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Abstract. The purpose of this work is to investigate the effect of stochastic perturbations of the white noise
type on the stability of capture into autoresonance in oscillating systems with a variable pumping amplitude and
frequency such that a center—saddle bifurcation occurs in the corresponding limiting autonomous system. The
another purpose is determine the dependence of the intervals of stochastic stability of the autoresonance on the
noise intensity. Methods. The existence of autoresonant regimes with increasing amplitude is proved by constructing
and justificating asymptotic solutions in the form of power series with constant coefficients. The stability of
solutions in terms of probability with respect to noise is substantiated using stochastic Lyapunov functions.
Results. The conditions are described under which the autoresonant regime is preserved and disappears when the
parameters pass through bifurcation values. The dependence of the intervals of stochastic stability of autoresonance
on the degree of damping of the noise intensity is found. It is shown that more stringent restrictions are required
to preserve the stability of solutions for the bifurcation values of the parameters. Conclusion. At the level of
differential equations describing capture into autoresonance, the effect of damped stochastic perturbations on the
center—saddle bifurcation is studied. The results obtained indicate the possibility of using damped oscillating
perturbations for stable control of nonlinear systems.
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Introduction

The paper considers a model system of differential equations that describes autoresonance
capture in nonlinear oscillating systems with small chirped pumping [1]. The phenomenon of
autoresonance, associated with stable adjustment of the system phase to the pump phase and a
significant increase of the oscillation amplitude, has a wide range of applications and has been
actively studied recently [2]. The paper discusses a special case when the pump amplitude and
frequency are matched in such a way that when the parameters vary, a center—saddle bifurcation
occurs for resonant solutions in the corresponding limiting autonomous system. The influence
of deterministic perturbations on such a bifurcation was discussed in [3|, where the conditions
under which the corresponding bifurcation is preserved or destroyed are described. In this case,
the influence of stochastic disturbances was not considered. In this paper, we study the existence
and stability of autoresonance with respect to stochastic disturbances when parameters pass
through bifurcation values.

1. Formulation of the problem

We consider a non-autonomous system of two nonlinear differential equations

P+ ap=p)sing,
)

(‘fl‘f 2 +x<r>> b = B(t) cos

with smooth functions a(t), f(t) and A(t) defined for all T > 0 and having the following
asymptotic behavior at infinity:

oo o0 oo
a(t) ~1! Z ot ®, B(r) ~ 1Pt Z Brt *, Ar) ~1%® Z Mt R, T — oo,
k=0 k=0 k=0

where o, B, M € R, apg,ho € Ry, fo = 1 and 2b € Z,. System (1) arises when studying
the phenomenon of autoresonance in a wide class of nonlinear oscillating systems with small
chirped pumping and weak dissipation [1]. The function a(t) is associated with dissipation in the
system, B(t) and A(t) — with the amplitude and frequency of the disturbance, respectively. The
solutions of the system p(t) and ¢(t) play the role of the amplitude and phase detuning of the
nonlinear oscillator. Of interest are the solutions p(t) — oo and ¢(t) = O(1) as T — oo, which
correspond to synchronization of the oscillator phase with the perturbation phase and capturing
the system into autoresonance. In this case, solutions with p(t) = O(1) and |$p(t)] — oo as
T — oo correspond to the phenomenon of phase drift and the absence of autoresonance . As a
simple example leading to system (1), consider

