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Issue. The class of Fermi-Pasta—Ulam equations and equations describing dislocations are investigated. Being a
bright representative of integrable equations, they are of interest both in theoretical constructions and in applied research.
Investigation methods. In the present work, a model combining these two equations is considered, and local dynamic
properties of solutions are investigated. An important feature of the model is the fact that the infinite set of characteristic
numbers of the equation linearized at zero consists of purely imaginary values. Thus, the critical case of infinite dimension
is realized in the problem on the stability of the zero solution. In this case a special asymptotic method for construction of
the so-called normalized equations is used. Using such equations, we determine the main part of the solutions of the original
equation, after that we can investigate the asymptotic behavior using perturbation theory methods. Results. All solutions are
naturally divided into two classes: regular solutions that smoothly depend on a small parameter entering the equation, and
irregular ones, which are a superposition of functions that oscillate rapidly on a spatial variable. For each class of solutions,
areas of such changes in the parameters of the equation are distinguished in which the main parts are described by different
normalized equations. Sufficiently wide classes of such equations are presented, which include, for example, the families of
the Schrodinger, Korteweg—de Vries, and other equations. The problem of determining such a set of parameters of the original
equation for which the nonlinearity of dislocations and the nonlinearity of the FPU are comparable «in force» is considered,
i.e. none of them can be neglected in the first approximation. Discussion. It is interesting to note that for regular and irregular
solutions the areas of parameters in which nonlinearities are comparable are different. In the second case the corresponding
region is much wider. The article consists of two chapters. In the first chapter, normalized equations for regular solutions are
constructed, and in the second, for irregular ones. In turn, the first chapter is divided into three parts, in each part different
normalized equations are constructed (depending on the values of the parameters).
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Formulation of the problem

Let’s take the simplest crystal structure consisting of layers of atoms located at some distance
from each other. J.I.Frenkel and T.A.Kontrova [1] have suggested a model of behaviour of a point
defect in solid crystal structure. The defects of this kind are sometimes called dislocations. In the same
work [1] the mathematical model describing the behaviour of this point defect has been introduced into
scientific use. This is the system like

Mmyn + asinyy, = Ynt1 — 2Yn + Yn-1, (n=1,..., N), €))

where m is the positive coefficient, y,, = y,(t,z,) is the equilibrium deviation of the n—th atom.
For y, (¢, x,) for extreme values of n the conditions typical for one of the boundary value problems
are satisfied: periodical yx1 = y1,y0 = yn; Dirichlet problem yy11 = yg = 0; Neumann problem
YN+1 = YN, Yo = y1. The points z,, lie on the section [0, 2x] and 11 = T, + €, where € = 2xN 1.
It is supposed that the number of interacting elements N is large or, which is the same:

0<ex 1.

It should be noted that at present, a dislocation is understood to mean a more complex imperfection
of the crystal structure than any of pointed defects [2]. Accounting of dislocations is based on the
well-known Fermi—Pasta—Ulam problem.

d*yn

mﬁ_ n+17n_Fn,n—17 (n:l,...,N), (2)

where

Fotin = Yn+t1 — Yn + U Ynt1 — yn)2 +B(Ynt1 — yn)37

a and [3 are positive coefficients.

The systems (1) and (2) differ from each other by lack of function a sin y,, in Fermi—Pasta—Ulam
equation and presence of quadratic and cubic nonlinearity in the right part of (2). In order to take into
account the more complex imperfections of point defects, let’s consider the system containing as the
elements of (1), so as the elements of the system (2). The model uniting both these equations has been
considered in the work [3], in which a number of questions concerning Painleve integrability of its
solutions, has been studied. One of the simplest methods of working with such equations is transition
to continuous mass distribution (see for example [4]), whereby we get (after obvious renormalizations
and replacing a siny with a more general function f(y))

G+ Iy =ylt,xt+e) -2y +y(t,z—e)+
+ (x(y2(t, x+e) -2yt x+e)y(t,x) + 2y(t,z) - y(t,x —e) — y2(t,x — €)>+ (3)
+ Bt +2) = y(t:2)° = (y(t.2) — y(t.z —2))?).
For definiteness, we assume that periodic boundary conditions are satisfied:
y(t,z + 2x) = y(t, x). 4)
The nonlinear function f(y) is taken in the form

) =ay+by® +qy), for o(y)=o(lyl’) as y — 0.
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The work [1] describes the case when f(y) = 2siny, i.e. a = €2, b = £2/6. Let’s also note the

works [3-10], in which the case f(y) = 0, i.e. the Fermi—Pasta—Ulam problem is considered.

