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Abstract. Chaotic systems without equilibrium points represent a significant class of nonlinear dynamical systems because
their behavior cannot be interpreted through conventional equilibrium-based analysis. Purpose. In this study, a novel
four-dimensional fractional-order chaotic system without equilibrium points is proposed and analyzed. The results reveal
bistable dynamics characterized by the coexistence of two distinct attractors under the same parameter set and different initial
conditions, including symmetric limit cycles and chaotic attractors with different geometric structures. These dynamical features
are exploited to enhance trajectory unpredictability in autonomous mobile robotic applications. Furthermore, a fixed-time
synchronization framework is developed for large-scale multi-agent systems. In contrast to conventional asymptotic methods,
the proposed strategy ensures convergence within a prescribed time bound independent of the initial states. The framework is
then implemented in a master-slave robotic swarm, linking fractional-order reference dynamics with integer-order kinematic
agents. Numerical investigations confirm the capability of the proposed method to achieve accurate synchronization and
reliable trajectory tracking in networked robotic systems.
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Аннотация. Хаотические системы без точек равновесия представляют собой важный класс нелинейных динамиче-
ских систем, поскольку их поведение невозможно интерпретировать с помощью обычного анализа, основанного на
равновесии. Цель. В этом исследовании предложена и проанализирована новая четырёхмерная хаотическая система
дробного порядка без точек равновесия. Результаты показывают бистабильную динамику, характеризующуюся
сосуществованием двух различных аттракторов при одном и том же наборе параметров и при различных начальных
условиях, включая симметричные предельные циклы и хаотические аттракторы с различной геометрической структурой.
Эти динамические особенности используются для повышения непредсказуемости траекторий в автономных мобильных
роботизированных приложениях. Кроме того, для крупномасштабных мультиагентных систем разработана система
синхронизации с фиксированным временем. В отличие от традиционных асимптотических методов, предлагаемая
стратегия обеспечивает сходимость в течение заданного времени независимо от начальных условий. Затем фрейм-
ворк реализуется в роботизированном рое «ведущий–ведомый», связывая эталонную динамику дробного порядка
с кинематическими агентами, описываемыми системами целого порядка. Численные исследования подтверждают
способность предложенного метода достигать точной синхронизации и надёжного отслеживания траектории в сетевых
роботизированных системах.

Ключевые слова: дробный математический анализ, бистабильная динамика, неравновесная система, роевая робототех-
ника с синхронизацией за конечное время.
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Introduction

The use of chaotic dynamics in engineering has evolved considerably since Lorenz first revealed
the sensitive dependence of nonlinear systems on initial conditions [1]. Beyond its theoretical significance,
chaos has become an important tool in secure communication systems [2,3] and autonomous engineering
applications [4,5]. Classical chaotic oscillators, such as the Rössler [6], Chen [7], and Sprott [8] systems,
have been extensively studied; however, these models generally possess unstable equilibrium points, from
which phase-space reconstruction may be facilitated. For this reason, increasing attention has recently
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been directed toward non-equilibrium chaotic systems, especially those without equilibrium points or
with dynamics that cannot be fully interpreted through conventional equilibrium-based analysis [9–12].
Owing to their increased complexity and resistance to analytical reconstruction, such systems are
regarded as promising candidates for secure and advanced engineering applications [13–15].

Fractional calculus provides an effective framework for describing memory and hereditary effects
in complex physical systems [16, 17]. In comparison with integer-order models, fractional-order chaotic
systems are often characterized by richer and more diverse dynamical behaviors [18–20]. Significant
efforts have therefore been devoted to the study of fractional extensions of well-known chaotic
systems [21–23]. Recent investigations have further demonstrated that four-dimensional fractional-
order models may exhibit hyperchaotic regimes, toroidal responses, and coexistence phenomena of
considerable practical interest, particularly in applications related to encryption, nonlinear control, and
complex-signal generation [24–27].

In multi-agent systems, synchronization constitutes the fundamental mechanism through which
coordinated collective behavior can be achieved [28, 29]. Although asymptotic and exponential
synchronization methods have been widely used and have proved effective in many settings [30–32],
their convergence either requires theoretically infinite time or remains dependent on the initial conditions.
Such a limitation becomes critical in time-sensitive and mission-critical applications, including secure
robotic swarms. To overcome this drawback, fixed-time synchronization has emerged as a more suitable
alternative [33–35]. By means of Lyapunov-based design techniques, fixed-time strategies ensure
convergence within a prescribed upper bound 𝑇max that is independent of the initial states [36–38].
This property makes such methods especially attractive for practical deployment in complex dynamic
networks [39–41].

The integration of chaotic dynamics into mobile robotics has also attracted considerable attention
[42, 43]. Chaotic trajectories, owing to their topological transitivity and strong unpredictability, can
enhance workspace exploration and coverage, which is advantageous in patrol, surveillance, and search-
and-rescue operations [44–46]. In addition, fractional-order kinematic models offer extra flexibility by
incorporating nonlocal dynamical effects into the robot motion description [47–49]. Nevertheless, the
synchronization of large-scale robotic swarms under chaotic reference dynamics remains a challenging
problem [50–52]. Effective control laws must therefore be developed to preserve coordinated motion in
the presence of nonlinear dynamics, model uncertainty, and external disturbances [53, 54].

In this work, a novel four-dimensional fractional-order chaotic system is proposed and is
characterized by the complete absence of equilibrium points. The obtained results reveal bistable
dynamics, where two distinct attractors coexist under identical parameter values and different initial
conditions. To explore its practical relevance, fixed-time synchronization between the fractional-order
and integer-order forms of the system is investigated. Through this framework, convergence is guaranteed
within a prescribed time bound independent of the initial states, thereby establishing a robust link
between fractional-order and integer-order dynamics for control and communication purposes. The
resulting chaotic behavior is then exploited in the trajectory generation of a differential-drive mobile
robot, through which flexible and adaptive motion planning is achieved. In addition, the developed
synchronization framework is shown to preserve its effectiveness as the number of agents increases,
which makes it suitable for real-time and mission-critical multi-robot applications. Accordingly, both
theoretical contributions to nonlinear chaotic-system analysis and practical advantages for robotic
applications are provided.

The remainder of this paper is organized as follows. Section 2 summarizes the basic concepts
of fractional calculus. Section 3 presents the mathematical model of the proposed four-dimensional
fractional-order chaotic system together with its main dynamical behaviors. Section 4 is devoted to
the fixed-time synchronization analysis. Section 5 discusses the application to wireless mobile robots.
Finally, Section 6 concludes the paper.
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1. Fractional derivative and basic definitions

This study utilizes the Caputo definition of the different definitions of fractional integrals and
derivatives. According to Ref. [55, 56], the definitions of the Caputo fractional integral and derivative
are given as follows:

Definition 1. The fractional integral of a function 𝑓(𝑡) of order 𝑞 > 0 is defined by

𝐼𝑞𝑓(𝑡) =
1

Γ(𝑞)

∫︁ 𝑡

𝑡0

(𝑡− τ)𝑞−1𝑓(τ) 𝑑τ,

where 𝑡 ⩾ 𝑡0, and Γ(𝑞) denotes the Gamma function, which is given by

Γ(𝑠) =
∫︁ ∞

0
𝑡𝑠−1𝑒−𝑡 𝑑𝑡.

