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Topic. A review of the basic dynamical models of neural activity is presented and individual features of their behavior are discussed, which can be used as a basis for the subsequent
development and construction of various configurations of neural networks. The work contains both new original results and generalization of already known ones published earlier in
diﬀerent journals. Aim is to familiarize the reader with the basic dynamical properties of neurons, such as the existence of a rest state and the generation of the action potential; to outline
the dynamical mechanisms underlying these properties which are used in the development of
neural models with various levels of detailing. Investigated models. From the mathematical
point of view, neuron models are divided into two classes. The first class is represented by
models with continuous time described by ordinary diﬀerential equations. The section devoted
to continuous-time models starts from the most detailed Hodgkin–Huxley model, which is a
canonical model for neural activity in nonlinear dynamics. Further we describe simplified
models, such as a two-dimensional model of Morris–Lecar for spiking and a three-dimensional
model of Hindmarsh–Rose for bursting. The FitzHugh–Nagumo model is described in detail,
and detailed bifurcation analysis is presented. We also present models for neurons with specific properties, namely a neuron with afterdepolarization and an inferior olives neuron. The
last and the simplest model is the «integrate–fire» model. The second class of neural models are systems with discrete time represented by discrete maps. Such models have recently
gained increasing popularity due to the richness of the demonstrated dynamics and the ease of
numerical simulations. We describe such models as the Chialvo model, the Izhikevich model,
the Rulkov model, and the Courbage–Nekorkin model. Results. The basic physical principles
underlying the construction of mathematical models of neural activity, based on ion transport,
are outlined. Using the FitzHugh–Nagumo model as an example, the main properties and
mechanisms of the emergence of multithreshold excitation regimes in neurons are described.
The mechanism of formation of burst oscillations in the Hindmarsh–Rose model is outlined.
A dynamic mechanism for temporal decline of the excitation threshold and the emergence
of periodic oscillations in a neuron with afterdepolarization are described. The formation of
(Ca2+)- and (Na2+)-dependent spikes in inferior olive neurons is described. Dynamic mechanisms of formation of the major regular and chaotic regimes of neural activity in discrete
models of Chialvo, Izhikevich, Rulkov and Courbage–Nekorkin are described. Discussion.
In the Conclusion we briefly summarize the content of the survey.
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Introduction
Neurons (or nerve cells) are basic structural and functional units of nervous system.
A neuron, like any other biological cell, represents a cell body of about 10–100 µm covered
by a membrane. This membrane is an impenetrable double layer of lipids. The distinctive
feature of neural membrane is the presence of the electric potential diﬀerence between
the inner and the outer surfaces. This diﬀerence, which is called the membrane potential, has a certain constant negative value at rest and can vary with time. The electrical
pulses generated by the membrane code and transfer the information in neural networks.
The transmission of electrical signals among neurons takes place as a result of the propagation of these signals through special cell processes spreading from the cell body in
the form of thin tubular fibers. The two types of these processes are axons and dendrites. An axon is a long process that transmits electrical signals from the neuron body
to other cells. Dendrites are usually shorter branching processes along which impulses
received from other cells are transmitted to neuron. Axons have numerous terminal fibers
at their ends. These fibers can contact with dendrites, axons or other cell bodies. The contact takes place via special structures called synapses (see Fig. 1). The synapse consists
of two membranes (presynaptic and postsynaptic) of contacting neurons. The chemical
and the electrical synapses are the main types. The distance between the membranes of
presynaptic and postsynaptic neurons in the electrical synapse is about 2–4 nm and their
interaction is carried out with the help of special proteins. The contact between neurons in
the chemical synapse is completely diﬀerent. In this case the membranes of the interacting
neurons are situated at the distance of about 20–40 nm from each other and form a synaptic cleft. When an electric signal reaches the presynaptic terminal its membrane releases
a substance called a neuromediator. The neuromediator enters the synaptic cleft, passes
through it and aﬀects the receptor of the postsynaptic membrane, changing its potential,
and therefore is responsible for the connection between neurons. Synapses are diﬀerent
both in the type of the neuromediator and in their functional properties. If the membrane
potential of the postsynaptic neuron gets close to the cut oﬀ under the influence of neuro-

Fig. 1. Schematic representation of a neuron and a synapse
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mediator, i.e. depolarization of the membrane takes place, the synapse is called excitatory.
Otherwise, if the membrane potential of the postsynaptic neuron is farther from the cut
oﬀ and hyperpolarization of the membrane takes place, the synapse is called inhibitory or
suppressive.
The basic form of neuronal electrical activity is so-called action potential, i.e. an
electrical pulse or a spike. Being unexcited the neural membrane is polarized and its inner
surface has a negative potential against the outer one. This resting potential is usually
about (−70)–(−90) mV. When the action potential occurs one can observe the rising edge.
At that time the membrane potential grows rapidly to the peak value of (+20)–(+40) mV
and the excitation peak is observed for some time. Then the repolarization phase takes
place. During the phase the membrane potential decreases to the meaning lower than
the initial one. The total duration of the action potential in nerve cells is about 1 ms,
after which residual eﬀects in the membrane can be observed for 1–3 ms. It is a period
of adiaphoria during which the membrane is unexcitable. The characteristics of action
potentials are practically identical in all nerve cells of the organism. They are universal
data storage carriers in neural networks.
The action potential occurs under the influence of diﬀerent stimuli such as depolarization, i.e. changing of the membrane potential into a positive one. The appearance of
the action potential follows the law of all or nothing. This means that there is an excitation threshold and when the stimulus is too weak (it does not exceed the threshold) the
cell membrane does not respond; on the contrary, when the stimulus is strong (it exceeds
the threshold) the membrane responds with the pulse of fixed amplitude, which does not
depend on the stimulus amplitude.
Besides induced generation of action potentials in diﬀerent nerve cells one can
observe other forms of electrical activity. For instance, in some cells the generation of
electric pulses occurs spontaneously without external excitation. These are called pacemakers. They represent the cells which set the rhythm and form the rhythmic activity
of neural networks. External stimulation of such cells can lead to rhythm tuning and the
change of the amplitude or the frequency of generated pulses. Spontaneous or induced
generation of bursts i.e. packs of pulses, is another widely-spread type of electrical activity. In this case periods of pulse generation alter with slack periods. Both regular and
chaotic generations of bursts are observed. Neural bursting plays an important role in data
transfer process, generation and synchronization of rhythms in neural networks.
The above listed types of neural activity refer to excited states of neuron. But often
membrane potential dynamics lower than the threshold of excitation is of importance.
For instance, one can see spontaneous subthreshold oscillations of membrane potential in
some types of neurons. While stimulating such neurons, spikes of diﬀerent amplitude may
appear in peaks of subthreshold oscillations. Moreover, excitability of nerve cells can also
change due to subthreshold dynamics of membrane potential. For example, membrane
potential can have temporary deviations from the equilibrium value after the generation of
action potential. Such deviations can be both positive (postdepolarization) and negative
(posthyperpolarization). In the first case the following excitation of neuron is facilitated,
while in the second case it is obstructed.
The history of neural activity simulation is long. Current neuron models which we
encounter in neuroscience can be divided in two classes. The first one is formed by the
formal or neuron-like elements, while the second class includes the models in the form of
nonlinear dynamical systems.
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The concept of the formal neuron was firstly suggested in the article by McCulloch
and Pitts [1]. Formal neurons are threshold elements performing input-output conversion.
At the input such neuron gets a stimulus vector which is previously multiplied by the
weight vector. The weight indices simulate the action of synapses. Then the coordinates
of the stimulus vector are summed up and the resulting sum undergoes nonlinear transformation. Consequently the output of the formal neuron has a signal that can be both a
scalar variable and a vector. Further, this signal is sent to the inputs of other neurons thus
forming up an artificial neural network. At present these networks are widely used for
solving problems in science and engineering. However, from neurophysiological point of
view, in order to simulate the processes of brain activity, which occur while performing
cognitive functions, a more relevant neuron model is required. We will get such models
if we take into account the fact that neurons have ion channels due to which ion currents appear and the change of membrane potential takes place. Since these processes are
evolutionary corresponding mathematical models have the form of nonlinear dynamical
systems. In present survey we take into consideration the neuron models of this class and
begin with the classical Hodgkin–Huxley model.
The article consists of two parts. The first part describes physical principles which
form the basis of nerve cell excitability. The second part is devoted to the continuous time
models. This part presents basic information about the Hodgkin–Huxley model. Further
we describe the models of Morris–Lecar, FitzHugh–Nagumo, Hindmarsh–Rose, the neuron
model with aferdepolarization, the inferior olives neuron model and the integrate-and-fire
model. The second part also presents the ways of describing neurondynamics applying
discrete time systems. We examined diﬀerent modes of neural activity which are simulated
in the Chialvo model, the Izhikevich model, the Rulkov model and the Curbash–Nekorkin
model. In conclusion we briefly state mathematical aspects presented in the survey.

1.