The boundary problem (3), (4) can be considered in two fundamentally different cases.
The first is related to the assumption of smoothness of solutions about € and decomposing of y(t, z+¢)
into asymptotic ¢ series. We’ll call this case “regular” and consider several variants of this work in
dependence of relation between orders of smallness of the values a, b towards . The second variant of
the problem statement is an irregular case. In this case the solutions, rapidly oscillating by x, will be
studied.

In the regular case, one of the main goals will be the selection of the orders of smallness of
the coefficients of the f(y) function included in the boundary value problem (3), (4), so that the
contribution to dynamic properties of solutions of the nonlinearity f(y) and FPU nonlinearity would
be comparable. It’s obvious that choosing a and b small enough, we’ll come to the FPU problem and
vice versa, if a and b are not small, the problem (3),(4) will come to the equation of sine-Gordon
type [2,7,11] and the nonlinearities contained in the function F}, 1 5, will not play any role.

1. Regular solutions

Under the condition (2) we consider the behaviour of all solutions of the boundary problem (3),
(4) with the initial conditions from some sufficiently small (and independent of <) neighbourhood of
the zero equilibrium state. In this case the main role is played by the solution of the boundary value
problem linearized at zero

J+ay=y(t,x+¢e)—2y+y(t,xr+e), y(t,x+2n) =yt ). ®)

The characteristic equation for (5) has the following form:
2 .o (€K
32+ a = —4sin (5) k=0,41,+2, ... (6)

Below we assume that the parameter a is positive and for some fixed parameters ag and a; we have
the relation

a=ag+eay, ayp=>0 and a3 >0 for ag=0.

All the roots of (6) are purely imaginary. Thus in the problem of stability of zero in (3), (4)
the critical case of infinite dimension is realized. Using the methods suggested in [10, 12—-14], below
we’ll construct families of special boundary problems to describe the various groups of solutions of
the initial boundary value problem (3), (4). We must mark that from an applied point of view [1,3,7],
the case when the parameter a is small, is particularly important. In this regard, the case when ag = 0
will be considered.

In this section, we explore regular solutions, i.e. the solutions for which the asymptotic representation
takes place

1
y(t,z+e) =y(t,z) +ey'(t2) + 5" (La) + ... (7)

In terms of the location of the characteristic equation roots (6) we consider the solutions, basically
formed on the modes with “finite” numbers k (i.e. independent from ¢ parameter).
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Here we stop on studying regular solutions of boundary problem (3), (4). Let’s substitute (7) into
(3). For determining y(t, ) we obtain the boundary problem with an accuracy of o(¢®):

0%y o 0%y 2 0% 2% 0%
o == (et ot T o aet| /O

+ 3 283/827;+8<1 2(8@/%+1<82@/)2>) + (8)

02022 T 92 \6° \9rs® T 2\ 52
o [r0y\3 1 oy\2 3y Oy ,0%y\2
49 | (9Y 1 2((9YN\“0Y | Oy (O7Y
he Ox [(83}) +4€ <<8w> 3 * Ox (8:02) ) ’

y(t, =+ 2n) = y(t, z). ©)

Let’s mark that by this way in [1] the well-known sine-Gordon equation has been obtained, and in
this case in the equation (8) the terms down to second order of € have been left. It’s interesting to
know what changes in the dynamics of boundary problem (8), (9) take place when taking into account
the terms of a higher order of smallness. Let’s pay attention that without taking into account the term
2e4(6!) 7195y /025 the boundary problem (8), (9) is incorrect.

In particular, the main local existence and uniqueness theorem is not satisfied. Based on these
considerations, it is advisable to write the decomposition of the right parts of (3) with accuracy up to
0(¢%). We also note here that the periodic conditions (9) are chosen for definiteness, since, in the case
of the Dirichlet or Neumann conditions, the method for studying the corresponding boundary value
problem remains the same.

So, for all sufficiently small values of €, we consider the question of local — in a neighbourhood
of a zero equilibrium state, sufficiently small and independent of ¢ — behaviour of the boundary
problem solutions (8), (9).

