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Abstract. Purpose of the work is revealing and researching of peculiarities of a motion of a viscous liquid having a
free boundary and undergoing periodic in time influences which are characterized by the absence of a predominant
direction in space. Methods. The analytic investigation methods of non-linear problems, of boundary problems
for the system of Navier—Stokes and continuity equations are used that are the method of perturbations (the
method of a small parameter) the method of Fourier (the method of a separation of variables), an averaging,
a construction and studying of asymptotic formulas. Results. A new problem on the motion of a viscous liquid
is formulated and solved. Asymptotic representations of the found solution are constructed and explored. New
hydromechanical effects are revealed. Conclusion. The work is fulfilled in the development of a perspective direction
in liquid mechanics that is of researching the dynamics of hydromechanical systems under periodic influences. The
obtained results can be used in particular in further investigations of a non-trivial dynamics of hydromechanical
systems, under working for the methods of a control of hydromechanical systems.
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Introduction

Theoretical and experimental study of the dynamics of hydromechanical systems under
periodic time effects is one of the promising areas in liquid mechanics. A number of non-trivial
results have been obtained in this direction (see the works [1-31] and [32-38]). The conducted
studies allowed us to prove the existence of the phenomenon of predominantly unidirectional
motion of compressible inclusions in a vibrating liquid [1,2,9,26,38]; to construct a mathematical
model of the hydromechanical analogue of the “Kapitsa pendulum” [17,39]; detect the effects
of paradoxical behavior of a solid body in a vibrating liquid |26, 32, 33, 35-37|, “levitation” of
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liquid [31], “spontaneous” transition of a solid inclusion in an oscillating liquid to a position with
a given orientation in space [23].

In this paper, we consider the problem of the motion of a viscous liquid caused by the
translational periodic motion of a flat wall and a flat plate with a boundary permeable to the
liquid. The liquid fills two regions of space. The motion of the liquid in these regions occurs
under substantially different hydromechanical conditions: the liquid in one region has only solid
boundaries, while in the other region it has a solid and free boundary. New hydromechanical
effects have been discovered. In particular, the presence of an effect has been established, consisting
in the fact that against the background of oscillations the liquid in one region is at rest, while in
the other region it performs a stationary motion.

1. Formulation of the problem

There is a hydromechanical system
consisting of an incompressible viscous liquid,
a gas, an absolutely rigid plate n and an
absolutely rigid wall & (Fig. 1). The liquid
borders the gas, the plate and the wall.
The plate boundary m is permeable to the
liquid. The plate moves translationally relative
to the inertial rectangular coordinate system
X, Y, Z with velocity U = {Ux,0,0}. Velocity
Ux changes periodically with time ¢ in a
given manner, with a period T, (Ux =
Usin(2nt/T); U > 0 — constant). The wall &
performs a given translational motion along
the Y axis. The boundary I's of the wall §

Fig 1. Hydromechanical system is the plane ¥ = Hg; —00 < X < o0,

—00 < Z < oo (He = Hsin(2nt/T + ¢);

H > 0, @ are constants). The boundary I'yy, T2 of the plate n is the planes Y = Hy, Y = Hy;

—0 < X < 00, —0 < Z < oo(Hy > Hi,H; > H are constants, the difference Hy — H;

is the plate thickness 1). The free boundary T’ ! of the hquld is characterized by the relations

Y=L, —-c0o< X <00, —~0<Z <00 (L= L—l—HE, L> Hy + H — constant). The regions

Qi :He <Y <Hyand Qy: Hy <Y <L (—00< X <00, —00 < Z < 00) are filled with liquid.
It is required to determine the periodic planar motion of a liquid.

Let © = ¢/T; 2 = X/L;y = Y/L; 2 = Z/L; ¢ = H/L; u = TUx/L = usin(2m1);

= {1,0,0}; e, = {0,1,0}; p and V — the density and velocity of the liquid, respectively;

v = TV/E = v,(T,y)er + vy(T,y)ey; P — pressure in liquid; p = TQP/(pEQ) = p(t,y); Py —

gas pressure on liquid; py = TQPQ/(pEQ) = py(1); he = Hg/i = esin(2nt + ¢); by = Hy/L;

hy = Hy/L; Re = L2 /(vT) — Reynolds number.