Physics of Neural Excitability

Physicochemical basis of nerve cell excitation includes the processes of ion transport through cell membrane. Four types of ions are engaged in this process. They are
K+ , Na+ , Ca2+ , Cl− . Although the membrane is a lipid bilayer, which is impenetrable
for these ions, it has specific protein systems, which are embedded in it. They provide
ion transport through cell membrane. There are two types of such systems: ion pumps
and ion channels. The ion pump consists of integral proteins which provide active ion
transport against the concentration gradient. As a result of the work done by ion pumps
transmembrane ion gradients are created and maintained as the concentration of sodium,
calcium and chlorine is lower inside than outside the cell (in the intercellular fluid), while
the concentration of potassium is higher inside the cell. The diﬀerence of ion concentration inside and outside the cell leads to non-zero reversal potential appearance for the
given type of neurons and consequently distinct from zero membrane potential.
Ion channels are integral proteins providing passive ion transport along the electrochemical gradient. There are nonselective channels which transmit all the types of ions
and are constantly conductive, and selective ones which transmit only a certain type of
ions. There are special types of channels for every type of ions. These channels can
change their conductance, the can open and close. Changes in the condition of selective
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channel depend on the so called gates.
These are special protein molecules which
change their conformation in response to
the signals of diﬀerent types.
According to the type of signal
which causes opening and closing of the
selective gates they can be divided into
Fig. 2. Electronic equivalent circuit for a neural memseveral basic classes. Potential-depending brane
and chemosensitive ion channels are the
most important classes. The condition of the first ones depends on the value of transmembrane potential. The channels of this class play an important role in the processes of
action potential generation. The condition of the channels from the second class changes
after attaching of ligand molecules, e.g. neurotransmitter, to the channel-associated receptor protein. The channels of this class play an essential role in the processes of chemical
synaptic transmission. There are also selective channels. Their properties alter under the
influence of mechanical power, light and changes of temperature or pressure. These channels are of utmost importance in the processes of obtaining sensory information, e.g. in
sensory neurons.
The capacity of cell membrane to store the charge on its inner surface allows us to
consider it an electric condenser with certain capacitance. Ion currents, flowing through
the membrane, charge or discharge this condenser. Therefore, neuron can be represented
as electronic equivalent circuit shown in Fig. 2. Applying Kirchhoﬀ’s equation for the
currents which pass through the surface of the cell membrane we get the following equation:
N
∑
dV
= Iext −
Ij ,
(1)
C
dt
j=1

Where V is electrical potential of cell membrane, C is membrane capacitance, Iext is
external current and Ij stands for ion currents flowing through the channels of diﬀerent types. The intensity of each ion current is defined by reversal potential Ej for the
corresponding ion type and by conductance of corresponding channels gj :
Ij = gj (V − Ej ).

(2)

The equations (1)–(2) are the basic equations of transmembrane ion transport. There
is a big class of neuron models based on these equations. These models diﬀer in quantity, in the type of relevant ion channels and the ways of describing selective channels
conductance, which changes dynamically with the time due to opening and closing of the
channels.
2.

Neural Activity Models with Continuous Time

2.1. The Hodgkin – Huxley Model. The first historically known model based on
ion transport is the model oﬀered by English neurophysiologists Hodgkin and Huxley [2].
They carried out their experiments on a squid gigantic axon and studied the mechanisms
of nervous excitement appearance and its transmission. Hodgkin and Huxley described
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that selective channel conductance is defined by the condition of so called activation and
inactivation gates. The activation gates open gradually when the membrane potential rises
while the inactivation gates close. The conductance of j-type channels is defined by the
following expression:
p q
(3)
gj = g j aj j bj j ,
Where g j is the maximum conductance of channels in the open state, aj and bj are
activation and inactivation variables respectively, which characterize the probability of
being in the open state of activation and inactivation gates respectively, and pj and qj
are positive integers which define the number of activation and inactivation gates per
ion channel. Hodgkin and Huxley suggested that dynamics of activation and inactivation
variables is described with the help of diﬀerential equations of the first order.
dx
x∞ (V ) − x
=
.
dt
τ∞ (V )

(4)

where x = aj , bj is the vector of variables, x∞ (V ) and τ∞ (V ) define the steady-state
conditions of the variables and the relaxation time of the processes which generally depend on the membrane potential value. Hodgkin and Huxley discovered that sodium and
potassium ions play the main role in ion transport. It is the model they suggested that
describes sodium and potassium channels in detail. Hodgkin and Huxley showed experimentally that sodium channels have one inactivation and three activation gates (pN a = 3,
qN a = 1), while potassium ones have four activation gates per channel (pK = 4, qK = 0).
These numbers were chosen empirically so that to describe current kinetics in a better way.
The functions x∞ (V ) and τ∞ (V ) were also chosen empirically. Finally, the Hodgkin–
Huxley model appears as follows:
dV
= Iext − g K n4 (V − VK ) − g N a m3 h(V − VN a ) − g L (V − VL ),
dt
dx
= αx (V )(1 − x) − βx (V )x.
dt

C

(5)
(6)

Here V stands for membrane potential which is measured out in millivolts beginning with
resting potential, x = n, m, h, where n and m are activation variables for potassium and
sodium channels respectively and h is an the inactivation variable of sodium channels.
In case the biological parameters are relevant, tabular integration of the system
(5)–(6) shows that this model simulates dynamics of neuron membrane potential
in a proper way. The main property of
the system is the action potential generation which follows the all-or-nothing law.
Fig. 3 compares the graphs which show
membrane potential dynamics of the squid
gigantic axon and the Hodgkin–Huxley
model. It is evident that the pulse shape
produced by the model is close to the exFig. 3. Comparison of the action potential experimentally observed in the giant squid axon and the results of perimentally available shape of the waves
numerical integration of the Hodgkin–Huxley model. and action potential is followed by the reModified from [2]
fracterity phase. Not only qualitative but
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quantitative similarity of model dynamics and real membrane behavior are observed. The
duration and the amplitude of the pulses shown in Fig. 3 match with a good degree of
accuracy.
The principles which form the basis of the Hodgkin–Huxley model were used by
other researchers to create similar models (see [3, 5]). These models diﬀer in quality and
the type of the ion channels taken into consideration. The main advantage of the Hodgkin–
Huxley model is the detailed description of ion channels dynamics, biological adequacy
and matching of the model and physiological parameters. However the complexity of
analytical and numerical research caused the necessity of using simpler models of neural
activity.
2.2. The Morris–Lecar Model. Another well-known model based on the Hodgkin–Huxley model was suggested by C. Morris and G. Lecar [6] to describe diﬀerent
modes of oscillatory activity which was observed during the experiments on giant barnacle
muscle fiber. Experimental data [7] were used to make a 3-dimensional model which
took into account two potential-dependent calcium and potassium ion channels which are
never fully inactivated. The work [6] presents the analysis of possible modes, which are
predicted by the theoretical model, and comparison with experimental data. Analyzing the
modes, which satisfied oscillatory behavior of muscle fiber potential, it was suggested that
calcium and potassium channel conductance has diﬀerent relaxation time. Due to this the
reduced model of the second order was obtained, taking into account that calcium channel
conductance takes the stationary value immediately:
C

dV
= Iext − gL (V − VL ) − gCa M∞ (V )(V − VCa ) − gK n(V − VK ),
dt

(7)