An important role in the analysis of solutions from a small neighbourhood of zero is played by
the linearized equation

2 2 2 o4 4 56
@:52 @+i@+gi% —ay (10)
ot? or? 12 0x* 6! 0x6
with boundary conditions (9). Characteristic equation for (10), (9) is the following:
2 2 o (2mk)* 5 2(2nk)°
= —e*| (2nk)" — o ¢ + Gl et ) —a, (E=0,£1,£2,43,...). (11)

All the roots (11) have zero real parts. In the case f(y) = 0 the boundary problem (%), (9) was studied
with the use of asymptotic methods in the works [10, 15]. The study is based on normalization method.
Let’s speak about it briefly. The boundary problem solutions (10), (9) can be formally written as a
series:

+oo
Z Er exp(ehk(e)t),

k=—oc0

k#0
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where Ay, are the roots of the equation (11). Then the solution (¢, x,¢) of the boundary problem (8),
(9) is sought as a formal asymptotic series

u(t,z,e) =¢ Y E(r) exp(i2nka) + SSus(t, T, 2) + .., (12)

where T = €%, and (1) are the unknown functions slowly changing by 7. Let’s substitute the
series (12) into the boundary problem (8), (9), as a result, we come to an infinite system of ordinary
differential equations for E(t). This system is called the normalized equation for the boundary value
problem (8), (9). Sometimes this infinite system can be written in a compact form as a nonlinear
equation in partial derivatives. As a rule, in all the cases considered below it is possible to present
a normalized equation in compact form. In this case, normalized equations are constructed, which
determine the dynamics of solutions for a sufficiently small . In our work we consider the effect of
function f(y) upon the structure of normal forms of boundary problem (%), (9) for different orders of
smallness of the values a and b. Of particular interest is the situation in which the contribution of the
function f(y) and the FPU equation turns out to be close in order. In this connection, we begin the
consideration of the normal form of the problem with the case ayp = 0 and b having the order of unity,
then we study the case of ag = 0 and small b, and at last, we examine the situation, when ag # O,
within which we allocate the subcases when b is of the order of unity and b of the order of O(g*).

1.1. Normal form for ag = 0, b # 0. Letag = a; =0, and b as ¢ — 0 have order equal to
unity. Then after renormalizing the “time” et — ¢ and replacing y(¢, x) = eu(t, x) the problem (&), (9)
is simplified, since we can omit the terms of the order of % and &4

62 62 2 84 2 4 86
J:J_Fiiu_i_iiu_bu{ (13)
otz 9x2  120z* 6! 926

u(t,x + 2m) = u(t, x). (14)

The linear equation
O*u  0*u 20t 2e* Ou
e (15)
otz 0x%2  120z* 6! 025
with periodical boundary conditions (14) for ¢ = 0 has a set of periodic solutions ug, & exp(i2nk(x + t)),
Nk exp(i2nk(x — t)), k = £1,4+2,..., where w is the real and &, n are the complex constants.
According to the algorithm of the works [14, 16] for studying of the nonlinear boundary problem

solutions (13), (14), we introduce the formal series

+oo —+00

u= s(uo(t) + Y ) expliznk(z + )+ Y mi(v) expli2nk(z —t)))+
o i (16)

+ Sus(t,t,x)+ ...,
Er(t) =&(1), mk(t) = Mk(1).

Here T = €2t is the slow time and the dependance of the second and third arguments of the functions
uj(t,t,x) is periodic. Once more we mark that the series like (16) are formal, i. e. the question about
their convergence is not considered. From the results below it follows that they are asymptotic. The
formula (16) can be made simpler. For this we set

+00 oo
Erz)= Y E(r)exp(i2mkz), n(r,z)= > ni(t)exp(i2nka). (17)
g Hero
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Let’s substitute (16) into the original equation (13). In the resulting formal identity we equate the
coefficients with the same powers of €. We recall that the transition from the equation for the function
u to the equations for the Fourier coefficients ug, Ex and 1y, is called “normalization”, and the equations
for new slow variables — the “normal form”.

For the first degree of ¢ (in a formal identity) we get the true equality, and collecting the
coefficients for €3, we come to a boundary value problem for u3:

82U3 _ 82 us
ot? Ox?

:F(angﬂl)y U3('l7,t,.’,13‘+1) EUg(T,t,.’E), (18)

where

0%t 5 01 1 <64‘§ 847])’

— 3 — “al\a a a4
F(ug,&n) = —blug +E+m) +2818$ 0t0r T 12\9z4 | 9t

E:E(T,SU‘I‘t), n:ﬂ(f>$—t)-

For solvability of the equation (18) in the specified class of functions, it is necessary and
sufficient that the function F'(ug, E,n) doesn’t contain the harmonics exp(ik(z+t)) and exp(ik(z—t))
for k =0,41,£2,.... Let’s apply this criterion. As a result, we come to three ratios. Firstly, from the
condition of zero-equality of the Fourier coefficient of the function F'(ug, &, 1) for the zero harmonic,
i.e. from the condition M (F'(up,&,m)) = 0, where is the designation