2
ZTZ +U'(z) = _A(t)% + &B(t) cos A(t), (2)
where A(t) = Ag(1+&t)~1, B(t) = Bo(1+&t)" 1, A(t) =t —0t2+ U(z) = 22/2 —2* /4 + O(2®)
at © — 0, Ap, By, ¥,€¢ € Ry. The right side of the equation represents a perturbation with
small parameters 0 < Ap,€ < 1. Note that the autonomous system corresponding to (2) with
€ = Ap = 0 has a Lyapunov-stable equilibrium (0, 0) of center type (see, for example, [4, §4.1 ]). In
this case, solutions to the perturbed equation with € # 0, Ay # 0 and initial data near the point
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(0,0), for which the energy E(t) = (2'(t))?/2 + U(x(t)) increases significantly with time, and
the phase ¥(t) = arctan(z’(t)/x(t)) adjusts to the phase of the disturbance ¥(t) — A(t) = O(1),
correspond to the capture into autoresonance. For an asymptotic description of such solutions at
the initial stage of the capture, we introduce slow and fast variables t = e Byt/(2x) and T = A(t)
with x = (4By/3)'/3. It is easy to check that the substitution z(t) = &/3kp(t) cos(p(t) — &) + O ()
as € — 0 into equation (2) and averaging over the fast variable (see, for example, [5]) lead to
system (1) with a(t) = kA(t) By '&7%/3, B(1) = B(t)By * and (1) = 9(1+2b)(2xE2/3 By 1)2+1120,
A similar transition to systems of type (1) takes place when studying autoresonance in infinite-
dimensional systems described by nonlinear partial differential equations [1|. Note that systems
of the form (1) arise, in particular, in problems of controlling the dynamics of domain walls in
ferromagnetic films in a weak external magnetic field [6].

This paper studies the influence of stochastic disturbances on the stability of autoresonant
solutions of system (1). We will consider the perturbed system in the form

;ls + a(t)p = [B(t) + £01()E1(7)] sin ,

do

)
(52— 2410 ) = )+ con ()51 ()] cosep -+ ()5l

where €;(t) and E(t) are independent stochastic processes defined on the probability space
(Q,F,P). It is assumed that E[E;(t)] = 0 and E[g;(1)E;(t')] = &(t — v') for all ¢ € {1,2}, where
O(t) is the Dirac 8 function. Deterministic functions 01(t) and o2(t) with parameter ¢ € R, are
used to control the noise intensity. Let us set & (t) = W;(t), where Wi (t), Wa(t) are independent
Wiener processes. Then system (3) can be considered in the form It6 stochastic differential
equations [7, Ch. 5]. The purpose of the work is to describe the conditions under which the
capture into autoresonance persists in perturbed system with a probability close to unity.

2. Resonant solutions of an unperturbed system

Let us select the component in the amplitude that grows over time and make the substitution
2
p(1) = VAT + 72 R((1), o(r) = W(s(1),  s(0) = th g =241 (4)

in unperturbed system (1). Then for the new variables R(s), U(s) the system takes the form

dRrR dv
dS (R 4 S) E - G(Ra \1,73)7 (5)

where

F(R,W,s(1) =1 " ([3(1) sin ¥ — a(t)\/A(T) — 2%) tr <1z—1 - a(t)) R,

_9=2
G(R, U, 5(1)) = 20" /A0 R + v 4 2 4 PUT_7 cos¥

\/7»(1) +1 IR

Note that

m 2 1
A2~ Tt Zr*kCZf, ﬁ)ﬁé ~ Ay 2 Zt*ky;f, T <a\f+ ) Zr Wk
k=0 k=0
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at T — oo, where T, vk, wr = const. In particular, " = yo = 1, wop = VAo(1 +b) > 0,
"= mhi/ho, Y1 = P1 + Cl_l, w1 = vVhooy + M /V4ho. It is easy to verify that the asymptotic
expansions take place F(R, W, s) ~ 332 s *1F (R, W), G(R,¥,s) ~ 3,5 */1G(R, ) as
s — oo, where

Fp(R, V) = fro(¥) + Rvi—gy /2, Gr(R, V) = B/ + gr—q(R, V),

2k 2k _q
q

Jre(¥) = (Brsin ¥ — uyg) <2> . V= <;6k,0 — 0%) (2) b

2R? e 2\ I+4 2
g(R, ) = 6;6,07 + Z (=1)'R'cos Wk, 2 Tl (q) .M =208 (q)

ql+2(m+n)=k

26
q

Note that ¢ € Z4 and ¢ > 2. It is assumed that fx(¥) = gx(R,¥) =0 and vy, =, = 0if k € Np.
Thus, system (5) is asymptotically autonomous [8]. The corresponding limit system

dR dw
— =sin¥ — g, — =+\4MR (6)
ds ds

has two fixed points: z; = (0,arcsinp) is a saddle and z. = (0,7t — arcsinpg) is a center if
wo € (0,1). At ug = 1 the saddle and the center merge into a degenerate fixed point zo = (0, 1),
which disappears at ug > 1. If ug > 1, then all trajectories of the limit system turn out to be
unbounded.