dn
n∞ (V ) − n
=
.
dt
τn (V )
The variables V and n are of the same meaning as in the Hodgkin–Huxley model.
The summands in the right-hand side of the equation (7) determine the external current,
the leakage current, and calcium and potassium currents flowing through the membrane.
The functions M∞ (V ), n∞ (V ) and τn (V ) are written as following:
[
(
)]
V − V1
M∞ (V ) = 0.5 1 + tanh
,
V2
[
(
)]
V − V3
n∞ (V ) = 0.5 1 + tanh
,
V4
[
(
)]
V − V3 −1
τn (V ) = ϕ cosh
.
2V4
With the help of this simplified model it became possible to describe the series of oscillatory regimes (underdamping and periodic oscillations) fixed during the experiments on
barnacle muscle fiber. Because of its relative simplicity the Morris–Lecar model (M–L) is
one of the popular models built on the basis of the equations for ion transport This model
is used for oscillatory activity simulation including nerve tissue.
Dynamics of the model (7) was examined in some papers [8–12]. These papers were
focused mostly on the study of the external current influence on the nature of oscillation
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appearance. The study of the bifurcation structure of the Morris–Lecar model in the planes
with diﬀerent parameters is given in [11] in detail. Due to the analysis of two-parameter
bifurcation diagrams performed in this paper, where the external current Iext and one
the values gCa , ϕ, V3 or V4 were chosen as control parameters, it was possible to mark
the regions with diﬀerent behavior of membrane potential and find the ways which led to
setting of these modes. System (7) can perform the regime of periodic pulse generation and
the excitable regimes of diﬀerent complexity. In general, the system behavior is specified
by the number of attractors, mutual arrangement of saddle separatrixes and unstable limit
cycles, existing in phase plane with the chosen parameter values. There are two types of
attractors in the M–L model. They are the stable states of equilibrium and the limit cycles
which respond to the resting state and periodic pulse generation of neuron when neural
activity is described. Depending on the parameters dynamics of the M–L model can be
monostable, bistable and even tristable. It is determined that the system (7) can have from
one up to three equilibrium states, which is defined by the number of cross points of the
system nullclines (see Fig. 4). When the system has three states of equilibrium one of
them (O2 ) is the saddle. Its stable separatrixes set the threshold of neuron excitation. The
simplest example of the excitable regime is shown in Fig. 4, a). At the start time the
system is in the resting state which is characterized by the stable equilibrium O1 on the
phase plane and which is the only one system attractor. The representative point is in the
equilibrium state. The shift of this point takes place on the phase plane under the external
stimulus. When the stimulus is over, the system returns to the resting state. If the stimulus
is strong enough the response is characterized by the prominent growing change of the
variable V , i.e. the system generates the excitation pulse. The system (7) can demonstrate
a more complex excitable behavior when the generation of the series of excitation pulses is
observed in response to the external stimulus (Fig. 4, b). Such behavior is fixed when the
system parameters are close to bifurcation values which respond to the appearance of the
double limit cycle. The appearance of the complex response is stipulated by the formation
of “layering” on the phase plane. This formation is connected with the condensation of
phase trajectories. The condensation, in turn, is the result of the system dynamic memory
about the recent presence of the double limit cycle. When the system trajectory enters one
of such “layerings”, while returning to the state of equilibrium O1 , it makes a number of
revolutions, which means the generation of the series of excitation pulses.
The regime of the periodic generation of excitation pulses is determined by the
appearance of the stable limit cycle on the phase plane of the system (see Fig. 4, c, d).
The regime of periodic oscillations can appear as a result of diﬀerent bifurcations such
as [11] Andronov–Hopf bifurcation, bifurcation of double limit cycle and the one of the
loop of saddle-node separatrices.
The system (7) can demonstrate bistable behavior having excitable and oscillatory
properties at the same time. The example of the phase portrait corresponding to such
behavior is presented in the Fig. 4, e. There are a couple of limit cycles on the phase
plane which are stable and unstable, and three equilibrium states one of which (O1 ) is
stable. If under the stimulus the representative point remains inside the region limited
by the unstable limit cycle and happens to appear lower than stable separatrices of the
saddle (O2 ), the system generates the excitation pulse (Fig. 4, e). If after the influence of
stimulus parameters the representative point on the phase plane turns out to be outside the
region given oﬀ by the unstable limit cycle, the system switches to the regime of periodic
oscillations corresponding to the stable limit cycle.
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Fig. 4. Phase portraits and waveform of membrane potential in Morris–Lecar model for C = 20 µF/cm2 ,
gL = 0.2 mS/cm2 , gCa = 4.4 mS/cm2 , gK = 8.0 mS/cm2 , Vl = 50 mV, VCa = 100 mV, VK = 70 mV,
V1 = −1 mV, V2 = 15 mV, V3 = 2 mV, V4 = 30 mV, ϕ = 0.05 s−1 and for diﬀerent value of external
current Iext µA/cm2 : a – 20, b – 27.54842, c –30, d – 40
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Finally, there are parameter regions where the system has three attractors [11]. They
are two equilibrium states and a limit cycle. In this case the external stimulation causes
generation of excitation pulses which ends up by returning to the resting state or it is
possible to switch the system to the regime of periodic oscilations.
2.3. The FitzHugh–Nagumo Model. It was mentioned above that dynamics of
the selective ion channel is characterized by some properties. Firstly, when the transmembrane potential V is fixed the current value I is set constant I∞ (V ). Secondly, this
value does not set instantly but during some period of time τ(V ). Without elaborating on
dynamics of ion channels we can use an ordinary linear diﬀerential equation to simulate
these properties (see [13]):
dI
I∞ (V ) − I
=
.
(8)
dt
τ(V )
FitzHugh was the first to use the model with a simplified way of describing dynamics
of nerve cell ion channels [14, 15]. Then it was extended by Nagumo with the example
of spatially-extended systems [16]. The FitzHugh–Nagumo model uses the approach based
on dividing the currents according to their time scales (see [17]). It is supposed that
periods of time for current setting are small for most ion channels. Due to that it is
possible to take the total current passing through them IΣ as always equal to its equilibrium
value f (V ). There is also one or some types of channels I, where the time of current
change maxV τ(V ) is comparable and considered to be long. The equation (8) is used to
describe these currents. The equation (5) describes dynamics of transmembrane potential.
As a result, we get the following generalized two-dimensional FitzHugh–Nagumo system:
{
V̇ = Iext − I − f (V ),
(9)
I˙ = ε(g(V ) − I),
where ε = C/ max τ(V ). Using the functions f and g from the original paper by FitzHugh
and having changed the variables we get the classical FitzHugh–Nagumo system:
{
u̇ = u − u3 /3 − v + Iext ,
(10)
v̇ = ε(u − a − bv).
where u describes dynamics of neuron membrane potential and v is the collective eﬀect
of all slow ion currents responsible for the restoration of the membrane resting potential.
The a and b parameters provide conductance characteristics of ion channels and ε (ε > 0)
means the rate of slow ion current changing.
Initially, the b and ε parameters had the following conditions: 0 < b < 1, ε ≪ 1/b.
The first condition lets the system (10) have only one equilibrium state corresponding to
the neuron resting state. The second condition, on the one hand, provides the opportunity of stability equilibrium changing into this state and, on the other hand, it lets system
dynamics become close to the relaxation one. Therefore, regardless of the system parameters, its dynamics is formed by the so called fast and slow motions [18–21]. The first
ones occur along the curve v ≈ const. The second ones occur in the ε-region of the stable
manifold of slow motions, which is formed by the two dropping sections of u-nullcline
(v = u − u3 /3 + Iext ). The left dropping section (in the region of the negative membrane potential) is usually associated with the refractory (or unexcited) state of neuron and
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the right dropping section (in the region of the positive membrane potential) is associated
with the excited state.
Let us take a closer look at typical regimes of the classical FitzHugh–Nagumo
system. Their phase portraits are shown in Fig. 5, a–f. Fig. 5, g–i show the responses of the
system in these regimes. The regime in Fig. 5, a is actual when a > a+ . The equilibrium
state O is globally stable in this regime and located in the left region of the stable manifold
of slow motions. Thus stimulus can make the system generate single excitation pulses
(action potential or spikes). That is why this regime is called excitable. Actually, if the
stimulus is strong enough, the representative point (C0 trajectory) can leave the region
the equilibrium state and get over threshold manifold which is formed by the layer of
unstable slow motions occurring in the ε-region of the rising section of u-nullcline and
its trace in the reverse time (the region is marked with grey in Fig. 5, a). Then following
fast motions the representative point goes to the right section of the stable manifold of
slow motions, moves along it to the discontinuity point, and then, following fast motions
again, returns to the left region relaxing to the steady state in the end. When a = a+ the
Andronov–Hopf bifurcation and the change of equilibrium state stability take place. When
a < a+ decreases, a small limit cycle (C1 . See Fig. 5, b) appears on the phase plane of
a neuron. This cycle responds to the quasiharmonic subthreshold oscillations. Then the
system goes through a cascade of so called duck solutions [20]. The latter contain both
the regions of the variety of fast and stable slow motions, and the regions of unstable

Fig. 5. Typical regimes of classical FitzHugh–Nagumo system: (a, e, f ) – regimes of single and periodic
generation of excitation pulses (action potentials or spikes); (b–d) – regimes of subthreshold oscillations;
(g–i) – typical responses in(the regimes.
The dashed lines represent the system’s nullclines. The √
parameters:
)
(a) – a > a+ ; (b–f ) – a ∈ a− , a+ , a∓ (ε, b, Iext ) = u1,2 − b(u1,2 − u31,2 /3 + Iext ), u1,2 = ∓ 1 − bε
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slow motions. These solutions respond to complex subthreshold (Fig. 5, c, d) and spike
(Fig. 5, e) oscillations of the system. At first, the small limit cycle changes into the so
called “headless duck” (C2 ). This solution is called so, because it contains only one left
region of stable manifold of slow motions. Then the small duck turns into a big “headless
duck” (C3 ) and that one becomes the duck with the head (C4 ). The latter contains both the
left and the right regions of stable manifold of slow motions. Finally, the big duck with
the head changes into the big limit cycle (C5 . See Fig. 5, f). The neuron, in turn, switches
to the regime of the periodic generation of excitation pulses. When a decreases further
we can observe the reverse cascade of duck solutions, when a = a− the Andronov–Hopf
bifurcation takes place and the equilibrium state becomes stable again, going to the right
region of stable manifold of slow motions. The excitable regime arises in the system.
At present the classical FitzHugh–Nagumo system is widely applied in diﬀerent
areas of modern science. However, it is diﬃcult to apply this system to describe neuron
dynamics because of certain properties. Threshold manifold is formed by ε-layer of instable slow motions in the neighborhood of unstable slow manifold and it is rather diﬃcult
to definitely classify the excitation. The main regime of neuron dynamics is the excitable
regime, which appears in the system when ε values are small. To overcome these disadvantages the system is studied in the region which have three equilibrium states and
the threshold manifold is formed by the separatrices of the saddle state (see further). The
other way is to develop modified systems on its basis. Generally, the changes take place
in g function in the equation for slow ion currents. For example, the model with nonlinear
renewal, being a piecewise linear function, was theoretically and experimentally studied
in [22, 23].
{
u̇ = u − u3 /3 − v + Iext ,
(11)
v̇ = ε(αuH(−u) + βuH(u) − v − a),
Where H is the Heaviside function, parameters α, β (α > 0, β > 0) and a describe
nonlinear characteristics of ion channels. On the one hand, such g function describes
dynamics of ion currents in a proper way making it similar to dynamics of currents in
the Morris–Lecar system. On the other hand, such modification leads to the formation of
new dynamic properties of the system. In particular, studies show that compared to the
classical model this system has a wider variety of dynamic regimes.
The system (11) can have either one or three rough states of equilibrium depending
on the parameters. In the first case it can be both stable and unstable focus ( a node).
In this parameter region the system behaves in the same way as the above mentioned classical FitzHugh–Nagumo system. In the second case the phase plane has two equilibrium
states of the focus (or node) type, which can be both stable and unstable, and the saddle
equilibrium state. Fig. 6 presents partition of the system’s (11) parameter (ε, I0 ≡ a+Iext )
plane for three diﬀerent ratios of parameters α and β in the region, corresponding to its
diﬀerent dynamic regimes. Phase portraits of the regimes existing in the 1–15 regions
respectively are shown in Fig. 7. Phase portraits in the regions with dashes are mirror-like
+
−
equivalents of the corresponding portraits without dashes. The curves A+
1 and A3 (A3 )
in the diagrams correspond to the Andronov–Hopf bifurcations (change of stability) of
equilibrium states O1 and O3 localized in the left (u < 0) and the right (u > 0) semiplanes (see Fig. 7). The superscript at A1 and A3 shows the sign of the first Lyapunov
value. The curves H1+ and H2+ (H2− ) correspond to the bifurcations of “small” loops of
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Fig. 6. Bifurcation diagrams for system (11) obtained for: a – α = 0.8, β = 0.9; b – α =
= 0.5, β = 2.0; c – α = 0.8, β = 1.1258