1
M =
(9(2)) /0 P(z)dr,
we get that
up +upA + B = 0. (19)
Here
A =3(M(E) + M), B=3(M(E®)+MMn)). (20)

Secondly, from the equality to zero of the Fourier coefficients of the function F' with harmonics
exp(i2nk(x +t)) k = £1,42,... we conclude that

# 1ot
otdxr 12 9zt

where Fy (ug, & ) = 3b[ud&+3ug(E*— M (£%))+E3— M (E%)+3M (n?)E]. The third relation is obtained
by equating to zero the Fourier coefficients of the function F' at harmonics exp(i2nk(x — t)) (k =
= 4+1,42,..):

+F1(U0;§77])7 (21)

0’1 1 9
_28178:1: = E@‘FFNUOJLE)- (22)

We note that for § and 7 the following periodical boundary conditions are fulfilled

E(t,z+ 1) =E&(t,x), n(t,z+1) =n(t, ). (23)

Since the value of A in (20) is positive, the equation (19) with respect to ug has a unique solution
uo = up(&,m). Note that uy can be written as

ug = vo(€ +m), (24)
while the function vg(s) has the property vo(cs) = c?vg(s), because
M(E}) + M(n?*) = M(E+n)%), M(E)+M(n’)=M(E+n)).

Because of this, the nonlinearity in (21), (22) is cubic.
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It is necessary to mark that “interaction” of the equations (21) and (22) is very specific. In (21)
the influence of the variable 1 is carried out through the averaged values M (n?) and M (n?), while in
(22) — respectively, through M (£2) and M (E3).

Let’s formulate the result on the connection of solutions of the boundary value problem (13),
(14) and solutions (21)—(23). Its rationale follows from the constructions above.

Let ug, E(t,z + t) and no(t,z — t) be the solutions of the boundary problem (19), (21)—(23).
Using them one can find the function us from (18). Just checking that

x+t
us(t,t, x) :Szb [<2u0n0 + 3(7]3 — M(n%))) /0 Eo(t, s)ds+

+ uito +3& - M@)) [ i o)+

x—1

x+t
10 / (€3(v, 5) — M(E2))ds + & / (B(rs) — M()ds|. (25

Theorem 1. Let the condition ag = a1 = 0 be fulfilled. Then the boundary problem (13), (14) has an
asymptotic residual with a precision up to o(e%) solution uo(t, x,€), for which

uo(t, z,€) = e(vo(E0 +Mo) + Eo(T, z + ) + No(t, 2 — 1)) + 3us(t, ¢, ).

Thus, the boundary problem (21)—(23) plays the role of a normal form for the boundary problem (13),
(14). It is much simpler than the initial boundary value problem, since it is not singularly perturbed.
Note that in this case, the normal form of the problem is determined by the dislocation equation, while
the FPU nonlinearity is not used in its definition.

1.2. Normal form for ap = 0 and small b. In the case when the parameter b has the order of
1, the square and cubic nonlinearities contained in the function F,,;1 , do not fall into the normal form
that determines the dynamics of the boundary value problem (3), (4). In order to the contribution of
nonlinearity to be comparable, the parameter b must be small. It turns out that for this it is necessary to
put b = by, where by is fixed. In addition, we assume that, as in the previous section, ag = a; = 0.
The boundary problem (8), (9) after renormalizing the “time” ¢ — <t takes the form

0y 0%y 20ty 2% 0% oyd*y 0 (1 5 0ydy 1,0%y\2
aﬁ—axﬁuaxﬁaagﬁﬁ*“g[zmaxz*ax(ﬁ (50 52° 2 (5:2) ))}*

6
(26)
et G+ 32 (5 5+ 5 (5] +
y(t,x + 2x) = y(t, x). (27)

The solution of the boundary value problem linearized at zero (26), (27) can be decomposed into a
formal Fourier series in elementary solutions Ejexp(imk(x + t)) and mgexp(ink(x — t))
(k = £1,+2,...). Therefore, we can say that in studying the local dynamics of the problem (26), (27),
the critical (in the problem of the stability of the zero equilibrium state) case of infinite dimension is
realized. Normalization of the boundary value problem (26), (27) differs significantly in cases by = 0
and by # 0. We first state the situation for by = 0. Moreover, the problem (26), (27) is actually a
transformation of the original problem for the Fermi—Pasta—Ulam equation. The research methodology