Definition 2. According to Caputo’s definition, the fractional derivative of order 𝑞 > 0 of a function
𝑓(𝑡) ∈ 𝐶𝑛([𝑡0,+∞),R), where 𝑛 ∈ N is such that 𝑛− 1 ⩽ 𝑞 < 𝑛, is defined as

𝐷𝑞𝑓(𝑡) =
1

Γ(𝑛− 𝑞)

∫︁ 𝑡

𝑡0

𝑓 (𝑛)(𝑠)

(𝑡− 𝑠)𝑞−𝑛+1
𝑑𝑠.

In particular, when 0 < 𝑞 < 1, the Caputo fractional derivative becomes

𝐷𝑞𝑓(𝑡) =
1

Γ(1− 𝑞)

∫︁ 𝑡

𝑡0

𝑓 ′(𝑠)

(𝑡− 𝑠)𝑞
𝑑𝑠.

Definition 3. The Laplace transform of the Caputo fractional derivative is expressed as

ℒ
{︀
𝐶𝐷α𝑡 𝑓(𝑡)

}︀
= 𝑠α𝐹 (𝑠)−

𝑛−1∑︁
𝑘=0

𝑠α−𝑘−1𝑓 (𝑘)(0), (α > 0, 𝑛− 1 < α ⩽ 𝑛). (1)

In particular, for α ∈ (0, 1], the expression simplifies to:

ℒ
{︀
𝐶𝐷α𝑡 𝑓(𝑡)

}︀
= 𝑠α𝐹 (𝑠)− 𝑠α−1𝑓(0). (2)

The Laplace transform of the Riemann Liouville fractional integral is:

ℒ{𝐽α𝑓(𝑡)} = 𝑠−α𝐹 (𝑠), (α > 0). (3)

2. Mathematical model

A new four-dimensional autonomous nonlinear system is formulated in the fractional-order domain.
The proposed structure contains coupled bilinear terms, a quartic nonlinear term, and an absolute-value
nonlinearity, whose interaction gives rise to complex dynamical behaviors. The mathematical model is
formulated as ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝐷𝑞1𝑥1(𝑡) = 𝑥2(𝑡),

𝐷𝑞2𝑥2(𝑡) = −𝑥3(𝑡)𝑥2(𝑡)− 𝑥1(𝑡)− 𝑎1𝑥4(𝑡),

𝐷𝑞3𝑥3(𝑡) = 𝑎2𝑥
4
2(𝑡)− 𝑎3|𝑥2(𝑡)| − 𝑎5,

𝐷𝑞4𝑥4(𝑡) = −𝑎4𝑥4(𝑡) + 𝑥2(𝑡)𝑥3(𝑡),

(4)

where 𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡), and 𝑥4(𝑡) denote the state variables of the proposed system, while 𝑎1, 𝑎2,
𝑎3, 𝑎4, and 𝑎5 are positive constant parameters. The quantities 𝑞𝑖 ∈ (0, 1], 𝑖 = 1, . . . , 4, represent the
fractional orders of the corresponding state equations.
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To determine the equilibrium points of system (4), the following algebraic system must be solved:

𝑥2(𝑡) = 0, (5a)

− 𝑥3(𝑡)𝑥2(𝑡)− 𝑥1(𝑡)− 𝑎1𝑥4(𝑡) = 0, (5b)

𝑎2𝑥
4
2(𝑡)− 𝑎3|𝑥2(𝑡)| − 𝑎5 = 0, (5c)

− 𝑎4𝑥4(𝑡) + 𝑥2(𝑡)𝑥3(𝑡) = 0. (5d)

From (5a), the condition 𝑥2 = 0 is obtained. Upon substitution of 𝑥2 = 0 into (5c), the relation
−𝑎5 = 0 is derived, which leads to a contradiction because 𝑎5 is a positive constant. It is therefore
concluded that system (4) admits no equilibrium points.

In the following sections, the dynamical behavior of system (4) is examined separately for the
integer-order and fractional-order cases.

2.1. Integer-order case. To comprehensively investigate the dynamical characteristics of the
proposed model in the integer-order domain, the derivative orders are set to 𝑞𝑖 = 1 for 𝑖 = 1, . . . , 4.
The system’s behavior is analyzed by varying the bifurcation parameter 𝑎3 across the interval [0, 2],
while the remaining system parameters are held constant at 𝑎1 = 0.5, 𝑎2 = 0.9, 𝑎4 = 5.5, and 𝑎5 = 1.6.
For the numerical simulations, the initial condition is chosen as 𝑥0 = (0.2, 0.3, 0.1, 0.5). Under these
configurations, the integer-order form of system (4) exhibits rich chaotic dynamics, as visually confirmed
by the phase portraits in Fig. 1. To rigorously validate the presence of chaos, the Lyapunov exponent
spectrum a fundamental diagnostic tool that quantifies the average exponential divergence of nearby
trajectories is computed [57]. The evolution of the Lyapunov exponents with respect to 𝑎3 is depicted
in Fig. 2, a. Notably, the computed spectrum accurately captures a strictly zero Lyapunov exponent
(𝐿2 = 0), which perfectly aligns with the theoretical properties of an autonomous continuous-time
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Fig. 1. Phase portraits of integer-order nonlinear system (4) for 𝑎1 = 0.5, 𝑎2 = 0.9, 𝑎3 = 1.5, 𝑎4 = 5.5, and 𝑎5 = 1.6,
and 𝑞1 = 𝑞2 = 𝑞3 = 𝑞4 = 1 with the initial condition (0.2, 0.3, 0.1, 0.5). a — (𝑥1 − 𝑥2 − 𝑥3) plane; b — (𝑥1 − 𝑥2) plane;
c — (𝑥2 − 𝑥3) plane; d — (𝑥2 − 𝑥4) plane (color online)
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Fig. 2. The Lyapunov exponent spectrum and the bifurcation diagram with respect to the parameter 𝑎3 ∈ [0, 2] for 𝑎1 = 0.5,
𝑎2 = 0.9, 𝑎4 = 5.5, and 𝑎5 = 1.6, 𝑞1 = 𝑞2 = 𝑞3 = 𝑞4 = 1 and the initial condition (0.2, 0.3, 0.1, 0.5). a — The enlarged
fragment of the Lyapunov exponent spectrum displaying the three dominant exponents (𝐿1, 𝐿2, and 𝐿3); b — the corresponding
bifurcation diagram (color online)

dynamical system. Furthermore, the corresponding bifurcation diagram over 𝑎3 ∈ [0, 2] is presented
in Fig. 2, b, demonstrating a strong consistency with the calculated Lyapunov spectrum and clearly
revealing the parameter regions where chaotic and periodic behaviors emerge.