the separatrices of the saddle-node equilibrium state. W1s − W1u and W2s − W2u , and the
+
−
+
curves H1,2
(H1,2
) and H2,1
correspond to the bifurcations of “big” loops of the separatris
u
s
ces W1 − W2 and W2 − W1u . The superscript at H1 , H2 , H1,2 and H2,1 shows the sign
of the saddle value. The curve C corresponds to the bifurcation of formation of the “big”
double limit cycle which comprises all the three equilibrium states of the system (11) and
the curves C3a and C3b correspond to the bifurcation of formation of the “small” double
limit cycles, localized in the neighborhood of the equilibrium state O3 . Let us note that
partition in Fig. 6, a can be obtained for the classical FitzHugh–Nagumo system [24],
while partition in Fig. 6, b, c can be obtained only for models of the Morris–Lecar type.
Depending on the parameters the system can have up to three diﬀerent attractors.
There is one attractor in each of the regions 1 and 2 (monostability), there are two attractors
in the regions 3–5, 7–10 (bistability) and the rest of the regions have three attractors
(multistability). Attractors are steady equilibrium states O1 and O2 corresponding to
the resting states and “permanent” neuron excitation respectively, the global steady limit
cycle – Ls including all the three equilibrium states and corresponding to the regime
of the periodic generation of excitation pulses; and local stable limit cycles l1s and l1s∗
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Fig. 7. Structurally stable phase portraits of system (11) corresponding to regimes in regions 1–15 (see fig. 6),
respectively

18

A.S. Dmitrichev, D.V. Kasatkin, V.V. Klinshov, S.Yu. Kirillov,
O.V. Maslennikov, D.S. Shchapin, V.I. Nekorkin
Izvestiya VUZ. AND, vol. 26, no. 4, 2018

(l3s and l3s∗ ), including the equilibrium state O1 (O3 ) and corresponding to the regimes
of subthreshold oscillations (permanent non-stationary excitation). The attractors’ basins
of attraction are limited to both/either stable saddle separatrices O2 and/or global unstable
limit cycle Lu , and/or local unstable limit cycles l1u and l3u including the equilibrium states
O1 and O3 respectively. The presence of these or those attractors, threshold manifolds
and their definite configurations indicate the presence of the particular behavior in the
system. If the phase plane has stable limit cycles, the periodic behavior takes place.
If both unstable saddle separatrices approach to one and the same equilibrium state, the
excitable behavior in relation to this state takes place. If the unstable separatrices approach
to diﬀerent attractors or the phase plane has unstable limit cycles we encounter trigger
(switching) behavior. Depending on the initial conditions in the system one attractor
comes into eﬀect. This attractor can change subsequently with the help of the external
stimulus which transfers the system to the necessary attractor’s basin of attraction.
Note, that all the above mentioned types of behavior can be observed simultaneously. The periodic behavior is observed in region 1. The excitable behavior is observed
in regions 2–6. Besides, one can encounter transition to the permanent excitation in regions 3 and 6, and diﬀerent oscillatory regimes in regions 3–6. Finally, we can observe
trigger behavior between the resting state and permanent excitation (regions 7, 11–13) and
diﬀerent oscillatory regimes (regions 8–15).
One of the above mentioned fundamental features even for complex regimes is the
presence of not more than two excitation thresholds which separate diﬀerent dynamic
system behavior (oscillations, resting, excitability) one from another. Let us consider
the set of the system regimes (11) which have nontrivial complex-threshold dynamic
properties, namely, a considerable number of excitation thresholds.
Fig. 8, a shows the phase portrait of one of such regimes which takes place in
region 1 when the system parameters are close to the bifurcation curve, corresponding to
−
the “big” loop of separatrix with the negative saddle value H1,2
or to the curve of the
“big” double limit cycle C (Fig. 6). The incoming separatrix of the saddle W1s approaches
to the outgoing separatrix W1u and begins to revolve (when t → −∞) around all the
three equilibrium states. On the phase plane (u, v) this corresponds to the appearance
of “layerings” limited by separatrix loops W1s . The number of such “layerings” grows
when the parameters are close to the denoted bifurcation curves and turns to infinity when
the parameters match with bifurcation values. When the initial conditions agree with one
of the “layerings”, the trajectory, returning to the equilibrium state O1 , will make a few
revolutions which means generation of the number of excitation pulses. Fig. 8, b shows
regions pi which determine the range of initial disturbances up ( with u being a variable
and v fixed) depending on ε-parameter. The disturbances correspond to the generation
of the number of pulses i = 0.7. Region p0 determines the absence of the response
and region pi determines the response in the form of a number of consecutive pulses i.
It should be noted that pulse generation in this regime is possible not only for excitatory
(up > 0) but for inhibitory (up < 0) stimuli. Fig. 8, c and d show system response to
excitatory and inhibitory stimuli as 2 and 6 pulses respectively. Such regime can appear
when the system has only one equilibrium state. For example, it can be observed when
the system parameters are close to bifurcation values responsible for the appearance of the
double limit cycle in its phase space. Formation of “layerings” is connected with phase
trajectories accumulation. These trajectories are the result of the system dynamic memory
about the recent double limit cycle.
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Fig. 8. a – excitable multi-threshold regime. b – areas of generation (pi ) of diﬀerent number of response
pulses (spike trains) depending on the amplitude of external stimulus and the parameter ε. c–d – the examples
of responses to excitatory and inhibitory stimula. The parameters are α = 0.8, β = 0.9, I0 = 0.01

Another multi-threshold regime takes place in region 7 in the neighborhood of the
bifurcation curve of the “big’ double limit cycle C (Fig. 6, a). The typical phase portrait of
this regime is shown in Fig. 9, a. Both incoming separatrices of the saddle begin to revolve
as in the previous case when the parameters are close to C. As a result, the trigger bistable
regime (transition between the equilibrium states) takes on the excitable multi-threshold
properties. On the one hand, there is a possibility of pulse generation and a number of
excitation pulses relative to both lower and upper equilibrium states. On the other hand,
revolution of stable (incoming) separatrices leads to the appearance of nontrivial trigger
behavior where transitions between equilibrium states are also followed by the generation
of the number of excitation pulses. Fig. 9, b shows the regions corresponding to the
diﬀerent system behavior (11) which appears in response to resting state perturbation O1 .
The regions si correspond to the trigger system behavior (11) followed by the generation
of i excitation pulses. Figures 9, c, d show typical behavior (11) in this regime.
One more multi-threshold regime also takes place in region 10 in the neighborhood of the bifurcation curve of the “big” separatrix loop with the negative saddle value
(Fig. 6, c). The typical phase portrait of this regime is shown in Fig. 10, a. Unlike the
situation in the previous case, here both incoming saddle separatrices and begin to revolve
around all the equilibrium states. This leads to the fact that previously simple regime with
trigger-like dynamics (transitions between the resting state and local oscillations) acquires
excitable-oscillatory multi-threshold behavior. Let the system (11) be in the resting state
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initially. Then we can get generation of excitation pulses depending on the initial perturbation. In the end the generation will either return to the resting state or change into the
regime of low-amplitude oscillations. Similar processes take place during perturbation of
the system’s oscillatory state.
Fig. 10, b shows the regions corresponding to diﬀerent response of the system (11)
to the perturbation of its resting system. As it was earlier region pi corresponds to the
system response in the form of i excitation pulses which return to the resting state. Region
ci also corresponds to the generation of the number of i pulses but with the following
switch to the oscillatory regime. Fig. 10, c and d show both of the analyzed types of
behavior.
System (11) has the same multi-threshold properties for the parameters localized
−
near the curve C in region 8 and for the parameters localized near the curve H1,2
in
regions 13 and 15. Phase portraits of these regimes are shown in Fig. 11. These regimes
have common features with the above analyzed regimes with multi-threshold properties
but we will not describe them in detail.
All in all the FitzHugh–Nagumo model, which is a simple dynamic system on the
plane, describe basic features of neuron dynamics in a proper way. This model comprises
the presence of resting potential, the possibility of the generation of action potential,
excitation threshold, refracterity etc. Dynamic regions observed in this system include
excitability and periodic generation of action pulses. However, dynamics of the FitzHugh–
Nagumo model can be studied with the help of qualitative methods and shown on the phase

Fig. 9. a – excitable-trigger multi-threshold regime. b – areas of generation of diﬀerent number of response
pulses (spike trains) with either return to previous equilibrium state (pi ) or transition to another one (si ).
c–d – the examples of responses. The parameters are α = 0.8, β = 0.9, I0 = 0.035
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Fig. 10. a – excitable-oscillatory multi-threshold regime. b – areas of generation of diﬀerent number of
response pulses (spike trains) with either return to previous equilibrium state (pi ) or transition to regime of
periodic spiking (ci ). c–d – the examples of responses. The parameters are α = 0.8, β = 1.1258, I0 = 0.0595