Note that the functions F(R, ¥, s) = F(R, ¥, s) — Fo(R, ¥) and G(R, ¥,s) = G(R, ¥, s) —
— Go(R, V) play the role of damped disturbances of system (6). It is easy to verify that in
the vicinity of the saddle such additions do not lead to a qualitative change in the behavior of
trajectories (see, for example, [3]). In this case, the dynamics near the center and the degenerate
point depend on the disturbance parameters.

Let us give a definition of the stability of resonant solutions with increasing amplitude,
which will be used below.

Definition 1. A solution p«(t), Y« (t) of system (1) is called stable if Ve > 0 there exist &g > 0

and t9 > 0 such that for any Qo and Go: [p+(t0) — Qo| + [W«(T0) — @o| < do, for solving p(t), (1)
system (1) with initial data p(t9) = Qo, Y(t0) = Qo the inequality holds

sup {v[p(1) = p. (V)] + [W(¥) — . (0)| | <e.

270

Let us first consider the behavior of trajectories near the point z.. Fair

1 4b+1
Theorem 1. Let 0 < VAo(1+b) < 1 and ag > 3~ (2(b—t1))2 Then system (1) has a stable
solution pe(t) = /A1) + 1 2R (5(1)), de(t) = Uo(s(1)), where s(t) = (2/q)19/2,
e k e k
Rc(s) ~ ZS_ET]“ \I/C(S) ~ Yo + Z S_Ewlw § — 00, (7)
k=1 k=1

with coefficients ri, Wy = const, Pg = m — arcsinpg, ¢ = 2b+ 1.

Proof. Substituting (7) into system (5) and grouping expressions with the same powers of s
lead to a system of recurrent equations:

Ahory = Ag,  —\/1—udVr =B, k=1, (8)
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where Ay and By are expressed in terms of 71,41, ...,7k_1,Px_1. In particular,
A1 = —G1(0,0), A2 = —G2(0,90) — r19rG1(0,Y0) — P103G1(0, o),
By =—Fi(0,90), Ba=nopi/2 — F>(0,90) — 110rF1(0,40) — 10w F1(0,0).

Since Ay # 0 and 0 < py < 1, then system (8) is solvable. To prove the existence of a solution to
system (7), we define the functions Ry(s) = Zi\le s7Rap, W (s) = o + Zi\;l s~k/ay;, with
some integer N € N. It follows from the construction that

N+1 N+1

Ry(s) = F(Rn(s), Un(s),5) = O(s™ @), Wn(s) — G(Rn(s), Un(s),s) =O(s @)
as s — o0o. Substitution R(s) = Ry (s) 4+ r(s), ¥(s) = Yn(s) +P(s) in (5) leads to the system

d d
= xS =an(r,s), ©)

where Fn(r,y,s) = F(Rn(s)+7, Un(s)+,s)—Ry(s) and Gy (r, 9, s) = G(Rn(s)+7, Un(s)+
+1,s) — Uy (s). It is easy to check that

q+1 N+1

a k
Fn = s 1 {fip(0+UN) = fra(Un) + dpgvor} + Od)O(s™ @ )+ O(s ¢ ),
k=0

Lk ) _na1
Gy =) 5 7 {2+ kgq(90(r+ Rn, Y+ ¥n) = go(Rn,¥n))} + O(d)O(s™ @ )+ O(s™ 5 )
k=0

as s — oo and d := d(r,y) = V7?2 +9? — 0. As a Lyapunov function, consider V(r,y,s) =
‘/c(ra P, 55 \I]N(S)a ﬁ)a where

k r2
q

"
Ve(r,, s, U, 0) = s~ /gy ~ /fk;/2(¢ + UN) d + P fi2(Un) p 4 s~ Oy
0

q
k=0
Note that V(r,y,s) = (or? + /1 — u2yp?)/2 + O(d®) + O(d*)O(s7/7) as s — 0o and d — 0,
where 1o = v/4ho > 0. The derivative of the function V(r,1, s) on the trajectories of system (9)
has the following form:

