.0 1.0 12 14 16 1.8 2.0
a b

Puc. 4. Inckperroe ®ypoe-npeodpasosanne A(w) st aByx 3uadennit d: d = 3.0 (a), d = 2.0 (b)
Fig. 4. Discrete Fourier transform A(w) for two values of d: d = 3.0 (a), d = 2.0 (b)

@axpemounoe M. U., Exomacog E. I
W3BecTus By3os. [TH/I, 2026, T. 34, Ne 3 487



a

-1.10

2100 -75 50 25 0 25 50 75100
z

b

Puc. 5. 3aBucumocts npu d = 0.5, vg = 0.5: a — u(z, t); b — u(z, t) B OTACIBHBIC MOMEHTHI BpeMEHH (LIBET OHJIAiIH)

Fig. 5. Dependence for d = 0.5, vg = 0.5: a — u(z, t);

b — u(z,t) at specific moments of time (color online)

Ha puc. 6 npeacrasieHa NpocTpaHCTBEHHO-BpEMEHHAsI THHAMHKA JIOKAJTM30BaHHBIX BOJH NPU
pasTUYHBIX paccTostHUSX d. [Ipu ManbIx paccTosHUSIX (pHc. 6, a) HAOMIOMArOTCs CHH(a3HbIe KOJICOaHHS
TpeX JIOKAIM30BaHHBIX BOJIH KaK €IMHOTO LeJoro ¢ yactoToi 2. C yBenuuenueM pacctosnus 1o d = 2.0
(puc. 6, b) B cucTeMe IOTONHUTEIHHO MOSBIACTCS Moaa €23. B 3ToM pexxnme JToKann30BaHHAS BOJHA Ha
LEHTPaIbHO MpUMecH KonebieTcs ¢ Masoi ammutyoi. [lpu d 2 3.0 (puc. 6, ¢, puc. 6, d) B ciekTpe
4acTOT mosBisieTcss moxa Q9. Takum oOpaszom, TuHaAMUKa cUCTeMBbl npu d > 3.0 meMoHCTpHpyeT
(yHIaMEHTaJIbHOE YCIOXKHEHUE CBI3aHHON TUHAMUKH JIOKaJIM30BaHHBIX BOJH B TPEXIIPUMECHOH MoaeIn

10 CPABHEHUIO C JIByXIIPUMECHOM.
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Puc. 6. 3aBucumocts u(z,t) npu v = 0.6 u d = 1.0 (a), d = 2.0 (b), d = 3.0 (¢), d = 5.0 (d)
Fig. 6. Dependence of u(x,t) for v = 0.6 and d = 1.0 (a), d = 2.0 (b), d = 3.0 (¢), d = 5.0 (d)
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3akiaoueHue

B nacrosimieii pabote uccienoBaHa CTPYKTypa U TUHAMUKA JIOKAJTU30BAHHBIX HA TPEX TOUCUHBIX
TIPEMeCSX BOIH OpH3epHOTO THHa B Mozeiu ¢*. C IOMOIIBIO METOAa KOJUIEKTHBHBIX TIEPEMEHHBIX
MOJTy4YeHa CUCTEMa ypaBHEHHUH, ONMUCHIBAIOINIAS CBA3AHHYIO JUHAMHUKY TPeX MPUMECHBIX OCIUIUISTOPOB,
Y HalJIeHbl aHAJTUTHYESCKUE 3aBUCHMOCTH YaCTOT HOPMAaJIBbHBIX MOJI OT PacCTOSHUS d MEXKIY IPHUMECIMU
Y TTyOWHBI TIPUMECH €.

[MokazaHo, 4TO HaMM4YKeE TPEThEH MPUMECH MPUBOAUT K KaueCTBEHHOMY YCIIOKHEHHIO TUHAMHKA
JIOKAJIM30BaHHBIX BOJIH 110 CPaBHEHHIO C ABYXIPUMECHOH MOMENBI0. DTO yCIOKHEHHE 00YCIIOBICHO
HaJU4YUeM CIlle OJTHOW MOJbl HOPMAJLHBIX KoJieOaHwuit (L22), 00amaroIIell MOpPOroBbIM XapaKkTepoM
B030YK/IeHUsI. BBISIBICHBI TPH XapaKTepHBIX PEKUMA CBSI3aHHOW TMHAMUKY JIOKATW30BAaHHBIX BOJH: MPU
MaibiX pacctosHusX (d S 1) Ha BcexX Tpex mpuMecsX HaOIoaeTcs pelieHHe B BUIE OIHOMU JIOKAIHU30-
BAHHOW BOJIHBI OPU3EPHOTO THIIA, KoJIeOmomeics ¢ yactoToi Q1; B muanasone 1 < d < 3 Habmonarorcs
TPH JIOKAITH30BaHHbBIC BOJHBI, KOJIEOoMecs ¢ yactoTamu 1, Qs; npu d 2 3 HAOMIOIAIOTCS CBI3aHHBIC
KOJIeOaHNA TpeX JIOKAJIM30BAHHBIX BOJIH, B CIIEKTPE YaCTOT KOTOPBIX MOSABISIETCS Mofa 22, 4TO CyIle-
CTBEHHO YCIIOXKHSET KapTUHY Kojiebanuil. OOHapyKeHHbIE MEXaHU3MBI TiepepacipeieseHIs] YHEPruu
MEX]y JIOKaJM30BaHHBIMH Ha MPUMECSX BOJIHAMHU OTKPBIBAIOT HOBBIC BOZMOKHOCTH ISl YIIPABICHUS
JIOKAaJTM30BaHHBIMU BO30Y)KICHUSMHU B HEJIMHEHHBIX CpeIax.
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