The problem of liquid motion consists of the Navier—Stokes equation, the continuity
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equation and the conditions on the free and solid boundaries of the liquid:

g: +(v-V)v=—-Vp+ éAv in Q, Qo (1)
V-v=0 in Q, Q: (2)
Uy:%, p—]i%vyy:pg, %1;;:0 on Ty (3)
v, =0, vy, = % on TI¥; (4)
Up = U, Uy = % on Iy, Do (5)

2. The solution of the problem
According to (2)—(5) we have
vy = 2mefcos(2nt+ )] in Q, Q. (6)
From (1), (3), (6) it follows

p = dn’e[sin(2nt + @)ly +p' in Qi

(7)
p=4nelsin2nt + ¢)(y — 1 — he) +p, in Qo
where p’ is a function of t.
Using (1), (3)—(6), we define the tasks
Ovy Ovy 1 0%, |
(‘971}1: + 27mte[cos(2mt + cp)]a—?; = 7o 8;2 in Q, (8)
v, =0 at y=hg, 9)
vy =u at y=h (10)
u
vy vy, 1 vy .
a—l; + 2mefcos(2mt 4 cp)]a—l; = ET:Q in Qo, (11)
vy =u at y = ho, (12)
0vg
=0 at =1+ he. 13
By at  y=1+he (13)

We will consider problems (8)—(10) and (11)—(13) for values of € that are small compared
to unity. We will apply the method of expansion in powers of the small parameter [40,41]. We
will assume that

Vg ~vo+evy at e — 0. (14)
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Using (8)—(14), in the eV-approximation (N = 0,1) we obtain

2
BgN + 2Nn[cos(2mt + )] %1;0 = ];eaa;}év in Q, (15)
: dvg
vy = —N[sin(2nt + cp)]a—y at y=0, (16)
vy =(1—-N)u at y = hi, (17)
dun do 1 Puy o
— + 2N 2 = ——F Q 1
e + 2Nx[cos(2mt + @) — 9y~ Re 0 in Qo, (18)
vy =(1—N)u at y = ho, (19)
2
8(;’;\’ — — Nlsin(2nt + cp)]%;;o at y=1, (20)

where Q; and Qy are regions respectively 0 < y < hy and by <y <1 (—o0 < 2 < 00, —00 < 2 <
Let N = 0. Problem (15)—(17) has a solution

_ h :
vo = @ Tmag <:}qu£’162“"> for 0<y < hy, (21)

problem (18)-(20) has a solution

~ chq(1 —y) o
— U1 Rl A Sl A for he <y <1, 22
vo = u Imag [ch (1= h2)e or ha <y (22)
where ¢ = (1 +1i)VnR
Let N = 1. We erform averaging (15)—(20) over dimensionless time t. As a result, we
obtain
1 d*v -
21 <[cos (27T + @)] &UO > o dT/z in Q, (23)
_ dvg
v = — ( [sin(2nt + cp)]a— at y=0, (24)
v=0 at y=hy, (25)
1 d*v -
21 <[cos(2m + )] 85;0> = ET;; in Qo (26)
v=0 at y=hoy, (27)
dv 2
d—z =— <[sin(2nr + cp)]%;;o> at y=1. (28)

Here (...) = II—H ... dt'; v = (v1). Problem (15)—(17) has a solution

T

v1 = 0 4 RealpMe™  for 0 <y < hy, (29)
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Problem (18)—(20) has a solution
v1 = 0 + Real[p@ et for ho <y <1, (30)

here v, v — functions y.
From (21)—(28) it follows

_ (chghi)y —hichqy ;z_g)
_ T <y <
v 2ReuReal[ 7y shahy e''4 } for 0 <y < hy, (31)
_ m, shq(l—y) —shq(l —ha) ;z_
= /= <y <1l
v 2ReuReal[ chq(1 = hy) e ] for ha <y<1 (32)

The formulas
Vy = Vg + €V (33)

u (6), (7), (22), (23), (29)—(32) define an approximate solution to the problem (1)—(5). This
solution indicates the presence of an effect consisting in the fact that (against the background of
oscillations) the liquid performs a stationary motion.

Let us consider the question of the average time flow of a liquid for values of Re that are
small compared to unity. Using (6), (21), (22), (29)-(33), we obtain

1 hy —

(V) ~ — isu(cos @) th Y e; for 0<y < hy, (34)
1

(v) ~ — meuRe(sing)(y — ha) e, for ho <y <1 (35)

at Re — 0.

According to (34), (35) (against the background of oscillations) the following takes place.
In the region Qi at cos @ > 0 the liquid moves in the direction opposite to the direction of the X
axis; at cos@ < 0 the liquid moves in the direction coinciding with the direction of the X axis;
at cosq = 0 the liquid is at rest. In the region Qo at sing > 0 the liquid moves in the direction
opposite to the direction of the X axis; at sing < 0 the liquid moves in the direction coinciding
with the direction of the X axis; at sin ¢ = 0 the liquid is at rest. When (sin ¢) cos ¢ > 0 the liquid
in the regions Qp, Qo moves (along the X-axis) in the same directions; when (sin ¢)cosq < 0
the liquid in the regions Q1, Q2 moves (along the X-axis) in mutually opposite directions; when
(sing) cos@ = 0 the liquid in one of the regions Qi, Qy is at rest, and in the other it moves
in the direction coinciding with the direction of the X-axis or in the direction opposite to the
direction of the X-axis.