N41

%V‘ _— (—Aﬁr2 — Byy? + O(d®) + 0(3—5)0(42)) FO@O(s™ )
s 1(9)

as s — oo and d — 0 with parameters Ay = no(q(200 —1)/4 — ) u By = /1 —pd(d +
2u0//q*ho). Let us choose the parameter & = 9. that satisfies the inequalities —2ug/+/q%ho <
V. < q(209 — 1)/4, then Ay > 0 and By > 0. Consequently, there are d; > 0 and s; > 0 such
that

av

< -slCd+s T Dd (10)
ds 1(9)

m_d* < V(r,p,s) <myd?,

as s > s1 and d < dy with positive parameters m_, m;, C' = min{Ay, By}/2 and D . Let us
choose N > ¢, then for any € € (0,d;) there are

5 Ny 288_1/(1 . = 4 \1?
= min Se = max-< s —

€ 1 C ) 2m+ ) € 1 Ce
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such that dV /ds|g) = —sil(Cdz—sg_l/qéngdQ) < —s71Cd?/2 < 0 for all s > s, and (r,) such
that 8, < d(r,y) < e. Hence and from the inequalities supgcs V (7,9, s) < my82 < m_g? =
= infg— V(r,4,s) for all s > s, it follows that any solution of system (9) with initial data
d(r(se), W(se)) < O does not leaves the e-neighborhood of zero d(r(s),y(s)) < € as s > s.
Moreover, from (10) it follows that dV /ds|g) < s~ 1=(IN+1=9)/9¢D for all s > s, and d < e.
Integrating the last inequality, we get d(r(s),P(s)) = O(s~N+1=9/(20)) a5 5 — oo for any
N > q. This implies the existence of a stable solution to system (9) with asymptotics (7). Taking
into account the substitution (4), we obtain the proof of theorem 1. U

If up = 1, system (8) turns out to be unsolvable, and an asymptotic solution in the form (7)
near the degenerate point zg cannot be constructed. In this case, depending on the disturbance
parameters, the appearance of either a stable regime with trajectories tending to equilibrium of
limit system (6) or an unstable regime with infinitely growing trajectories is possible.

We have

1 4b — 1

Theorem 2. Let Vio(b+1) =1, B1 > wy and oy > 3T @
stable solution po(t) = /M1) + T 2Ry (5(1)), ¢po(t) = ¥o(s(t)), where s(t) = (2/¢)t1¥/?,

Then system (1) has a

oo
Ro(s) ~ > s l;rk, Uo(s) ~ g + Zsfslpk, s — 00, (11)
k=1

with coefficients i, Py, = const, Y1 = /2(B1 — w1)(2/q)", ¢ = 2b+ 1.

Proof. Substituting (11) into system (5) and equating the expressions for the same powers of
s lead to the equation

2
o (2) (12)

The remaining coefficients 7y, Y are determined from the system of equations
VAlory = A, —P1rsr = Cpr, k21, (13)

where Aj and Ci are expressed in terms of r1,1,...,7k_1,Px_1. For example,

e (o, g) . Ay =G (0, g) — 1MORGh (o, g) 109G (0, g) ,

2
R A S A 2\«
Co = —849vor1, C3= —271 + 72 + [51?1 . dg,3vor1 + (u2 — P2) <)

Qs

Since Ag # 0 and f; > w1, then there is a solution to system (12), (13), which depends on the
choice of the root of equation (12).
Consider the functions Ry (s) = SO0 s ¥y, Uy (s) = /2430, s ¥/, Substitution

R(s) = Rn(s) + 8_3/(2q)7“(5), U(s) =Un(s)+ s_l/qlp(s) in (5) leads to system (9) with