Fig. 11. a, b – excitable multi-threshold regimes with background equilibrium state (O3 ) and limit cycle (l3s ),
respectively. c – excitable-oscillatory multi-threshold regimes with background limit cycle (l3s )
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plane unlike the Hodgkin–Huxley model which is more complex for analytic treatment.
Besides, the major feature of the FitzHugh–Nagumo models is a fairly simple way of
radio technical imlemetation [16, 23, 24]. Due to the simplicity on the one hand and
proper presenting of neuron basic features on the other the FitzHugh–Nagumo model is
very popular with researchers.
2.4. The Hindmarsh–Rose Model. The above mentioned models of neural activity describe the neuron generation of single pulses (action potentials or spikes). However, neurophysiology has another important form of neural activity which is burst generation. Bursts present a group of two or more spikes, following each other and having
periods of inactivity between them. Neural bursting was firstly suggested in the paper
by Hindmarsh and Rose [25]. On the one hand, this model can be treated as generalization of the FitzHugh–Nagumo model and simplification of the physiologically realistic
Hodgkin – Huxley model, on the other hand. This model is optimal in relation to the simplicity balance and the variety of dynamic regimes it demonstrates. The Hindmarsh–Rose
model presents the following 3D dynamic system:
dx
= y − ax3 + bx2 + Iext − z,
dt

(12)

dy
= c − dx2 − y,
dt

(13)

dz
= r (s (x − x1 ) − z) .
dt

(14)

Variable x describes neuron membrane potential, y and z correspond to fast and slow
ion currents which flow through the membrane. Parameter r ≪ 1 denotes the ratio of
specific time scales of changes of these currents. Parameter Iext describes the external
current applied to neuron and other parameters characterize nonlinearity of membrane
conductance. Typical values are a = c = 1, b = 3, d = 5 and other parameters are control
ones which help to operate dynamic regimes on the system.
Due to the smallness of parameter r we can point out slow and fast motions in the
Hindmarsh–Rose model [26]. The first two equations for x and y variables show fast
subsystem whereas z presents a slow one. When r = 0 the value of variable z is fixed
and becomes a parameter in the fast subsystem. The presence of two diﬀerent attractors
(stable limit cycle and stable equilibrium state) is the most important feature of the fast
subsystem (12–13). The limit cycle corresponds to the neuron periodic generation of
spikes and the equilibrium state corresponds to neuron’s rest. When z increases the limit
cycle disappears through bifurcation of the loop of saddle separatrices. When z decreases
the state of equilibrium disappears through saddle-node bifurcation. The presence of
bistability interval is the most important feature of the fast subsystem. This means that
stable limit cycle and stable equilibrium state co-exist. (Fig. 12, a).
Slow change of variable z takes place when 0 < r ≪ 1. The attractors of the fast
motions form two manifolds of in the phase space of the complete system: the equilibrium
state in the fast motions corresponds to one-dimensional manifold W0 while the limit cycle
corresponds to two-dimensional manifold, which presents oscillatory surface (Fig. 12, b).
Stable manifolds of slow motions of the system are separated by unstable manifold
WU corresponding to the saddle of the fast motions. The boundary of the manifold W1 is
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determined by homoclinic bifurcation in the fast subsystem whereas the boundary of the
manifold W0 is determined by saddle-node bifurcation in the fast subsystem.
According to Eq. (14) dynamics of slow variable z depends on the state of the fast
subsystem: if the fast motions is in the oscillatory regime, i.e. on manifold W1 , variable z
increases. On the contrary, if the fast motions is in the resting state, i.e. on manifold W0 ,
slow variable z decreases. This means that repetitive motion on manifolds appears in the
full system. At first, the representative point moves along the manifold W1 until the edge
thus increasing z. Then the system moves to manifold W0 until the edge thus decreasing.
After that the process repeats. When the representative point of the full system is close to
manifold W0 , that corresponds to the hyperpolarized state of neuron, i.e. oﬀ time. When
the representative point of the full system revolves around W1 , that corresponds to the
generation of spikes. So, repetitive changes of manifolds correspond to the generation of
a number of spikes or bursts (Fig. 13) by the full system.

Fig. 12. a – a typical phase portrait of the fast subsystem (12)–(13) of the Hindmarsh–Rose model. The
system is bistable in a wide range of parameters with a stable steady state O and a stable limit cycle L
separated by a saddle U . b – a qualitative view of the full phase space of the Hindmarsh–Rose model. The
stable manifolds W0 and W1 are separated by the unstable manifold WU . Also depicted are three diﬀerent
positions of the nulcline plane for Eq. (14)

Fig. 13. Typical dynamics of the Hindmarsh–Rose system. a – sequential transitions between the manifolds
W0 and W1 . b – the membrane potential x versus time – periodic generation of burst consisting of fours
spikes
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Note that the speed of the system along manifolds of slow motions is determined by
the plane position z = s(x − x1 ), which in its turn determine the nullcline of the Eq. (14).
The position of this plane is controlled by parameters s and x1 , which determine the duration of bursts and oﬀ times between them. Values x1 being large, when the nullcline plane
crosses manifold W1 , the system does not leave this manifold (position (1) in Fig. 12, b).
In this case the oﬀ time does not take place and the system generates periodic spikes with
high frequency. Values x1 being small, when the nullcline plane crosses saddle manifold,
repetitive manifolds take place (position (3) in Fig. 12, b). The lower the nullcline plane
is, the more time the system is in manifold W0 and the longer the oﬀ time is between
bursts.
The intermediate position of the nullcline plane when crossing of nullcline and
manifold W1 occurs close to the saddle (position (2) in Fig. 12, b) is of great interest.
In this parameter region the transition from generation of spikes to burst generation takes
place and this transition is the subject of research [27 29]. It should be noted that the
division of system motions into fast and slow ones becomes incorrect in this parameter
region. In fact, the period of the limit cycle in the fast subsystem increases greatly while
approaching to the bifurcation point. Research shows that with x1 decreasing the limit
cycle corresponding to periodic spiking undergoes the cascade of bifurcations of period
doubling. Strange attractor appears in the system. It is located close to the edge of
manifold W1 and corresponds to chaotic generation of spikes. The transition from chaotic
generation spikes to chaotic burst generation occurs via homoclinic bifurcation in the full
system. Further decreasing of x1 leads to duration and number decreasing of spikes in
bursts. Thus, transparency windows with regular burst generation appear.
As a result, the Hindmarsh–Rose model can demonstrate a wide range of dynamic
regimes depending on controlling parameters. Regular and chaotic generation of spikes
and bursts, and excitatory regimes refer to such regimes.
2.5. The Neuron Model with Afterdepolarization. As noted above, excitability, i.e. the ability to generate electrical pulse in response to the external stimulus of the
proper amplitude, is the most important property of neuron cells. The threshold of neuron
excitation is the qualitative characteristics of excitability, i.e. minimal value of the external stimulus amplitude which leads to system excitation. It turns out that the excitation
threshold of some neurons is not a constant value but changes with time: the generation of
one action potential may lead to temporary change of excitation threshold of subsequent
pulses. This phenomenon is called afterhyperpolarization,(AHP) in case threshold rises
and afterdepolarization (ADP) when threshold falls (see [30, 32]).
Afterdepolarization property of neuron membrane can play an important role in
dynamics of single electrons and neuron ensembles. The falling of excitation threshold
after single generation of action potential can lead to appearance of spontaneous secondary
spikes or transition of neuron into the regime of burst activity. Afterdepolarization is
supposed to play an important role in cognitive processes of the central nervous system, in
forming the temporary memory, in particular [33, 35]. Ionic mechanisms forming the basis
of afterdepolarization are not fully studied. However, the most probable mechanism is
connected with a certain ion current, which becomes active shortly after neuron excitation
and then gets inactivated slowly [36, 37].
The model which describes afterdepolarization property is given in paper [38]. This
system is the generalization of the classical FitzHugh–Nagumo model with additional
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ion current z. This current switches on quickly after the start of neuron excitation and
decreases slowly after the excitation finishes. The model can be presented as;
ε

dx
= z + Iext − y − f (x),
dt

(15)

dy
= a + g(x) − by,
dt

(16)

dz
= α(x)(1 − z) − β(x)z.
dt

(17)

Here x is the membrane potential; Iext is the external current, y and z correspond to two
diﬀerent types of ion currents, and the small parameter ε ≪ 1 corresponds to membrane
capacity, f (x) is the nonlinear function having cubic form, g(x) is the steadily increasing
function, functions α(x) and β(x) are step functions and describe activation and inactivation of the incoming ion current z.
We can identify fast and slow motions in system (15)–(17). The manifold of slow
motions of the system is shown in Fig. (14). It is two-dimensional and consists of one
unstable and two stable components. Stable component W0 is located in the region of the
negative x and corresponds to the unexcited neuron state, component W1 is located in the
region of the positive x corresponding to excitation.
Similar to the classical FitzHugh–Nagumo model system (15)–(17) is excitable: under the influence of a rather strong pulse the representative point leaves manifold W0 for
W1 and neuron generates spike. After that the representative point returns to manifold W0
and moves along it. It is important that during the motion the trajectory gets close to the
edge of this manifold. When the trajectory does not reach the edge neuron returns to the
resting state (Fig. 14, a). But the important thing is that, while the trajectory is close to the
edge, membrane potential x deviates positively compared with the equilibrium state. This
means that the membrane has the lower excitability threshold, i.e. the stimulus of smaller
amplitude is enough for the repetitive excitation. That is the property of afterdepolarization. Dynamic mechanism, which is the basis of this property, means approaching of the
corresponding to the action potential trajectory to the edge manifold which determines the
threshold of system excitation.
In case the trajectory crosses the edge of manifold W0 , the neuron generates spike
once more as shown in Fig. 14, b. This process can be repeated several times and result
in periodic neuron excitation. The appearance of the regime of periodic generation of
action potentials is connected with bifurcation of the double limit cycle. As a result of