2.2. Fractional-order case. The chaotic behavior of system (4) in the fractional-order domain
is initially investigated by assigning a uniform fractional order 𝑞𝑖 = 0.985 to all state variables, with the
parameters fixed at 𝑎1 = 0.5, 𝑎2 = 0.9, 𝑎3 = 1.5, 𝑎4 = 5.5, and 𝑎5 = 1.6. Under these specific settings,
the system exhibits a complex chaotic attractor, as clearly illustrated by the 3D and 2D phase portraits
in Fig. 3.

a b

c d

Fig. 3. Phase portraits of fractional-order system (4) for 𝑎1 = 0.5, 𝑎2 = 0.9, 𝑎3 = 1.5, 𝑎4 = 5.5, and 𝑎5 = 1.6,
𝑞1 = 𝑞2 = 𝑞3 = 𝑞4 = 0.985 with the initial condition (0.2, 0.3, 0.1, 0.5). a — (𝑥1 − 𝑥2 − 𝑥3) plane; b — (𝑥1 − 𝑥2) plane;
c — (𝑥1 − 𝑥3) plane; d — (𝑥2 − 𝑥4) plane (color online)

354
Заамун Ф., Зеримеш Х., Ибрахим Р. В., Каримов А. И.

Известия вузов. ПНД, 2026, т. 34, № 3



2

0

-2

-4

-6

-8

-10

Ly
ap

un
ov

 E
xp

on
en

ts

0.92    0.94   0.96    0.98     1q 0.92    0.94   0.96    0.98     1q

0.4

0.3

0.2

0.1

0

-0.1

-0.2
Ly

ap
un

ov
 E

xp
on

en
ts

LE1
LE2
LE3
LE4

LE1
LE2
LE3

a b

Fig. 4. The Lyapunov exponent spectrum and the bifurcation diagrams with respect to the parameter 𝑞 ∈ [0.92, 1] for 𝑎1 = 0.5,
𝑎2 = 0.9, 𝑎3 = 1.5, 𝑎4 = 5.5, and 𝑎5 = 1.6, 𝑞1 = 𝑞2 = 𝑞3 = 𝑞4 = 0.985 and the initial condition (0.2, 0.3, 0.1, 0.5).
a — The Lyapunov exponent spectrum shown in two panels: the full spectrum including the highly negative 𝐿𝐸4 (left), and an
enlarged fragment detailing the three dominant exponents (𝐿𝐸1, 𝐿𝐸2, and 𝐿𝐸3) that strictly mirrors the dynamic transitions
without any numerical oscillations (right); b — the corresponding bifurcation diagram (color online)

To rigorously validate the presence of this chaotic behavior and analyze the divergence of
neighboring trajectories, the Lyapunov exponent spectrum is computed utilizing a highly refined
algorithm based on the analytical Jacobian matrix [39,40]. As shown in Fig. 4, a, the results confirm the
presence of chaos in specific regions through the existence of a positive maximum Lyapunov exponent
(𝐿𝐸1 > 0), accompanied by a strictly zero second exponent (𝐿𝐸2 = 0). This perfectly flat and stable
zero line aligns exactly with the theoretical expectations of a continuous-time autonomous system,
completely eliminating any previous numerical oscillation artifacts.

In addition, a comprehensive bifurcation analysis is carried out to examine the qualitative
changes in the system dynamics as the fractional order 𝑞 is varied over the interval [0.92, 1]. For this
purpose, system (4) is numerically integrated by means of the Adams–Bashforth–Moulton method [58].
The resulting bifurcation diagram, illustrated in Fig. 4, b, provides a clear visual description of the
dynamical regimes exhibited by the system. Most importantly, a direct comparison between the Lyapunov
spectrum and the bifurcation diagram reveals a strict and perfect correspondence. When the system
enters the periodicity windows (e.g., the stable limit cycles clearly visible between 𝑞 = 0.950 and
𝑞 = 0.976), the maximum Lyapunov exponent (𝐿𝐸1) drops sharply and strictly to zero, while the
remaining exponents become strictly negative. This flawless correlation validates the consistency
between the dynamically computed Lyapunov exponents and the observed periodic behaviors associated
with the fractional-order operator.

2.3. Characterization of hidden bistability. Hidden bistability is demonstrated in the proposed
system despite the complete absence of equilibrium points. This phenomenon is confirmed through
bifurcation analysis and phase-space reconstruction. Numerical simulations reveal that two distinct
attractors can be obtained under identical parameter values when the initial condition is varied in the
form (𝑥1(0), 0.2, 0.3, 0.2) over the fractional-order range 𝑞 ∈ [0.9, 1]. The observed bistable behavior
provides a clear explanation for the periodic windows appearing in the bifurcation diagrams that
are not always reflected in the Lyapunov exponent spectrum. In such non-equilibrium models, the
asymptotic response is determined by the corresponding basin of attraction; therefore, a single-path
Lyapunov exponent computation may follow a chaotic branch while a coexisting periodic branch remains
simultaneously present.

First, symmetric limit cycles with nontrivial periodicity and broken rotational symmetry are
obtained for 𝑎1 = 0.5, 𝑎2 = 0.8, 𝑎3 = 1.5, 𝑎4 = 5.5, and 𝑎5 = 1.6. As shown in Fig. 5, a, the green
attractor is generated from the initial condition 𝑥1(0) = 2.5, whereas the red attractor is generated
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Fig. 5. Bistable coexisting attractors of system (4) obtained from the initial conditions (𝑥1(0), 0.2, 0.3, 0.2) for 𝑞 ∈ [0.9, 1]:
a — symmetric limit cycles for 𝑎1 = 0.5 and 𝑎5 = 1.6; b — bistable chaotic attractors with different amplitudes for 𝑎1 = 0.1
and 𝑎5 = 0.8; c — symmetric bistable chaotic attractors for 𝑎1 = 2.5 and 𝑎5 = 0.6; d — two distinct bistable chaotic attractors
for 𝑎1 = 2.5 and 𝑎5 = 0.6 (color online)

from 𝑥1(0) = −2.5. Second, for 𝑎1 = 0.1, 𝑎2 = 0.1, 𝑎3 = 0.5, 𝑎4 = 0.2, and 𝑎5 = 0.8, bistable
chaotic behavior with different amplitudes is observed. In this case, the green attractor is obtained from
𝑥1(0) = 2.5, whereas the red attractor is obtained from 𝑥1(0) = −1.4, as illustrated in Fig. 5, b.

Moreover, a symmetric bistable pattern is identified for 𝑎1 = 2.5, 𝑎2 = 0.9, 𝑎3 = 0.5, 𝑎4 = 5.5,
and 𝑎5 = 0.6. The corresponding attractors are produced from the initial conditions 𝑥1(0) = 2.6 for the
green trajectory and 𝑥1(0) = −2.6 for the red trajectory, as depicted in Fig. 5, c. Finally, another bistable
chaotic regime is observed for the same parameter set, where two distinct chaotic attractors are generated
from 𝑥1(0) = 2.5 and 𝑥1(0) = −0.4, respectively, as shown in Fig. 5, d. These results demonstrate
that, under the same system parameters, different long-term dynamical behaviors can be selected solely
through the initial conditions. Such persistent bistable oscillatory responses indicate strong potential
for applications requiring enhanced unpredictability and flexible state selection, particularly in secure
communication and nonlinear control systems.