F(r,) = 53 (F(Rx(9) + 5~ Hr, Ws) + 7 H5) = Biy(s)) + 5715
Gr(r.) = 51 (GBN(s) + 573 W (s) + 57 1.8) = Wi(s)) +57
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It is easy to check that

q+2
3
Fn = ZS 2 {sz/2 S qw—l—\I/N) fk/Q(\I/N)}—i-S_l (V0+2q)?”+

+ OO~ )+ O(s™ 3 ) = 573 (—pyp + O(d?) + O(s71)),
a 2k+1 1
Gy =25 g M+ ((90(5 2p 4 Ry,s o+ Uy) - go(RN,‘I’N))> +S_1;P+

a+1

+Od)O(s™ T )+ O(s ) = 52 (mor + O(s 1))
as s — oo and d(r,¢) — 0.
Let g7 > 0. In this case, the limit system corresponding to (9) has a fixed point of the center

type. Consider the Lyapunov function for system (9) in the form V(r, ¢, s) = Vo (r, ¢, s; Un(s), D),
where O — some parameter and

2
q 2 q+ oo

Vo(r,p, s, U, 9) EZ 737]]@/(12 287 a /fk/2 s ‘1¢+‘I/N)d¢ Yix2(WN) o+
k=0

s ﬁmp.

notice, that V (r,y, s) = (or? + y192)/2 + O(d®) + O(d?)O(s~ /) as s — oo and d — 0, where
Mo = v4hp > 0. The derivative of the function V'(r,v, s) on the trajectories of system (9) has
the form
av
ds 1(9)

2N—-1

= 571 (—Apr? — By + O(d) + O(s~1)O(d)) + O(d)O(s™ 1)

as s — oo and d — 0 with parameters Ay = no(q(200 — 1)/4—3/(2¢)—9), Bs = P1(210/v/¢*ho—
— ¢ '+ ). Let us choose ¥ = 9y satisfying the inequalities (v/Ao — 2)/v/a%ho < 90 < (¢%(200 —
1) —6)/(4q), then Ay > 0 and By > 0. Consequently, there are d; > 0 and s; > 0 such that
m_d® < V(r,9,s) <myd?, dV /ds|g) < —s~'Cd?* + s 2N-1/0Dd as s > s; and d < d; with
positive parameters m_, my, C = mln{Aﬁ,Bﬁ}/2 and D . Let us choose N > ¢ + 1, then,
repeating the reasoning of theorem 1, we obtain a proof of theorem 2. ]

Note that the choice of a negative root of the equation (12) corresponds to a saddle-type
fixed point in the limit system. In this case, damped disturbances do not significantly affect the
behavior of nearby trajectories and the asymptotic regime corresponding to (11) with ¢; < 0
turns out to be unstable.

If yo = 1 and B; < wy, then an asymptotic solution in the form (11) is not constructed.
Moreover, in this case the trajectories of system (5) behave in the same way as the solutions of
limiting system (6) for up > 1 and are unbounded [3].

3. Stochastic stability of resonant solutions

This section discusses the stability of autoresonant solutions of system (1) with respect to
stochastic disturbances for 0 < pp < 1 and for ug = 1. It is known that even small stochastic
disturbances can lead to a loss of stability of solutions [9, Ch. 10] and the emergence of new
stable states [10]. Let us describe the conditions under which the stability of autoresonance is
guaranteed to be preserved in probability at least over asymptotically large time intervals.
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Note that the substitution (4) reduces system (3) to the following form (see |7, §8.5]):

dR=F(R,V,s)ds + €011 (R, ¥, s)dw(s), (14
14
d¥ = G(R,V,s)ds+e021(R, ¥, s) dwi(s) + €022(R, ¥, s) dwa(s),

where (w1 (s), wa(s)) is some two-dimensional Wiener process,

v 01( ) cos ¥

VAE) +T2R

011(R, ¥, s(1)) = r%ol(r) sinV, o021(R,¥,s(1)) =

022(R, VU, s(1)) = r¥02(r).