Glyzin S.D., Kashchenko S.A., Tolbey A.O.
58 Izvestiya VUZ. Applied Nonlinear Dynamics, 2019, vol. 27, no. 4



is based on the assumption that the solutions y(¢,x,¢) in (26), (27) can be represented as a formal
expression (see [10, 14-16])
y(t’ x? T? E) = €E(t7 € + t? 6) _I_ 61](1:7 €T — t’ 5) + €2y2(t7 :L', r? 8) + Egyg(t’ x? 1:7 E) + et (28)

where B

E-k(t,8) = Ei(t, 8), N-k(T,€) = Mk(T,€),

E(t,2,6) = 020 Erexp(ikz), n(T,z,6) = 3420 i exp(ikz).
Here T = £t is the “slow” time, dependence of the second and third arguments of the functions
yj(t,t,x) is periodic. Substitute (28) into (26). To determine the function

U =ey(t,z,1,e) + e2ys(t, z,1,€)

we get the equation 92U 62

o2 o2
where the function Ry (t,x,T,¢) contains all the terms which decomposition into a Fourier series is
performed only according to the system of functions exp(ik(z + t)) or exp(ik(x — t))
(k =0,£1,42,...), and Ra(t,z,T,¢) contains all the other terms. Let’s note that the equation (29)
is solvable in the specified class of functions, which are 2m-periodical in ¢ and = within the condition
Ry (t,z,t,e) = 0. The function Ry(t,x, T, <) has the form

i (52 02) *+ 00

+ Ri(t,z,1,¢) + Ra(t, x,T,€), (29)

Ro(t = 20—
2(7'%71:78) (93?

thus for y2(¢, x,t,€) we come to the equation

Pyr  Pyr 9E on
ZJe 20,

o2~ o2 oz (ag: o)
From here we get that a o

Y2 = —5%@“)

Taking account of this equality in (29), we conclude that the condition for the solvability of the equation
(29) for ya(t, x,t,€) in the specified class of functions consists in the fulfilment of the relations

2%, 0% 108 2 ,0% ) 0E0%E e d !a§a3§+1(32§)2

50 20 ~ 1290t T 65 850 T X nam2 T 6 8s | 9a 000 o2 ) | T

3 2 ]
+82(% [[3 (gi) + (3B — 20%) M ((gz) > gi + £%bg <§3 + 3§M(n2)>, (30)

207N, _ 1ot 2 an L IR [ on & 1<a2n>2

6 Or |0z oo +

o2 Cowe 1202t T 6° 020 or 0x?

Ox?
3
+5:»% [5 (gg) + (3 — 202 ( aﬁ )a” + %o (0’ + M (D)), G1)

E(t,x 4 2m,e) = E(t,2,¢), n(t,x+2m,e) =n(t (32)
1 21
As before, we believe that M (¢@(x)) = o /cp(w)dx.
0
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Let’s formulate several conclusions about the interaction of waves &(t, x +¢,¢) and n(t,z —t, ),
moving in different directions. Firstly, this interaction is carried out through the components

&2 [(3[3 —20®)M ((gn> > SZE + 3boEM (1 )} and
(33)

e [(3(3 —2a})M <(gg) ) S+ 3 nM(EQ)}

respectively. Secondly, it is relatively weak, since it has the order of €2,

Note that the larger is the “average” of one wave, the greater is the change in speed of the other
wave. Note that the phenomenon when the waves pass through each other unchanged, but only with a
small time shift, is well known in the theory of solitons [9, 11,17, 18].

It is interesting to note that in case by = 0, the Fermi—Pasta—Ulam equation is analyzed. In this
case the boundary problem (30)—(32) allows to lower the order. Let’s make several transformations
in the equations (30) and (31). We take into account that 9€/9t? and 9°n/0t? in (30) and (31) are
expressed through the derivative of the spatial variable from some expression. For regular solutions,
we have the relations:

9t 1 9% IE m 1 a o\’
o210 T2 (am 06 5 = "31am 2 \ax) TOE

From here we get that

0%t 1 0% a 03 0E\ 2 0 (1 0% 8E 0%E
281:2_28883:6+248x3<<m:> )* ax<1zax4+2 92 02 2)*0@

and
01 1 % a 0 o\ 2 om (1 9% on 0%n
2= =21, =22 ((Z =42 .
o 288026 | 24 93 ((%) ) T (12 ozt T "5z oz 2) +06e)

These equations allow to write the boundary problems (30), (32) and (31), (32) for the functions

03 _On

=%y (34)
in the following form:
ot 12048 9608 95 " 9z T 6 o 89:2 dr a8 8$3
v 1% &2 v ov e2a 0 82 v o [ o d3(v?)
2 = 1305 T 0g00s5 * Xoa’ " 6 or { amﬁ (ax) ] g [ 18 02
(03 8311 2 28 2
u(t,z + 2m,¢) = u(t,z,e), v(t,z+2m,e) = v(t, x, 5). (37)

It is important to emphasize that it is possible to calculate the explicit values of the expressions M (u?)
and M (v?) up to O(e) through the initial conditions for solutions of the original boundary value
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Jy

problem (26) and (27). Let y(0, x) = a(z), o =
t=

differentiable 2m—periodic functions.