3. Fixed-time synchronization

This study presents a novel fixed-time synchronization method for the new chaotic system (4)
in both its integer-order and fractional-order representations. The following lemma and theorem are
presented:
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Lemma 1. [59] Let 𝑧1, 𝑧2, . . . , 𝑧𝑛 > 0, 0 < 𝑙 ⩽ 1, and 𝑟 > 1. Then, the following two inequalities
hold:

𝑛∑︁
𝑖=1

𝑧𝑙𝑖 ⩾

(︃
𝑛∑︁

𝑖=1

𝑧𝑖

)︃𝑙

,

𝑛∑︁
𝑖=1

𝑧𝑟𝑖 ⩾ 𝑛1−𝑟

(︃
𝑛∑︁

𝑖=1

𝑧𝑖

)︃𝑟

.

The following fixed-time stability result is adopted from [41].

Theorem 1. Consider the fractional-order system

𝑡0𝐷
𝑞
𝑡𝑥(𝑡) = 𝑓

(︀
𝑡, 𝑥(𝑡)

)︀
.

The origin is said to be fixed-time stable if there exists a positive definite Lyapunov function 𝑉 (𝑡, 𝑥(𝑡)),
denoted for simplicity by 𝑉 (𝑡), such that

0𝐷α𝑡 𝑉 (𝑡) ⩽
λ1Γ(1− γ)

Γ(2− α)Γ(α− γ+ 1)
𝑉 1−α+γ(𝑡)− λ2Γ(1− β)

Γ(2− α)Γ(α− β+ 1)
𝑉 1−α+β(𝑡), (6)

where λ1 > 0, λ2 > 0, 1 < γ < α+ 1, and α− 1 < β < α. Then, the origin of the considered system is
fixed-time stable for any initial condition, and the corresponding settling time is estimated by

𝑇 =

(︂
Γ(1 + α)
λ1

)︂ 1
α

+

(︂
Γ(1 + α)
λ2

)︂ 1
α

.

Consider the following integer-order new chaotic system as the drive system:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑥̇1(𝑡) = 𝑥2(𝑡),

𝑥̇2(𝑡) = −𝑥3(𝑡)𝑥2(𝑡)− 𝑥1(𝑡)− 𝑎1𝑥4(𝑡),

𝑥̇3(𝑡) = 𝑎2𝑥2(𝑡)
4 − 𝑎3|𝑥2(𝑡)| − 𝑎5,

𝑥̇4(𝑡) = −𝑎4𝑥4(𝑡) + 𝑥2(𝑡)𝑥3(𝑡),

(7)

Let the following fractional-order new chaotic system be the response system:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝐷𝑞𝑦1(𝑡) = 𝑦2(𝑡) + 𝑢1,

𝐷𝑞𝑦2(𝑡) = −𝑦3(𝑡)𝑦2(𝑡)− 𝑦1(𝑡)− 𝑎1𝑦4(𝑡) + 𝑢2,

𝐷𝑞𝑦3(𝑡) = 𝑎2𝑦2(𝑡)
4 − 𝑎3|𝑦2(𝑡)| − 𝑎5 + 𝑢3,

𝐷𝑞𝑦4(𝑡) = −𝑎4𝑦4(𝑡) + 𝑦2(𝑡)𝑦3(𝑡) + 𝑢4,

(8)

Where 𝑆 : R𝑛 → R𝑛 and 𝑊 : R𝑛 → R𝑛 are two continuous differentiable functions.

𝑒(𝑡) = 𝑆(𝑥)−𝑊 (𝑦). (9)
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It satisfies the condition:
lim

𝑡→+∞
‖𝑒(𝑡)‖ = 0,

Where 𝑆 : R𝑛 → R𝑛 and 𝑊 : R𝑛 → R𝑛 are two continuous differentiable functions.
Assume that

𝑆(𝑥1, 𝑥2, 𝑥3, 𝑥4) =

⎛⎜⎜⎝
𝑥1 + 𝑥4
𝑥2 + 𝑥3
𝑥3𝑥4
𝑥1𝑥2

⎞⎟⎟⎠ , 𝑊 (𝑦1, 𝑦2, 𝑦3, 𝑦4) =

⎛⎜⎜⎝
𝑦1
𝑦2
𝑦3
𝑦4

⎞⎟⎟⎠ ,

therefore the Jacobian matrix of the 𝑆(𝑥) and 𝑊 (𝑦) can be described as follows:

𝐽𝑆(𝑥) =

⎛⎜⎜⎝
1 0 0 1

0 1 1 0

0 𝑥3 0 𝑥4
𝑥2 𝑥1 0 0

⎞⎟⎟⎠ , 𝐽𝑊 (𝑦) =

⎛⎜⎜⎝
1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

⎞⎟⎟⎠ .

Then, we have

𝑒̇(𝑡) = 𝐽𝑆(𝑥) 𝑥̇− 𝐽𝑊 (𝑦) 𝑦̇ (10)

To achieve fixed-time synchronization, the variables 𝑢1, 𝑢2, 𝑢3, and 𝑢4 are introduced as control inputs
applied to the response system, while 𝑟1(𝑡), . . . , 𝑟4(𝑡) are defined as auxiliary design terms employed
in the derivation of the fixed-time error dynamics. Accordingly, the following control law, based on
sign-power feedback and active control, is formulated:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑢1(𝑡) = −𝑦2(𝑡) + 𝐽1−𝑞1
(︀
𝑦2(𝑡)− 𝑟1(𝑡)

)︀
,

𝑢2(𝑡) = 𝑦3(𝑡)𝑦2(𝑡) + 𝑦1(𝑡) + 𝑎1𝑦4(𝑡) + 𝐽1−𝑞2
(︀
− 𝑦3(𝑡)𝑦2(𝑡)− 𝑦1(𝑡)− 𝑎1𝑦4(𝑡)− 𝑟2(𝑡)

)︀
,

𝑢3(𝑡) = −𝑎2𝑦2(𝑡)
4 + 𝑎3|𝑦2(𝑡)|+ 𝑎5 + 𝐽1−𝑞3

(︀
𝑎2𝑦2(𝑡)

4 − 𝑎3|𝑦2(𝑡)| − 𝑎5 − 𝑟3(𝑡)
)︀
,

𝑢4(𝑡) = 𝑎4𝑦4(𝑡)− 𝑦2(𝑡)𝑦3(𝑡) + 𝐽1−𝑞4
(︀
− 𝑎4𝑦4(𝑡) + 𝑦2(𝑡)𝑦3(𝑡)− 𝑟4(𝑡)

)︀
.