From Theorem 1 it follows that system (14) for e = 0 and 0 < pp < 1 has a stable solution
R.(s), ¥.(s) with asymptotics (7). Let us show that the solution remains stable with respect
to stochastic perturbations at € % 0 under certain restrictions on the class of perturbations
Kar 0o = {(01(7),02(7)) : 01(1) = O(1™), 02(1) = O(1*?) at T — oo}. Let us define the function
d(r,¢) = V7?2 + 2. Then, we have

1 4b+1)

Theorem 3. Let 0 < \/)\.7(1 + b) < 1 Qg > 5 — m and (Gl(T),OQ(T)) S ’Cal’a2 with

parameters a1 < —1 4 (2b+ 1)K /4, ag < —1/2+ (2b+ 1)K /4, K < 1. Then there exists 19 > 0
such that for any €1 > 0 and €2 > 0 there are 81 > 0 and 82 > 0 such that any solution p(t),
Y(1) systems (3) with d(p(to) — pe(T0), Y(T0) —WYe(T0)) < 81 and 0 < £ < d2 satisfies the estimate

P( s d(te -~ pe) v - wim) > ) <o (19

0<t—T0<T
with parameter T = ¢! for 0 < K <1, T = s(1g)(expe™! — 1) for K = 0 and T = oo for
K <0.
Proof. Substitution R(s) = R.(s) + 7(s), ¥(s) = V.(s) + p(s) in (14) leads to the system
= F(r,y,s)ds + e611(r, ¢, s) dwy(s),
dy = G(r,y dwi(s) + €02.2(r, ¢, s) dwa(s),
(

)
s)
where F(r, , s) = (fc )47, 0o +415) —F(R(s), We(o).3), 607 .5) = G

P, 8) = G(Re(5), We(s), ), Gij(r 0, 8) = 0ij(Re(s) + 1, Wels) + 4, 5) and (Re(s)
solution of system (5) with asymptotic behavior (7). I t is easy to check that

(16)
)dS + €09 1(7“ Y, s

(s)+7, We(s)+
,We(s)) is the

q A 1
F =287 {0 W) = fija(We) B gvor} + O(d)O(s™74),
k=0

q 1
G = Z s {2 + kg (90(r + Ry + o) — go(Re, ¥e)) } + O(d)O(s71),
k=0

ai,j = O(S_H_K)

as s > oo and d — 0.
Let’s define the operator

2
&€ ~ ~ ~ ~ ~
L=0,+F0 +G0y+ 5 (63107 4 261,102,100y + (55 + 035)05 ) ,
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associated with (16) and playing a key role in the study of stochastic stability (see [11, §3.6]).
Consider the auxiliary function V(r,p,s) = Ve(r, ¢, s; Ue(s),8.) with the parameter ¥, defined
in the proof of the theorem 1. Note that there are dy > 0 and sg > 0 such that

m_d?(r,p) < V(r,y,s) < myd?(r,yp),
(17)
‘CV(Ta wv 5) < _S_ICdQ(T7 TP) + S_1+KE2M

as s = sp and d(r,¢) < dp with positive constants m_, my, C and M. Then the Lyapunov
function for system (16) can be taken in the following form [12, 13|: U(r,y,s) = V(r,¢,s) +
+e2MOk(s) c

5o TE(T +50—5), 0<K <1,

O (s) = log(T + sp) —logs, K =0,
T+so
S/ K <0.
S

Note that
U(r,p,s) > m_dQ(r,lp), LU(r,¢,s) <0 (18)

for all (r,y,s) € D(dp, s0,T) := {(r,¢,s) : d < do,0 < s — 59 leqT }. Let us fix the parameters
g1 € (0,dp) and &2 > 0. Let (r(s),y(s)) be a solution to system (16) for d(r(so),P(s0)) < 01
and 0 < &€ < &9. Let us denote by sp the moment of the first exit of trajectories from the region
D(61, 80, T), and set ¢ = min{sp, s}. Then (r(cs),P(gs), Ss) is a process stopped at the moment
of the first exit from the region D(d1, so, 7). Moreover, from (18) it follows that U (r(gs), Y (ss), Ss)
is a non-negative supermartingale |11, §5.2], and the estimates hold