Then
M(u?) = 1M<(b(w) + Zlfﬁ)Q)’ M@?) = iM((b(x) - g;‘)Q).

It follows from (34) that for the functions v and v the following conditions are true:

b(x), where a(z) u b(x) are some continuously

M(u) = M(v) = 0. (38)

We also mark that the zero approximation for the boundary problems (35), (37), (38) and (36), (37),
(38) would be the Korteweg—de Vries equation
1 3
88—1: = 6% + awg—z, w(t, z + 2n) = w(t, ). (39)
Let’s formulate the main result.

Theorem 2. Let u(t,x) and v(t,x) be the bounded as T — oo (together with derivatives in x up to
the 5th order inclusive) solutions of the boundary problem (35)—(38). Then the boundary problem (206),
(27) has an asymptotic residual with a precision up to o(g3) solution y(t,x, ), for which

y(ta xz, E) = 8(%(17 T+ t) + YI(E T — t)) + E2y2(t7 T,T, E) + EsyS(ta z,T, 5)7
where T = £t and the ratios (34) are satisfied.

The modified Korteweg—de Vries equation and Korteweg—de Vries—Burgers equation have been
studied by many researches [7, 19-22]. The problems of integrability and of building (at certain values
of the coefficients) exact solutions have been examined [22-25]. In this paper we use the approach
of the works [12,13,26-30], in which a method for studying local dynamics for infinite-dimensional
critical cases has been developed. Thus, special partial differential equations have been investigated,
describing the asymptotic behaviour of the so-called regular solutions in the continuous Fermi—Pasta—
Ulam model. At the same time, methods of the local (in the neighbourhood of the equilibrium state)
analysis of the solutions dynamics have been used and developed. These methods are based on the
well-known formalism of normalization method. The question of the interaction of waves moving in
different directions has been studied. It is shown that, firstly, this interaction is relatively weak, since it
is described by terms of the order of 2. Secondly, the interaction only leads to a phase velocity shift.
The magnitude of the corresponding shift is determined explicitly through some integral characteristics
of the initial conditions.

In conclusion of this section, we note that in the case of smallness of the parameter b (b = O(g?))
it’s interesting to compare the properties of normal forms (30)—(32) and (35)—(37). The main conclusion
concerns the resulting waves moving in different directions, while their interaction turns out to be weak.

1.3. Normal Form for ap > 0. In this section we consider the problem for
ag > 0. (40)

In this case when € = 0 the characteristic equation (6) has infinitely many pairs of pure imaginary
roots, asymptotically close to +iag, which means that (5) has periodical solutions & exp(=+iagt) for
€ = 0. To construct asymptotic expansions of solutions (9), (10) we introduce (following the method
from [10, 12-14]), a formal series

y = e[&(t, z) exp(iat) + E(t, z) exp(—iat)] + 53y3(r, t,x)+ ..., 41

Glyzin S.D., Kashchenko S.A., Tolbey A.O.
Izvestiya VUZ. Applied Nonlinear Dynamics, 2019, vol. 27, no. 4 61



where T = £2¢, and the functions y; (7, ¢, z) are periodic on the second and third arguments. Substituting
(41) into (5), we come to the equation for determining &(, x)

. JE 0% 2
Qlaoa o2 (a1 + 3bJE[7)E (42)
with periodical boundary conditions
E(t,a +2m) = E(1,2). 3)

Let’s mark that the equation (42) is classic Schroedinger equation. Its solutions give an opportunity to
obtain asymptotic residual solutions of the equation (10) according to the formula (41). In particular,
the periodic solution in (42), (43) corresponds to a torus in (10), (9). Of great interest there are the data
about the behaviour of equations like (42) for large time. The results concerning integrability and the
existence of an exact solution of the equation (42) are given in [7,31,32]. For values of b of order 1,
the replacement of (41) in our boundary value problem leads to a normal form, independent of the FPU
nonlinearity (Fy,11,,).