(11)

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑟1(𝑡) = 𝑥2 − 𝑎4𝑥4 + 𝑥2𝑥3 − 𝑦2(𝑡) + λ1𝑒1(𝑡) + λ2 sign(𝑒1(𝑡))|𝑒1(𝑡)|1+γ1+

+ λ3 sign(𝑒1(𝑡))|𝑒1(𝑡)|1−γ1 + λ4 sign(𝑒1(𝑡))|𝑒1(𝑡)|1+γ1 ,

𝑟2(𝑡) = −𝑥3𝑥2 − 𝑥1 − 𝑎1𝑥4 + 𝑎2𝑥
4
2 − 𝑎3|𝑥2| − 𝑎5 − (−𝑦3(𝑡)𝑦2(𝑡)− 𝑦1(𝑡)− 𝑎1𝑦4(𝑡) + λ1𝑒2(𝑡)+

+ λ2 sign(𝑒2(𝑡))|𝑒2(𝑡)|1+γ1 + λ3 sign(𝑒2(𝑡))|𝑒2(𝑡)|1−γ1 + λ4 sign(𝑒2(𝑡))|𝑒2(𝑡)|1+γ1 ,

𝑟3(𝑡) = −𝑥23𝑥2 − 𝑥1𝑥3 − 𝑎1𝑥3𝑥4 − 𝑎4𝑥
2
4 + 𝑥2𝑥3𝑥4 − (𝑎2𝑦2(𝑡)

4 − 𝑎3|𝑦2(𝑡)| − 𝑎5 + λ1𝑒3(𝑡)+

+ λ2 sign(𝑒3(𝑡))|𝑒3(𝑡)|1+γ1 + λ3 sign(𝑒3(𝑡))|𝑒3(𝑡)|1−γ1 + λ4 sign(𝑒3(𝑡))|𝑒3(𝑡)|1+γ1 ,

𝑟4(𝑡) = 𝑥22 − 𝑥1𝑥3𝑥2 − 𝑥21 − 𝑎1𝑥1𝑥4 − (−𝑎4𝑦4(𝑡) + 𝑦2(𝑡)𝑦3(𝑡) + λ1𝑒4(𝑡)+

+ λ2 sign(𝑒4(𝑡))|𝑒4(𝑡)|1+γ1 + λ3 sign(𝑒4(𝑡))|𝑒4(𝑡)|1−γ1 + λ4 sign(𝑒4(𝑡))|𝑒4(𝑡)|1+γ1 .
(12)
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The fixed gains in (11) are extended to the adaptive form:

λ1(𝑡) = 0.5 + 2𝑒−0.1‖𝑒(𝑡)‖,

γ(𝑡) = 0.9− 0.2 cos(2π𝑡/10). (13)

Theorem 2. The adaptive controller preserves fixed-time stability provided that 𝑑λ1
𝑑𝑡 < 0 and

γ(𝑡) ∈ [0.7, 1.1].

where 0 < γ𝑖 < 1, λ1 > 0, λ2 = −
4
γ1
2 Γ(2−𝑞) Γ

(︁
3−γ1

2

)︁
Γ
(︁

3−γ1
2

−𝑞
)︁ , λ3 = −

4
γ1
2 Γ(2−𝑞) Γ

(︁
3−γ1

2

)︁
Γ
(︁

3−γ1
2

−𝑞
)︁ ,

λ4 = λ2 −
4
γ1
2 Γ(2−𝑞) Γ

(︁
3−γ1

2

)︁
Γ
(︁

3−γ1
2

−𝑞
)︁ .

Theorem 3. The drive system (7) achieves fixed-time synchronization with the response (8) when the
control input is defined by (11).

Proof 1. By following the methodology presented in [60], and by substituting the control law defined
in equations (11)–(12) into the slave system given in equation (8), the following reformulated slave
system is obtained:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝐷𝑞𝑦1(𝑡) = 𝐽1−𝑞1
(︀
𝑦2(𝑡)− 𝑟1(𝑡)

)︀
,

𝐷𝑞𝑦2(𝑡) = 𝐽1−𝑞2
(︀
− 𝑦3(𝑡)𝑦2(𝑡)− 𝑦1(𝑡)− 𝑎1𝑦4(𝑡)− 𝑟2(𝑡)

)︀
,

𝐷𝑞𝑦3(𝑡) = 𝐽1−𝑞3
(︀
𝑎2𝑦2(𝑡)

4 − 𝑎3|𝑦2(𝑡)| − 𝑎5 − 𝑟3(𝑡)
)︀
,

𝐷𝑞𝑦4(𝑡) = 𝐽1−𝑞4
(︀
− 𝑎4𝑦4(𝑡) + 𝑦2(𝑡)𝑦3(𝑡)− 𝑟4(𝑡)

)︀
.

(14)

By applying the Laplace transform to equation (14) and denoting 𝐹 (𝑠) = ℒ(𝑌 (𝑡)), the following
expression is obtained:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑠𝑝𝐹 (𝑠)− 𝑠𝑝−1𝑦1(0) = 𝑠𝑝−1ℒ
(︀
𝑦2(𝑡)− 𝑟1(𝑡)

)︀
,

𝑠𝑝𝐹 (𝑠)− 𝑠𝑝−1𝑦2(0) = 𝑠𝑝−1ℒ
(︀
− 𝑦3(𝑡)𝑦2(𝑡)− 𝑦1(𝑡)− 𝑎1𝑦4(𝑡)− 𝑟2(𝑡)

)︀
,

𝑠𝑝𝐹 (𝑠)− 𝑠𝑝−1𝑦3(0) = 𝑠𝑝−1ℒ
(︀
𝑎2𝑦2(𝑡)

4 − 𝑎3|𝑦2(𝑡)| − 𝑎5 − 𝑟3(𝑡)
)︀
,

𝑠𝑝𝐹 (𝑠)− 𝑠𝑝−1𝑦4(0) = 𝑠𝑝−1ℒ
(︀
− 𝑎4𝑦4(𝑡) + 𝑦2(𝑡)𝑦3(𝑡)− 𝑟4(𝑡)

)︀
.