Fig. 14. Transitions between the slow motion manifolds: a – a single spike; b – tonic spiking. Modified from
Klinshov V.V., Nekorkin V.I. Communications in Nonlinear Science and Numerical Simulation, 2012, 17(3),
pp. 1438–1446
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Fig. 15. The response of a neuron on external stimuli, parameters ε = 10−2 , b = 0.5, δ0 = 0.1, δ1 = 1,
a = −1 are fixed, parameter γ is varied: a – excitability and afterdepolarization, γ = 1.6; b – tonic spiking,
γ = 2. Modified from Klinshov V.V., Nekorkin V.I. Communications in Nonlinear Science and Numerical
Simulation, 2012, 17(3), pp. 1438–1446

this bifurcation the stable limit cycle appears and the system becomes bistable. External
stimulus leads to “switching” of the neuron from the resting state to the regime of periodic
generation of action potentials (Fig. 15, b). Such behavior can be interpreted as dynamic
memory: neuron “remembers” external stimulus and stores the information in the form of
periodic activity [33].
Note, that we can observe the so called spontaneous second spikes [39, 40] near
the bifurcation point in the system. Under the influence of the external stimulus the
representative point gets into the region of accumulation of trajectories and makes a few
revolutions and returns to the equilibrium state. This corresponds to generation of some
additional spikes after the stimulation is over.
2.6. The Model of Inferior Olives Neuron. Inferior olives are one of the fundamental elements of control system and motion coordination [41] in many vertebrates
especially in birds and mammals. The inferior olives convert the signals coming from
cerebral cortex and spinal cord in a specific way and transmit these signals to diﬀerent
parts of cerebellum. The signals coming from inferior olives contain information about the
plan to move. Using this information cerebellum optimizes muscle control and provides
rationality, eﬃciency and elegance of movements.
Individual dynamics of inferior olives neurons is characterized by rhythmic oscillatory activity. This activity can be both in the form quasiperiodic subthreshold oscillations
and regular generation of action potentials (spikes) [42, 43]. Besides, inferior olives neurons can also demonstrate chaotic dynamics.
Electrophysiological properties of inferior olives neurons are determined by ion
currents flowing through cell membrane [44]. These currents are formed by calcium,
potassium and sodium ions and possess diﬀerent activation levels and operation times.
Calcium ion currents take part mostly in slow processes of cell membrane depolarization
and hyperpolarization, and are responsible for the generation of low-frequency subthreshold oscillations of the membrane potential. Sodium ion currents are responsible for the
formation of short action potentials which, as a rule, appear on the wave of the gradual
depolarization and/or in response to the excitatory stimulus. However, spike response can
also appear after inhibitory stimulus (so called postinhibitory response). Potassium ion
currents in inferior olives neurons play a secondary role contributing to both fast and slow
dynamics.
The model described in [45, 46] is one of the simplest models of inferior olives
neurons which shows qualitative correspondence with the results of natural experiments.
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This model consists of two coupled subsystems. The first subsystem simulates oscillations
caused by sodium ion currents while the second one simulates dynamics of calcium ion
currents. The full model presents the system of four nonlinear diﬀerential equations of the
first order.

du


 εN a dt = f (u) − v,

(
)

 dv = u − z − ICa − IN a ,
dt

dz



 d(kt) = f (z) − w,

(18)


(
)
dw


= εCa z − ICa − Iext (t) ,

d(kt)
where z and w correspond to the generation of subthreshold oscillations and low-threshold
(Ca2+ -dependent) spikes, u and v correspond to the generation of high-threshold (N a2+ dependent) spikes. Parameters εCa and εN a control time scale of the model self-oscillation.
ICa and IN a control the level of membrane depolarization of two subsystems, f is a cubic
nonlinear function, f (x)=x(x−a)(1−x). Parameter k determines the ratio of time scales
of model subsystems. Value Iext (t) simulates the influence of external currents on neuron.
Note that the connection between calcium and sodium subsystems in (18) is unilateral. In other words the change of the value of calcium ion currents causes the change of
sodium ones but not vice versa. Such configuration is called “master-slave configuration”.
Thus, the oscillations of calcium ion currents in model (18) set the pace according to
which dynamics of sodium ion currents is formed.
Being with appropriately chosen parameters, model (18) can generate stable subthreshold or spiking oscillations. Having chosen value ICa as control parameter we consider the oscillation mechanism in detail. Let value ICa be rather small, Iext (t) = 0
and the system be in the resting state at the beginning. When ICa increases periodic
oscillations appear in calcium subsystem as a result of supercritical Andronov–Hopf bifurcation. These oscillations, in turn, cause forced quasiperiodic oscillations in the subsystem
for sodium ion currents. Such behavior
is responsible for the appearance of stable
subthreshold oscillations of the membrane
potential in the model of inferior olives
neuron.The results of the numerical simulation show qualitative matching with the
data obtained in vitro during natural experiments (see Fig. 16) which were carried out
through layer by layer examination of the
guinea pig brain stem. The results were
firstly published by Llinas & Yarom [47].
Fig. 16. Comparison of simulation results with exWhen bifurcation parameter inperimental data obtained in vitro. Parameter values:
εN a = 0.001, εCa = 0.02, IN a = −0.6, ICa = 0.01, creases the amplitude of subthreshold osa = 0.01, k = 10. Modified from [47]
cillations in (18) grows smoothly at first,
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Fig. 17. Comparison of simulation results with experimental data obtained in vitro. Parameter values: εN a = 0.001, εCa = 0.02, IN a = −0.59,
ICa = 0.03, a = 0.01, k=10. Modified from [47]

Fig. 18. Comparison of simulation results with experimental data obtained in vitro. Parameter values: εN a = 0.001, εCa = 0.02, IN a = −0.6,
ICa = 0.03, a = 0.01, k=10. Modified from [47]

and the further behavior of the model depends on the value IN a . If IN a is rather big,
the amplitude of membrane potential oscillations is higher than the excitability threshold
while ICa increases in the sodium subsystem. The model begins to generate periodic
relaxation oscillations of large amplitude, so called N a2+ or dependent spikes (Fig. 17).
Note that appearance of spikes takes place on the wave of neuron membrane hyperpolarization caused by the oscillations of calcium ion currents and is determined by the phase
of subthreshold oscillations. If IN a is rather small, the amplitude of oscillations in calcium
subsystem is not enough for the generation of N a2+ -dependent spikes. However, calcium
subsystem possesses its own excitability threshold. When the threshold is exceeded and
ICa increases the form of oscillations in the calcium subsystem is transformed nonlinearly and almost does not change with ICa further increasing. The membrane potential
oscillates and these oscillations are significantly diﬀerent from the quasiharmonic form of
subthreshold oscillations and the amplitude is notably lower than N a2+ -dependent spikes.
Such behavior corresponds to the generation regime of Ca2+ -dependent spikes observed
in natural experiments (Fig. 18). Note that depending on parameters, model (18) can simulate spontaneous and forced oscillations observed in inferior olives neurons with good
quality.
Model (18) is of great interest for simulation of the collective dynamics of the
ensembles of inferior olives neurons. Model neurons (18) joined in the network form
diﬀerent structures of oscillatory activity and appear as phase-coherent clusters. Diﬀerent
cluster sets represent control patterns determined by the network. External signals coming
to diﬀerent elements can provide fast rearrangement of clusters at the network output.
2.7. The Integrate-and-Fire Model. Let us examine the neuron models of which
do not need detailed description of the ion transport through the membrane.
Such models are aimed at simulation of the basic dynamic regimes and neuron
properties without taking into account their physical mechanism. These models are often
used for studying large neural ensembles, as they their low dimensionality helps to economize computing power. On the other hand, the simplicity of such models allows us to get
analytical results for large-scale networks, e.g. by converting their dynamics to reduced
equations [48–57].
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The first phenomenological neuron model was suggested more than a century ago
in 1907 long before discovery of the mechanisms of neuron excitability. L. Lapicque presented neuron as a shunted capacitor charged with external current. Capacitor capacitance
corresponds to membrane capacitance and resistance of shunted resistor corresponds to
leakage resistance. Voltages on the capacitor correspond to the membrane potential and
are described with the following equation:
C

dVm
= Iext − g(Vm − V0 ),
dt

(19)

where V0 is the resting potential, Iext is the external current applied to neuron, and g is
conductance of membrane leakage. When the membrane potential reaches some threshold
value Vth > V0 neuron is considered to generate spike after which the membrane potential
becomes instantaneously equal to some value Vreset < V0 .
Dynamics of such system is shown in Fig. 19, a. When external current is applied
the membrane potential increases and when the influence is intensive enough the potential
reaches the threshold value. The spike is generated then and the potential instantaneously
decreases to the minimum value and increases gradually again. Due to alternation of
periods of long-term potential accumulation and short-term reset such models are often
called “integrate-and-fire”. Accumulation corresponds to subthreshold dynamics of the
membrane potential and reset corresponds to the generation of action potential.
Such models properly describe dynamics of the membrane potential lower than
excitation threshold which simulates its integrating properties. From physical point of view
subthreshold dynamics of this model is similar to dynamics of linear shunted capacitor
(Fig. 19, b). Without the external stimulus the membrane potential is equal to the resting
potential V0 . Non-zero external signal being at the input, the capacitor charges, however
the presence of the final resistance causes leakage current. Thus, short current pulse Iext =
= Aδ(t) leads to the exponentially decaying response u(t) = u0 + (A/C) exp (−tg/C).
As a result of the linearity of subthreshold dynamics the pulse group sent to neuron
causes the response which is the linear superposition of the responses to each of the
pulses. Consequently, model (19) eﬀectively integrates input signals at characteristic time
intervals τ ∼ g/C.
Note, that integrate-and-fire models do not describe neuron dynamics higher than
the excitation threshold. When the membrane potential reaches the threshold value neuron

Fig. 19. a – dynamics of the system (19) – time dependence of the membrane potential for a given external
action; spike corresponds to an instantaneous change in the value of the membrane potential from Vth to
Vreset . b – equivalent electrical circuit