P( sup d(r(s),y(s)) > e1) = P(sup d(r(cs), p(ss)) > 1)

0<s—s0<T 5250
(19)
U(r(so),P(so), s
< P(SU-p U(T(gs)7W(gs)7§S) > m—S%) < ( ( 0) w(Q 0) 0)'
$>50 m_Sl

The last estimate follows from Doob’s inequality for supermartingales. Note that U (r(so), Y (s0), So) <

m4 82 + e2 MOk (so). Let us choose 81 = e31/eam_/(2m, ) and
m M5 0< K <1,
do = (¢ m O2M1, K =1,

m M HK|sy®, K <0.

From here, from (4) and (19) the estimate (15) follows. O
1 4b -1
Theorem 4. Let /ho(1+b) =1, B1 > g, o > 5 (2:_1_1)2 and (01(t),02(v)) € Kqy 0, with

parameters a1 < —7/44+ (2b+ 1)K /4, ap < =1+ (2b+ 1)K /4, K < 1. Then there exists 19 > 0
such that for any €1 > 0 and €2 > 0 there are 81 > 0 and d2 > 0 such that any solution p(t), Y(t)
of system (3) with d(p(to) — po(To), P(t0) — Po(t0)) < d1 and 0 < & < Oy satisfies the estimate

p( s (o - po() e - () 2 ) <

0<t—10<T
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with parameter T = ¢! for 0 < K <1, T = s(1g)(expe™! — 1) for K = 0 and T = oo for
K <0.

Proof. Substitution R(s) = Ry(s) + s~/ CDr(s), W(s) = Wo(s) + s~ Y9(s) in (14) for py = 1
leads to system (16) with

Flrow,s) =520 (F (Ro(s) + s 27, Wo(s) + 51,5 ) = F(Ro(s), Wo(s),5)) +5712 .,
G(r,y,s) = s% (G (Ro(s) + 8_23717“, Uo(s) + s_%w,s) — G(Ro(s),\llo(s),s)) +st
011(r,y,s) = 3%01,1 (Ro(s) + 5_23717‘, Uo(s) + 3_%11), s),

2,1, 5) = 5102 (Ro(s) + 5~ 5m Wo(s) +” s,

where Ry(s), ¥o(s) are the solution of system (5) for pyg = 1 with asymptotics (11). It is easy to
check that

2
_ 2k—3
q

F = s 2
0

(=}
+

{fk/z(‘l’o bsTay) — fk/z(%)} +s7! <Vo + 23q> r+0(d)O0(s ),

i

_ 2k+41 g—1

_ga-1 _3 _1
5 a5 ((a0(Ro-+ 55 W+ 57 y) - go(Ro, %)) +

Il
M=

e
Il

0
+ sl‘;’ +O(d)O(s~ ),

ai,j — O(SflJrK)

as s — oo and d(r,) — 0. Note that the function V(r,ay,s) = Vo(r,, s; Yo(s), %) with
the parameter ¥y defined in the theorem 2, satisfies (17). In this case, the construction of the
Lyapunov function for stochastic system (16) and further justification are carried out in the same
way as in the proof of the theorem 3. O

Conclusion

Thus, the conditions are described under which the autoresonant regime is preserved and
disappears when the pump parameters pass through bifurcation values in the corresponding limit
system. The influence of damped stochastic disturbances is studied and the dependence of the
intervals of stochastic stability of autoresonance on the degree of noise intensity attenuation is
found. It is shown that to maintain the stability of solutions at appropriate bifurcation values of
the parameters, more stringent restrictions are required.

The results obtained expand the possibility of using the autoresonance phenomenon for
stable control of nonlinear dynamics. The possibility of a significant change in the energy of
oscillating systems using a small chirped disturbance in the presence of weak dissipation and
noise has been proven. In particular, it is shown that stochastic perturbations do not destroy
capture into autoresonance when the pump parameters pass through bifurcation values.
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