(15)

By multiplying both sides of equation (15) by 𝑠1−𝑝 and then applying the inverse Laplace
transform, a new expression for the slave system is obtained:

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑦̇1(𝑡) = 𝑦2(𝑡)− 𝑟1(𝑡),

𝑦̇2(𝑡) = −𝑦3(𝑡)𝑦2(𝑡)− 𝑦1(𝑡)− 𝑎1𝑦4(𝑡)− 𝑟2(𝑡),

𝑦̇3(𝑡) = 𝑎2𝑦2(𝑡)
4 − 𝑎3|𝑦2(𝑡)| − 𝑎5 − 𝑟3(𝑡),

𝑦̇4(𝑡) = −𝑎4𝑦4(𝑡) + 𝑦2(𝑡)𝑦3(𝑡)− 𝑟4(𝑡),

(16)
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Then, the error system is obtained as

𝑒̇𝑖(𝑡) = −λ1𝑒𝑖(𝑡)− λ2 sign(𝑒𝑖(𝑡))|𝑒𝑖(𝑡)|1+γ1−

− λ3 sign(𝑒𝑖(𝑡))|𝑒𝑖(𝑡)|1−γ1 − λ4 sign(𝑒𝑖(𝑡))|𝑒𝑖(𝑡)|1+γ1 ,
(17)

where 𝑖 = (1, . . . , 4). Now, construct the following Lyapunov function:

𝑉 (𝑡) =
1

2

(︀ 4∑︁
𝑖=1

𝑒𝑇𝑖 (𝑡)𝑒𝑖(𝑡)
)︀

(18)

By evaluating the derivative of 𝑉 (𝑡) along the trajectories of system (18), the following expression is
obtained:

𝑉̇ (𝑡) =
4∑︁

𝑖=1

𝑒𝑇𝑖 (𝑡)𝑒̇𝑖(𝑡) =

=

4∑︁
𝑖=1

𝑒𝑇𝑖 (𝑡)
(︁
− λ1𝑒𝑖(𝑡)− λ2 sign(𝑒𝑖(𝑡))|𝑒𝑖(𝑡)|1+γ1 − λ3 sign(𝑒𝑖(𝑡))|𝑒𝑖(𝑡)|1−γ1−

− λ4 sign(𝑒𝑖(𝑡))|𝑒𝑖(𝑡)|1+γ1
)︁
⩽

⩽ −
4∑︁

𝑖=1

𝑒𝑇𝑖 (𝑡)λ1𝑒𝑖(𝑡)−
4∑︁

𝑖=1

𝑒𝑇𝑖 (𝑡)λ2 sign(𝑒𝑖(𝑡))|𝑒𝑖(𝑡)|1+γ1 −
4∑︁

𝑖=1

𝑒𝑇𝑖 (𝑡)λ3 sign(𝑒𝑖(𝑡))|𝑒𝑖(𝑡)|1−γ1−

−
4∑︁

𝑖=1

𝑒𝑇𝑖 (𝑡)λ4 sign(𝑒𝑖(𝑡))|𝑒𝑖(𝑡)|1+γ1 ⩽

⩽ −
4∑︁

𝑖=1

𝑒𝑇𝑖 (𝑡)λ1𝑒𝑖(𝑡)− λ2
4∑︁

𝑖=1

|𝑒𝑖(𝑡)|2+γ1 − λ3
4∑︁

𝑖=1

|𝑒𝑖(𝑡)|2−γ1 − λ4
4∑︁

𝑖=1

|𝑒𝑖(𝑡)|2+γ1 =

= −
4∑︁

𝑖=1

𝑒𝑇𝑖 (𝑡)λ1𝑒𝑖(𝑡)− λ2
4∑︁

𝑖=1

(︀
|𝑒𝑖(𝑡)|2

)︀ 2+γ1
2 − λ3

4∑︁
𝑖=1

(︀
|𝑒𝑖(𝑡)|2

)︀ 2−γ1
2 − λ4

4∑︁
𝑖=1

(︀
|𝑒𝑖(𝑡)|2

)︀ 2+γ1
2 .

(19)

From Lemma 1, the following result is obtained:

𝑉̇ (𝑡) ⩽ −λ1𝑉 (𝑡)− λ241−
2+γ1

2

(︃
4∑︁

𝑖=1

|𝑒𝑖(𝑡)|2
)︃ 2+γ𝑖

2

− λ3

(︃
4∑︁

𝑖=1

|𝑒𝑖(𝑡)|2
)︃ 2−γ1

2

− (20)

− λ441−
2+γ1

2

(︃
4∑︁

𝑖=1

|𝑒𝑖(𝑡)|2
)︃ 2+γ1

2

= −λ1𝑉 (𝑡)− λ2𝑉 (𝑡)1+
γ1
2 − λ3𝑉 (𝑡)1+

γ1
2 − λ4𝑉 (𝑡)1+

γ1
2 .

According to Theorem 1, the drive system (7) and the response system (8) are capable of achieving
fixed-time synchronization when utilizing the controller (11). The proof has been finalized.

The synchronization performance between the driving system and the response system is
demonstrated by the time responses of the corresponding state variables. After the proposed controllers
are applied, the trajectories of the response system are observed to follow those of the driving system

360
Заамун Ф., Зеримеш Х., Ибрахим Р. В., Каримов А. И.

Известия вузов. ПНД, 2026, т. 34, № 3



1

0

-1

-2

-3

-4
0         1        2         3         4         5 

x 1
,y

1

t

x1y1

a b

c d

Fig. 6. The state variable synchronization diagram for chaotic systems with fixed time: 𝑥1 − 𝑦1 (a), 𝑥2 − 𝑦2 (b), 𝑥3 − 𝑦3 (c),
𝑥4 − 𝑦4 (d) (color online)

0              1              2              3              4              5

1

0.8

0.6

0.4

0.2

0

-0.2

e 1
e 2
e 3
e 4

t

e1

e2

e3

e4

Fig. 7. The fixed-time synchronization error (color online)

accurately, which confirms the effectiveness of the developed control scheme, as illustrated in Fig. 6.
In addition, the time evolution of the synchronization errors 𝑒1, 𝑒2, 𝑒3, and 𝑒4 is presented. The rapid
convergence of all error states toward zero further verifies that synchronization between the two systems
is successfully achieved, as shown in Fig. 7.

4. Application to Networked Mobile Robots

Autonomous navigation of mobile robots in complex environments plays an important role in
applications such as search-and-rescue, surveillance, and patrol missions. By incorporating the proposed
four-dimensional chaotic dynamics into the robot control framework, unpredictable trajectories can be
generated, thereby improving workspace exploration and motion flexibility.
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The kinematic behavior of the mobile robot is described by the following nonholonomic
model [42]: ⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑋̇(𝑡) = 𝑣(𝑡) cos θ(𝑡),

𝑌̇ (𝑡) = 𝑣(𝑡) sin θ(𝑡),

θ̇(𝑡) = ω(𝑡),

(21)

where 𝑋(𝑡) and 𝑌 (𝑡) denote the Cartesian coordinates of the robot, θ(𝑡) represents its orientation angle,
𝑣(𝑡) is the linear velocity, and ω(𝑡) is the angular velocity.

For a two-wheeled differential-drive mobile robot, the fractional-order kinematic model can be
written as ⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝐷𝑞𝑋(𝑡) = 𝑣(𝑡) cos θ(𝑡),

𝐷𝑞𝑌 (𝑡) = 𝑣(𝑡) sin θ(𝑡),

𝐷𝑞θ(𝑡) = ω(𝑡),

(22)

where 𝐷𝑞 denotes the fractional derivative of order 𝑞. The linear and angular velocities are defined by

𝑣(𝑡) =
𝑣𝑅(𝑡) + 𝑣𝐿(𝑡)

2
, ω(𝑡) =

𝑣𝑅(𝑡)− 𝑣𝐿(𝑡)

𝐿
,

with 𝑣𝑅(𝑡) and 𝑣𝐿(𝑡) representing the right and left wheel velocities, respectively, and 𝐿 denoting the
distance between the two wheels.