30

A.S. Dmitrichev, D.V. Kasatkin, V.V. Klinshov, S.Yu. Kirillov,
O.V. Maslennikov, D.S. Shchapin, V.I. Nekorkin
Izvestiya VUZ. AND, vol. 26, no. 4, 2018

is considered to generate spike. Thus, such models do not present dynamic mechanism,
form or duration of the action potential. In many cases this condition is evident because
action potentials are often fixed and take place much more often than subthreshold processes. The usage of integrate-and-fire models allows us to exclude dynamics of the
membrane potential during spike and simplify both computational and theoretical study.
Depending on the purpose integrate-and-fire models can have diﬀerent additions
for more realistic description of neuron properties. For example, to consider the property
of refracterity the following detail is introduced. After spike generation the membrane
potential is equal to Vreset for some fixed period of time τref and neuron does not respond
to external stimuli (see [59]). To take into account the properties of frequency adaptation
the membrane capacitance g can be considered changing with time and described with the
help of a diﬀerential equation, for example.
τa

dg
= −g,
dt

where capacitance g increases instantaneously with some value ∆g at every generation
of spike. This modification leads to increasing of membrane capacitance when the spike
is generated and to gradual decreasing of spike frequency when the external stimulus is
fixed. Other methods of considering neuron adaptive properties are also possible, e.g. by
adding slow ion current and considering membrane nonlinearity [60, 62].
One of the most popular is the integration-and-fire quadratic model [63–65]. In such
model dynamics of the membrane potential is described with the help of the following
quadratic equation:
dV
= Iext + a(V − V0 )(V − Vth ).
(20)
dt
When the membrane potential reaches the value Vth neuron generates spike and its potential takes the value Vreset . Compared to the linear model the quadratic model possesses
some additional properties, e.g. parameters being definite one can observe bistability between the resting regime and periodic spike generation. Model (20) is the right one for so
called class one excitability connected with saddle-node bifurcation [66].
3.

Discrete Models of Neural Activity

Recently new class of systems with discrete time or systems of interrelated point
maps has become interesting for cooperative phenomena study in large-scale neural networks. Models in the form of point maps have a number of advantages compared with
the models having the form of diﬀerential equations. For example, if we need at least two
dimensions to simulate oscillatory properties in the systems of diﬀerential equations and
three dimensions for chaotic behavior, in discrete time both types of dynamics can be described with only one dimension. This advantage becomes apparent in modeling complex
activity regimes in single neurons and large-scale neural networks, which consist of different interacting structural units. For example, to simulate the regime of chaotic spikingbursting oscillations (one of the most important regimes of neural activity) with the help of
the systems with continuous time we will need the three-dimensional nonlinear system of
diﬀerential equations. On the other hand, there are discrete models [67–69] which appear
as two-dimensional point maps which simulate the regime of spiking-bursting oscillations
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rather well. Point maps help simulate diﬀerent regimes of neural activity. For example,
the Chialvo model [70] helps simulate regimes of so called normal and supernormal excitability. The Rulkov model has some variations [71–73] one of which is adjusted to
simulate diﬀerent spiking and bursting oscillatory regimes while another one is capable of
generating so called subthreshold oscillations, i.e. oscillations of small amplitude lower
than the excitation threshold. The Curbash–Nekorkin model [74, 75] is a universal one
and describes many regimes of neural activity.
3.1.

The Chialvo Model.

Map [70] has the following form:
xn+1 = x2n eyn −xn + I,

(21)

yn+1 = ayn − bxn + c.

(22)

Here variable x simulates dynamics of the membrane potential, y is the restoring variable,
a, b, c and k are variables. These parameters control system dynamics in the following
way: a is the restoration time constant (a < 1); b determines dependence of the restoration
processes on the activity level: and c is constant bias. Parameter k characterizes the eﬀect
of ion currents injected in neuron. Depending on k the model dynamics can be diﬀerent.
−(1−a)y+c
The location of isoclines y = ln x−I
plays an important role in
x + x and x =
b
setting of this or that regime. The first nullcline is an N -curve with the maximum and
the minimum, which determine threshold properties of the model. The second isocline is
straight and its location defines the stability of the fixed point.
Normal excitability. In this regime the membrane potential rises monotonically to
the value corresponding to the resting state. That happens after the generation of the action
potential (spike) and the refracterity period. The single attractor stable node corresponds
to the resting state in the model. If the amplitude is big enough to get over the threshold,
the trajectory which returns to the fixed point is formed on the phase plane. This trajectory
simulates the regime of normal excitability.
Supernormal excitability. The diﬀerence from the previous one is that the process
of the membrane potential transition to the resting state is followed by underdamping
oscillations. The fixed point stable focus corresponds to this regime on the phase plane.
Oscillatory bistability. Dynamics of the map is bistable when I = 0.03. Two
attractors coexist simultaneously on the phase plane. They are the stable focus and the
stable closed invariant curve. Their basins of attraction are separated with the unstable
closed invariant curve. Depending on the initial conditions the trajectories can be attracted
to one another by either the stable point or the stable invariant curve. Thus, in this case
the map simulates either the regime of supernormal excitability or the regime of periodic
spiking oscillations.
Chaotic spiking-bursting oscillations. It is shown that when a = 0.89, b = 0.18,
c = 0.28, k = 0.03 the system has unstable fixed point and chaotic attractor in region
D+ . Dynamic mechanism of chaotic oscillations means the following: as b is rather
small, variable y remains in more or less “frozen” state. If we neglect the summand −bx
in the second equation of the system, dynamics of the variable y will be presented by
one-dimensional map
yn+1 = ayn + c
(23)
This map has a stable fixed point y = c/(1 − a) = y0 with a relatively big multiplier
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Fig. 20. a – waveforms for the Chialvo model in case of the spiking activity regime. b – the map of fast
motions. c and d – phase plane with nullclines. From [68]

s = 0.89. That is why any trajectory mapping quickly approaches this point. In this case
dynamics of the variable x is described using one-dimensional map
xn+1 = x2n exp(y0 − x) + I.

(24)

The numeral study of this map shows its chaotic properties. Thus, relatively slow y and
relatively quick x changes create the chaotic attractor in the Chialvo system. This attractor
determines the regime of spiking-bursting oscillations.
3.2. The Izhikevich Model. Initially the Izhikevich model was created in continuous time but its digitalization with the time step of 1 ms gives the point map [76]

{
un+1 =
{
F (v, I) =

vn+1 = F [vn , I − un ] ,

(25)

un + a · [bvn − un ] ,
un + d, vn ≥ 30,

(26)

min(0.04v 2 + 6v + 140 + I,
c, v ≥ 30.

vn < 30,

30),

v < 30,

(27)

Here v is the membrane potential in millivolts and u is the slow restoration value. Parameter a is slow and separates time scales.
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Parameter c determines the voltage during rearrangement. The slow subsystem has
the following peculiarities: when spike is generated the slow variable becomes equal to the
value of the parameter d. Fast-slow properties of the model help it simulate diﬀerent types
of oscillatory activity, spiking-bursting oscillations in particular (Fig. 21, a). Note, that the
map of fast motions is the “integrate-and-fire” model. It is evident from Fig. 21, b where
the Kn̈igs–Lamerey diagram for slow variable is shown. Dynamics of the full system
is determined by the two-dimensional map, so the detailed information about possible
dynamic scenarios is presented by nullclines on the phase plane (Fig. 21, c). The isocline
obtained from the fast map is the parabola
u = 0.04v 2 + 5v + 140 + I,

v < 30,

(28)

which shifts to the left and to the right on the phase plane when I increases or decreases
respectively. A parabola has two branches and when the value of the variable u is to
the right of the parabola vertex the fast motions has two fixed points: the stable and the
unstable one. Accordingly, the branches of the isocline on the phase plane (u, v) can
be classified as stable (Ns ) and unstable (Nu ). The vertex corresponds to the point of
saddle-node bifurcation of the fast motions. On the other hand, the isocline obtained from
the slow motions is the inclined line. When the representative point is higher than this
line the value u increases and when it is lower the value u decreases. Parameter b controls
the inclination of the straight isocline. Manifolds marked in Fig. 21, c and d as Mspikes
correspond to spike cycles of the fast motions. Their gaps determine the changes of spike
periods. When the manifold Mspikes is higher than the slow isocline the value u increases

Fig. 21. a – waveforms for the Izhikevich model in case of the bursting activity regime. b – the map of fast
motions. c and d – phase plane with nullclines. From [68]
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along spike orbits to u = uh , where the rearrangement line v = c crosses Nu forming
homoclinic orbit of the fast subsystem.
There can be up to two fixed points in the Izhikevich model. Their stability is
controlled by the external current I and it is shown in Fig. 21, c, d. The diﬀerence
between them consists in the horizontal shift Ns , Nu and Mspikes . When the value I is
small enough one fixed point is stable and the other is the saddle. The neuron is in the
excitable regime. Perturbation going behind the unstable branch leads to generation of the
responsive action potential. When the value I increases the manifolds shift to the right
and lose their stability through the Neimark–Sacker bifurcation when
(
)
(b − a)2
IN S,Izh = 16.25 − 62.5b + 6.25 b2 −
.
(1 − a)2
This value is located around the intersection point of the slow isocline and the vertex
Ns − Nu . It is interesting to note that S is no more a stable fixed point when the value I
is a bit smaller because the Neimark–Sacker bifurcation is subcritical. After the bifurcation
S becomes the unstable focus U2 . Thus the system has two unstable fixed points. The
trajectory is attracted by the orbit which corresponds to spiking and bursting oscillations.
3.3. The Rulkov Model. The two-dimension map which describes dynamics of
this model can be expressed as [71]
xn+1 = f (xn , yn ),

(29)

yn+1 = yn − µ(xn + 1) + µσ,

(30)

where xn is the fast variable which shows interaction between potassium and sodium
“fast” ion currents, and yn is the slow variable which simulates the dynamic action
of “slow” ion currents e. g. calcium current. Slow temporal variation of the variable yn is motivated by the smallness of parameter µ, in most cases we shall consider µ = 0.001. As shown below parameter σ sets the nonperturbed state of the
model neuron. Fast one-dimensional map of the model system is made in such a way
that it could be responsible for both spiking
activity of the neuron and the equilibrium
state. Such behavior is possible due to the
special threshold function f (x, y):

α/(1 − x) + y, x ≤ 0,



f (x, y) = α + y, 0 < x < α + y,



−1, x ≥ α + y.
(31)
Here α is the control parameter of the map.
Dependence f (x, y) on x obtained with the
fixed value y is given in Fig. 22. The values of α and y are chosen to show the
possibility of simultaneous existence of the
corresponding to spiking oscillations limit
cycle Pk and the fixed points xps and xpu .