Due to the fact that in the previous case the nonlinearity Fj,41, was not taken into account,
let’s take a and b so, that in the resultant normal form the terms responsible for the dislocation and the
terms of FPU equation would have the same orders of smallness. For this we suppose a = c*a; and
b = &by, then for the boundary problem (26)—(27) the solvability conditions for (29) are the following

0% | ffad [EDE LN
022 ' 6 Ox |0z 023 ' 2 \ 922

205
*ox
+626(1 [[3 (g;i) (3p — 2a ( 81] >

L% % 1 0% 2 2365
GE+ e s 2 = g

+ %o (€7 + 3EM(n ) (44)
+52@_2827}_i@ 22@ 37@ ea 9§ | on 1 2
NTE R T g 12028 T 610 926 ' ‘9z 0x2 | 6 Ox |0z oad ax2
5 0 on ‘g ) )
el ![5(395) (38 — 2a2 ( = ) + %o (v + 3nM (), @45)

E(t,x 4 2m,e) = E(t,z,¢), n(t,z+ 2w, e) =n(t,z,¢). (46)

The terms on right part of (44), (45)

*Joop 200 ((52)7) 55 +aweron]. - [op—2aar ((5F)") S0+ snomar(e?)

are similar to the terms (33), as in section 1.2, they define the interaction of waves moving in different
directions, given by the values & and 1.
For ¢ = 0 in (44) we get the equation

2 4 2
0% _10% , 050%

“E 2 e T ot T 0 o

(47)

Note that for a; = 0 this equation reduces to the classical Korteweg—-de Vries equation. As above, a
statement of conformity can be formulated here, which is the main result of this section.
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Theorem 3. Let E(t,x) and (v, x) be the solutions of the boundary problem (44)—(46), bounded as
T — 400 together with the derivatives of x up to the 5th order inclusive. Then the boundary problem
(26), (27) has an asymptotic residual with a precision up to o(e%) solution y(t,x, ), for which

y(t,x,e) = e(E(t,z +t) +n(t,x — 1)) + 52y2(t, x,T,€) + €3y3(t, z,T,€),
where 1 = £2t.

The proved statement allows us to study the local dynamics of the boundary value problem (26),
(27) to proceed to the normalized boundary problem with respect to generalized complex amplitudes
&(t, x),n(t, x) for studying the local dynamics of the boundary value problem (26), (27). We note that
both the nonlinearity of dislocations and the Fermi—Pasta—Ulam nonlinearity significantly effect on the
properties of the constructed normal form.

2. Fast Oscillating Solutions

In this section we consider the question concerning irregular solutions (3), (4), forming on
asymptotically high (as ¢ — 0) modes. The orders of smallness of the quantities a,b, o, will be
considered identical. It’s interesting to mark that just in this case the nonlinearities f(y) and F,41,
make a comparable contribution to the normal form of the problem.

We fix arbitrarily the parameter 8 # 0 and investigate the solutions (3), (4), which are formed
on the modes with numbers

E=+(20c"1404m), m=0,+1,42, ..., (48)

where 8 = 0(¢) € [0, 1] complements the component 28~ to the integer.
Let’s denote v2(8, ap) = 4sin?(8) + ag. Then

L £(0 4 m) sin(29) 9
A = +i {y(é) (1 + () ) +o(e )} (49)
We introduce the formal series
y:5?/1+€2y2('ﬁat,$)+€3y3('57$7t)+~--, (50)

Y = +ZOO Emn(T) exp (z(? +0+ m)x +1v(9) (1 + SURAIDLILY * 0(62))t)+

2v*(9)
+ i‘“ Nm (T) exp (2(? +6+ m):c — iy(é)(l + "W 4 0(52))t> i

m=—0oQ

Here T = £2t, ¢c denotes terms that are conjugate to those contained in the same bracket, and y; depend
periodically on « and on ¢. Let’s denote

+o0 oo
gna) = Y Enexplimz), nmz) = Y. mn(t)explima).
Then the formula (50) takes the form
y(t’ ta xz, 5) =&y (Ia ta l’) + 523,/2(17, ta l’) + 53:’]3(17, ta .CL') +... (51)

Glyzin S.D., Kashchenko S.A., Tolbey A.O.
Izvestiya VUZ. Applied Nonlinear Dynamics, 2019, vol. 27, no. 4 63



Substituting (51) into (3) at each step of the algorithm gives the corresponding boundary value
problems for determining y;(t, ¢, ). For €2, a boundary value problem for y»(t,t, ) arises

jjo = Aya + 2ia(sin(40) — 2sin(20)) - (8% exp(2ip) +n*(20y) + 2Enexp(i(g +y)) +c¢,  (52)
y(t, = +2n) = y(t, z), (53)
where
Ays = yo(t,z +€) — (2 + ao)ye + y2(t, v — ¢),
o= (? n 9):{: +y(0) (1 + 86«(‘2(6)% sin(26))t,