Using (34), (35), we find that for (sing) cos @ # 0 the relation

1 h1
(coscp)(l_l - / (v)dy) = 2nRe(sin )b (1 —h2)<h11 / (v) dy). (36)
ho 0

According to (36) for small values of Re (in (34), (35) Re — 0) and any (admissible) values of
hi1,1 — ho when the liquid moves in both regions Qi, Qo, the fluid in region Qs, on average,
moves significantly slower than in region Q.

Let us consider the question of the average time flow of liquid in the regions Qi,Q, for
values small compared to unity hy,1—he. Let 01 = (h1 —y)/h1 (0 <01 <lat0<y < hy); 09 =
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(y—ha)/(1 —hg) (0< 02 <1at hyg <y<1). Using (6), (21), (22), (29)—(33), we obtain

1 _
(v) ~ — §5u(cos cp)% e, for 0<y<hy, (37)
(v) ~ — meuRe(sin@)oa(l —h2) e, for he <y<1 (38)

at hy -0, 1 —hy — 0 (and fixed Re,u,®).

The expressions on the right-hand sides of (37), (38) coincide with the expressions on the
right-hand sides of (34), (35, respectively. Unlike formulas (34), (35), which are suitable for small
Re > 0 and any (admissible) hj, 1 — ho, formulas (37), (38) are suitable for small hy,1 — ha and
any (fixed) Re > 0.

From (37), (38) follows a relation coinciding with (36), according to which for small values
of hi, 1 — hg (in (37), (38) hy — 0,1 — ha — 0) and any value of Re > 0, when the fluid moves
in both regions Q;, Qo, the fluid in region Q,, on average, moves significantly slower than in
region Q.

Let us dwell on the question of the time-average force action from the liquid on the plate
1N in the direction of the X axis along which the plate n moves. Let An be a body, a part of the
plate 1, at an (arbitrary) moment of time ¢ = ¢* occupying the region Qa, : X* < X < X*+ Dy,
Hi <Y < Hy, Z* < Z < Z*+ Dy (X*,Z*,Dx > 0,Dz > 0 are constants). Let us determine
the time-average force F' acting from the liquid on the body An in the direction of the X axis.
Using (6), (21), (22), (29)-(33), we find

Real | (cth ghy)eG=9 s, (39)

e (& L
T “Re T2 dy ly=h1 dy |y hz - \/7T2h

where s = DxDy/L>.

According to (39), the average time force action from the liquid on the plate 1 in the
direction of the X axis does not depend on the “thickness” 1 — hy of the Qs region.

From (39) it follows

FT1? T e u ( 715) (40)

—_—= Y — ————=-—COS —
pLA4 2VRel ¥y

at Re — oo (and fixed hy,u, ).

Formula (40) demonstrates that for Reynolds numbers large compared to unity (in the
approximation under consideration), for cos(¢ — m/4) = 0 the force F is zero, and there is no
time-averaged force action in the direction of the X axis from the liquid on the plate n; for

cos(qp — mt/4) # 0, with increasing Re the modulus of the force F' decreases according to the law
Re™1/2,

Conclusion

The conducted research led to the discovery of new effects of unusual liquid motion under
periodic time effects. The behavior of a viscous liquid caused by effects that do not have a
distinguished direction in space is considered. From what is presented in the work it follows that
such effects are capable of generating qualitative changes in the liquid motion. The reason for
the discovered effects is the consistency (with each other) of the effects exerted on the liquid.
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A hydromechanical system, subjected to periodic impacts in time that do not have a
specific direction in space, produces responses (reactions to impacts) that are characterized by
the presence of a specific direction in space and are expressed in the fact that the free parts of
the system (parts of the system whose movement is not specified) — for example, liquid layers
— perform an average movement against the background of oscillations.

This is in direct connection with the following generalized principle of average motion: the
fundamental reason that periodic in time (oscillatory, vibrational) effects on a hydromechanical
system that do not have a specific direction in space generate average in time motion of the
free parts of the system is the possibility of the free parts of the system performing motion in
different directions in space under different conditions (see also [26]).

The obtained results can be used in conducting targeted experimental studies of non-
trivial dynamics of hydromechanical systems; in developing promising methods of controlling
hydromechanical systems; in creating hydromechanical systems with prescribed properties, for
example, systems that respond in a given way to periodic effects.
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