Within the master-slave synchronization framework, the states of the master robot are denoted by

𝑥(𝑡) =
(︀
𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡), 𝑥4(𝑡)

)︀⊤
,

whereas the states of the slave robot are denoted by

𝑦(𝑡) =
(︀
𝑦1(𝑡), 𝑦2(𝑡), 𝑦3(𝑡), 𝑦4(𝑡)

)︀⊤
.

Accordingly, the linear and angular velocities of the master robot are expressed as

𝑣𝑚(𝑡) =
𝑥1(𝑡) + 𝑥2(𝑡)

2
, ω𝑚(𝑡) =

𝑥1(𝑡)− 𝑥2(𝑡)

𝐿
,

while those of the slave robot are given by

𝑣𝑠(𝑡) =
𝑦1(𝑡) + 𝑦2(𝑡)

2
, ω𝑠(𝑡) =

𝑦1(𝑡)− 𝑦2(𝑡)

𝐿
.

Accordingly, a seven-dimensional coupled model is formulated to describe the motion of the
master–slave mobile robotic system under the influence of the proposed chaotic dynamics, as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝐷𝑞𝑦1(𝑡) = 𝑦2(𝑡) + 𝑢1(𝑡),

𝐷𝑞𝑦2(𝑡) = −𝑦3(𝑡)𝑦2(𝑡)− 𝑦1(𝑡)− 𝑎1𝑦4(𝑡) + 𝑢2(𝑡),

𝐷𝑞𝑦3(𝑡) = 𝑎2𝑦
4
2(𝑡)− 𝑎3|𝑦2(𝑡)| − 𝑎5 + 𝑢3(𝑡),

𝐷𝑞𝑦4(𝑡) = −𝑎4𝑦4(𝑡) + 𝑦2(𝑡)𝑦3(𝑡) + 𝑢4(𝑡),

𝐷𝑞𝑋(𝑡) = 𝑣(𝑡) cos θ(𝑡),

𝐷𝑞𝑌 (𝑡) = 𝑣(𝑡) sin θ(𝑡),

𝐷𝑞θ(𝑡) = ω(𝑡).

(23)
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Fig. 8. Trajectory synchronization in 𝑋-𝑌 plane. Green: master
robot (x), red: slave robot (y). Inset shows convergence within
initial 3 seconds (color online)

For the numerical implementation, the
parameters were selected as 𝑎1 = 0.5, 𝑎2 =
= 0.9, 𝑎3 = 1.5, 𝑎4 = 5.5, and 𝑎5 =
= 1.6, while the control gains were chosen
as λ = [3, 2, 2.5, 1.5] and γ = 0.8, with
wheel separation 𝐿 = 0.08m. Under these
settings, accurate trajectory synchronization of
the master–slave pair is achieved within a
finite time. After synchronization is established,
both robots are shown to follow closely
matching chaotic trajectories inside the prescribed
workspace, which confirms the effectiveness of
the proposed control framework for coordinated
motion generation and tracking, as illustrated in
Fig. 8. These results demonstrate that the proposed
formulation provides an effective link between
the theoretical fractional-order chaotic model
and its robotic implementation, while preserving
coordinated motion and trajectory complexity.

4.1. Multi-robot swarm synchronization. In the context of multi-robot systems, synchronization
is crucial for ensuring coordinated actions and consistent behavior among multiple agents. Applications
such as search-and-rescue missions, swarm robotics, and autonomous vehicle fleets require the ability
to synchronize a large number of robots so that they operate cohesively in dynamic and complex
environments [61, 62]. The master-slave synchronization approach presented in this work is designed to
tackle this challenge, where one robot (the master) provides a reference trajectory, and the other robots
(the slaves) follow this trajectory while maintaining synchronization across their states.

Synchronization of mobile robots with chaotic dynamics is particularly challenging due to the
inherent unpredictability and nonlinear behavior of these systems. The introduction of chaotic dynamics
allows for a more thorough exploration of the environment but requires careful coordination between
robots to prevent divergence and instability. The proposed fixed-time synchronization framework
provides a solution by ensuring that the synchronization is achieved in a finite, predictable amount of
time, irrespective of initial conditions or system size [63]. The proposed fixed-time synchronization
framework is extended to coordinate 𝑁 robots in a swarm. Let the master system generate the reference
chaotic trajectory 𝑋𝑚(𝑡), while 𝑁 slave robots follow 𝑋𝑖

𝑠(𝑡) (𝑖 = 1, . . . , 𝑁 ) with dynamics:

𝐷𝑞𝑋𝑖
𝑠 = 𝑓(𝑋𝑖

𝑠) + 𝑈𝑖 +
∑︁
𝑗∈𝒩𝑖

γ𝑖𝑗(𝑋𝑗
𝑠 −𝑋𝑖

𝑠). (24)

The distributed fixed-time controller is designed as:

𝑈𝑖 = −𝑘1sign(𝑒𝑖)|𝑒𝑖|α − 𝑘2sign(𝑒𝑖)|𝑒𝑖|β+

+ δ

⎛⎜⎜⎝
0

𝑥3,𝑚 sin(𝑥1,𝑚)
|𝑥2,𝑚| cos(𝑥4,𝑚)

0

⎞⎟⎟⎠ , (25)

𝑒𝑖 = 𝑋𝑖
𝑠 −𝑋𝑚, α = 1.8, β = 0.6, δ = 0.2, (26)
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Theorem 4. The swarm system (24) under controller (26) achieves fixed-time synchronization if
𝑘1 > ‖∇𝑓(𝑋𝑚)‖∞ and 𝑘2 >

√
𝑁 · 𝑑max where 𝑑max is maximum inter-robot distance. The settling

time 𝑇𝑠 satisfies:

𝑇𝑠 ⩽
1

𝑘1(1− β)
ln

(︂
1 +

𝑘1𝑉 (0)1−β

η

)︂
, 𝑉 =

1

2

𝑁∑︁
𝑖=1

𝑒𝑇𝑖 𝑒𝑖. (27)

Proof 2. Consider the Lyapunov function 𝑉 = 1
2

∑︀𝑁
𝑖=1 𝑒

𝑇
𝑖 𝑒𝑖 +

1
4

∑︀
𝑖,𝑗 ‖𝑋𝑖

𝑠 −𝑋𝑗
𝑠‖2. Taking fractional

derivative:

𝐷𝑞𝑉 ⩽
𝑁∑︁
𝑖=1

𝑒𝑇𝑖 𝐷
𝑞𝑒𝑖 +

1

2

∑︁
𝑖,𝑗

(𝑋𝑖
𝑠 −𝑋𝑗

𝑠 )
𝑇 (𝐷𝑞𝑋𝑖

𝑠 −𝐷𝑞𝑋𝑗
𝑠 )

⩽ −𝑘1

𝑁∑︁
𝑖=1

|𝑒𝑖|1+β − 𝑘2

𝑁∑︁
𝑖=1

|𝑒𝑖|1+α +Φ,

Φ ⩽ ‖∇𝑓‖∞‖𝑒𝑖‖ − 𝑘1|𝑒𝑖|1+β ⩽ 0 (when 𝑘1 > ‖∇𝑓‖∞).