Fig. 22. Structure of the fast 1D map for the Rulkov
model at α = 5.6 and fixed yn = y = −3.75. The
bold solid line corresponds to f (x, y). The dotted line
depicts the superstable cycle Pk . The stable and unstable fixed points of the 1D map are marked by xps and
xpu , respectively. From [71]
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The function is made in such a way that when values y increase or decrease when the
dependency diagram f (x, y) on x rises or falls correspondingly. The third interval is the
exception. It is written as x ≥ α + y, where the values of the function f (x, y) are equal
to (−1).
The equation for the slow variable yn sets the feedback and allows us to simulate
both the properties of slow transitions and slow oscillations which form the pulse train of
neural activity. Depending on the value of σ when α is less than 4.0 the map is either in
the regime of stable equilibrium or generates continuous sequence of spikes. Thus, the
frequency of pulse generation increases when the value of σ also increases. This regime is
observed in the interval of the values σ which is located between the regime of continuous
pulse activity and the steady-state condition. The regimes of train activity include both
regular and chaotic regimes.
3.4.
[74, 75]:

The Curbash–Nekorkin Model.

Let us consider the system of point maps

xn+1 = xn + F (xn ) − βH(xn − d) − yn , yn+1 = yn + ε(xn − J).

(32)

Here variable x characterizes qualitatively
the change of the cell membrane potential; y corresponds to collective eﬀect of
ion currents (the so called restoration variable). Parameter ε determines the rate of
the change of variable y, parameters β, d,
J control the generated signal. Note, that
the model is based on discrete variant of
the FitzHugh–Nagumo system with cubic
Fig. 23. Shown qualitatively are the nullclines of map nonlinearity F (x) and additionally intro(32), (33). From [77]
duced Heaviside step function H(x).
F (x) = x(x
{ − a)(1 − x),
1, x ≥ 0,
H(x) =
0, x < 0.

(33)

Fig. 23 qualitatively presents the isoclines of horizontal (line x = J) and vertical
(curve y = F (x) − βH(x − d)) inclinations of the system (32, 33) on the phase plane
(x, y).
3.4.1. Regular Regimes of Activity. One of the main properties of neurons
being in the resting state at first is their capability to generate the action potential when
the threshold is overcome as a result of the external stimulus (the property of excitability).
The stable fixed point O corresponds to the resting state of neuron in the system (32), (33).
It is shown that there are two thresholds on the plane which are determined by the unstable
invariant curves W1u and W2u (thin layers consisting of slow trajectories localized in the
neighborhood of these invariant curves to be exact). When the system is aﬀected by the
stimulus, which is not enough to overcome the first excitation threshold (W1u ), generation
of the action potential does not take place. Only response of the small amplitude occurs
(Fig. 24, a, b (i)). If the stimulus aplitude is enough to overcome the second threshold
(W2u ) the trajectory enters the region of attraction of the stable invariant curve W2s and
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Fig. 24. Phase portraits (left column) and corresponding waveforms (right column) of regular regimes of
neural activity in model (32), (33). From [77]
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describes the curve which has the end in the stable fixed point O. The regime of generation
of the single action potential or spike (Fig. 24, a, b (ii)) is the response to such behavior
on the phase plane.
Subthreshold oscillations present the other important regime which is observed in
the system (32, 33).The stable closed curve C (Fig. 24, c) corresponds to this regime on
the phase plane. This curve appears when the stable fixed point changes as a result of the
Neimark–Sacker bifurcation. Periodic spiking oscillations represent another steady neuron
regime simulated in the system. It is found that one of the conditions of appearing of
the spikes is relative smallness of β parameter. The motions between the layers of slow
motions become possible. They are localized in the neighborhood of the two stable curves
W1s and W2s without changing their direction when crossing the discontinuity line x = d.
As a result the stable closed invariant curve C (Fig. 24, e) appears on the phase plane.
This curve corresponds to the periodic spiking oscillations (Fig. 24, f).
Another type of spiking activity, apart from the above mentioned, is observed in
model (32, 33). In such a case discontinuous attractor (Fig. 24, g) appears on the phase
plane. This attractor determines oscillations of such form (Fig. 24, h).
3.4.2. The Chaotic Regimes of Activity. Diﬀerent chaotic attractors can exist
in systems (32, 33). One f such attractors, A, is shown in Fig. 25, a and the corresponding
regime of neural activity is given in Fig. 25, b. The action potentials are generated in
this regime interleaving with subthreshold oscillations. The dynamic mechanism of these
oscillations is that the invariant curve W2u separates the system trajectories (32, 33) into
two flows in the neighborhood of the discontinuity line x = d. The first flow forms

Fig. 25. Phase portraits (left column) and corresponding waveforms (right column) of chaotic regimes of
neural activity in model (32), (33). From [77]
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the trajectories performing the chaotic oscillations near the line x = d. The second
flow consists of the trajectories having overcome the second threshold and moving in
the neighborhood of the curve W2s . As a result of this separation the trajectory forms
chaotically switching flow from one to other forming attractor A.
One of the most important dynamic regimes occurring in diﬀerent neuron structures
is chaotic spiking-bursting oscillations. In system (32, 33) this regime is simulated in a
wide range of parameter values. Relaxation chaotic attractor A (Fig. 25, c) corresponds to
this regime on the phase plane and the oscillations are shown in Fig. 25, d. The regime of
spiking-bursting oscillations being important, we shall examine their dynamic mechanism.
3.4.3. Spiking-Bursting Oscillations. Chaotic spiking-bursting oscillations can
be divided into a fast and a slow phase (see Fig. 25, c, d). Let us examine the formation
of these two oscillations. Suppose ε = 0 at first and variable y = y 0 = const and plays
the role of the parameter in 32). Depending on value y 0 the map of fast motions (32)
can demonstrate both regular and chaotic dynamics (Fig. 4). In the caseof regular dynamics the only attractor of the map (32) is the stable fixed point xs . When parameter y 0
decreases quasistatically the equilibrium state xs merges with the unstable fixed point at
some bifurcation value and disappears (tangential or saddle-node bifurcation takes place).
In the case of chaotic dynamics the map (32) is similar to Lorenz-type map and
has invariant interval which contains chaotic attractor. When parameter y 0 increases
quasistatically this attractor has internal bifurcations and, finally, boundary crisis takes
place (77) at some value y 0 = ycr . One of its boundaries merges with the unstable fixed
point xu and the attractor destroys. Let ε > 0. In this case the group of the stable fixed
points (32) forms the stable invariant curve W1s on the phase plane (x, y) when x < J. But
when x > J, the group of one-dimensional chaotic attractors form the transient chaotic
manifold. Suppose that initially the trajectory begins in the neighborhood of the curve

Fig. 26. Dynamics of map (32), (33) for diﬀerent values of y 0 : a – a single stable fixed point; b – stable
and unstable fixed points; c – stable and unstable fixed points and an invariant interval containing a chaotic
attractor; d – an invariant interval containing a chaotic attractor. From [77]
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W1s . Variable y decreases slowly along this curve while variable x is maintained in the
quasi equilibrium state. This phase forms the slow regular part of the two-dimensional
chaotic attractor which corresponds to the passive phase of spiking-bursting oscillations.
The trajectory leaves the layer of slow motions and enters the basin of attraction of
the transient chaotic manifold around the value y when the stable W1s and the unstable
W1u curves merge. Being in the part of the plane where x > J the variable increases
slowly. Iterating the map (32) numerically we found out that chaotic oscillations persist
in system (32, 33) even after the value y 0 = ycr which corresponds to the crisis of the
chaotic attractor in the static case ε = 0 (Fig. 26). Therefore, the eﬀect of disappearance
delay of chaotic oscillations takes place. Such phase of motions form the fast chaotic
part of attractor which corresponds to the active phase or the phase of depolarization of
spiking-bursting oscillations.
Note, that the above mentioned universality of the Curbash–Nekorkin model allows
us to use this model for simulating of diﬀerent processes in neuron-like systems [78–91].
Conclusion
The survey presents the most popular dynamical models of neurons. Firstly, these
are the models with continuous time, such as the Hodgkin–Huxley model. This model
describes ion transport through neuron membrane in detail, but it is rather complicated
from the mathematical point of view. The more reduced models such as the Morris–Lecar
model, the FitzHugh–Nagumo model, the Hindmarsh–Rose model and the integrate-andfire model are also presented in the survey. However they have a far lesser degree of
biological relevance. Besides we describe the neuron models with peculiar properties
such as afterdepolarization and bi-threshold spike generation at the background of the
subthreshold oscillations. The models with discrete time, i.e. in the form of the point
map, are also mentioned. Such models suggest only qualitative description of dynamics
of real neurons. On the other hand, discrete models possess a variety of dynamic regimes
and are suitable for numerical simulation including large-scale neural networks.
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