Y = (? + 6)33 —y(®) (1 + 66\/‘2(6)% sin(26)>t,
sin(29) "
2

2y =y 1(d)
The solution of the problem (52), (53) has the form
ya(T,t,,6) = A11E% exp(2i) + Agan? exp(2i) + A12En exp(i(p + ) + 3,
8iosin(28) sin?(9) _ 16iasin(29) sin®(d)

3(ag + 4sin%(9)) ’ ag + 4sin?(9)
Let’s introduce the notation for operators L™ (8)€ and L™ (8)n

where All = A22 = A12 =

n def ., g B . %€ L OE

LT () 223((6)78T a1&E — R(d) [azg +2@e—az+ 0 g},
sy def oo om0 I RPN e
L= = —2iv(8) 5 — ain — R(3) [—823 +2i0-— — 0 n],

where R(5) = cos(28) — %Y—Q(a) sin(20) or R(8) — ZCOSQ(a) Y

For 3 we have the problem for y3(t,t, ). The right part of the corresponding equation contains
the third and first harmonics for ¢ and 1. Taking into account that the first harmonics are resonant, for
this problem the conditions of existence of bounded solutions are expressed by the following system
of equations for § and n

L+ (8)% = 3&(&2 + 2Inf2) - (| — 6+ 2cos(20) - M] B+b),

cos (49
L= () = 3n(2[52 + nf?) - (| = 6 + 2cos(20) M} B+)
with periodic boundary conditions
E(rv 2t +23'l7) EE(E 2)7 7](137 Z— +27[) ET](Ta Z)‘ (55)

The connection between the solutions of the boundary value problem (54), (55) and the initial boundary
value problem (3), (4) is established by the following statement. It will contain the sequence ¢, — 0,
which is determined by the condition 6(¢) = 6.

(54)

Theorem 4. Let’s fix arbitrarily the parameters & and 0o € [0,1). Let E(t, z) and n(t,2_) be the
solutions of the problem (54), (55) for 6 = 0q, bounded as © — oo, x© € [0,2x]. Then there exists a
sequence e, — 0, determined by the condition 0(c) = 0y, so that with € = &,, the boundary problem
(3), (4) has an asymptotic residual with a precision up to o(c®) solution y(t,z,ey), for which the
presentation (51) takes place

g(tv €z, 5) =E&y1 (T, ta ':E) + 523/2(17, ta :Li) + 633/3('5, ta '1:)

Thus, the boundary problem (54), (55) plays the role of the normal form for the initial boundary
problem (3), (4) and determines its solutions that rapidly oscillate in space.
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Conclusion

The work considers systems with nonlinearities of dislocations and Fermi—Pasta—Ulam and the
corresponding boundary value problems. For these problems we have built the special systems of
nonlinear boundary problems, which play the roles of normal forms; their solutions are asymptotic in
the discrepancy close to solutions of the original boundary value problems. Special attention is paid
to the situation when the nonlinearities of dislocations and Fermi—Pasta—Ulam make a comparable
contribution to the resulting normalized equations.

Especially we have considered the behaviour of so-called regular and irregular solutions (quickly
oscillating by spatial variable). When describing such classes of solutions, various normalized boundary
value problems arise. Besides, there is the noticeable difference between the values of coefficients, for
which the influences of nonlinearity of dislocations and the FPU nonlinearity are comparable. At first
sight, it may seem that the resulting normal forms are not simpler and even more complicated than the
original equations. But it is not so. The essence is in the theorems 1-4. They say that the main part
of the solutions of the equation (3) is the solution just of the normalized equations. Thus, solving the
original equations, we have not only to find the main parts of the solutions, but also to calculate several
complex functions. Besides, it’s important to take into account that normal forms contain significantly
less Fourier harmonics than the original problem. All this allow to suggest that normal forms can
significantly help in studying the original problem.

Let’s mark that only the normal forms from section | are these one in the traditional sense of the
term: system of equations for determining slowly varying amplitudes. The normal forms from section
are not normal forms in the exact sense, but their solutions can effectively help to construct the slowly
varying amplitudes and the solutions of the initial problem.

From the constructed normal forms there follow the important conclusions about the interaction
of waves moving in opposite directions, i.e. about the influence of the variables & and 1 on each other.
The most important is the integral influence: the effect of one variable upon other is determined by the
average on spatial variable of the square of amplitudes & or ). It’s interesting to note that in formally
close Fermi—Pasta—Ulam problem the situation is different. There, the interaction only leads to a shift
of phase velocities [10, 15].
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