Thus 𝐷𝑞𝑉 ⩽ −𝑘1𝑉
(1+β)/2 proving fixed-time stability.

4.2. Discussion of synchronization and scalability results. The synchronization performance
of the proposed control framework for a networked robotic system is illustrated through the time
evolution of the state variable 𝑥1 for the master and two representative slave units (Slave 1 and Slave 5).
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Fig. 9. Synchronization of state variable 𝑥1 between Master,
Slave 1, and Slave 5 (color online)

It can be observed that all trajectories converge
rapidly toward the same reference trajectory,
thereby demonstrating effective synchronization
behavior. The very small phase lag and the
close overlap among the curves further confirm
that the designed control protocol ensures state
convergence across all agents, as shown in
Fig. 9. This level of synchronization is particularly
notable given the nonlinear and potentially chaotic
nature of the robot dynamics. The ability to
achieve full-state synchronization (as seen in the
virtually indistinguishable trajectories) validates
the robustness of the control method against
model complexities and disturbances. Moreover,
this implies that the control input not only
stabilizes each agent’s dynamics but also enforces
coherence across the entire multi-agent system.

4.3. Scalability analysis. To evaluate the scalability of the proposed synchronization algorithm,
the average synchronization time was analyzed as the number of robots increased from 2 to 50. The
results, presented in Fig. 10 and Table 1, were found to follow a highly efficient linear trend, with an
approximate slope of 0.023 seconds per additional robot.

It is important to note that while Theorem 4 guarantees fixed-time convergence for the error
dynamics of a single pair, the slight increase in synchronization time observed in the swarm simulation
is attributed to the signal propagation delay inherent in the coupled network topology is seen in Eq. 24.
Despite this, the near-linear behavior confirms that the computational and control overhead remains
minimal, making the framework suitable for large-scale swarm deployments.
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Table 1. Average synchronization time
as a function of number of robots

Number of Robots Sync Time (s)

2 2.35

5 2.80

10 3.15

12 3.50

25 3.61

30 3.70

35 3.78

40 3.84

45 3.90

50 3.96

5. Discussion

The plot and data clearly indicate that synchronization time increases progressively with the
number of robots. The linear regression trend exhibits a slope of approximately 0.023 seconds per
robot. This result is highly efficient, indicating that as the system scales to 50 robots, the additional
synchronization burden is minimal. The near-linear behavior indicates the algorithm’s strong scalability,
with minimal performance degradation as system size increases.

The results illustrate an effective and scalable synchronization strategy for networked nonlinear
robotic systems. High-precision synchronization at a low incremental cost per agent is infrequently
documented in the literature. Many current methods experience exponential time growth or necessitate
centralized computation, thereby restricting scalability.

A comparative analysis with recent and relevant literature is presented in Table 2 to contextualize
the contributions of the proposed framework. A key distinguishing feature of this work is its proven
scalability and guaranteed synchronization within a fixed time frame. This study presents robust
simulation results for up to 50 robotic agents, demonstrating a near-linear and minimal increase in

Table 2. Comparison of robotic synchronization methods and contributions

Characteristic This Work Ref. [45] Ref. [61] Ref. [63] Ref. [44]

Sync Method Fixed-Time
Sync

Generalized Sync Fixed-Time
Sync

General Sync N/A (Single
Robot)

Scalability Excellent, tested
to 50 robots

Obstacle-focused,
less scalable

Theoretical
focus

Multi-robot, no
fixed-time focus

N/A (Single
Robot)

Dynamics 4D Fractional-
Order Chaos

Integer-Order
Chaos

Chaotic
Multi-Robot

Chaotic
Dynamics

Integer-Order
Chaos

Contribution Scalable
fixed-time sync

framework

Obstacle
avoidance with

sync

Theoretical
fixed-time

sync

Multi-robot sync
method

Single robot
navigation
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synchronization time, in contrast to other works that have examined fixed-time theory [61] or generalized
synchronization for tasks such as obstacle avoidance [45]. This contrasts with methods based on single-
robot navigation [44] or those that do not provide a fixed-time guarantee [63], which is essential for
mission-critical applications that demand predictable convergence. The introduction of a novel 4D
fractional-order chaotic system enhances dynamic complexity and modeling fidelity relative to the
integer-order systems in the comparative studies. This analysis highlights that the framework offers a
robust and efficient solution to the challenge of guaranteed-time synchronization in large-scale robotic
swarms, addressing a significant gap in the current literature.

Conclusion

The present investigation has provided important insights into a previously unexplored four-
dimensional chaotic system distinguished by the complete absence of equilibrium points. Through a
detailed investigation of its integer-order and fractional-order forms, complex dynamical behaviors
have been identified, including distinct chaotic attractors and transition mechanisms characterized by
Lyapunov spectra and bifurcation diagrams. In particular, bistable behavior has been established through
the coexistence of two attractors under the same parameter set and different initial conditions. To bridge
theory and application, a fixed-time synchronization framework grounded in fractional stability theory
has been developed, enabling coordinated dynamics between the fractional-order and integer-order
representations. The synchronized system has been successfully employed for trajectory regulation in
differential-drive mobile robots. Moreover, the proposed strategy has been shown to be fully distributed
and capable of maintaining synchronization with a low and consistent temporal overhead. These features
make the framework well suited for large-scale applications, including coordinated swarm robotics,
decentralized sensor networks, and autonomous vehicles. Finally, the numerical results have validated
both the synchronization performance and its usefulness in robotic navigation, thereby demonstrating
the practical potential of the proposed method for cyber-physical systems subject to nonlinear dynamics
and guaranteed-time convergence requirements.

References

1. Lorenz EN. Deterministic nonperiodic flow. J. Atmos. Sci. 1963;20(2):130–141. DOI: 10.1175/
1520-0469(1963)020<0130:DNF>2.0.CO;2.

2. Wang X, Akgul A, Cicek S, Pham VT, Hoang DV. A chaotic system with two stable equilibrium
points: dynamics, circuit realization and communication application. Int. J. Bifurc. Chaos.
2017;27(8):1750130. DOI: 10.1142/S0218127417501309.

3. Liao TL, Wan PY, Yan JJ. Design of synchronized large-scale chaos random number generators
and its application to secure communication. Appl. Sci. 2019;9(1):185. DOI: 10.3390/app9010185.

4. Vaidyanathan S, Sambas A, Mamat M, Ws MS. A new three-dimensional chaotic system with
a hidden attractor, circuit design and application in wireless mobile robot. Arch. Control Sci.
2017;27:541–554. DOI: 10.1515/acsc-2017-0032.

5. Yıldız BS, Kumar S, Pholdee N, Bureerat S, Sait SM, Yildiz AR. A new chaotic Lévy flight
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